
PHYSICAL REVIEW C 103, 044906 (2021)

From chiral kinetic theory to relativistic viscous spin hydrodynamics
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In this paper, we start with chiral kinetic theory and construct the spin hydrodynamic framework for a chiral
spinor system. Using the 14-moment expansion formalism, we obtain the equations of motion of second-order
dissipative relativistic fluid dynamics with nontrivial spin-polarization density. In a chiral spinor system, the
spin-alignment effect could be treated in the same framework as the chiral vortical effect (CVE). However, the
quantum corrections due to fluid vorticity induce not only CVE terms in the vector/axial charge currents, but
also corrections to the stress tensor. In this framework, viscous corrections to the hadron spin polarization are
self-consistently obtained, which will be important for precise prediction of the polarization rate for the observed
hadrons, e.g., � hyperon.
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I. INTRODUCTION

Relativistic heavy-ion collisions provide a special environ-
ment to study the strong interaction. In such experiments, a
new phase of matter—the quark-gluon plasma (QGP)—is cre-
ated [1,2]. Recently the STAR Collaboration at the Relativistic
Heavy Ion Collider reported measurement of a nonvanishing
polarization of � hyperons [3,4]. This result could imply an
extremely vortical fluid flow structure in the QGP produced
in semicentral nucleus-nucleus collisions and has attracted
significant interest and generated wide enthusiasm. In ad-
dition, detailed measurement of the spin polarization, in
particular, the longitudinal polarization at different azimuthal
angles [5] disagrees with current theoretical expectation
[6–8].

In theoretical attempts (e.g., Refs. [9–15]) to compute the
hadron polarization rate, one typically assumes that hadrons
are created according to the thermal equilibrium distribu-
tion for particles in a locally rotating fluid, whereas the
viscous corrections induced by off-equilibrium effects are ne-
glected. Also, studies generally assume that the spin degrees
of freedom of either hadrons or partons have negligible in-
fluences on the dynamical motion of the medium. A more
sophisticated and self-consistent framework is required to
understand the discrepancy alluded to above and to describe
the vortical structure of the QGP. Consequently, we pro-
pose to develop a relativistic dissipative hydrodynamic theory
with spin degrees of freedom, i.e., “spin hydrodynamics,”
from a microscopic theory with the vortical and nonequi-
librium effects consistently taken into account [16]. As a
first step, we concentrate on the chiral limit in this paper,
owing to its simple structure of the underlying microscopic
theory.
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Although hydrodynamics is a macroscopic theory based
on conservation laws and the second law of thermodynamics,
the evolution of dissipative quantities depends on the details
of how the system approaches the thermal distribution and
needs the guidelines of kinetic theory to correctly reflect
microscopic processes. In a massless fermion system, the
microscopic transport processes are described by the chiral
kinetic theory (CKT) [17–19]. A convenient way to derive
the CKT is the Wigner function formalism [20–26]. For the
pedagogical reason, we review recent developments in the
Wigner function formalism of chiral kinetic theory in Sec. II.
With such a tool, we derive ideal spin hydrodynamic equations
for thermal equilibrium systems in Sec. III and obtain vis-
cous spin hydrodynamics in Sec. IV. In addition, we analyze
the causality and stability of spin hydrodynamic equations
against linear perturbations in Appendix A and explore the
pseudogauge transformation to symmetrize the stress tensor
in Appendix B. In the rest of the appendices, we include
calculation details.

In this paper, we take the mostly negative convention
of metric gμν = diag(+,−,−,−), and adopt the following
notation:

�μν ≡ gμν − uμuν, (1)

�
μν
αβ ≡ 1

2�μ
α�ν

β + 1
2�

μ
β�ν

α − 1
3�μν�αβ, (2)

�μν ≡ 1

2

(
∂ν

uμ

T
− ∂μ

uν

T

)
, (3)

ωμ ≡ −T

2
εμνρσ uν�ρσ = 1

2
εμνρσ uν∂ρuσ , (4)

d̂X ≡ uμ∂μX, (5)

θ ≡ ∂μuμ, (6)

σμν ≡ �
μν
αβ∂αuβ. (7)
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In addition, we define the projected vector/tensor as

V 〈α〉 ≡ �α
μV μ, (8)

V 〈αβ〉 ≡ �αβ
μνV μν, (9)

V 〈αU β〉 ≡ �αβ
μνV μU ν . (10)

II. CHIRAL KINETIC THEORY FROM THE WIGNER
FUNCTION FORMALISM

Spin is an intrinsic quantum degree of freedom of ele-
mentary particles. To describe the nonequilibrium collective
behavior of Dirac spinors taking into account the spin degrees
of freedom, a natural framework is the Wigner formalism,

Wab(x, p) ≡
〈∫

d4y e(i/h̄)p·ŷ̄ψb

(
x + y

2

)
ψ̂a

(
x − y

2

)〉
. (11)

As a 4 × 4 matrix depending on coordinate x and momen-
tum p, it describes the phase-space distribution for different
spin states and can be decomposed in the Clifford basis
{I, γ μ, γ 5 ≡ iγ 0γ 1γ 2γ 3, γ 5γ μ, �μν ≡ i

2 [γ μ, γ ν]},
W ≡ 1

4

(F + iPγ 5 + Vμγ μ + Aμγ 5γ μ + 1
2Lμν�

μν
)
, (12)

where the scalar F , pseudoscalar P , vector Vμ, axial-vector
Aμ, and tensor Lμν are known as the Clifford components.
With these components, one can express the thermodynamic
quantities—the current, axial current, energy-momentum ten-
sor, and the spin tensor current—respectively, as

Jμ ≡ 〈ψ̄γ μψ〉 =
∫

d4 p

(2π )4
Vμ, (13)

Jμ
A ≡ 〈ψ̄γ μγ 5ψ〉 =

∫
d4 p

(2π )4
Aμ, (14)

T μν ≡ 〈ψ̄ (iγ μDν )ψ〉 =
∫

d4 p

(2π )4
pνVμ, (15)

Sλμν ≡ 1

8
〈ψ̄{γ λ,�μν}ψ〉 = 1

2
εσλμν

∫
d4 p

(2π )4
Aσ . (16)

In the absence of an external field, the equation of mo-
tion for the Wigner function can be obtained from the Dirac
equation,

γμ

(
pμ + 1

2 ih̄∂μ
)
W (x, p) = mW (x, p), (17)

which contains a set of coupled equations for the Clifford
components. In the massless limit (m = 0), the equations are
partially decoupled and the vector and axial-vector compo-
nents Vμ and Aμ couple only with each other but not the
scalar, pseudoscalar, and tensor components,

pμVμ = 0, pμAμ = 0, (18)

∂μVμ = 0, ∂μAμ = 0, (19)

h̄

2
εμνρσ ∂ρVσ = pνAμ − pμAν, (20)

h̄

2
εμνρσ ∂ρAσ = pνVμ − pμVν . (21)

These equations can be further simplified by recombining the
vector and axial vector into left-handed (LH) and right-handed
(RH) components J μ

± ≡ 1
2 (Vμ ± Aμ). They evolve indepen-

dently,

pμJ±,μ = 0, (22)

∂μJ±,μ = 0, (23)

h̄

2
εμνρσ ∂ρJ σ

± = ±(pνJ±,μ − pμJ±,ν ). (24)

In Refs. [25,26], the authors employ a semiclassical expansion
(i.e., h̄ expansion) in the massless limit and derive the CKT
up to the leading order in h̄. In first-order CKT, the RH/LH
components can be expressed as

J μ
± =
(

pμ ± h̄
εμνρσ pρnσ

2p · n
∂ν

)
f±, (25)

where f± are the RH/LH particle distribution functions, de-
fined as the pμ-proportional section of corresponding chirality
current J μ

± . Their equations of motion are driven by the chiral
kinetic equation (CKE),[

pμ∂μ ± h̄

(
∂μ

εμνρσ pρnσ

2p · n

)
∂ν

]
f± = 0. (26)

In particular, nμ is a timeike arbitrary auxiliary vector field
and could depend on space-time xμ in a nontrivial way. It is
introduced to separate the pμ-parallel and pμ-perpendicular
components. Noting that the momentum pμ is a null vector,
hence, self-perpendicular, the separation is not unique and
depends on the choice of nμ. Such nonuniqueness leads to the
frame dependence of the distribution function—also known
as the side-jump effect [25–27]. When choosing different aux-
iliary fields, e.g., uμ and vμ, the corresponding distribution
functions f[u],± and f[v],± differ at h̄ order,

f[u],± − f[v],± = ∓h̄
εμνρσ pμuνvρ∂σ f(0)±

2(u · p)(v · p)
, (27)

and, consequently,

pμ f[u],± − pμ f[v],±

= ∓h̄

(
εμνρσ pρuσ

2p · u
− εμνρσ pρvσ

2p · v

)
∂ν f(0),±, (28)

so that the definition of J μ
± remains invariant. We refer the

readers to Ref. [25] for detailed derivations. In the above
equations, f(0)± is the classical h̄0 order of the chirality density
function and is frame independent. As will be discussed in
Sec. III B, it will be more natural to choose nμ to be the local
fluid velocity. For the sake of generality, we keep nμ arbitrary
at this point.

