
PHYSICAL REVIEW C 103, 055204 (2021)

Structure of the �(1405) resonance and the γ p → K+ + (π�)0 reaction
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Three-body calculations of the KK̄N system with quantum numbers I = 1/2, Jπ = ( 1
2 )+ were performed.

Using separable potentials for two-body interactions, we calculated the π� mass spectra for the (K̄N )I=0 +
K+ → (π�)0K+ reaction on the basis of the three-body Alt-Grassberger-Sandhas equations in the momentum
representation. In this regard, different types of K̄N-π� potentials based on a phenomenological and chiral
SU(3) approach were used. The possibility to observe the trace of the �(1405) resonance in the (π�)0 mass
spectrum was studied. Using the χ 2 fitting, it was shown that the mass of the �(1405) resonance is about
1417 MeV/c2.
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I. INTRODUCTION

An important problem in the strangeness sector of nuclear
physics is the interaction of the antikaon and nucleon. The
I = 0 channel of the K̄N interaction is dominated by the
�(1405) resonance, which is also a challenging issue in
the strange nuclear physics. Because of the light mass of the
�(1405) resonance, it is difficult to describe it as a three-
quark system in a constituent quark model. Therefore, the
people usually take it as a quasibound state in the K̄N sys-
tem. Dalitz and Tuan predicted the existence of the �(1405)
resonance using experimental data of the K̄N scattering length
[1,2]. The experimental evidence of that was reported in 1961
in the K− p → πππ� reaction [3]. The π+�− mass spec-
trum in the K−d → π+�−n reaction was studied by Braun
et al., and a resonance energy was found at 1420 MeV [4].
The π±�∓ mass spectrum in the π− p → K+π� reaction
was studied in Ref. [5] and a � mass of 1405 MeV/c2

was deduced. In recent years, many efforts have been made
to study the structure and nature of the �(1405) resonance
[6–19]. The theoretical studies based on chiral SU(3) dy-
namics for the K̄N interaction suggest a two-pole structure
for �(1405) [6–9,12,14], while the phenomenological models
[10,11,13,17,18] suggest a one-pole structure.

In recent years the theoretical and experimental investi-
gations have been pursued by different groups to study the
nature and structure of the �(1405) resonance [20–31]. In the
last few years, a large number of data on the γ p → K+(π�)
reaction were reported by the CLAS collaboration at Jefferson
Laboratory [20,21]. The π� mass spectrum in different parti-
cle channels was determined in a wide energy range and with
good resolution. For the first time, the quantum numbers of the
�(1405) resonance were determined based on experimental
measurements [32]. The CLAS data together with the kaonic

*Corresponding author: mnnasrabadi@ast.ui.ac.ir

hydrogen data can be used as a benchmark of our analysis
of the K̄N interaction. Several theoretical studies have been
performed to analyze the CLAD data based on chiral SU(3)
[33–37] and a phenomenological approach [38]. The CLAS
data were analyzed in Refs. [33–37] using chiral dynamics,
and a double-pole structure was predicted for the � resonance,
while, in Ref. [38], a � mass of 1405 MeV was deduced from
the same CLAS data.

The γ p → K+(π�)0 reaction is depicted in Fig. 1. In this
reaction, after the photon-proton interaction, we have a KK̄N
three-body system which can decay to the Kπ� channel due
to Yukawa coupling of the K− meson to a proton. In our ap-
proach, we decomposed the γ p → K+(π�) reaction into two
parts. The first part is the γ p → KK̄N reaction and the second
part is the KK̄N → K+(π�) reaction. In our calculations, we
considered just the second part of the reaction. Thus, the pro-
cesses in the dashed ellipse are included in the present work.

In this paper, the γ p → K+(π�)0 reaction was studied by
applying our approach based on the Alt-Grassberger-Sandhas
(AGS) equations for the KK̄N three-body system [39]. To
study the dependence of the results on two-body interactions,
we used different types of phenomenological and chiral mod-
els of K̄N and K̄K interactions.

The paper is organized as follows: In Sec. II, a brief de-
scription of the Faddeev equations for a KK̄N three-body
system is given. The formula for calculating the π� mass
spectrum and the two-body interactions, which are the inputs
for the Faddeev equations are given in Sec. III. The discus-
sion of the results can also be found in Sec. III. Finally, our
conclusions are summarized in Sec. IV.

II. FADDEEV TREATMENT OF KK̄N THREE-BODY
SYSTEM

The three-body calculations of the KK̄N system is based
on the AGS form of the Faddeev equations [39]. We use
separable potentials to describe the two-body interactions with
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FIG. 1. Schematic depiction of the γ p → (π�)0 + K+ reaction.

the form

V αβ
I (kα, kβ ; z) = gα

I (kα )λαβ
I (z)gβ

I (kβ ), (1)

where gα
I (kα ) is the form factor of the interacting two-body

subsystem with relative momentum kα and isospin I . The
strength parameters of the interaction are shown by λ

αβ
I and

z is a two-body energy. To include the low-lying channels
in the K̄N-π� and K̄K-ππ -πη interactions, the potentials
are labeled by α and β indexes. The separable form of the
two-body T matrices are given by

T α,β
I (kα, kβ ; z) = gα

I (kα )τα,β
I (z)gβ

I (kβ ), (2)

where the operator τ
α,β
I (z) is the usual two-body propagator.

