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Bound-to-continuum potential model for the (p, γ) reactions of the CNO nucleosynthesis cycle
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The study of the CNO cycle involves the examination of the proton radiative capture, or the (p, γ ) reactions
below 2 MeV. The astrophysical S factor characterizing the (p, γ ) reaction is usually reduced to the electric
dipole transition E1 from the scattering state to the bound state. In this work, the partial scattering and the
single-particle bound wave functions in the reduced matrix element of the transition are obtained from the single
self-consistent mean-field potential deduced from the Skyrme Hartree-Fock calculation. The astrophysical S
factors of the (p, γ ) reactions in the CNO cycle were successfully reproduced. The self-consistent Hartree-Fock
calculation from the discrete to the continuum is a promising approach for the microscopic analysis of the
nucleon-induced reactions in nuclear astrophysics.
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I. INTRODUCTION

The compilation of charged-particle-induced thermonu-
clear reaction rates, Nuclear Astrophysics Compilation of
REactions (NACRE) [1], was recently updated [2]. Among
these thermonuclear reactions, the proton radiative capture
(p, γ ) is important to the understanding of the CNO cycle
dominating in stars that are 1.3 times heavier than the Sun.
From the theoretical point of view, various models have been
adopted in the study of (p, γ ) reactions at very low ener-
gies, such as the phenomenological R-matrix method, the
“microscopic cluster models,” and the potential model (see
Ref. [3] for a recent review). The so-called potential model
is the simplest approach that concentrates on the calculation
of the dipole electric transition E1 from the scattering state
to the bound state. One can focus on calculating the over-
lap integral of the partial scattering wave function and the
single-particle (s.p.) bound wave function. In many previous
works, the phenomenological nuclear potentials such as the
Gaussian, Woods-Saxon, and even the square-well potentials
have been used to obtain the s.p. wave functions, for in-
stance [2,4–7]. The microscopic nuclear potential was also
applied. The folding model with the density dependent effec-
tive nucleon-nucleon interaction that is usually used for the
scattering problem at energy above 20 MeV was recently pre-
sented in Ref. [8]. The theoretical calculation for the scattering
problem in the (p, γ ) reactions, however, have been usually
approached in the direction from high positive energies to very
low positive energies. In this work, the scattering problem was
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approached by using the opposite direction, from the negative
energy region to very low positive energy: the self-consistent
Hartree-Fock (HF) approximation for the continuum.

The HF approximation gives good descriptions not only
for the nuclear s.p. bound state, but also the scattering state at
low energies [9–12]. The HF s.p. potential in the continuum
plays the role of the real part of the optical potential. The
method was recently updated and applied for the study of
nucleon-nucleus elastic scattering up to 40 MeV using the
Skyrme interaction [13,14] or the Gogny interaction [15].
Therefore, the HF calculation is appropriate for the study of
the (p, γ ) reaction at the very low energies related to nuclear
astrophysics.

In the present work, the self-consistent mean-field potential
obtained from the HF calculation with SLy4 interaction [16]
was used to determine simultaneously the scattering wave
function and the s.p. bound wave functions. The strength
of the real optical potential was fine tuned to reproduce the
low energy resonances. The nuclear data of the (p, γ ) reac-
tions of the CNO cycle including 12,13C(p, γ ), 14N(p, γ ), and
16O(p, γ ) were successfully reproduced. The E1 transitions
not only to the ground state (g.s.) but also to the excited states
are both analyzed.

