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The shape transition and possible occurrence of low-energy shape coexistence and rigid triaxial deformation
are analyzed in the six even-even Er, Yb, Hf, W, Os, and Pt isotopic chains with the neutron number 102 � N �
124, using a five-dimensional collective Hamiltonian (5DCH) based on covariant density-functional theory. The
potential-energy surfaces display a transition from prolate to oblate or triaxial, and then to near spherical shapes
as the neutron number increases. The corresponding 5DCH model calculations reproduce the empirical isotopic
trend of the characteristic collective observables and confirm the overall shape transition in this region. It is
emphasized that a rapid shape transition between prolate and oblate shapes is predicted in Er and Yb isotopic
chains while it becomes smooth for higher-Z isotopic chains and signature for rigid triaxial deformation is found
in the transitional isotopes, e.g., 194W and 192–196Os by analyzing the energy staggering and probability density
distribution in the γ bands. Finally, the calculated low-lying spectra for 184Er and 186Yb demonstrate a remarkable
multishape coexistence of medium-deformed oblate, medium- and large-deformed prolate shapes in both nuclei.
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I. INTRODUCTION

The study of shapes, their evolution and transitions, pro-
vides crucial information on the origin of nuclear collectivity
and modification of shell structures in nuclei far from stabil-
ity [1,2]. As the number of nucleons changes from nucleus
to nucleus, in general one observes a gradual evolution of
different shapes—spherical, axially deformed, γ -soft. An
especially interesting feature is the possible occurrence of
shape phase transitions (SPTs) for particular values of the
number of protons and neutrons. Typical examples are the
first-order spherical-to-axially deformed [3] and the second-
order spherical-to-γ -soft [4] SPTs. Other types of transitions
include the one that occurs between prolate and oblate con-
figurations going through a transitional γ -soft shape [5]. Over
the past decades, numerous experimental and theoretical stud-
ies of nuclear SPTs have been done [6–8].

A particularly interesting region of the chart, where prolate,
oblate, γ -soft or rigid, and spherical shapes are observed
and predicted is the tungsten-osmium-platinum region with
A ≈ 180–200. A prolate-to-oblate SPT is predicted to appear
when moving towards the N = 126 shell closure. These facts
make the region a potential testing ground to understand
the deformation properties and underlying shell structures of
atomic nuclei. As a result, this region has attracted much ex-
perimental and theoretical effort in recent years. Experimental
endeavor has mainly focused on spectroscopy to characterize
the shape of the low-lying excited states [9–24]. Generally
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speaking, the measurements reveal the trend of shape evolu-
tion, namely from prolate to oblate then to spherical shapes
passing through a γ -unstable or triaxial rotor as the neutron
number increases. However, for a better understanding of
nuclear-structure evolution in this region it is important to
have a more complete picture of absolute transition strengths,
which are missing from or disagreeing with experiments using
different methods. Theoretical calculations have also been
carried out within several frameworks [21–38]. In the past
four decades, the mean-field approach with a variety of inter-
actions has been widely used to calculate the potential-energy
surfaces and investigate the corresponding shape evolution.
The results suggest a sharper transition from axially deformed
prolate to axially deformed oblate in the lower-Z (Yb, Hf) nu-
clei than in the higher-Z isotopic chains, which are predicted
to become increasingly γ -soft or have triaxial ground states.
Recently, state-of-the-art beyond-mean-field approaches, such
as generator coordinate method (GCM) [22,23] and interact-
ing boson mapping method [31,32], based on energy density
functionals have been applied to study the collective charac-
ters of the low-lying states in this region and demonstrated the
prolate-to-oblate SPT.