Using a separable potential for two-body interactions, the
three-body Faddeev equations [18] in the AGS form can be
given by

Kα,β
i, j;Ii,I j

(pi, p j ;W )

= (1 − δi j )Mα
i, j;Ii,I j

(
pα

i , pα
j ;W

)
+

4∑
γ

∑
k,Ik

∫
d3 pkMα

i,k;Ii,Ik

(
pα

i , pα
k ;W

)
τ

α,γ

k;Ik

×
(

W −
(
pα

k

)2

2να
k

)
Kγ ,β

k, j;Ik ,I j

(
pγ

k , pβ
j ;W

)
. (3)

Here, the operators Kα,β
i, j;Ii,I j

are three-body transition ampli-
tudes which describe the elastic and re-arrangement processes
[i + ( jk)Ii ]

α → [ j + (ki)I j ]
β [18,40–42] and the operators

Mα
i, j;Ii,I j

are Born terms which describe the effective potential
realized by exchanged particles. In this equation, W is the

three-body energy and W − (pα
k )2

2να
k

is the energy of the inter-
acting pair (i j), where να

k = mα
k (mα

i + mα
j )/(mα

i + mα
j + mα

k ),
is the reduced mass, when particle k is a spectator. Faddeev
partition indexes i, j, k = 1, 2, 3 denote simultaneously an
interacting pair and a spectator particle. The operators in the
Faddeev Eq. (3) are also labeled by particle indexes α, β, and
γ = 1, 2, 3, 4 to include the low-lying channels:

[α = 1] : KK̄N, [α = 2] : Kπ�,

[α = 3] : ππN, [α = 4] : πηN. (4)

III. RESULTS AND DISCUSSION

Before we proceed to represent the discussion of the
results, the two-body interactions should be defined. The two-
body potentials are the basic ingredient of our three-body
calculations for the KK̄N system. Defining the subsystems of
the three-body KK̄N system, the main two-body interactions
are K̄N , KK̄ , and KN . The K̄N subsystem is coupled with
π� and KK̄ is coupled with ππ and πη in the I = 0 and
I = 1 channels, respectively. Therefore, in the full Faddeev
calculation of KK̄N , one should also include the Kπ�, ππN ,
and πηN channels. In the present work, first the one-channel
AGS calculation was performed and the effect of the low-
lying channels was taken into account effectively. Therefore,
the two-body interactions in the low-lying channels were ne-
glected and decaying to π�, ππ , and πη was included by
using the so-called exact optical potentials [17]. In the present
calculations, all potentials are in separable form having the
form of Eq. (1).

To describe the coupled-channel K̄N-π� system, differ-
ent models of interaction were used. We used four different
phenomenological potentials plus one chiral potential for the
K̄N interaction. The phenomenological potentials are energy
independent and have the one- and two-pole structures of
the �(1405) resonance. Therefore, in Eq. (1), the strength
parameters are energy independent. The parameters of the
phenomenological potentials are given in Refs. [17,18]. In
Ref. [17], the potentials are adjusted to reproduce the results
of the KEK experiment and in Ref. [18] the potentials are
adjusted to reproduce the results of the SIDDHARTA ex-
periment. From now on, we refer to these phenomenological
potentials as “KEKX ” and “SIDDX ,” respectively (X = 1, 2).
For example, SIDD1 and SIDD2 stand for the one- and two-
pole versions of the SIDD potential, respectively. The chiral
potential is energy dependent and reproduces the two-pole
structure of the �(1405) resonance. The parameters of the
chiral-based potential are given in Ref. [43]. We refer to this
potential as “Chiral.” In Table I, the pole position of four
different phenomenological (SIDD and KEK) potentials and
one chiral-based K̄N-π� interaction are presented.

For the KN interaction with isospin I = 0, 1, we used
a one-channel real potential. The range parameters of the
potentials were set to 3.9 fm−1 and the strength parameters
are adjusted to reproduce the KN scattering length. The ex-
perimental value of the scattering lengths for the I = 0 and
I = 1 channels were set to aI=0

KN = −0.035 fm and aI=1
KN =

−0.310 ± 0.003 fm, respectively [44–46].
The KK̄ interaction is attractive and, together with its cou-

pled channels, dynamically generates the f0(980) and a0(980)
resonances in the I = 0 and I = 1 channels, respectively.
We constructed our own potentials for the coupled-channel
KK̄-ππ and KK̄-πη interactions in the form of Eq. (1) with
form factors

gI
α (kα ) = 1

k2
α + (

�I
α

)2 . (5)

To define the parameters λI
αβ and �I

α , we used the mass
and width of the f0 and a0 resonances, assuming that those
are a quasibound state in the KK̄ system and a resonance in
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TABLE I. The model dependence of the K̄N pole position(s) (in MeV). The pole position of four different phenomenological interactions
plus one chiral-based K̄N-π� interaction are represented. In the first row, X 1 and X 2 (X = SIDD, KEK) standing for the one- and two-pole
versions of the SIDD and KEK potentials, respectively.