Last but not least, the conservation equation of total angu-
lar momentum,

0 = ∂μMμνλ

≡ ∂μ(Lμνλ + h̄Sμνλ)

≡ ∂μ(T μλxν − T μνxλ) + h̄ ∂μSμνλ

= (T νλ − T λν ) + h̄ ∂μSμνλ (29)
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is satisfied automatically, which can be shown by taking the
momentum integral of Eq. (21), one of the equations of mo-
tion for Wigner components. In a system with Dirac spinors,
the conservation of total angular momentum is not an extra
constraint on the system evolution. The spin-density current
follows once the axial charge density, accounting for the im-
balance between RH and LH particles, is defined.

III. SPIN HYDRODYNAMICS IN EQUILIBRIUM

A. Equilibrium distribution

To connect kinetic theory with hydrodynamic theory, a nat-
ural starting point is the equilibrium limit of the distribution
function. This is nontrivial when rotation effects are included:
Quantum corrections appear in the kinetic equation Eq. (26),
therefore, the equilibrium distribution will also be modified.
Here we derive the equilibrium distribution with vorticity
corrections f±,eq in a similar way as in Ref. [24]. We start from
the principle that equilibrium distribution f±(x, p) ≡ f±(g±)
should be a function of the linear combination of the quanti-
ties conserved in collisions—namely, the particle number, the
momentum, and the angular momentum,

g± = α± + βλ pλ + h̄γ±,μν

εμναβ pαnβ

2p · n
, (30)

where the coefficients α, β, and γ are not arbitrary. They are
constrained by the CKE,

0 = δ(p2)

[
pμ∂μ ± h̄

(
∂μ

εμνρσ pρnσ

2p · n

)
∂ν

]
f±(g±)

= δ(p2)
df±
dg±

[
pμ∂μ ± h̄

(
∂μ

εμνρσ pρnσ

2p · n

)
∂ν

]
g±. (31)

To solve the coefficients, we take the semiclassical expansion,

g± = g(0),± + h̄g(1),± + O(h̄2)

= (α(0),± + pμβ
μ
(0)

)+ h̄
(
α(1),± + pμβ

μ
(1)

+γ±,μν

εμναβ pαnβ

2p · n

)
+ O(h̄2), (32)

as well as

f±(g±) = f(0),±(g(0),±) + h̄ f ′
(0),±(g(0),±)

×
(

α(1),± + pμβ
μ
(1) + γ±,μν

εμναβ pαnβ

2p · n

)
+ O(h̄2). (33)

From zeroth-order CKE, one finds that

∂μα(0),± = 0, ∂μβ(0),ν + ∂νβ(0),μ = ∂ · β(0)

4
gμν. (34)

Noting that nμ is the auxiliary vector in constructing the
solution of the Wigner function, one would need to ensure
that physical quantities, such as J μ

± will be independent of

nμ, hence,

f[u],± f[v],± = ∓h̄
εμνρσ pμuνvρ∂σ f(0)±

2(u · p)(v · p)

= ∓h̄
εμνρσ pμuνvρ∂σ g(0)±

2(u · p)(v · p)
f ′
(0),±(g(0),±) + O(h̄2).

(35)

Comparing the above two equalities, one obtains that

∓ pλεμνρσ pμuνvρ

2(u · p)(v · p)
∂σβ(0),λ

= γ±,μν

(
εμναβ pαuβ

2p · u
− εμναβ pαvβ

2p · v

)
= 2γ±,λσ

pλεμνρσ pμuνvρ

2(u · p)(v · p)
. (36)

Further noting the arbitrariness of u, v, and p, one gets

γ±,μν = ± 1
4 (∂μβ(0),ν − ∂νβ(0),μ). (37)

Then, we consider the first-order CKE and find

∂μα(1),± = 0, ∂μβ(1),ν + ∂νβ(1),μ = ∂ · β(1)

4
gμν. (38)

Consequently, one can absorb α(1),± and β(1),μ, respectively,
into α(0),± and β(0),μ and conclude that

∂μα± = 0, ∂μβν + ∂νβμ = ∂ · β

4
gμν,

γ
μν
± = ±1

4
(∂μβν − ∂νβμ), (39)

and

f±(g±) = f±(α± + pμβμ) ± h̄

(
∂μβν − ∂νβμ

4

εμναβ pαnβ

2p · n

)
× f ′

±(α± + pμβμ) + O(h̄2). (40)

It is worth noting that compared to the derivation in Ref. [24],
we take into account the guiding principle that physical quan-
tities are independent of nμ, i.e., Eq. (34). By doing this, one
would be able to rule out the ambiguous extra mode of γ±,μν

pointed out in Ref. [24]. Additionally, the conditions (33) and
(37) apply only for a system in global equilibrium. They are
not required in the derivation of the hydrodynamic equations.

Comparing the general form with momentum-integrated
thermodynamics quantities, one can find that α± = μ±/T
corresponds to the RH/LH chemical potential, whereas βμ ≡
uμ/T corresponds to the flow velocity and temperature.
Particularly, the latter is independent of flavor or helicity.
Combined with the Fermi-Dirac distribution, we can express
the equilibrium distribution functions in a compact form

feq,±(p) = 1

exp
[ p·u−μ±

T ∓ h̄ εμνρσ �μν pρnσ

4n·p
]+ 1

, (41)

where �μν ≡ 1
2 (∂ν

uμ

T − ∂μ
uν

T ) is the thermal vorticity.
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B. Ideal spin hydrodynamics

With the thermal distribution obtained, now we move on
to construct the hydrodynamic quantities by taking the
equilibrium limit. For later convenience, we define
the vorticity vector ωμ ≡ − T

2 εμνρσ uν�ρσ = 1
2εμνρσ uν∂ρuσ ,

the vector/axial chemical potential μV ≡ (μ+ +
μ−)/2, μA ≡ (μ+ − μ−)/2, and denote the integral∫

p ≡ ∫ 2δ(p2 )d4 p
(2π )3 . By substituting equilibrium distribution

in the definition, the equilibrium hydrodynamic quantities are
as follows:

Jμ
eq,± ≡

∫
p

pμ feq,± ± h̄

2
εμλσρ

∫
p

pλnσ

n · p
∂ρ feq,±

= n±uμ ± h̄

2

(
∂n±
∂μ±

)
T,μ∓

ωμ, (42)

Jμ
eq,V ≡ Jμ

eq,+ + Jμ
eq,−

= nV uμ + h̄

2

(
∂nA

∂μV

)
T,μA

ωμ, (43)

Jμ
eq,A ≡ Jμ

eq,+ − Jμ
eq,−

= nAuμ + h̄

2

(
∂nA

∂μA

)
T,μV

ωμ, (44)

T μν
eq ≡
∫

p
pμ pν ( feq,+ + feq,−)

+ h̄εμλσρ

∫
p

pν pλnσ

2 n · p
∂ρ ( feq,+ − feq,−)

= εuμuν − P�μν + h̄nA

4
(8ωμuν + T εμνσλ�σλ),

(45)

Sλμν
eq ≡ 1

2ελμνσ Jeq,A,σ , (46)

where

n± ≡
∫

p
(u · p) feq,±, ε = 3P ≡

∫
p
(u · p)2( feq,+ + feq,−).

(47)
We note that these are equivalent to the result in Ref. [28]
if implementing the equilibrium distribution for both particle
and antiparticle,

n± = μ±
6

(
T 2 + μ2

±
π2

)
,

ε = 7π2T 4

60
+ T 2
(
μ2

V + μ2
A

)
2

+ μ4
V + 6μ2

V μ2
A + μ4

A

4π2
. (48)

Some comments are in order:
(a) In the above equations, the quantum corrections to the

vector and axial currents are collectively known as the chiral
vortical effect (see, e.g., Ref. [29]). In particular, even in the
purely neutral case μV = μA = 0, the quantum correction to
the axial current h̄(T 2ωμ/6) is nonvanishing. Noting that this
leads to nonzero spin-density uλSλμν

eq = h̄T 3�μν/12, such a
quantum correction term induces the spin-vorticity alignment.

(b) On top of an existing chiral-hydro that includes anoma-
lous transport terms in the current and axial currents, our

derivation also indicates different terms in the stress ten-
sor accounting for the feedback to energy and momentum
flow. Quantum correction introduces an antisymmetric term ∝
h̄(4ωμuν − 4ωνuμ + T εμνσλ�σλ) together with a symmetric
correction ∝4h̄(ωμuν + ωνuμ). These terms are proportional
to chirality imbalance and vanish if μA = 0, i.e., an equal
amount of RH and LH particles at any spatial and temporal
points.

(c) As a first-order derivative term ωμ appears in the
hydrodynamic equations, it is nontrivial to show their
causality and stability. With details in Appendix A, these
equations are shown to be causal and stable against
linear perturbations, which follow from the fact that
∂μωμ = (1/2)εμνρσ (∂μuν )(∂ρuσ ) does not contain second-
order derivatives of the velocity, such as ∂α∂βuμ.

(d) It might be worth noting that we take the canonical
definition of energy-momentum tensor T μν and spin-density
Sλμν . There have been discussions on the equivalence of
evolution equations when taking other definitions, differing
by a pseudogauge transformation [30–32]. In Appendix B,
we derive the explicit form of the pseudogauge transfor-
mation to symmetrize T μν . We emphasize that such a
pseudogauge transformation does not cause an ambiguity as
the microscopic distribution f ±(p) is invariant under such
a transformation. Physical observables, including the spin-
polarization vector, are constructed based on the distribution
functions, hence, they are not influenced by the pseudogauge
transformation.