Nuclear shape phase transitions are, in many cases, accom-
panied by shape coexistence (SC), which is the coexistence
of a sets of nearly degenerate low-energy states characterized
by different geometrical shapes in a single nucleus [1]. A
typical example is shape transition in the neutron-rich Sr and
Zr isotopes around N = 60, where coexistence of spherical
and large prolate shapes is confirmed in the transitional nuclei
96,98Sr [39–41] and 98Zr [42,43]. Therefore, it is interesting
to check whether possible SC appears in the region with
Z < 80, where prolate-to-oblate SPT is predicted, especially
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when considering the fact that SC is widely reported in the
neutron-deficient Pb and Hg isotopes [1]. Another interesting
question is how about the softness of triaxial deformation in
the transitional nuclei in this region, in particular, whether
nuclei can exhibit rigid triaxiality in their low-lying structure.
To this end, a fully systematic and microscopic study of the
shape evolution in this region, especially including the mea-
surable signatures to characterize the triaxiality, shape phase
transition, and coexistence, is necessary.

The covariant density-functional theory (CDFT) [44–47]
embeds the fundamental Lorentz invariance from the very
beginning and naturally includes the spin-orbit interaction
[48–51], which proves to be a successful theory used over
the whole nuclide chart, from relatively light systems to su-
perheavy nuclei [46,52–55], from the valley of β stability
to the drip lines [46,56–59], and from collective rotations
to collective vibrations [60–67]. To take into account the
beyond-mean-field effects and describe the low-lying excited
states, in the past decade, the five-dimensional collective
Hamiltonian based on CDFT (5DCH-CDFT) has been de-
veloped [68–70] and achieved great success in the studies of
shape phase transitions [68–74], shape coexistence [75–79],
and nuclear triaxiality [80,81]. In the present work we will
apply 5DCH-CDFT to perform a systematic analysis of
the shape evolution, including both potential-energy surfaces
(PESs) and measurable collective observables deduced from
low-lying spectra, in the six even-even Er, Yb, Hf, W, Os,
and Pt isotopic chains with 102 � N � 124. Here, in addition
to the three higher-Z isotopes, we also consider the three
lower-Z neutron-rich Er, Yb, and Hf isotopes, which could
be explored in future experiments in facilities for rare-isotope
beams [82,83].

In Sec. II we present a short outline of the theoretical
framework for 5DCH-CDFT. The systematics of PESs, the
evolution of characteristic collective observables, and the en-
ergy staggering in the γ band in even-even Er-Pt isotopes are
discussed in Sec. III. Section IV summarizes the principal
results.

II. THE FIVE-DIMENSIONAL COLLECTIVE
HAMILTONIAN

Nuclear energy-density-functional-based studies of low-
energy structure phenomena start from a self-consistent
mean-field (SCMF) calculation of deformation-energy sur-
faces with mass multipole moments as constrained quantities.
The static nuclear mean-field is characterized by the breaking
of symmetries of the underlying Hamiltonian—translational,
rotational, and particle number and, therefore, includes static
correlations, e.g., deformations and pairing. To calculate ex-
citation spectra and electromagnetic transition rates it is
necessary to extend the SCMF scheme to include collective
correlations that arise from symmetry restoration and fluctua-
tions around the mean-field minima.

Low-energy excitation spectra and transitions can be de-
scribed by using a collective Hamiltonian, with deformation-
dependent parameters determined from microscopic SCMF
calculations. For instance, in the case of quadrupole degrees
of freedom, excitations determined by quadrupole vibrational

and rotational degrees of freedom can be described by consid-
ering two quadrupole collective coordinates β, γ and three
Euler angles � ≡ (φ, θ, ψ ) [68]. The corresponding 5DCH
Hamiltonian takes the following form:

Ĥ (β, γ ,�) = T̂vib + T̂rot + Vcoll, (1)

where Vcoll is the collective potential that includes zero-point
energy (ZPE) corrections, and T̂vib and T̂rot are the vibrational
and rotational kinetic-energy terms, respectively [68,84,85],

T̂vib = − h̄2
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Ĵk denotes the components of the angular momentum in the
body-fixed frame of a nucleus, and both the mass parameters
Bββ , Bβγ , Bγ γ and the moments of inertia Ik depend on
the quadrupole deformation variables β and γ . Two addi-
tional quantities that appear in T̂vib, namely, r = B1B2B3 (see
Ref. [68] for the definition of Bk), and w = BββBγ γ − B2

βγ ,
determine the volume element in the collective space.