SIDD1 SIDD2 KEK1 KEK2 Chiral

First pole 1428.1 − i46.6 1418.1 − i56.9 1411.3 − i35.8 1410.8 − i35.9 1420.6 − i20.3
Second pole 1382.0 − i104.2 1380.8 − i104.8 1343.0 − i72.5

the ππ and πη channels, respectively. For the pole-energy of
the f0 and a0 resonances, the mass of 980 MeV and the width
of 80 MeV were used. Therefore, the f0(980) [a0(980)] pole
is located on first Riemann sheet of the KK̄ channel and on the
second Riemann sheet of the ππ (πη) channel. We also used
the KK̄ scattering length. For KK̄ scattering length, we used
the values reported in Ref. [47] (aI=0

KK̄ = −0.14 − i1.99 fm and
aI=1

KK̄ = 0.18 − i0.61 fm).

A. The one-channel Alt-Grassberger-Sandhas calculations
of the KK̄N-Kπ�-ππN-πηN system

In the present section, the low-lying channels of the
KK̄N system has not been included directly and the one-

channel Faddeev AGS equations were solved for three-body
KK̄N system and we approximated the full coupled-channel
interaction by using the so-called exact optical K̄N (−π�) and
K̄N (−ππ -πη) potentials [17]. Therefore, decay to the Kπ�,
ππN , and πηN channels is taken into account through the
imaginary part of the optical K̄N (−π�) and K̄N (−ππ -πη)
potentials.

Since, the K + (K̄N )I=0 partition is the dominant state
of the KK̄N three-body system, here, we supposed the K +
(K̄N )I=0 partition as the initial state of the KK̄N system.
Therefore, the Faddeev equations for the K + (K̄N )I=0 reac-
tion will have the form

K1,1
K,K ;IK ,0 = +M1

K,N ;IK ,IN
τ 11

N ;IN
K1,1

N,K ;IN ,0 + M1
K,K̄ ;IK ,IK̄

τ 11
K̄ ;IK̄

K1,1
K̄,K ;IK̄ ,0

,

K1,1
N,K ;IN ,0 = M1

N,K ;IN ,0 + M1
N,K ;IN ,IK

τ 11
K ;IK

K1,1
K,K ;IK ,0 + M1

N,K̄ ;IN ,IK̄
τ 11

K̄ ;IK̄
K1,1

K̄,K ;IK̄ ,0
,

K1,1
K̄,K ;IK̄ ,0

= M1
K̄,K ;IK̄ ,0 + M1

K̄,K ;IK̄ ,IK
τ 11

K ;IK
K1,1

K,K ;IK ,0 + M1
K̄,N ;IK̄ ,IN

τ 11
N ;IN

K1,1
N,K ;IN ,0. (6)

To study the possible signature of the �(1405) resonance
in the π� mass spectra in the K + (K̄N )I=0 → Kπ� reac-
tion, first one should define the scattering amplitude. Given
that we do not include the low-lying channels directly into the
calculations, the only Faddeev amplitude which contributes in
the scattering amplitude is K1,1

K,K ;IK ,0(pK , PK ;W ) (IK = 0, 1).
Therefore, the scattering amplitude can be expressed as

T(π�)+K←(K̄N )I=0+K (�kK , �pK , �PK ;W )

=
∑

IK

gIK
2 (�kK )τ 21

K ;IK

(
W − p2

K

2νK

)
K1,1

K,K ;IK ,0(pK , PK ;W ),

(7)

where �ki is the relative momentum between the interacting
pair ( jk) and �PK is the initial momentum of the spectator K in
the KK̄N center of mass. The quantity K1,1

i, j;Ii,I j
is the Faddeev

amplitude, driven from Eq. (6).
Using Eq. (7), we define the cross section of K +

(K̄N )I=0 → K + (π�)0 scattering as follows:

dσ

dEK
= ω(K̄N )ωK

W PK

mπm�mK

mπ + m� + mK

∫
d�pK d�kK pK kK

×
∑

i f

|T(π�)0+K←(K̄N )I=0+K (�kK , �pK , �PK ;W )|2, (8)

where EK is the kaon energy in the center-of-mass frame and
is defined by

EK = mK + p2
K

2ν ′
K

, ν ′
K = mK (mπ + m� )

mK + mπ + m�

, (9)

and the energies ω(K̄N ) and ωK are the kinetic energies of K
and K̄N in the initial state.