(e) Last but not least, one can find that all these hydrody-
namic quantities are independent of the choice of auxiliary
field n, but the distribution functions f ± depend on the ex-
plicit form of nμ. We obtain the physical choice of such an
auxiliary field as follows. We denote the spin correction term
in distribution function (39) as

�
μν
[n] ≡ εμναβ pαnβ

2n · p
. (49)

Noting that nμ�
μν
[n] = 0 transforms as a vector under Lorentz

transformation �
′μν
[n] = εμνρ0 p′

ρ

2E ′
p

only contains the spatial part

in the frame satisfying n′μ = {1, 0, 0, 0} at space-time point
(t ′, x′, y′, z′). It represents the polarization tensor εi jk p̂k/2 for
a RH particle, whereas for a LH particle, the polarization
tensor is −εi jk p̂k/2, which is accounted for by the sign differ-
ence in the current term and equilibrium distribution function.
Consequently, �

μν
[n] serves as the spin tensor in the frame

comoving with nμ. To correctly reflect the spin polarization
in the distribution function, it is more natural to take nμ = uμ

to be the flow velocity. We adopt this choice for the rest of this
paper.

IV. HYDRODYNAMICS NEAR EQUILIBRIUM

In this section we extend the discussion to nonequilibrium
systems and derive second-order spin hydrodynamics from
the CKT. To describe nonequilibrium hydrodynamics evolu-
tion, we start with the chiral kinetic equations with collision
terms. The quantum correction term in the CKE could be fur-
ther simplified, see Eq. (E3) in Appendix E. Taking nμ = uμ,
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the equations become

pμ∂μ f± ± h̄

(
εμνρσ pν (∂ρuσ )

4u · p

)
∂μ f± = C±[ f+, f−], (50)

where

C+(p) =
∫

k,p′,k′
[W1[ f̃+(p′) f̃+(k′) f+(p) f+(k) f̃+(p) f̃+(k) f+(p′) f+(k′)]

+W2[ f̃+(p′) f̃−(k′) f+(p) f−(k) − f̃+(p) f̃−(k) f+(p′) f−(k′)]], (51)

C−(p) =
∫

k,p′,k′
[W1[ f̃−(p′) f̃−(k′) f−(p) f−(k) − f̃−(p) f̃−(k) f−(p′) f−(k′)]

+W2[ f̃−(p′) f̃+(k′) f−(p) f+(k) − f̃−(p) f̃+(k) f−(p′) f+(k′)]] (52)

are the collision kernels. For later convenience, we recast the CKE to be as follows:[
(u · p) ∓ h̄

ω · p

2u · p

]
d̂ f± − C±[ f+, f−] = −pμ∇μ f± ∓ h̄

(
εμνρσ pν (∂ρuσ )

4u · p

)
∇μ f±, (53)

where d̂X ≡ uμ∂μX, ∇μ ≡ �μν∂
ν . In the 14-moment expansion formalism, we expand the nonequilibrium correction to be

moments of p〈α · · · pβ〉, and truncate terms up to p2 order,

f ± ≡ f ±
eq + f ±

eq (1 − f ±
eq )[+λ±

�� + λ±
ν ν

μ
± pμ + λ±

π πμν pμ pν]

= f ±
0 + f ±

0 (1 − f ±
0 )

[
∓ h̄

2T

ω · p

u · p
+ λ±

�� + λ±
ν ν

μ
± pμ + λ±

π πμν pμ pν

]
, (54)

where

f0,±(p) = 1

exp
[ u·p−μ±

T

]+ 1
, (55)

feq,±(p) = 1

exp
[ u·p−μ±

T ± h̄ 1
2T

ω·p
u·p
]+ 1

= f0,± ∓ f0,±(1 − f0,±)
h̄

2T

ω · p

u · p
+ O(h̄2). (56)

Noting that the equilibrium form of polarization vector ωμ is
a first-order derivative term, we keep up to first order in vis-
cous expansion. This is consistent with the order of quantum
corrections.

It is worth noting that in the above expressions, T and
μ± are the effective temperature and chemical potentials,
respectively. In principle, these quantities are well defined
only in thermal systems; whereas, in practice, one can define
them for nonequilibrated systems by matching the energy and
particle densities,

ε ≡
∫

p
(u · p)2[ f+(p) + f−(p)], (57)

n± ≡
∫

p
(u · p) f±(p), (58)

with their corresponding equilibrium expectations,

ε = εeq ≡
∫

p
(u · p)2[ feq,+(p) + feq,−(p)], (59)

n± = neq,± ≡
∫

p
(u · p) feq,±(p). (60)

With these, one can separate the pressure into two parts—
the thermal pressure P and the bulk pressure � being the
nonequilibrium correction,

P ≡ −1

3

∫
p
�μν pμ pν[ feq,+(p) + feq,−(p)], (61)

� ≡ −1

3

∫
p
�μν pμ pν[δ f+(p) + δ f−(p)], (62)

where δ f± ≡ f ± − f ±
eq denotes the nonequilibrium sector of

the distribution functions. Implementing the energy matching
relation (55), one can reexpress Eq. (58) as

� = −1

3

∫
p
(pμ pμ)[δ f+(p) + δ f−(p)]

= −m2

3

∫
p
[δ f+(p) + δ f−(p)]. (63)

In the massless limit m2 = 0, the bulk viscous pressure van-
ishes, hence, the scalar corrections λ±

�� disappear.
Besides, one can further define the nonequilibrium correc-

tions to hydrodynamics—the dissipative quantities,

πμν ≡
∫

p
�

μν
αβ pα pβ [ f+(p) + f−(p)], (64)

ν
μ
± ≡
∫

p
�μ

α pαδ f±(p). (65)

From the relations in Eqs. (53)–(60), one can fix the coeffi-
cients in nonequilibrium distribution function,

λ±
π = 1

4J±
4,2

, λ±
ν = J±

3,1(u · p) − J±
4,1

D±
3,1

. (66)

Detailed derivations can be found in Appendix D.
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Substituting the distribution function in the definitions
(13)–(15), we find the RH and LH particle currents and
energy-momentum stress tensor,

Jμ
± = n±uμ + ν

μ
± ± h̄

2

∂n±
∂μ±

ωμ

± h̄

2
εμρσλuρ∂σ

(
G(1),±

4,1

D±
3,1

ν±,λ

)

± h̄J±
2,2

4J±
4,2

(εμρσλuρσσ
ξπλξ − πμλωλ)

≡ n±uμ + ν
μ
± + h̄Jμ

quantum,±, (67)

T μν = εuμuν − P�μν + πμν + 4h̄

5
ωμ(νν

+ − νν
−)

+ h̄ nA

4
(8ωμuν + T εμνσλ�σλ)

+ h̄

2
εμρσλuρ�

νξ ∂σ

[(
J+

3,2

2J+
4,2

− J−
3,2

2J−
4,2

)
πλξ

]
+ h̄

2
εμρσλuρuν∂σ (ν+

λ − ν−
λ )

− h̄

10
εμνρσ uρ (∂σ uλ)(ν+

λ − ν−
λ )

+2h̄

5
εμλρσ uρ (∂σ uν )(ν+

λ − ν−
λ )

≡ εuμuν − P�μν + πμν + h̄T μν
quantum. (68)

Together with classical dissipation terms πμν and ν
μ
±, viscous

corrections also modify the quantum T μν
quantum and Jμ

quantum,±
from their equilibrium form. In this paper, we take the Lan-
dau frame and define flow velocity uμ as the timelike left
eigenvector of the stress tensor with energy density ε being
the eigenvalue,

uμT μν
classical = εuν . (69)

Finally, we derive the equations of motion for dissipative
terms, ruled by

�μν
ρσ d̂πρσ ≡

∫
p
�

μν

αβ pα pβ (d̂δ f+ + d̂δ f−), (70)

�μν d̂ν±,ν ≡
∫

p
�μ

α pα d̂δ f±, (71)

whereas the equation of motion for δ f± is derived from
Eq. (50),

d̂δ f± −
(

1

u · p
± h̄

ω · p

2(u · p)3

)
C±[ f+, f−]

= −d̂ feq,± − pμ∇μ f±
u · p

∓ h̄εμνλσ pν pρuλ(∂ρuσ − ∂σ uρ )

4(u · p)3
∇μ f±. (72)

Putting the lengthy calculations in Appendix F and keeping
up to second-order terms, the relaxation equations for all the

dissipative terms are

�αβ
ρσ d̂πρσ − (A(2)

+,0 + A(2)
−,0

)
παβ

− h̄

2
(X+,+

2,−2 − X−,+
2,−2)�αβ

ρσ ωρνσ
+

+ h̄

2
(X−,−

2,−2 − X+,−
2,−2)�αβ

ρσ ωρνσ
−

= 8

5
Pσαβ − 3θ παβ + 8

7
�αβσμνπμν − 12

7
σα

μπβμ

− 12

7
σβ

μ παμ − πα
μεβμνρuνωρ − πβ

μεαμνρuνωρ

+2h̄

15
�αβ

μνω
μ∇νnA + h̄

5
nA�αβ

μν∇μων

− 9h̄

10

nA

ε + P
�αβ

μνω
μ∇νP

+ h̄

20

nA

ε + P

(
σβ

μ εμαλσ uλ∇σ P + σα
μεμβλσ uλ∇σ P

)
, (73)

and

�αβ d̂ν±
β − A(1)