The 5DCH describes quadrupole vibrations, rotations, and
the coupling of these collective modes. The corresponding
eigenvalue equation is solved by expanding the eigenfunctions
on a complete set of basis functions that depend on the de-
formation variables β and γ , and the Euler angles [85]. And
thus we obtain the energy spectrum EI

α and collective wave
functions


IM
α (β, γ ,�) =

∑
K∈�I

ψ I
αK (β, γ )�I

MK (�), (4)

where M and K are the projections of angular momentum
I on the third axis in the laboratory and intrinsic frames,
respectively, and α denotes the other quantum number. Using
the collective wave functions, various observables such as the
E2 transition probabilities can be calculated,

B(E2; αI → α′I ′) = 1

2I + 1
|〈α′I ′||M̂(E2)||αI〉|2, (5)

where M̂(E2) is the electric-quadrupole operator.
In the framework of 5DCH-CDFT, the collective parame-

ters of 5DCH, including the mass parameters Bββ , Bβγ , and
Bγ γ , the moments of inertia Ik , and the collective potential
Vcoll, are all determined microscopically from the constrained
triaxial CDFT calculations. The entire map of the energy
surface as a function of the quadrupole deformations is ob-
tained by imposing constraints on the axial and triaxial mass
quadrupole moments:

Etot +
∑

μ=0,2

C2μ(〈Q̂2μ〉 − q2μ)2. (6)
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FIG. 1. Potential-energy surfaces of the even-even 170−192Er isotopes in the (β, γ ) plane, calculated by constrained triaxial RMF + BCS
with the PC-PK1 functional [cf. Eq. (6)]. All energies are normalized with respect to the binding energy of the absolute minimum. The energy
difference between neighboring contours is 0.5 MeV. (The radial, γ axes are given in units of degrees.)

The total energy reads

Etot =
∫ [

εRMF(r) + ε
p
pair (r) + εn

pair (r)
]
dr + Ec.m., (7)

where εRMF(r) and ε
p(n)
pair (r) denote the self-consistent rela-

tivistic mean-field (RMF) energy and the pairing energies,
respectively. Ec.m. is the center-of-mass correction to the total
energy. The detailed formalism can be found in Ref. [68].

〈Q̂2μ〉 in Eq. (6) denotes the expectation value of the mass
quadrupole operator:

〈Q̂20〉 = 2z2 − x2 − y2 and 〈Q̂22〉 = x2 − y2. (8)

q2μ is the constrained value of the multipole moment and C2μ

is the corresponding stiffness constant [86].
The constrained CDFT solutions for the single-

quasiparticle energies and wave functions for the entire
energy surface provide the microscopic input for calculation
of the collective parameters. The moments of inertia are
calculated with Inglis-Belyaev formula [87,88] and the
mass parameters with the cranking approximation [89].
The collective potential Vcoll is obtained by subtracting the
zero-point energy corrections [89] from the total energy that
corresponds to the solution of constrained triaxial CDFT.

III. RESULTS AND DISCUSSION

In the calculations of CDFT, the relativistic point-coupling
energy functional PC-PK1 [54] and a separable pairing force
[90] are adopted in the particle-hole and particle-particle
channels, respectively. The Dirac equation is solved by ex-
panding the Dirac spinor in terms of the three-dimensional
(3D) harmonic-oscillator basis with 16 major shells. Parity,
D2 symmetry, and time-reversal invariance are imposed in the
quadrupole deformation constrained relativistic mean-field
plus BCS (RMF + BCS) calculation, from which the triaxial
mean-field states with deformation parameters β ∈ [0.0, 0.8]
and γ ∈ [0◦, 60◦] and the step sizes β = 0.05, γ = 6◦ are
generated. More details about the mean-field calculations can

be found in Refs. [68,91]. In the collective Hamiltonian (1),
the mass parameters and moments of inertia are determined
using the cranking-approximated formalism based on the ax-
ial and triaxial mean-field states [68]. The diagonalization of
the 5DCH yields the spectroscopic properties of low-lying
states, including energies and electric multipole transition
strengths calculated with the collective wave functions [68].
Here we note that we do not introduce a scaling factor (ad-
justed to the excitation energy of the 2+

1 state) for the moments
of inertia in the calculations.