Using Eq. (8), we calculated the π� mass spectra for the
K + (K̄N )I=0 reaction. The calculated π� mass spectrum for
different K̄N models of interaction are depicted in Fig. 2.
In addition to the calculated mass spectra, the extracted data
of CLAS experiment are also presented. The CLAS data are
accessible for several energy bins, but in the present work, we
calculated the π� mass spectrum for two values of energy.
In the upper row, the total energy of the three-body system
in the center-of-mass frame is W = 2 GeV, and in the lower
row the total energy of the system is W = 2.5 GeV. We
used one-pole and two-pole versions of the KEK and SIDD
potentials and also the chiral-based interaction to describe the
K̄N interaction. The π� mass spectra are calculated for all
combinations of charges, i.e., π+�−, π−�+, and π0�0.

Since the input energy of the AGS equations is real, the
moving singularities which are caused by the open channels
will appear in the three-body amplitudes. To remove the
moon-shaped singularities, we followed the same procedure
implemented in Refs. [48,49].
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FIG. 2. Comparison of the obtained results for π� mass spectra in the K + (K̄N )I=0 reaction with the extracted experimental re-
sults [20,21] corresponding to the γ p → (π�)0 + K+ reaction. Different types of K̄N-π� potentials were used. We used the one-
and two-pole versions of the SIDD and KEK potentials [17,18] and also a chiral potential [43]. The initial energy of the system
is around E = 2.0 (upper row) and E = 2.5 GeV (lower row). The black solid and black dashed lines show the mass spectra with
one- and two-pole models of the KEK potential, respectively. The results for one- and two-pole models of the SIDD potential are
depicted by the blue dash-dotted and blue dash-dot-dotted curves. Finally, the chiral results are represented by red dash-dash-dotted
line.

Comparing the experimental and theoretical results pre-
sented in Fig. 2, we calculated χ2 for each model of K̄N
interaction:

χ2 =
N∑

i=1

(
Ni − dσ

dEK

)2

(σi )2 , (10)

where N denotes the number of data points included in the
present fitting process. Here, dσ

dEK
and Ni denote the theoretical

and experimental values for K + (K̄N )I=0 differential cross
sections at energy W . The calculated values for χ2 are given in
Table II [the columns with the symbol (A) present the results
of one-channel AGS calculations]. In our calculations, we

used 18 points of experimental results, starting from Mπ� =
1352 to 1437 MeV/c2.

In addition to the K̄N interaction, the KK̄ interaction is
important in studying the dynamics of the KK̄N and may
affect the experimental observable related to this system. To
study the dependence of the mass spectra on the KK̄ model of
interaction, we also constructed several energy-independent
potentials by varying the mass and width of the f0(980) and
a0(980) resonances. Figure 3 shows the variation of the π0�0

mass spectrum with respect to the real (left panel) and imag-
inary (right panel) part of the K̄K pole position at energy
W = 2.5 GeV. In the left panel, the width of the f0(980)
and a0(980) resonances is fixed to 80 MeV and their mass

TABLE II. The dependence of the χ 2 parameter on the K̄N model of interaction in different particle channels. The results obtained in
Secs. III A–III C are labeled by (A), (B), and (C), respectively.

KEK1 KEK2 SIDD1 SIDD2 Chiral

W = 2.0 GeV (A) (B) (C) (A) (B) (C) (A) (B) (C) (A) (B) (C) (A) (B) (C)
χ 2(π 0�0) 30.5 14.4 17.5 68.1 28.9 26.2 62.8 11.2 10.6 23.8 16.3 11.3 52.2 24.8 28.8
χ 2(π−�+) 42.5 32.7 26.8 79.0 79.8 48.2 27.9 14.4 18.9 26.3 21.5 22.3 316 97.7 37.7
χ 2(π+�−) 82.7 99.8 85.0 343 362 227 95.0 42.5 26.0 31.2 92.6 81.2 313 312 232

W = 2.5 GeV (A) (B) (C) (A) (B) (C) (A) (B) (C) (A) (B) (C) (A) (B) (C)
χ 2(π 0�0) 27.7 17.4 11.2 62.6 49.7 24.4 20.9 13.9 13.2 30.9 31.2 23.3 79.5 12.2 12.5
χ 2(π−�+) 80.6 91.5 39.0 168 83.4 46.0 82.3 37.7 16.9 106 31.5 32.5 208 22.5 43.1
χ 2(π+�−) 100.7 137 66.8 448 478 299 58.7 198 39.7 217 330 144 270 102 67.5
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FIG. 3. The dependence of the π 0�0 mass spectra on the real (upper panel) and imaginary part (lower panel) of the K̄K pole position.

varied from 980 to 988 MeV/c2. In the right panel the mass
of the resonances is fixed at 980 MeV/c2 and the width was
changed. As one can see from Fig. 3, the f0(980) and a0(980)
pole position variation cannot change the π0�0 mass spec-
trum, effectively.