±,0ν
α
± − B(1)

±,0ν
α
∓ ± h̄

2T
W (1)

±,0ω
α

+ h̄

2

(A(2)
+,−2 − A(2)

−,−2

)
παβωα

= D±
2,1

J±
3,1

∇α μ±
T

+ D±
3,0

2J±
3,0J±

4,0

�α
ρ∇μπμρ − παμ∇μ

J±
3,0

2J±
4,0

− θνα
± − 3

5
σαμν±

μ − εαμνγ uμνν
±ωγ

∓ h̄

3
ωα d̂I±

0,0 ∓ h̄

2T

D±
2,1

J±
3,1

�α
β d̂ωβ

± 3h̄

2

n2
±

ε± + P±

(
1

3
θωα + σαμωμ

)
∓ h̄

3
I±
0,0

(
13

15
θωα + 4

5
σαμωμ

)
± h̄

12
εμαλσ uλd̂uσ (∇μI±

0,0), (74)

where A, B, W , and X are integrals of collision kernel de-
fined in Appendix G. They are functions of temperature T and
chemical potentials μ±. We note that there have been similar
attempts to derive the dissipative spin hydrodynamics from
the relaxation-time approximation [28,33], i.e., the collision
kernel is approximated by ( f − feq )/τeq. We emphasize that
by taking the 14-moment formalism with a concrete collision
kernel, we are able to obtain the exact form of transport
coefficients and relaxation times. In this paper, we aim to
construct a theoretical framework based on the general form
of collision terms. Recent studies—focusing on relativistic
heavy-ion collisions—of the relaxation time can be found in
Refs. [34–36].

We end by discussing the viscous correction to the spin
degrees of freedom. At the macroscopic level, the spin density
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at the fluid comoving frame is

Sμν ≡ uλSλμν

= 1

2
εσλμν

∫
p

uλAσ

= 1

2
εσλμνuλ(J+,σ − J−,σ )

= h̄ T

4

(
∂n+
∂μ+

+ ∂n−
∂μ−

)
�μ

α�ν
β�αβ + 1

2
εμνσλνA,σ uλ

+ h̄

2
εμνσλεσαβγ uλuα∂β

(
G(1),+

4,1

D+
3,1

ν
γ
+ + G(1),−

4,1

D−
3,1

ν
γ
−

)

+ h̄

4

(
J+

2,2

J+
4,2

+ J−
2,2

J−
4,2

)
(πμξσ ν

ξ − πνξσμ
ξ )

− h̄

4

(
J+

2,2

J+
4,2

+ J−
2,2

J−
4,2

)
εμνσλuλπσαωα. (75)

Especially, in the equilibrium limit that all viscous correc-
tions are turned off, i.e., νμ → 0, πμν → 0, the spin-density

Sμν ∝ �μ
α�ν

β�αβ is proportional to the spatial components of
thermal vorticity tensor.

At the microscopic level, one would be interested in the
polarization rate for individual particles, especially for fi-
nal hadrons. The momentum-dependent mean spin vector for
each hadron can be obtained as follows (see, e.g., Ref. [37]),

Sμ(p) = −1

8
εμνρσ pν

∫
d�fo,λtr[{γ λ,�ρσ }W (x, p)]∫

d�fo,λ pλtr[W (x, p)]

= 1

4mH
εμνρσ pν

∫
d�λ

foελρσδAδ (x, p)∫
d�fo,λVλ(x, p)

= 1

2mH

∫
d�λ

fo pλAμ(x, p)∫
d�λ

foVλ(x, p)
, (76)

where �fo,λ represents the freeze-out hypersurface. Assuming
that hadrons take the same distribution as the 14-moment
formalism (54), we find

Sμ(p) = 1

2mH

{[∫
�

fV,0

]
+
∫

�

fV,0(1 − fV,0)(λνν
α pα + λππαβ pα pβ )

}−1

×
{[

− h̄

4
εμνρσ

∫
�

pν�ρσ fV,0(1 − fV,0)

]
+
∫

�

pμ fV,0(1 − fV,0)
μA

T

+
∫

�

pμ fV,0(1 − fV,0)

(
λν

2
να

A pα + λ+
ν − λ−

ν

2
να pα + λ+

π − λ−
π

2
παβ pα pβ

)}
+ O(h̄2), (77)

where fV,0 ≡ [e(u·p−μ)/T + 1]−1 is the Fermi-Dirac distri-
bution,

∫
�

(· · · ) ≡ ∫
�

d�λ
fo pλ(· · · ) is the integral over the

freeze-out hypersurface, and

μA ≡ (μ+ − μ−)/2, μ ≡ (μ+ + μ−)/2,

ν
μ
A ≡ ν

μ
+ − ν

μ
−, νμ ≡ ν

μ
+ + ν

μ
−. (78)

In the expression of the mean spin vector per particle (72), if
keeping terms in [· · · ] only, one can repeat the equilibrium
result in Ref. [37], whereas the other terms are corrections.
Among them, there is a term proportional to μA/T , which
is a leading-order contribution in both gradient expansion
and semiclassical expansion. It acts oppositely for � and �̄

hyperons and might suggest an explanation for the measured
difference in their polarization rate [3]. The rest of the terms
are viscous corrections: The ones in the denominator {· · · }−1

are corrections to spin-averaged particle distribution; whereas
the ones in the numerator are corrections directly to the spin
distribution. The latter might be related to the sign difference
between theory and experiment results on azimuthal angle
distribution of longitudinal polarization. Last but not least,

noting that for systems starting with zero chirality imbalance,
all quantities proportional to the difference between right and
left, i.e., μA and ν

μ
A , appear because of chiral transport, hence,

are proportional to h̄. Therefore, such terms are consistent in
both quantum and viscous expansions.

V. SUMMARY AND OUTLOOK

In this paper, we start from a 14-moment expansion formal-
ism and obtain the second-order viscous spin hydrodynamics
from a system of massless Dirac spinors. In such a system,
the spin-alignment effect could be treated in the same frame-
work as for chiral hydrodynamics but with nontrivial quantum
corrections to the stress tensor. We further obtain the nonequi-
librium correction to the spin-polarization vector and find a
potential new source for the difference in the polarization rate
of � and �̄ hyperons.

We construct a hydrodynamic theory that self-consistently
solves the evolution of systems containing spin degrees of
freedom and includes the viscous corrections in the hadron
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spin-polarization rate, and the explicit form of the hydrody-
namics quantities and equations are shown in Eqs. (62), (63),
(68), and (69). This framework will be implemented in future
numerical hydrodynamic simulations to precisely quantify
both global and local polarization rates of final-state hadrons
created in heavy-ion collisions.

We need to point out that whereas taking the chiral limit,
both the spin tensor and the axial current can be represented
by the semiconserved axial charge. For massive fermions,
on the other hand, one would need to introduce another two
independent degrees of freedom to construct the microscopic
state [38–41]. To fully explore the spin dynamics for a generic
system, one would need to start from the quantum kinetic
theory for massive particles to construct the corresponding
viscous hydrodynamic theory. This would be performed in our
future work.

We end by noting that hydrodynamic theory is a macro-
scopic theory that can be derived from conservation laws and
the second law of thermodynamics. A hydrodynamic theory
containing the spin degrees of freedom has been constructed
based on such macroscopic principles in Ref. [42]. It is par-
ticularly interesting to compare the results derived from a
microscopic approach to those derived from a macroscopic
approach. Compared to the results of Ref. [42] where parity-
odd effects are not considered, we find extra terms could
be added without violating conservation laws and entropy
production law. Those results will be reported in a separate
publication.
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APPENDIX A: STABILITY AND CAUSALITY OF SPIN
FLUID DYNAMICS

A unique feature of spin hydrodynamics is the emergence
of the vorticity vector ωμ terms at ideal order, which is a
first-order derivative of velocity uμ. Given this, one may be
concerned by the numerical stability and relativistic causal-
ity of the theory. Generally speaking this is not an issue as
the definition of the vorticity vector contains an antisym-
metric Levi-Civita tensor, hence, neither ∂μωμ nor ωμ∂μX
contain second-order derivative terms, not even the product
of first-order terms with respect to the same variable. To see
this, we follow the procedure in Ref. [43] and examine the
linear perturbation on top of a homogenous-constant back-
ground. Without loss of generality, we take the direction of
the background fluid velocity as the ẑ direction, hence, the
full velocity is uμ = γ (1, 0, 0, β ) + (δut , δux, δuy, δuz ) with
γ ≡ (1 − β2)−1/2 being the Lorentz factor. Similarly, the full
energy density becomes ε + δε, whereas the number den-
sity is nV + δnV , and the axial number density is nA + δnA.
Noting that the four-velocity must be normalized uμuμ = 1,
hence, δut − βδuz = 0. It would be more convenient to let
δuz = γ δu3 and δut = γ β δu3, and we label δux = δu1 and
δuy = δu2 for consistency. One can see that δu1, δu2, and δu3

correspond to δu in the fluid comoving frame.
The evolution of the perturbative quantities {δε, δnV , δnA,

δu1, δu2, δu3} is governed by

∂μδJμ
V = 0, ∂μδJμ

A = 0, ∂μδT μν = 0. (A1)

Expanding the hydrodynamic equations for linear perturbations, one finds

0 = γ (∂t + β∂z )δnV + nV [∂xδu1 + ∂yδu2 + γ (β∂t + ∂z )δu3], (A2)