In the following, the theoretical calculations for six even-
even Er, Yb, Hf, W, Os, Pt isotopes with 102 � N � 124
are presented, including potential-energy surfaces (PESs),
characteristic collective observables deduced from low-lying
spectra, odd-even energy staggering in the γ bands, and spec-
tra for possible triaxial deformed and shape coexisting nuclei.

A. Potential-energy surfaces

Figures 1–6 display the PESs of the even-even Er, Yb, Hf,
W, Os, and Pt isotopes with neutron number 102 � N � 124
in the (β, γ ) plane, respectively. They are obtained by the
constrained triaxial CDFT calculations (6) using the rela-
tivistic PC-PK1 functional. For each nucleus, all energies are
normalized with respect to the binding energy of the corre-
sponding absolute minimum. For Er and Yb isotopic chains,
Figs. 1 and 2 illustrate a shape evolution from well-deformed
prolate shape near neutron number N = 102, to prolate-oblate
shape coexistence at N = 114, 116, then to oblate shape at
N = 118, 120, and finally to near spherical shape at N =
122, 124. Starting from N = 114 isotones, 182Er and 184Yb,
a certain degree of triaxiality develops. For Hf, W, and Os
isotopic chains, the PESs illustrate a shape evolution from
well-deformed prolate shape, to γ -soft, then to triaxial de-
formed with shallow triaxial minimum, and finally to near
spherical shape. Specifically, the nuclei with triaxial minima
are 192Hf, 194W, and 190–196Os. In Fig. 6, a prolate-oblate-
spherical shape transition is predicted in Pt isotopes. It is
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FIG. 2. Same as Fig. 1, but for Yb isotopes.

notable that, for 188–196Pt, the prolate or oblate minima are
rather extended in the γ direction. For the heavier isotopes
of the six isotopic chains, one notes that a large deformed
prolate minimum with β � 0.4 is predicted by the RMF +
BCS calculation.

Similar topographies of the PESs and shape evolution
in this region have also been obtained in studies based on
the Hartree-Fock-Bogoliubov (HFB) with the Gogny D1S
[22,23,38] and D1M [32] interactions, and Hartree-Fock plus
BCS (HF + BCS) with the Skyrme SLy4 interaction [38].
In particular, the prolate-oblate shape coexistence in Er and
Yb isotopes with neutron number N ≈ 116 predicted here
are confirmed by HFB (HF + BCS) calculations with both
Gogny and Skyrme interactions. For the higher-Z isotopes,
some differences can be found in the exact locations of the
equilibrium triaxial minima and the corresponding triaxial
deformation energies.

B. Characteristic collective observables

Starting from constrained self-consistent solutions, the col-
lective parameters that determine 5DCH are calculated as

functions of the deformation parameters β and γ , the diag-
onalization of the resulting Hamiltonian yields the excitation
energies and collective wave functions. In Fig. 7, we analyze
the evolution of several quantities deduced from low-lying
spectra to characterize transitions between different shapes
as functions of the neutron number: the energy ratios R42 =
E (4+

1 )/E (2+
1 ), R4γ = E (2+

γ )/E (4+
1 ), the excitation energies

E (0+
2 ) of the 0+

2 states, the B(E2; 2+
1 → 0+

1 ) values, the
spectroscopic quadrupole moments Qs(2+

1 ), and the B(E2)
ratios RB = B(E2; 2+

γ → 2+
1 )/B(E2; 2+

1 → 0+
1 ). Where avail-

able, the results are shown in comparison with available data
[92,93]. The ratio R42 is probably the simplest and best-
studied measure for the evolution of collectivity to distinguish
between an axially symmetric deformed rotor (R42 = 3.33),
a spherical vibrational nucleus (R42 = 2.0), and a triaxial
rotor (R42 = 2.5). The ratio R4γ presents the location of the
bandhead of the quasi-γ band 2+