II. METHOD OF CALCULATION

A. Potential model for (p, γ ) reactions

In the study of the A(p, γ )B reactions at energies below the
Coulomb barrier, it is customary to use the energy dependent
astrophysical S (E ) defined as

S (E ) = E exp(2πη)σ (E ), (1)
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where η is the Sommerfeld parameter that depends on the
charges and the relative velocity of the system. In our cases,
within the potential model, the E1 partial cross section σJ ′ (E )
from initial (scattering) states Jπ to a given final (bound) state
J ′π ′

can be written as in Ref. [5],

σJ ′ (E ) = 2
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SA and sp are the spins of the target and the incident proton.
The quantity in the first parentheses is the effective charge
number depending on the nucleus masses m and charges Z .
j = � + sp and j′ = �′ + sp are the total angular momenta
of the proton where � and �′ are the relative orbital angu-
lar momenta of the entrance and exit channels, respectively.
k = E/(h̄c) is the incident proton wave number at the bom-
barding energy E . The photon wave number is

kγ = E − (Eb + Ex )

h̄c
, (3)

in which Ex is the excitation energy of the daughter nucleus.
Eb is the proton separation energy of the proton-core (A + 1)
system. SF is the spectroscopic factor that is finally adjusted
to reproduce the experimental data [6,17].

In this simple model, I (E ) in Eq. (2) is the radial overlap
integral of the (initial) scattering wave function χ�(E , r) and
the (final) bound wave function φα (r) (α stands for the set
n′�′ j′) expressed as

I (E ) =
∫

φα (r)χ�(E , r)r dr. (4)

The self-consistent mean-field potential in the HF approxi-
mation can simultaneously generate the bound wave function
φα (r) and the scattering wave function χ�(E , r) [9,10]. The
method can be applied to improve the so-called potential
model, and hence is named the bound-to-continuum potential
model. The model for the study of the astrophysical (p, γ )
reaction is, therefore, based on a consistent and microscopic
calculation.

B. The bound-to-continuum potential model

For the bound s.p. wave function uα (r), the HF s.p. equa-
tion with the Skyrme interaction [18,19] is given by

h̄2
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[
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r2
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]

+VHF(r)uα (r) −
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]′
u′

α (r) = εαuα (r), (5)

where εα are s.p. energies of bound states and m∗(r) is the
nucleon effective mass. The HF potential VHF(r) contains the

central (c), spin-orbit (s.o.) and Coulomb (Coul.) potentials:

VHF(r) = Vc(r) + VCoul.(r) + Vs.o.(r)� · σ. (6)

For the partial scattering wave function, the connection
between the HF potential and the real part of the nucleon-
nucleus optical potential was given in Refs. [9,10]. The partial
scattering wave function χ�(E , r) is the solution of the equa-
tion

h̄2

2m
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]
+V (E , r)χ�(E , r) = Eχ�(E , r), (7)

where V (E , r) in Eq. (7) is the real part of the optical poten-
tial:

V (E , r) = λcVc(E , r) + VCoul.(r) + Vs.o.(r)l · σ. (8)

The optical potential V (E , r) is related to the HF potential
VHF(r) as [10]

V (E , r) = m∗(r)
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As the energy range of interest is at the very low energies
(below 2.0 MeV), only the real part of the optical potential
is considered. The imaginary part and higher-order terms are
expected to be negligible [3]. The result, S (E ), is strongly
sensitive to χ�(E , r). Therefore, the adjustable λc is multiplied
to the strength of the central optical potential in Eq. (8) to
obtain a better scattering wave function for the description of
the resonance because it plays an important role in the study.
The values of λc are given in Table I.

For the bound s.p. wave function, we follow previous
works such as Ref. [5]. The wave function φα (r) [Eq. (4)] is
the solution of the similar Schrödinger equation as Eq. (7).
The potential is the same as the mean-field potential given in
Eq. (8) but the scaling factor λb is adjusted to have E = Q, the
Q value of the reaction. The values of λb are given in Table I.

Level schemes of 13N, 14N, 15O, and 17F around the proton
threshold (dashed line) are shown in Fig. 1 using the data
from [20,21]. The energy of the threshold is the Q value at
which the kinetic energy of the incident proton is zero. About
1 MeV above the threshold is the relevant energy region. All
E1 transitions are indicated by the arrows in Fig. 1, but only
the solid arrows are considered.

At low-energy scattering, the number of partial waves is
limited. Furthermore, because of the choices for the bound
states and the selection rule � − �′ = ±1, only one or two
partial scattering wave functions contribute to the calculation.
However, the partial-wave analysis is complicated because of
different Jπ of the entrance channel. Therefore, only dominant
contributions are considered. Table I shows the properties of
scattering states and bound states of dominant contributions.