0 = γ (∂t + β∂z )δnA + nA[∂xδu1 + ∂yδu2 + γ (β∂t + ∂z )δu3], (A3)

0 = γ (∂t + β∂z )δε + H[∂xδu1 + ∂yδu2 + γ (β∂t + ∂z )δu3], (A4)

0 = Hγ (∂t + β∂z )δu1 + ∂xδ + h̄ nA

2
γ (∂t + β∂z )[∂yδu3 − γ (β∂t + ∂z )δu2], (A5)

0 = Hγ (∂t + β∂z )δu2 + ∂yδP + h̄ nA

2
γ (∂t + β∂z )[γ (β∂t + ∂z )δu1 − ∂xδu3], (A6)

0 = Hγ 2(∂t + β∂z )δu3 + γ 2(β∂t + ∂z )δP + h̄ nA

2
γ 2(∂t + β∂z )(∂xδu2 − ∂yδu1), (A7)

where H ≡ ε + P is the enthalpy. Compared to the “spinless” hydro, the evolution equations contain second-order derivative
terms (h̄ nA/2)∂μ∂νδuρ . However, this does not necessarily mean instability or acausality. To see it explicitly, we apply Fourier
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transformation to the perturbative quantities and solve the plane-wave eigenmodes,⎡⎢⎢⎢⎢⎢⎣
δε

δnV

δnA

δu1

δu2

δu3

⎤⎥⎥⎥⎥⎥⎦ = exp[i(ωt − kxx − kyy − kzz)]

⎡⎢⎢⎢⎢⎢⎢⎢⎣

δε0

δnV 0

δnA0

δu1
0

δu2
0

δu3
0

⎤⎥⎥⎥⎥⎥⎥⎥⎦
. (A8)

For later convenience, we apply the variable substitution ω = γ (ω′ + βk′
z ) and kz = γ (βω′ + k′

z ). Then, the plane wave becomes

exp[i(ωt − kxx − kyy − kzz)] = exp{i[ω′γ (t − βz) − kxx − kyy − k′
zγ (z − βt )]}, (A9)

and k′
z and ω′, respectively, correspond to the wave number in the z direction and frequency in the fluid comoving frame. For the

plane-wave modes, one can make the replacement,

∂x → −ikx, ∂y → −iky, (A10)

∂t → iγ (ω′ + βk′
z ), ∂z → −iγ (βω′ + k′

z ), (A11)

γ (∂t + β∂z ) → iω′, γ (β∂t + ∂z ) → −ik′
z, (A12)

in Eqs. (A2)–(A7) and rewrite them as⎡⎢⎢⎢⎢⎢⎢⎢⎣

−ω′ 0 0 akx aky ak′
z

0 −ω′ 0 bkx bky bk′
z

0 0 −ω′ ckx cky ck′
z

dkx ekx f kx −ω′ −g∗ω′k′
z −gω′ky

dky eky f ky −gω′k′
z −ω′ −g∗ω′kx

dk′
z ek′

z f k′
z −g∗ω′ky −gω′kx −ω′

⎤⎥⎥⎥⎥⎥⎥⎥⎦

⎡⎢⎢⎢⎢⎢⎣
δε

δnV

δnA

δu1

δu2

δu3

⎤⎥⎥⎥⎥⎥⎦ = 0, (A13)

where

a ≡ ε + P, b ≡ nV , c ≡ nA, d ≡ 1

H

∂P

∂ε
,

e ≡ 1

H

∂P

∂nV
, f ≡ 1

H

∂P

∂nA
, g ≡ i

h̄nA

2H
. (A14)

Particularly, g is purely imaginary, and g∗ = −g. The six
eigenvalues of the coefficient matrix (A13) are as follows:

ω′, ω′, ω′ ± |g|k′ω′, ω′ ±
√

ad + be + c f k′, (A15)

with k′ ≡
√

k2
x + k2

y + k′2
z . The solution of the perturbation

field would be trivial unless one of the above eigenvalues
is zero. Such a condition leads to the constraint equation
between ω and k—the latter is also referred to as the dis-
persion relation. For the eigenvalues in (A14), we note that
|g|k′ = h̄nAk′/(2H ) � 1 per the requirement of semiclassical
expansion, hence, 1 ± |g|k′ �= 0, and ω′ ± |g|k′ω′ = 0 leads to
ω′ = 0. With these, nontrivial modes can be found if

ω′ = 0, or ω′ = ±csk
′. (A16)

Particularly, the speed of sound in the fluid comoving frame,

cs ≡
√

ad + be + c f

=
(

∂P

∂ε
+ nV

ε + P

∂P

∂nV
+ nA

ε + P

∂P

∂nA

)1/2

(A17)

is determined by the equation of state and takes the same
formula as the “spinless” hydro. Reexpressing the constraint

equations (A15) with laboratory-frame quantities, the disper-
sion relations of the nonvanishing modes are as follows:

ω = βkz, (A18)

or

ω =
(
1 − c2

s

)
βkz ± csγ

−2
√

k2
z + (1 − β2c2

s

)
γ 2k2

⊥
1 − β2c2

s

. (A19)

It is clear that (A18) is the “static” perturbation moving to-
gether with the fluid background, whereas (A19) is the sound
propagation with the Doppler effect. The property of Lorentz
transformation ensures the speed of sound to be less than the
speed of light. Consequently, one can conclude that spin hy-
drodynamics equations remain causal and is stable for linear
perturbations, even though they contain the derivative term
ωμ.

We end this Appendix by noting that, in general, the
causality and stability of linearized sound modes do not
guarantee the causality and stability of the whole theory—
far-from-equilibrium perturbations cannot be approximated as
linearized modes. Therefore, our paper can be considered a
necessary but nonsufficient condition for stability. A complete
analysis takes into account the nonlinear far-from-equilibrium
perturbations. One then may need the techniques recently
developed in Ref. [44]. This lies beyond the scope of this
project and is left for future work.
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APPENDIX B: PSEUDOGAUGE TRANSFORMATION TO
SYMMETRIZE THE ENERGY-MOMENTUM TENSOR

It is worth noting that in this paper we take the canonical
definition of the energy-momentum tensor,

T μν =
∫

d4 p

(2π )4
pνVμ

=
∫

p
pμ pν fV + h̄εμλσρ

∫
p

pν pλnσ

2n · p
∂ρ fA, (B1)

which contains a quantum correction which is not necessar-
ily symmetric. However, in this Appendix we show how to
symmetrize the stress tensor without changing any physical
observables or the evolution of thermodynamic quantities. In
principle, one can alter the form of the stress tensor by adding
the divergenceless term,

T μν
� ≡ T μν + 1

2∂λ(�λμν + �μνλ + �νλμ), (B2)

whereas the spin density becomes Sλμν
� ≡ Sλμν − �λμν in

order to maintain angular momentum conservation. Such a
transformation is referred to as a pseudogauge transformation
in Refs. [30–32], and in practice, we employ the Schouten
identity (E1) and separate the quantum correction of the
stress tensor into symmetric and divergenceless antisymmetric
components,

h̄εμλσρ

∫
p

pν pλnσ

2n · p
∂ρ fA

= h̄

2

∫
p
(εμλσρ pν + ενλσρ pμ)

pλnσ

2n · p
∂ρ fA

+ h̄

2

∫
p
(εμλσρ pν − ενλσρ pμ)

pλnσ

2n · p
∂ρ fA

= h̄

2

∫
p
(εμλσρ pν + ενλσρ pμ)

pλnσ

2n · p
∂ρ fA

+ h̄

2

∫
p
(εσρμν pλ + ερμνλ pσ + εμνλσ pρ )

pλnσ

2n · p
∂ρ fA

= h̄

2

∫
p
(εμλσρ pν + ενλσρ pμ)

pλnσ

2n · p
∂ρ fA

+ h̄

4
εμνλρ∂λ

∫
p

pρ fA + O(h̄2). (B3)

Especially, the antisymmetric term vanishes after taking the
divergence, h̄

4 εμνλρ∂μ∂λ

∫
p pρ fA = 0 and does not contribute

to the conservation equation. This identity also yields the
explicit form of the pseudogauge transformation,

�λμν ≡ − h̄

6
ελμνρ

∫
p

pρ fA, (B4)

so that

T μν
sym ≡ T μν

can + 1

2
∂λ(�λμν + �μνλ + �νλμ)

=
∫

p
pμ pν fV + h̄

2

∫
p
(εμλσρ pν + ενλσρ pμ)

pλnσ

2n · p
∂ρ fA

(B5)

is symmetric. Using such a definition, the equilibrium form of
stress tensor becomes

T μν
sym,eq = εuμuν − P�μν + h̄nA(ωμuν + ωνuμ). (B6)

It is worth mentioning that the pseudogauge transformation
does not bring any ambiguity in our framework because
of the following two reasons. First, the additional term is
divergenceless by definition, hence, it does not alter the
evolution of the system. Second, although the pseudogauge
transformation modifies the definition of spin-density Sλμν ,
the spin-/chirality-dependent distribution functions remain
the same. In other words, physical observables in heavy-ion
collisions, such as the spin-polarization vector as shown in
Eq. (72), are independent of the choice of pseudogauge.

APPENDIX C: THERMODYNAMIC INTEGRALS
AND ORTHOGONAL POLYNOMIALS

In this Appendix, we discuss some mathematical rela-
tions related to the thermodynamics integrals

∫
p(· · · ) f0 and∫

p(· · · ) f0(1 − f0) and construct the orthogonal polynomials
used in the main text.