B. The full coupled-channel Alt-Grassberger-Sandhas
calculations of the KK̄N-Kπ�-ππN-πηN system

In Sec. III A, we solved the one-channel AGS equations
for the KK̄N system, and decaying to the low-lying channels
is included by using the so-called exact optical potential for
the K̄N and K̄K interactions. In the one-channel Faddeev cal-
culations, the effect of the τπ�→π� amplitude was excluded.
Based on the chiral unitary approach, the first and second
pole of �(1405) have clearly a different coupling nature with
respect to the meson-baryon channels; the higher-energy pole
dominantly couples to the K̄N channel, while the lower-
energy pole strongly couples to the π� channel. Due to the
different coupling nature of these resonances, the shape of the
�(1405) spectrum can be different depending on the initial
and final channels. In the K̄N → π� amplitude, the initial
K̄N channel gets a greater contribution from the higher pole
with a larger weight. Consequently, the spectrum shape has a

peak around 1420 MeV coming from the higher pole [50,51].
This is obviously different from the π� → π� spectrum
which is largely affected by the lower pole. Therefore, the
extracted mass spectra in Sec. III A cannot reproduce exactly
what we would see in an experiment.

In addition to the above-mentioned reaction, we need an
interaction model for �K , πK , πN , and ηN subsystems. To
describe the �K interaction with isospin I = 1/2, 3/2, we
used a one-term complex potential for the I = 1/2 channel
and a real potential for the I = 3/2 channel. To define the
parameters of the �K interaction, we used the �K scatter-
ing length and the pole energy of the N∗(1535) resonance
(zpole = 1543 − i46 MeV) [52]. To describe the πN interac-
tion, we used the potential given in Ref. [43]. To define the
πK interaction in the I = 1/2 channel, we used a complex po-
tential reproducing the pole energy of the K∗(892) resonance
(zpole = 770 − i250 MeV) [53] and the parameters of the real
πK potential with isospin I = 3/2 were adjusted to reproduce
the πK phase shifts [53].

To calculate the π� mass spectrum for the K +
(K̄N )I=0 reaction, we solved the Faddeev equations for the
coupled-channel KK̄N-Kπ�-ππ -πη system which have the
form