γ relative to the 4+
1 excita-

tion energy. Since in many γ -soft nuclei the 2+
γ level lies

quite close to the 4+
1 level, the overall trend of the ratio

R4γ can help to measure the γ softness. The sign of the
spectroscopic quadrupole moment Qs(2+

1 ) is related to the

FIG. 3. Same as Fig. 1, but for Hf isotopes.
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FIG. 4. Same as Fig. 1, but for W isotopes.

type of quadrupole deformation. For axially deformed case,
a negative value corresponds to a prolate and a positive
value to an oblate deformation in the intrinsic frame of
the nucleus. The ratio RB = B(E2; 2+

γ → 2+
1 )/B(E2; 2+

1 →
0+

1 ) also shows a certain sensitivity to the evolution of
shapes, e.g., RB = 0 for an axially symmetric deformed rotor,
RB = 10/7 for a γ -soft rotor, and RB = 2 for a spherical
shape.

For Er and Yb isotopic chains, lacking of experimental
data, the calculated R42 in Fig. 7(a) starts from ≈3.3 charac-
terized for an axially deformed rotor, drops rapidly to ≈2.6 at
N ≈ 114, and decreases gradually to ≈2.0 at N = 124 charac-
terized for a spherical shape as the neutron number increases.
The R4γ in Fig. 7(b) jumps dramatically from �3.0 to �1.0 at
N = 114, which demonstrates that the shapes of the heavier
isotopes with N � 114 are γ -soft around the ground state.
Rapid evolution is also found in the B(E2; 2+

1 → 0+
1 ) val-

ues, the spectroscopic quadrupole moments Qs(2+
1 ), and the

B(E2) ratio B(E2; 2+
γ → 2+

1 )/B(E2; 2+
1 → 0+

1 ) at N ≈ 114.
Furthermore, the positive Qs(2+

1 ) at N ≈ 118 in Fig. 7(e) indi-

cate that these isotopes could be oblate deformed. Meanwhile,
very low-lying 0+

2 states in Fig. 7(c) are predicted at N ≈ 114,
supporting the shape coexistence phenomena shown in the
PESs in Figs. 1 and 2. The evolution of all the collective
observables characterizes a shape transition from an axially
deformed rotor to prolate-oblate shape coexistence, then to
oblate shape, and finally to a near spherical shape along the Er
and Yb isotopic chains, which is consistent with the evolution
of the potential-energy surfaces in Figs. 1 and 2.

For Hf, W, and Os isotopic chains, the calculated collective
observables are in reasonable agreement with the available
data except E (0+

2 ) and B(E2; 2+
1 → 0+

1 ) of the lighter iso-
topes where the theoretical results overestimate the data. The
collective observables in these three isotopic chains present
a similar shape evolution as that in Er and Yb isotopes,
but the rapid shape transition around N = 114 in the latter
becomes rather moderate. Moreover, the oblate shapes pre-
dicted in Er and Yb nuclei with N ≈ 118 are not suggested
in the heavier isotones since their spectroscopic quadrupole
moments of 2+

1 states are negative. Moving to Pt isotopes, the

FIG. 5. Same as Fig. 1, but for Os isotopes.
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FIG. 6. Same as Fig. 1, but for Pt isotopes.

theoretical results reproduce the data for heavier nuclei but
overestimate those of lighter nuclei. This could be because
the axial deformation β for lighter Pt isotopes predicted by
PC-PK1 functional is too large (cf. Fig. 6). It is notable that
the prolate-oblate shape phase transition with the critical point
at N ≈ 110 is strongly supported by the evolution of E (0+

2 ),
the spectroscopic quadrupole moments Qs(2+

1 ), and the B(E2)
ratios B(E2; 2+

γ → 2+
1 )/B(E2; 2+

1 → 0+
1 ).