(1) Integration by part: In the main text, integration by
part is frequently employed to derive/simplify the thermal
integrals. Noting that

d

d p
f0 = − p

Ep T
f0(1 − f0),

d

d p
f0(1 − f0) = − p

Ep T
f0(1 − f0)(1 − 2 f0), (C1)

and applying integration by part, one can find∫
d3p

(2π )3Ep
f0(1 − f0)F [Ep, p]

= T
∫

d3p
(2π )3Ep

f0
Ep

p2

d

d p
(pF [Ep, p]), (C2)∫

d3p
(2π )3 Ep

f0(1 − f0)(1 − 2 f0)F [Ep, p]

= T
∫

d3p
(2π )3Ep

f0(1 − f0)
Ep

p2

d

d p
(pF [Ep, p]). (C3)

(2) Orthogonality in thermodynamic integrals: For an ar-
bitrary function of comoving energy F = F (u · p), angular
dependence yields the orthogonal property,∫

d3p F

(2π )3Ep
p〈μ1 pμm〉 p〈ν1 pνn〉

= m!δmn

(2m + 1)!!
�μ1···μm

ν1···νm

∫
d3p F

(2π )3Ep
(�αβ pα pβ )m. (C4)

(3) Orthogonal polynomials: We start by defining some
thermodynamic integrals as

In,q ≡
∫

d3p(−�μν pμ pν )q(u · p)n−2q

(2π )3Ep (2q + 1)!!
f0, (C5)

Jn,q ≡
∫

d3p(−�μν pμ pν )q(u · p)n−2q

(2π )3Ep (2q + 1)!!
f0(1 − f0), (C6)
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G(q)
n,m ≡ Jn,qJm,q − Jn−1,qJm+1,q, (C7)

Gn,m ≡ G(0)
n,m = Jn,0Jm,0 − Jn−1,0Jm+1,0, (C8)

Dn,q ≡ Jn+1,qJn−1,q − J2
n,q. (C9)

Then, we construct the polynomials P(�)
m as functions of the

comoving energy Ep ≡ (u · p). They are defined to satisfy the
orthonormal relation,

δmn =
∫

d3p
(2π )3Ep

ω(�)P(�)
m P(�)

n , (C10)

where the weight function,

ω(�) = (−1)(�)(�μν pμ pν )�

(2� + 1)!!J2�,�

f0(p)[1 − f0(p)] (C11)

satisfies the normalization relation,

1 =
∫

d3p
(2π )3Ep

ω(�). (C12)

For each �, we explicitly write down the zeroth-, first-, and
second-order polynomials as

P(�)
0 = 1, (C13)

P(�)
1 = J2�+1,�√

D2�+1,�

− J2�,�√
D2�+1,�

(u · p), (C14)

P(�)
2 = D2�+2,� − G(�)

2�+3,2�(u · p) + D2�+1,�(u · p)2

√
N�

,(C15)

where the normalization factor is

N� ≡ D2�+1,�

J2�,�

(J2�+2,�D2�+2,� − J2�+3,�G(�)
2�+3,2�

+ J2�+4,�D2�+1,�). (C16)

We further define

F [X ],±
r,q ≡ (−1)qq!

(2q + 1)!!

∫
p

f0,±(1 − f0,±)
(−�αβ pα pβ )q

(u · p)r
λ±

X ,

(C17)

with X being �, ν, π , or �. In particular, matching relations
ensures that

F [�],±
0,0 = − 3

2m2
, F [�],±

−1,0 = 0, F [�],±
−2,0 = 0,

F [π],±
0,2 = 1/2, F [ν],±

0,1 = 1, F [ν],±
−1,1 = 0,

F [�],±
1,1 = 0, F [�],±

0,1 = −1. (C18)

Similarly, we have

I±
1,0 = J±

2,1/T = n±, I±
2,0 = ε±,

J±
3,1 = T (ε± + P±), J±

1,0 = ∂n±

∂α± . (C19)

From the definition and after integration by parts, one can find

Jn,q = ∂In,q

∂α

∣∣∣∣∣
β

, (C20)

Jn,q = −∂In−1,q

∂β

∣∣∣∣∣
α

, (C21)

Jn,q = (n + 1)T In−1,q. (C22)

(4) Simplification of thermodynamic integrals: Employing
the on-shell condition (−�μν pμ pν ) = (u · p)2 − m2, one can
find

In,q = q!

(2q + 1)!!

q∑
k=0

(−1)km2k

k!(q − k)!
In−2k,0, (C23)

Jn,q = q!

(2q + 1)!!

q∑
k=0

(−1)km2k

k!(q − k)!
Jn−2k,0, (C24)

F [X ],±
r,q = (−1)q(q!)2

(2q + 1)!!

q∑
k=0

(−1)km2k

k!(q − k)!
F [X ],±

r+2k−2q,0. (C25)

These expressions can be further simplified when taking the
massless limit m = 0,

In,q = 1

(2q + 1)!!
In,0, (C26)

Jn,q = 1

(2q + 1)!!
Jn,0, (C27)

Dn,q =
[

1

(2q + 1)!!

]2
Dn,0, (C28)

G(q)
n,m =
[

1

(2q + 1)!!

]2
Gn,m, (C29)

F [X ],±
r,q = (−1)qq!

(2q + 1)!!
F [X ],±

r−2q,0. (C30)

APPENDIX D: COEFFICIENTS IN DISSIPATIVE
QUANTITIES

In this Appendix, we show the full details of computing the
coefficients λX obtained from matching dissipative quantities
with nonequilibrium distribution functions. In the moment
expansion formalism, we expand the distribution functions
near their equilibrium forms

f ± ≡ f ±
eq + f ±

eq (1 − f ±
eq )[+λ±

�� + λ±
ν ν

μ
± pμ + λ±

π πμν pμ pν],

(D1)

where the nonequilibrium corrections can be expressed as

λ±
�� = c±,0P(0)

0 + c±,1P(0)
1 + c±,2P(0)

2 , (D2)

λ±
ν να

± = cα
±,0P(1)

0 + cα
±,1P(1)

1 , (D3)

λ±
π παβ = cαβ

±,0P(2)
0 . (D4)

In the above equations, P(�)
n ’s are orthogonal polyno-

mials of comoving energy (u · p), and their explicit
form can be found in Appendix C. Additionally,
(c±,0, c±,1, c±,2, cα

±,0, cα
±,1, cαβ

±,0) are coefficients that depend
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on temperature T , chemical potential μ±, fluid velocity uμ,
but not on momentum p. In addition, the coefficients are
orthogonal to velocity,

cμ
± ≡ �μ

α cα
±, cμν

± ≡ �
μν
αβcαβ

± . (D5)

It might be worth mentioning that although it has been shown
in the main text that � as well as the scalar correction λ��

vanish for massless system, we formally keep these terms in
this Appendix for the convenience of future extensions.

To determine the coefficients, we first denote δ f± ≡ f ± −
f ±
eq and compute the integrals,∫

p
δ f± = J±

0,0c±,0, (D6)∫
p
(u · p)δ f± = J±

1,0c±,0 −
√

D±
1,0c±,1, (D7)∫

p
(u · p)2δ f± = J±

2,0c±,0 − G±
3,0√

D±
1,0

c±,1

+
√

J±
2,0D±

2,0 − J±
3,0G±

3,0+J±
4,0D±

1,0√
D±

1,0/J±
0,0

c±,2, (D8)

∫
p
�μα pαδ f± = −J±

2,1cμ
±,0, (D9)∫

p
(u · p)�μα pαδ f± = −J±

3,1cμ
±,0 +
√

D±
3,1cμ

±,1, (D10)∫
p
�

μν
αβ pα pβδ f± = 2J±

4,2cμν
±,0. (D11)

Keeping up to h̄0 order, we find

∫
p

pμ

u · p
f±(p) = −

⎛⎝J±
1,1cμ

±,0 + D±
2,1√

D±
3,1

cμ
±,1

⎞⎠
+ (I±

0,0 + J±
0,0c±,0)uμ,

(D12)∫
p

pμ pν

(u · p)2
f±(p) = I±

0,0uμuν − I±
0,1�

μν − J±
1,1

(
uμcν

±,0 + uνcμ
±,0

)
+ 2J±

2,2cμν
±,0, (D13)∫

p

pμ pν

u · p
f±(p) = I±

1,0uμuν − I±
1,1�

μν − J±
2,1

(
uμcν

±,0 + uνcμ
±,0

)
+ 2J±

3,2cμν
±,0, (D14)∫

p

p〈μ〉 p〈ν〉 pλ

(u · p)2
f±(p) = −I±

1,1�
μνuλ + 2J±

3,2cμν
±,0uλ

× (�μν�λ
α + �μλ�ν

α + �λν�μ
α

)
×
⎛⎝J±

2,2cα
±,0 + J±

3,1J±
2,2 − J±

2,1J±
3,2√

D±
3,1

cα
±,1

⎞⎠.