K1,1
K,K ;IK ,0 = M1

K,K̄ ;IK ,IK̄
τ 11

K̄ ;IK̄
K1,1

K̄,K ;IK̄ ,0
+ M1

K,N ;IK ,IN
τ 11

N ;IN
K1,1

N,K ;IN ,0

+M1
K,N ;IK ,IN

τ 13
N ;IN

K3,1
N,K ;IN ,0 + M1

K,N ;IK ,IN
τ 14

N ;IN
K4,1

N,K ;IN ,0,

K1,1
K̄,K ;IK̄ ,0

= M1
K̄,K ;IK̄ ,0 + M1

K̄,K ;IK̄ ,IK
τ 11

K ;IK
K1,1

K,K ;IK ,0 + M1
K̄,K ;IK̄ ,IK

τ 12
K ;IK

K2,1
K,K ;IK ,0

+M1
K̄,N ;IK̄ ,IN

τ 11
N ;IN

K1,1
N,K ;IN ,0 + M1

K̄,N ;IK̄ ,IN
τ 14

N ;IN
K4,1

N,K ;IN ,0,

K1,1
N,K ;IN ,0 = M1

N,K ;IN ,0 + M1
N,K ;IN ,IK

τ 11
K ;IK

K1,1
K,K ;IK ,0 + M1

N,K̄ ;IN ,IK̄
τ 11

K̄ ;IK̄
K1,1

K̄,K ;IK̄ ,0
+ M1

N,K ;IN ,IK
τ 11

K ;IK
K1,1

K,K ;IK ,0,

K2,1
K,K ;IN ,0 = M2

K,π ;IK ,Iπ τ
22
π ;IπK2,1

π,K ;Iπ ,0 + M2
K,�;IK ,I� τ 22

�;I�K2,1
�,K ;I�,0,

K2,1
π,K ;IN ,0 = M2

π,K ;IK ,IK
τ 22

K ;IK
K2,1

K,K ;IK ,0 + M2
π,�;IK ,I� τ 22

�;I�K2,1
�,K ;I�,0 + M2

π,K ;IK ,IK
τ 21

K ;IK
K1,1

K,K ;IK ,0,

K2,1
�,K ;IN ,0 = M2

�,K ;IK ,IK
τ 22

K ;IK
K2,1

K,K ;IK ,0 + M2
�,π ;IK ,IK

τ 22
K ;IπK2,1

π,K ;Iπ ,0 + M2
�,K ;IK ,IK

τ 21
K ;IK

K1,1
K,K ;IK ,0,

K̄3,1
π,K ;Iπ ,0 = M3

π1,π2;Iπ1 ,Iπ2
τ 33
π2;Iπ2

K̄3,1
π,K ;Iπ ,0 + 2M3

π1,N ;Iπ2 ,IN
τ 33

N ;IN
K̄3,1

N,K ;IN ,0 + 2M3
π1,N ;Iπ2 ,IN

τ 31
N ;IN

K̄1,1
N,K ;IN ,0,

K3,1
N,K ;IN ,0 = M3

N,π1;IN ,Iπ1
τ 33
π1;Iπ1

K̄3,1
π,K ;Iπ ,0,
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FIG. 4. The π� mass spectra for the γ p → (π�)0 + K+ reaction. The descriptions are the same as in Fig. 2, but in the present calculations,
the full coupled-channel Faddeev AGS equations for the KK̄N-Kπ�-ππN-πηN system are solved.

K4,1
π,K ;Iπ ,0 = M4

π,η;Iπ ,Iη τ
44
η;IηK4,1

η,K ;Iη,0
+ M4

π,N ;Iπ ,IN
τ 44

N ;IN
K4,1

N,K ;IN ,0 + M4
π,N ;Iπ ,IN

τ 41
N ;IN

K1,1
N,K ;IN ,0,

K4,1
η,K ;Iη,0

= M4
η,π ;Iη,Iπ τ

44
π ;IπK4,1

π,K ;Iπ ,0 + M4
η,N ;Iη,IN

τ 44
N ;IN

K4,1
N,K ;IN ,0 + M4

η,N ;Iη,IN
τ 41

N ;IN
K1,1

N,K ;IN ,0,

K4,1
N,K ;IN ,0 = M4

N,π ;IN ,Iπ τ
44
π ;IπK4,1

π,K ;Iπ ,0 + M4
N,η;IN ,Iη τ

44
η;IηK4,1

η,K ;Iη,0
. (11)

Since there are two identical pions in the ππN channel,
the operators in this channel should be symmetrized. There-
fore, the operators K3,1

π1,K ;Iπ1 ,0 and K3,1
π2,K ;Iπ2 ,0 are replaced by

K̄3,1
π,K ;Iπ ,0, which is given by

K̄3,1
π,K ;Iπ ,0 = K3,1

π1,K ;Iπ1 ,0 + K3,1
π2,K ;Iπ2 ,0. (12)

The scattering amplitude for the K + (K̄N )I=0 → K +
(π�) reaction in terms of the Faddeev transition amplitudes
can be given by

T(π�)K←(K̄N )I=0+K (�kK , �pK , PK ;W )

=
∑

IK

g2
K ;IK

(�kK )τ 21
K ;IK

(W − EK ( �pK ))K1,1
K,K ;IK ,0(pK , PK ;W )

+
∑

IK

g2
K ;IK

(�kK )τ 22
K ;IK

(W − EK ( �pK ))K2,1
K,K ;IK ,0(pK , PK ;W )

+
∑

Iπ

∑
IK

〈[π ⊗ �]IK
⊗ K | π ⊗ [� ⊗ K]Iπ 〉g2

π ;Iπ (�kπ )

×τ 22
π ;Iπ (W − Eπ ( �pπ ))K21

π,K ;Iπ ,0(pπ , PK ;W )

+
∑

I�

∑
IK

〈[π ⊗ �]IK
⊗ K | � ⊗ [π ⊗ K]I� 〉g2

�;I� (�k� )

×τ 22
�;I� (W − E� ( �p� ))K21

�,K ;I�,0(p�, PK ;W ). (13)

As one can see from Eq. (13), in coupled-channel calcula-
tions plus the K1,1

K,K ;IK ,0 amplitude, the effect of the K2,1
K,K ;IK ,0,

K21
π,K ;Iπ ,0, and K21

�,K ;I�,0 amplitude are also included, which
accordingly produces a more precise mass spectrum for
π�. Inserting the new scattering amplitude [Eq. (13)] in
Eq. (8), one can calculate the π� mass spectrum for the
K + (K̄N )I=0 → K + (π�)0 reaction. In Fig. 4, we calcu-
lated the π� mass spectrum using different potential models
for the K̄N-π� interaction. We also calculated the χ2 values
for each model of interaction, which are presented in Table II
[the columns shown by (B)]. By comparing the results using
one-channel and coupled-channel Faddeev equations, it may
be possible to study the effect of the τπ�→π� amplitude on the
π� invariant mass. As can be seen in Table. II, the inclusion
of he τπ�→π� amplitude can reduce the χ2 values, especially
in the π0�0 channel.