The systematics of similar characteristic collective ob-
servables, e.g., R42, R4γ , and the B(E2) ratio B(E2; 2+

γ →
2+

1 )/B(E2; 2+
1 → 0+

1 ), in Yb, Hf, W, Os, and Pt isotopes
with 110 � N � 122 have been studied by an interacting-
boson-model (IBM) Hamiltonian determined from Hartree-
Fock-Bogoliubov calculations with the Gogny energy density
functional D1M [32] and D1S [31,35]. Moreover, the gen-
erator coordinate method (GCM) based on the Gogny D1S
has also been applied to study the yrast band excitation en-
ergies, normalized to the corresponding 2+

1 energies, for the
stable and neutron-rich Os and Pt isotopes [22,23]. For the
energy ratios, our theoretical results are consistent with the
IBM and GCM predictions, and all the models can reproduce
the rapid shape transition in Yb-Os isotopes with 110 � N �
116. However, the R42 values calculated by the IBM present
an increase for the heavier Yb-Os isotopes with N � 118,
contrary to the experimental tendency of Os isotopes. For the
B(E2) ratios, the theoretical results obtained by both IBM
and our model are in reasonable agreement with the available
data in W and Os isotopes, while in Pt isotopes, discrepancy
is found especially in the IBM calculations since the triaxial
dynamics is not correctly incorporated in the model [32].

C. Energy staggering in the γ band

It is interesting to further investigate the odd-even energy
staggering in the γ bands, to probe the γ deformation. Within
the γ band, γ -band staggering

S(J ) = [E (J ) − E (J − 1)] − [E (J − 1) − E (J − 2)]

E (2+
1 )

(9)

has been suggested as an important measure to distinguish
soft or rigid triaxiality [94,95]. For a γ -rigid rotor, the γ

band should exhibit pairs of levels close in energy, (2+, 3+),
(4+, 5+), (6+, 7+), ...(odd spins lower in energy), while
for a γ -soft collective structure a grouping of levels 2+,
(3+, 4+), (5+, 6+), ...(even spins lower) should be ob-
served. Thus, in both cases S(J ) shows an odd-even staggering
with the increase of spin, and S(4) > 0 in the former case
while S(4) < 0 in the latter case. In addition, for an ideal
axially symmetric rotor, this staggering parameter is a con-
stant S(J ) = 0.33, while for a harmonic vibrator, it exhibits
a staggering behavior with an absolute value equal to 1
and S(4) = −1.

Figure 8 displays the experimental and theoretical energy
staggering parameter S(J ) as a function of spin for the γ bands
in the transitional Hf, W, Os, and Pt isotopes with 108 �
N � 122 to study the triaxial shape transition and possible
rigid triaxial deformation. The calculations can reproduce the
experimental data for both the phases and amplitudes of the
staggering behavior for most of the nuclei where the data are
available. For Hf and W isotopes, the staggering parameters
S(J ) of 180,182Hf and 182,184W with N = 108, 110 character-
ize for an axially symmetric rotor. While moving to N =
112, 114, the large amplitude of S(J ) and also increasing with
spin indicate the rapid onset of the triaxial-soft deformation
in these isotopes. As the neutron number increases further,
the oscillation of S(J ) becomes moderate gradually and the
corresponding deformation becomes weak until near spherical
shape. A particular interesting nucleus is 194W, where the
phase of S(J ) at J � 6h̄ is same as the one of a γ -rigid rotor.
This is also consistent with the fact that a global triaxial min-
imum (β, γ ) ≈ (0.15, 30◦) is observed in the corresponding
PESs (cf. Fig. 4).

Similar to the lighter Hf and W isotopes, the experimental
staggering parameters S(J ) of 184,186Os characterize an axi-
ally symmetric rotor. Weak oscillated S(J ) is also observed
in 188,190Os but the phase at high spins tends to the one of
a γ -rigid rotor, namely, negative for odd spins and positive
for even spins. Furthermore, the oscillation at high spins is
enhanced rapidly for the heavier Os isotopes 192–198Os, which
implies to the onset of a triaxial minimum in these nuclei (cf.
Fig. 5).
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FIG. 7. Spectroscopic properties of the six even-even Er, Yb, Hf, W, Os, and Pt isotopes with 102 � N � 124 plotted as functions of
neutron number: (a) evolution of R42 = E (4+