(D15)

Then, the matching relations of Eqs. (53)–(60) require

c±,0 = − 3�

2m2J±
0,0

, c±,1 = J±
1,0√
D±

1,0

c±,0,

c±,2 =
D±

2,0

√
J±

0,0/D±
1,0√

J±
2,0D±

2,0 − J±
3,0G±

3,0 + J±
4,0D±

1,0

c±,0,

cμ
±,0 = − ν

μ
±

J±
2,1

, cμ
±,1 = J±

3,1√
D±

3,1

cμ
±,0,

cμν
±,0 = πμν

4J±
4,2

. (D16)

Finally, substituting the coefficients in Eqs. (D2)–(D4), one
eventually obtains

λ±
� ≡ − 3

2m2J±
0,0

⎛⎝P(0),±
0 + J±

1,0√
D±

1,0

P(0),±
1

+
D±

2,0

√
J±

0,0/D±
1,0P(0),±

2√
J±

2,0D±
2,0 − J±

3,0G±
3,0 + J±

4,0D±
1,0

⎞⎠, (D17)

λ±
ν ≡ − 1

J±
2,1

⎛⎝P(1),±
0 + J±

3,1P(1),±
1√

D±
3,1

⎞⎠
= J±

3,1(u · p) − J±
4,1

D±
3,1

, (D18)

λ±
π ≡ P(2),±

0

4J±
4,2

= 1

4J±
4,2

. (D19)

With these, we have

F [π],±
r,q = (−1)qq!

J±
2q−r,q

4J±
4,2

, (D20)

F [ν],±
r,q = (−1)qq!

J±
3,1J±

2q−r+1,q − J±
4,1J±

2q−r,q

D±
3,1

. (D21)

APPENDIX E: OTHER MATHEMATICAL RELATIONS

In this Appendix, we list some of the mathematical rela-
tions employed in the derivation.

(1) Schouten identity—in this paper, we frequently employ
the following identity:

0 = pμενρσλ + pνερσλμ + pρεσλμν + pσ ελμνρ + pλεμνρσ .

(E1)
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(2) Projector,

�
αβγ

μνλ = 1
6

(
�α

μ�β
ν �

γ

λ + �α
ν �

β

λ�γ
μ + �α

λ�β
μ�γ

ν + �α
μ�

β

λ�γ
ν + �α

ν �β
μ�

γ

λ + �α
λ�β

ν �γ
μ

)− 1
15

(
�αβ�μν�

γ

λ + �αβ�νλ�
γ
μ

+�αβ�λμ�γ
ν + �βγ �μν�

α
λ + �βγ �νλ�

α
μ + �βγ �λμ�α

ν + �γα�μν�
β

λ + �γα�νλ�
β
μ + �γα�λμ�β

ν

)
. (E2)

(3) Simplifying the quantum correction term in the CKE,

h̄δ(p2)

(
∂μ

εμνρσ pρuσ

2p · u

)
∂ν f

= h̄δ(p2)

(
εμνρσ pρ∂μuσ

2p · u
− εμνρσ pλ pρuσ ∂μuλ

2(p · u)2

)
∂ν f

= h̄δ(p2)

(
εμνρσ pρ∂μuσ

2p · u
− εμνρσ pλ pρuσ (∂μuλ + ∂λuμ)

4(p · u)2
− εμνρσ pλ pρuσ (∂μuλ − ∂λuμ)

4(p · u)2

)
∂ν f

= h̄δ(p2)

(
εμνρσ pρ∂[μuσ ]

2p · u
− εμνρσ pλ pρuσ ∂[μuλ]

2(p · u)2

)
∂ν f

= h̄δ(p2)

(
εμνρσ pρ∂[μuσ ]

2p · u
+ (−εμνρσ pλ − ελνρσ pμ + ερσλμ pν + εσλμν pρ + ελμνρ pσ )

pρuσ ∂[μuλ]

4(p · u)2

)
∂ν f

= h̄δ(p2)

(
εμνρσ pν (∂ρuσ )

4p · u

)
∂μ f + O(h̄2). (E3)

APPENDIX F: EQUATION OF MOTION FOR DISSIPATIVE QUANTITIES

In this Appendix, we derive the equations of motion for dissipative terms, ruled by

�μν
ρσ d̂πρσ ≡

∫
p
�

μν

αβ pα pβ (d̂δ f+ + d̂δ f−), (F1)

�μν d̂ν±,ν ≡
∫

p
�μ

α pα d̂δ f±. (F2)

where δ f± ≡ f ± − f ±
eq, and

d̂δ f± −
(

1

u · p
± h̄

ω · p

2 (u · p)3

)
C±[ f+, f−] = −d̂ feq,± − pμ∇μ f±

u · p
∓ h̄εμνλσ pν pρuλ(∂ρuσ − ∂σ uρ )

4(u · p)3
∇μ f±. (F3)

Although it has been proven that the bulk viscous pressure � vanishes for massless system, we keep it for later convenience,

f ± = f ±
0 + f ±

0 (1 − f ±
0 )

[
∓ h̄

2T

ω · p

u · p
+ λ±

�� + λ±
ν ν

μ
± pμ + λ±

π πμν pμ pν

]
, (F4)

λ±
π = 1

4J±
4,2

, λ±
ν = J±

3,1(u · p) − J±
4,1

D±
3,1

. (F5)

From conservation equations one can find

−d̂n± = n±θ + ∂μν
μ
± ± h̄ ∂μ(I±

0,0ω
μ), (F6)

−d̂ε = (ε + P)θ − παβσαβ + h̄

2
nAuν d̂ων + 3h̄

2
∂μ(nAωμ), (F7)

−d̂uν = 1

ε + P

(
−∇νP + �ν

α∂βπαβ + h̄

2
nA�ν

α d̂ωα + 3h̄

2
nAωμ∇μuν

)
. (F8)

Then, we obtain the equation of motion for the shear viscous tensor,

�αβ
ρσ d̂πρσ − (A(2)

+,0 + A(2)
−,0

)
παβ − h̄

2
(X+,+

2,−2 − X−,+
2,−2)�αβ

ρσωρνσ
+ + h̄

2
(X−,−

2,−2 − X+,−
2,−2)�αβ

ρσ ωρνσ
−

= −
∫

p
p〈α pβ〉d̂ feq,+ −

∫
p

p〈α pβ〉 pμ

u · p
∇μ f+ − h̄

4
εμνλσ uλ(∂ρuσ − ∂σ uρ )
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×
∫

p

p〈α pβ〉 pν pρ

(u · p)3
∇μ f+ −

∫
p

p〈α pβ〉d̂ feq,− −
∫

p

p〈α pβ〉 pμ

u · p
∇μ f−

+ h̄

4
εμνλσ uλ(∂ρuσ − ∂σ uρ )

∫
p

p〈α pβ〉 pν pρ

(u · p)3
∇μ f−

= 8

5
Pσαβ − 3θπαβ + 8

7
�αβσμνπμν − 12

7
σα

μπβμ − 12

7
σβ

μπαμ − πα
μεβμνρuνωρ

−πβ
μεαμνρuνωρ + 2h̄

15
�αβ

μνω
μ∇νnA + h̄

5
nA�αβ

μν∇μων − 9h̄

10
nA�αβ

μνω
μd̂uν

+ h̄ nA

20

[
σβ

μ εμαλσ uλ(d̂uσ ) + σα
μεμβλσ uλ(d̂uσ )

]
= 8

5
Pσαβ − 3θ παβ + 8

7
�αβσμνπμν − 12

7
σα

μπβμ − 12

7
σβ

μ παμ

−πα
μεβμνρuνωρ − πβ

μεαμνρuνωρ + 2h̄

15
�αβ

μνω
μ∇νnA + h̄

5
nA �αβ

μν∇μων

− 9h̄

10

nA

ε + P
�αβ

μνω
μ∇νP + h̄

20

nA

ε + P

(
σβ

μεμαλσ uλ∇σ P + σα
μεμβλσ uλ∇σ P

)
(F9)

for dissipative currents,

�αβ d̂ν±
β − A(1)

±,0ν
α
± − B(1)

±,0ν
α
∓ ± h̄

2T
W (1)

±,0ω
α ± h̄U (1)

±,0�
α
+ ± h̄V (1)

±,0�
α
− + h̄

2

(A(2)
+,−2 − A(2)

−,−2

)
παβωα

= −
∫

p
p〈α〉d̂ feq,± −

∫
p

p〈α〉 pμ

u · p
∇μ f± ∓ h̄

4
εμνλσ uλ(∂ρuσ − ∂σ uρ )

∫
p

p〈α〉 pν pρ

(u · p)3
∇μ f±

=
[
−n±d̂uα ∓ h̄

3
�α

β d̂ (I±
0,0ω

β )

]
+
[

1

3
∇αn± − J±

3,0

2J±
4,0

�α
ρ∇μπμρ − παμ∇μ

× J±
3,0

2J±
4,0

− θνα
± − 3

5
σαμν±

μ − εαμνγ uμνν
±ωγ ∓ h̄

3
I±
0,0

(
θωα + 3

5
σαμωμ

)]

±
[

h̄

12
εμαλσ uλd̂uσ∇μI±

0,0 − h̄

15
I±
0,0

(
σαμωμ − 2θ

3
ωα

)]

= D±
2,1

J±
3,1

∇α μ±
T

+ D±
3,0

2J±
3,0J±

4,0

�α
ρ∇μπμρ − παμ∇μ

J±
3,0

2J±
4,0

− θνα
± − 3

5
σαμν±

μ

− εαμνγ uμνν
±ωγ ∓ h̄

3
ωα d̂I±

0,0 ∓ h̄

2T

D±
2,1

J±
3,1

�α
β d̂ωβ

± 3h̄

2

n2
±

ε± + P±

(
1

3
θωα + σαμωμ

)
∓ h̄

3
I±
0,0

(
13

15
θωα + 4

5
σαμωμ

)