C. Dependence of the π� mass spectra on the initial channel

The extracted results in Refs. [46,54,55] suggest that the
KK̄N state can be understood by the structure of simultane-
ous coexistence of �(1405) + K and a0(980) + N clusters
and the K̄ meson is shared by both �(1405) and a0(980)
at the same time. In Figs. 2 and 4, it was supposed that
the initial state of the KK̄N system is (K̄N )I=0 + K and
the π� mass spectrum was calculated for the (K̄N )I=0 +
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K reaction. Now, in the present subsection, we take into
account all possible channels of the KK̄N system, namely,
(K̄N )I=0,1 + K , (KK̄ )J=0,1

I=0,1 + N , and (KN )I=0,1 + K̄ . There-
fore, the initial state is a mixture of the mentioned partitions.

The Faddeev equations in Eq. (11) are related to the initial
state K + (K̄N )I=0. Therefore, by changing the initial state,
the Faddeev equations must be changed. The Faddeev equa-
tions in the α = 1 channel are given by

K1,1
K,x;IK ,IxJ = (1 − δKx )M1

K,x;IK ,IxJM1
K,K̄ ;IK ,IK̄

τ 11
K̄ ;IK̄

K1,1
K̄,x;IK̄ ,IxJ

+ M1
K,N ;IK ,IN

τ 11
N ;IN

K1,1
N,x;IN ,IxJ

+ M1
K,N ;IK ,IN

τ 13
N ;IN

K3,1
N,x;IN ,IxJ + M1

K,N ;IK ,IN
τ 14

N ;IN
K4,1

N,x;IN ,IxJ ,

K1,1
K̄,x;IK̄ ,IxJ

= (1 − δK̄x )M1
K̄,x;IK̄ ,IxJ + M1

K̄,K ;IK̄ ,IK
τ 11

K ;IK
K1,1

K,x;IK ,IxJ + M1
K̄,K ;IK̄ ,IK

τ 12
K ;IK

K2,1
K,x;IK ,IxJ

+ M1
K̄,N ;IK̄ ,IN

τ 11
N ;IN

K1,1
N,x;IN ,IxJ + M1

K̄,N ;IK̄ ,IN
τ 14

N ;IN
K4,1

N,x;IN ,IxJ ,

K1,1
N,x;IN ,IxJ = (1 − δNx )M1

N,x;IN ,IxJ + M1
N,K ;IN ,IK

τ 11
K ;IK

K1,1
K,x;IK ,IxJ + M1

N,K̄ ;IN ,IK̄
τ 11

K̄ ;IK̄
K1,1

K̄,x;IK̄ ,IxJ

+ M1
N,K ;IN ,IK

τ 11
K ;IK

K1,1
K,x;IK ,IxJ . (14)

Depending on the initial state, the spectator particle x and
the quantum numbers Ix and J (isospin and spin of the inter-
acting pair) can be given by

x = K : K + (K̄N )IxJJ = 0; Ix = 0, 1,

x = K̄ : K̄ + (KN )IxJJ = 0; Ix = 0, 1,

x = N : N + (KK̄ )IxJJ = 0, 1; Ix = 0, 1,

(15)

and, finally, in the α = 2, 3, 4 channels, just the indexes of the
Faddeev amplitudes must be changed:

Kα,1
i,K ;IK ,0 → Kα,1

i,x;IK ,IxJ . (16)

Using Eqs. (14)–(16), we define the scattering amplitude
of the KK̄N → K + (π�)0 reaction as follows:

T(π�)K←(KK̄N )(�kK , �pK , Px;W )

=
∑
x,Ix,J

{∑
IK

g2
K ;IK

(�kK )τ 21
K ;IK

[W − EK ( �pK )]

×K1,1
K,x;IK ,IxJ (pK , Px;W )

+
∑

IK

g2
K ;IK

(�kK )τ 22
K ;IK

[W − EK ( �pK )]

×K2,1
K,x;IK ,IxJ (pK , Px;W )

+
∑

Iπ

∑
IK

〈[π ⊗ �]IK
⊗ K | π ⊗ [� ⊗ K]Iπ 〉g2

π ;Iπ (�kπ )

× τ 22
π ;Iπ [W − Eπ ( �pπ )]K21

π,x;Iπ ,IxJ (pπ , Px;W )

+
∑

I�

∑
IK

〈[π ⊗ �]IK
⊗ K | � ⊗ [π ⊗ K]I� 〉g2

�;I� (�k� )

× τ 22
�;I� [W − E� ( �p� )]K21

�,x;I�,IxJ (p�, Px;W )

}
. (17)

In Fig. 5, the π� mass spectrum was calculated for differ-
ent potentials of the K̄N-π� interaction, including all initial
channels of the KK̄N system. The extracted χ2 values are also
presented in Table II [the columns shown by (C)]. Comparing
the results in the (C) columns for each model of interaction

and scattering energy, one can see that the full coupled calcu-
lations including all initial channels can better reproduce the
experimental results. Looking at Table II one can clearly see
that, for the SIDD1 potential, the values obtained for χ2 are
considerably smaller than those obtained by other potentials
for all particle channels and kaon incident energies. Therefore,
such a combined study at two different initial energies shows
a big potential to discriminate between possible mechanisms
of the formation of the �(1405) resonance.