1 )/E (2+
1 ), (b) E (2+

γ )/E (4+
1 ), (c) the excitation energies of the 0+

2 states E (0+
2 ) (in MeV), (d) the

B(E2; 2+
1 → 0+

1 ) values (in Weisskopf units), (e) spectroscopic quadrupole moments Qs(2+
1 ) (in eb), and (f) the B(E2) ratios RB = B(E2; 2+

γ →
2+

1 )/B(E2; 2+
1 → 0+

1 ) calculated by 5DCH-CDFT with the PC-PK1 functional, in comparison with available data [92,93].
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FIG. 8. Staggering parameters S(J ) of even-even Hf, W, Os, and Pt isotopic chains calculated by 5DCH-CDFT with PC-PK1 functional in
comparison with the available data [92].
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FIG. 9. Calculated excitation energies (in MeV), ρ2(E0; 0+
2 → 0+

1 ), intraband and interband B(E2) values (in Weisskopf units) for ground-
state bands, γ bands, and 0+

2 bands in the even-even 184–198Os isotopes by 5DCH-CDFT (PC-PK1), in comparison with the experimental data
[92].
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FIG. 10. Probability density distributions ρIα (β, γ ) in the (β, γ ) plane for the 0+
g.s., 0+

2 , and 2+
γ collective states in the even-even 184–198Os

isotopes. (The radial, γ axes are given in units of degrees.)

The experimental staggering parameters S(J ) of 186Pt
demonstrate the γ -soft feature for low-spin states and ap-
proaching to prolate for high-spin states (experimental data
are close to theoretical results for high spins). By adding
two or four neutrons, 188,190Pt are dominated by the γ -
soft shape. The evolution of S(J ) for heavier Pt isotopes
becomes quite complicated. By combining the PESs in
Fig. 6 and collective observables, especially R4γ and Qs(2+

1 )
in Fig. 7, one can conclude that the heavier Pt isotopes
192–200Pt have (weak) oblate shape but extended to triaxial
deformation.

D. Low-lying spectra and probability density
distributions for Os isotopes

Since the transitional Os isotopes have plenty of experi-
mental data for low-lying spectra, here in Fig. 9 we compare
our theoretical results of 184–198Os with the available data in
detail. The levels are grouped into ground-state (g.s.) bands,
γ bands, and 0+

2 bands according to the predominant K
components and dominant decay patterns. The ρ2(E0; 0+

2 →
0+

1 ), intraband and interband B(E2) values are also shown
in the figure. In general, the 5DCH calculations can repro-
duce the collective structure, although the theoretical spectra
are stretched. This is because the adiabatic approximation is
adopted in the present 5DCH-CDFT framework, namely, the
collective parameters, especially the moments of inertia, do
not depend on the angular momentum. To solve this prob-
lem, one could construct 5DCH based on the cranking CDFT
framework [96], and such an extension of the model is in
progress. For the electric-quadrupole transitions, the theoreti-
cal results are generally larger than the data, especially for the
lighter Os isotopes. This is probably due to the overestimation
of the quadrupole deformation in the calculations (cf. Fig. 5).
Note that, starting from 190Os, the signatures of the triaxiality
including the low-lying γ bandhead, the enhanced interband

transitions B(E2; 2+
γ → 2+

1 ), and the γ band staggerings (cf.
Fig. 8) are all reproduced quite well. This may imply that
the predicted level structure and electric transitions for the
neutron-rich 194–198Os isotopes are somehow reliable.

The probability density distribution of the collective state,
which takes the following form:

ρIα (β, γ ) =
∑

K∈�I

∣∣ψ I
αK (β, γ )

∣∣2
β3, (10)

with the normalization∫ ∞

0
βdβ

∫ 2π

0
ρIα (β, γ )| sin (3γ )|dγ = 1, (11)

could give a further insight into the shape evolution with spin
and isospin [81,97]. Here the density distributions for the 0+

g.s.,
0+

2 , and 2+
γ states in 184–198Os are depicted in Fig. 10. For the

ground states 0+
g.s., the peaks of collective wave functions shift

to the smaller β gradually and extend in the γ direction until a
γ -soft rotor as the neutron number increases. 0+

2 states possess
similar dominated configurations as those of corresponding
0+

g.s., but a mixing with an oblate configuration is observed for
heavier Os isotopes. For the 2+

γ states, the density distributions
present a clear evolution from γ vibration of an axially de-
formed rotor in 184Os to triaxial deformed shape in 190–196Os,
where the peaks are concentrated in γ = 20o–40o, and finally
to γ -soft rotor in 198Os.