± h̄

12
εμαλσ uλd̂uσ (∇μI±

0,0), (F10)

The following relations are useful in the calculations above:∫
p

pα f± = n±uα + να
± ± h̄J±

1,1

2T
ωα, (F11)∫

p
pα pβ f± = ε±uαuβ − P±�αβ + π

αβ
± ± h̄

2
n±(uαωβ + uβωα ), (F12)∫

p

pα pβ

(u · p)
f± = n±uαuβ − I±

1,1�
αβ + F [π],±

1,2 παβ + uαν
β
± + uβνα

± ± h̄ J±
1,1

2T
(uαωβ + uβωα ), (F13)
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∫
p

pα pβ pγ

(u · p)
f± = ε±uαuβuγ − P±(uα�βγ + uβ�αγ + uγ �αβ ) + (uαπβγ + uβπαγ + uγ παβ )

+F [ν],±
1,2

2
(�βγ να

± + �αγ ν
β
± + �αβν

γ
±) ± h̄n±

2
(uαuβωγ + uαuγ ωβ + uβuγ ωα )

∓ h̄ J±
2,2

2T
(�βγ ωα + �αγ ωβ + �αβωγ ), (F14)∫

p

pα pβ pγ

(u · p)2
f± = n±uαuβuγ − I±

1,1(uα�βγ + uβ�αγ + uγ �αβ ) + F [π],±
1,2 (uαπβγ + uβπαγ + uγ παβ )

+(uαuβν
γ
± + uαuγ ν

β
± + uβuγ να

±) + F [ν],±
2,2

2
(�βγ να

± + �αγ ν
β
± + �αβν

γ
±)

± h̄J±
1,1

2T
(uαuβωγ + uαuγ ωβ + uβuγ ωα ) ∓ h̄ J±

1,2

2T
(�βγ ωα + �αγ ωβ + �αβωγ ), (F15)∫

p

p〈α pβ〉 p〈γ 〉 p〈δ〉

(u · p)2
f± = 2I±

2,2�
αβ
μνgμγ gνδ + F [π],±

2,3

(
4

3
gρσ �αβ

μρ�
γδ
σνπ

μν + 7

9
�γδπαβ

)
. (F16)

The following integrals of equilibrium distributions are also used∫
p

pα pβ pγ

(u · p)3
f0,± = I±

0,0

[
2uαuβuγ − 1

3
(uαgβγ + uβgαγ + uγ gαβ )

]
, (F17)∫

p

pα pβ pγ pδ

(u · p)3
f0,± = n±

[
16

5
uαuβuγ uδ + 1

15
(gαβgγ δ + gαγ gβδ + gαδgβγ )

−2

5
(uαuβgγ δ + uαuγ gβδ + uαuδgβγ + uβuγ gαδ + uβuδgαγ + uγ uδgαβ )

]
, (F18)∫

p

pα pβ pγ pδ

(u · p)4
f0,± = I±

0,0

[
16

5
uαuβuγ uδ + 1

15
(gαβgγ δ + gαγ gβδ + gαδgβγ )

−2

5
(uαuβgγ δ + uαuγ gβδ + uαuδgβγ + uβuγ gαδ + uβuδgαγ + uγ uδgαβ )

]
, (F19)∫

p

pα pβ pγ pδ pρ

(u · p)4
f0,± = n±

[
16

3
uαuβuγ uδuρ + 1

15
(uαgβγ gδρ + [14 other rotation terms])

− 8

15

(
uαuβuγ gδρ + [9 other rotation terms]

)]
. (F20)

APPENDIX G: COLLISION KERNELS

In this Appendix, we compute the collision kernels for distribution,

f ± = f ±
0 + f ±

0 (1 − f ±
0 )φ±[p], (G1)

φ±[p] ≡
[
∓ h̄

2T

ω · p

u · p
+ λ±

�� + λ±
ν ν

μ
± pμ + λ±

π πμν pμ pν

]
. (G2)

One will keep in mind that λ� and λν are still functions of energy Ep.
Noting that

f̃0,±(p) = f0,±(p) · exp(Ep/T − μ±/T ), (G3)

one could find

f̃0,+(p′) f̃0,+(k′) f0,+(p) f0,+(k) = f̃0,+(p) f̃0,+(k) f0,+(p′) f0,+(k′), (G4)

f̃0,−(p′) f̃0,−(k′) f0,−(p) f0,−(k) = f̃0,−(p) f̃0,−(k) f0,−(p′) f0,−(k′), (G5)

f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k) = f̃0,+(p) f̃0,−(k) f0,+(p′) f0,−(k′). (G6)

044906-15



SHI, GALE, AND JEON PHYSICAL REVIEW C 103, 044906 (2021)

In general, we express the � indices kernel as

C〈μ1···μ�〉
+,r ≡

∫
p

p〈μ1 · · · pμ�〉Er
pC+[ f+, f−] =

∫
p

∫
p′

∫
k

∫
k′

p〈μ1 · · · pμ�〉Er
p{W1[ f̃+(p′) f̃+(k′) f+(p) f+(k)

− f̃+(p) f̃+(k) f+(p′) f+(k′)] + W2[ f̃+(p′) f̃−(k′) f+(p) f−(k) − f̃+(p) f̃−(k) f+(p′) f−(k′)]} (G7)

=
∫

p

∫
p′

∫
k

∫
k′

p〈μ1 · · · pμ�〉Er
p

×{W1 f̃0,+(p′) f̃0,+(k′) f0,+(p) f0,+(k)(φ+[p] + φ+[k] − φ+[p′] − φ+[k′])

+{W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)(φ+[p] + φ−[k] − φ+[p′] − φ−[k′])}. (G8)

Then, the relevant terms are

C+,r−1 = �

∫
p

∫
p′

∫
k

∫
k′

Er−1
p {W1 f̃0,+(p′) f̃0,+(k′) f0,+(p) f0,+(k)(λ+

�[Ep] − λ+
�[E ′

p] + λ+
�[Ek] − λ+

�[E ′
k])

+W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)(λ+
�[Ep] − λ+

�[E ′
p] + λ−

�[Ek] − λ−
�[E ′

k])}
≡ A(0)

+,r�, (G9)

C〈μ〉
+,r−1 = ν

μ
+

∫
p

∫
p′

∫
k

∫
k′

�α
β pβEr−1

p × {[W1 f̃0,+(p′) f̃0,+(k′) f0,+(p) f0,+(k)(λ+
ν [Ep]pα − λ+

ν [E ′
p]p′

α

+ λ+
ν [Ek]kα − λ+

ν [E ′
k]k′

α ) + W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)(λ+
ν [Ep]pα − λ+

ν [E ′
p]p′

α )}

+ ν
μ
−

∫
p

∫
p′

∫
k

∫
k′

�α
β pβEr−1

p {W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)(λ−
ν [Ek]kα − λ−

ν [E ′
k]k′

α )}

+ h̄ωμ

2T

∫
p

∫
p′

∫
k

∫
k′

�α
β pβEr−1

p

[
W1 f̃0,+(p′) f̃0,+(k′) f0,+(p) f0,+(k)

(
pα

Ep
− p′

α

E ′
p

+ kα

Ek
− k′

α

E ′
k

)

+W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)

(
pα

Ep
− p′

α

E ′
p

− kα

Ek
+ k′

α

E ′
k

)]

≡ A(1)
+,rν

μ
+ + B(1)

+,rν
μ
− + h̄

2T
W (1)

+,rω
μ, (G10)

C〈μν〉
+,r−1 = πμν

∫
p

∫
p′

∫
k

∫
k′

�
αβ

α′β ′ pα′
pβ ′

Er−1
p

[
W1 f̃0,+(p′) f̃0,+(k′) f0,+(p) f0,+(k)

pα pβ − p′
α p′

β + kαkβ − k′
αk′

β

4J+
4,2

+W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)

(
pα pβ − p′

α p′
β

4J+
4,2

+ kαkβ − k′
αk′

β

4J−
4,2

)]
≡ A(2)

+,rπ
μν. (G11)

The following term is also needed

h̄

2
ωγ �

μν
αβ

∫
p

pα pβ pγ Er−1
p C+ = h̄

2
�μν

ρσωρνσ
+

2

15

∫
p

∫
p′

∫
k

∫
k′

(�α′β ′
pα′ pβ ′ )�αβ pβEr−1

p

×{W1 f̃0,+(p′) f̃0,+(k′) f0,+(p) f0,+(k)(λ+
ν [Ep]pα − λ+

ν [E ′
p]p′

αλ+
ν [Ek]kα − λ+

ν [E ′
k]k′

α )

+W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)(λ+
ν [Ep]pα − λ+

ν [E ′
p]p′

α )}

+ h̄

2
�μν

ρσωρνσ
−

2

15

∫
p

∫
p′

∫
k

∫
k′

(�α′β ′
pα′ pβ ′ )�αβ pβEr−1

p

×{W2 f̃0,+(p′) f̃0,−(k′) f0,+(p) f0,−(k)(λ−
ν [Ek]kα − λ−

ν [E ′
k]k′

α )}

≡ X+,+
2,r

h̄

2
�μν

ρσ ωρνσ
+ + X+,−

2,r

h̄

2
�μν

ρσ ωρνσ
−. (G12)
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