D. Dependence of χ2 on K̄N pole position

In Sec. III B, it was shown that the SIDD1 potential with
one-pole nature of the �(1405) resonance can reproduce the
experimental results with smaller values of χ2. In the present
section, we study the dependence of the χ2 parameter on the
mass and width of the �(1405) resonance. Toward this goal,
we constructed a coupled-channel K̄N-π� potential having a
one-pole nature of �(1405) as a Feshbach resonance [56–58].
To define the parameters of the model, we used the following
experimental data:

(1) Mass and width of the �(1405) resonances. Assuming
that it is a quasibound state in the K̄N channel and a
resonance in the π� channel.

(2) The K− p scattering length. For the K− p scattering
length, we used the values reported in Ref. [59]:

aK− p = −0.65 + i0.81 fm. (18)

(3) The γ branching ratio, which is given by

γ = �(K− p → π+�−)

�(K− p → π−�+)
= 2.36 ± 0.04. (19)

(4) Elastic K− p → K− p total cross section.

We studied the dependence of the π0�0 mass spectrum
on the K̄N pole position at W = 2.5 GeV. In Fig. 6, the
variation of the χ2 values with respect to the real (left panel)
and imaginary (right panel) part of the K̄N pole position for
π0�0 mass spectra at energy W = 2.5 GeV are depicted. In
the left panel, the imaginary part of the K̄N pole position is
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FIG. 5. The π� mass spectra for the γ p → (π�)0 + K+ reaction. The descriptions are same as in Fig. 2, but in the present calculations,
the full coupled-channel Faddeev AGS equations for the KK̄N-Kπ�-ππN-πηN system are solved and all possible initial states of the KK̄N
system are included.

fixed to be 28 MeV and in the right panel the real part of the
pole position is 1417 MeV. As one can see, in the left panel,
the mass of 1417 MeV/c2 gives us the minimum value of the
χ2 parameter and in the right panel the width of 56 MeV was
extracted for the �(1405) resonance.

In the present calculations, the best fit was extracted just by
taking into account the effect of the �(1405) resonance, but
there are other factors which may also have important effects
on the results obtained here. The first one is the �(1385) reso-
nance; to be more precise, one should include also the effect of
�(1385) resonance which may change the extracted results.
In particular, to find a better fit in the energy region below

1400 MeV, the inclusion of the �(1385) resonance could be
important. One can extend these calculations to include the
effect of the �(1385) resonance.

The two-body interactions are driven nonrelativistically.
Therefore, in the present calculations, the nonrelativistic Fad-
deev equations were solved for the KK̄N system. One can also
include the relativistic corrections by employing the methods
presented in Refs. [60,61]. The kinetic energy of the system
under consideration in this calculation is between 100 and
600 MeV in the KK̄N channel and is higher in low-lying
channels. Comparing this kinetic energy with the average
mass of the pion of 139 MeV/c2, one can conclude that the

FIG. 6. The dependence of the χ 2 value on the real (left panel) and imaginary (right panel) part of the K̄N pole position. In the left panel,
the imaginary part of the pole position is fixed at 28 MeV and the mass of �(1405) was changed from 1400 to 1430 MeV/c2. In the right
panel, the mass is fixed at 1417 MeV/c2 and the width was changed from 30 to 100 MeV.
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inclusion of relativistic effects will also be important and the
relativistic corrections can change the results extracted in the
present paper.

IV. CONCLUSION

In the present calculations, we solved the Faddeev AGS
equations for the KK̄N system. The π� invariant mass
was calculated for all combinations of charges, i.e., π−�+,
π+�−, and π0�0 based on this approach. To study the depen-
dence of the π� mass spectrum on the two-body interactions,
different types of K̄N and KK̄ interactions were used. We
calculated the χ2 value for all models of interaction. It was
shown that the mass spectrum resulting from the one-pole
version of the K̄N-π� potential is in better agreement with
the experimental results for the γ p → K+(π�)0 reaction.
However, the extracted results do not confidently say which
model of interaction can exactly describe the structure of the
�(1405) resonance.

In the present study, the effect of different factors
on the final π� mass spectrum was studied. By solv-
ing the full coupled-channel Faddeev equations for the
KK̄N-Kπ�-ππN-πηN system, the dependence of the mass
spectrum on tπ�←π� was studied. The effect of different
initial channels on the mass spectrum and χ2 values was
investigated and it was shown that, in an exact study of CLAS
data, one should consider the effect of these factors. We also
used the �(1405) pole position and width as fitting parameters
and, as shown in Fig. 6, a minimum was observed at around
M�(1405) = 1417 MeV/c2 and ��(1405) = 56 MeV in the χ2

distribution.
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