E. Prolate-oblate shape coexistence in neutron-rich
Er and Yb isotopes

Finally, Fig. 11 illustrates the calculated low-lying spec-
tra for 184Er and 186Yb, candidates for prolate-oblate shape
coexistence. In addition, we also plot the probability density
distributions in the (β, γ ) plane for the bandheads. It is re-
markable that a multishape coexistence of medium-deformed
oblate shape, medium- and large-deformed prolate shapes is
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FIG. 11. The low-lying spectra of 184Er (upper panel) and 186Yb
(lower panel) calculated with 5DCH-CDFT based on PC-PK1 func-
tional. The probability density distributions in the (β, γ ) plane for
the bandheads are also shown by the contour plots. (The radial, γ

axes are given in units of degrees.)

predicted in both nuclei. The ground-state (g.s.) band corre-
sponds to an oblate but γ -soft geometric shape, which is also
reflected in the low-lying γ band and strong mixing between
γ band and g.s. band [large interband B(E2) transitions]. In
contrast, the 0+

2 and 0+
3 bands are predicted to be medium-

and large-deformed prolate shapes with β ≈ 0.25 and 0.4, re-
spectively, and consequently the interband B(E2) and ρ(E0)
transitions from 0+

2 or 0+
3 bands to the g.s. band are quite small

due to the weak mixing between them.

IV. SUMMARY

We have analyzed the shape transition and possible oc-
currence of low-energy shape coexistence and rigid triaxial

deformation in the six even-even Er, Yb, Hf, W, Os, and
Pt isotopic chains with the neutron number 102 � N � 124.
The potential-energy surfaces, low-lying spectra, and charac-
teristic collective observables have been studied by solving
a five-dimensional collective Hamiltonian with parameters
determined from the relativistic energy density functional
PC-PK1 and a separable finite-range pairing interaction. The
potential-energy surfaces display a transition from prolate to
oblate or triaxial, and then to near spherical shapes as the neu-
tron number increases. In particular, the Er and Yb nuclei with
N = 114, 116 exhibit coexisting low-energy axially deformed
prolate and oblate minima, while triaxial minima are observed
in 192Hf, 194W, and 190–196Os.

The SCMF deformation-constrained solutions provide a
microscopic input for the parameters of the 5D collective
Hamiltonian that has been used to calculate spectroscopic
properties of low-energy states. The 5DCH model calculations
reproduce the empirical isotopic trend of the character-
istic collective observables: E (4+

1 )/E (2+
1 ), E (2+

γ )/E (4+
1 ),

the excitation energy of 0+
2 state E (0+

2 ), B(E2; 2+
1 → 0+

1 ),
the spectroscopic quadrupole moment Qs(2+

1 ), the ratio
B(E2; 2+

γ → 2+
1 )/B(E2; 2+

1 → 0+
1 ), and energy staggering in

the γ band. The evolution of the collective observables con-
firms the overall shape transition in this region. Specifically,
a rapid shape transition between prolate and oblate shapes
is predicted in Er and Yb isotopic chains while it becomes
smooth for higher-Z isotopic chains and signature for rigid
triaxial deformation is found in the transitional isotopes, e.g.,
194W and 192–196Os. Finally, the calculated low-lying spec-
tra and probability density distributions for Os isotopes as
well as the shape-coexisting candidates 184Er and 186Yb are
illustrated. The triaxial deformation in 192–196Os is further
confirmed by analyzing the probability density distributions
of γ bandhead. Moreover, a remarkable multishape coex-
istence of medium-deformed oblate shape, medium- and
large-deformed prolate shapes is predicted in 184Er and 186Yb.
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[71] Z. P. Li, T. Nikšić, D. Vretenar, and J. Meng, Phys. Rev. C 80,
061301(R) (2009).
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