Consequently, the single HF potential VHF(r) and m∗(r)
are used simultaneously in the calculation of the bound and
scattering wave functions. The HF potential VHF(r) and the
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TABLE I. The main configurations that contribute in the calculation. λc and λb are the scaling factors for the scattering and bound potentials,
respectively. The spectroscopic factors SF of Refs. [2,5] are given for comparison.

No. Reactions Jπ � λc J ′π ′
α λb SF SF [5] SF [2]

1 12C(p, γ ) 13N 1/2+ s 1.15 1/2− 1p1/2 0.83 0.36 0.35 0.33
2 13C(p, γ ) 14N 1− s 1.03 1+ 1p1/2 0.97 0.23 0.15 0.28
3 1− d 1.22 1+ 1p1/2 0.97 0.23
4 13C(p, γ ) 14N∗ (2.313 MeV) 1− s 1.03 0+ 1p1/2 0.88 0.04 0.027
5 1− d 1.22 0+ 1p1/2 0.88 7×10−3

6 13C(p, γ ) 14N∗ (3.948 MeV) 1− s 1.03 1+ 1p1/2 0.82 0.16 0.28
7 1− d 1.22 1+ 1p1/2 0.82 0.16
8 14N(p, γ ) 15O 1/2+ s 1.08 1/2− 1p1/2 0.97 2×10−3 3.5×10−5

9 1/2+ d 1.23 1/2− 1p1/2 0.97 2×10−3

10 3/2+ d 1.19 1/2− 1p1/2 0.97 5×10−3 3.4×10−5

11 14N(p, γ ) 15O∗ (6.176 MeV) 1/2+ s 1.08 3/2− 1p1/2 0.73 0.08 2.4 × 10−5

12 3/2+ d 1.19 3/2− 1p1/2 0.73 0.02 1.7 × 10−5

13 1/2+ d 1.17 3/2− 1p1/2 0.73 0.35 5.0 × 10−3

14 16O(p, γ ) 17F 3/2− p 1.00 5/2+ 1d5/2 1.03 1.00 0.90

15 16O(p, γ ) 17F∗ (0.495 MeV) 3/2− p 1.00 1/2+ 2s1/2 1.05 1.00 1.00

effective mass m∗(r) are obtained from a Skyrme-HF program
that is now widely used such as the program given in Ref. [22].

III. RESULTS AND DISCUSSION

A. 12C(p, γ ) 13N

The starting point of the CNO cycle competing with the pp
chain in the hydrogen combustion phase is the 12C(p, γ ) 13N

reaction. In Fig. 1, there is the resonance at Ep = 0.42 MeV
above the threshold corresponding to the first excited state of
13N at Ex = 2.365 MeV (1/2+). As the g.s. of 13N has J ′π ′ =
1/2−, the possible entrance channels are Jπ = 1/2+, 3/2+.
In our assumption, the incoming proton is captured into
the s.p. state 1p1/2. In the partial wave analysis, the cor-
responding scattering partial wave of Jπ = 1/2+ is the s
wave that is the main contribution (as given in Table I). In

FIG. 1. Low excited states of 13N, 14N, 15O, and 17F around the proton threshold (the dashed lines). The solid arrows show the transitions
E1 to the bound states that are considered. The dashed arrows are the other possible E1 transitions. Irrelevant states are omitted for clarity.
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FIG. 2. The result for the reaction 12C(p, γ ) 13N. The experimen-
tal data are taken from Refs. [23–26].

our calculation, the p wave corresponding to Jπ = 3/2+ is
negligible.

The resonance plays the important role as the calibration
(Fig. 2). It is emphasized that while the bound state φα (r) is
fixed at a given bound energy, χ�(E , r) is energy dependent.
Therefore, the astrophysical factor S (E ) is more sensitive to
the scattering wave function than to the bound wave function.
The resonance is strongly sensitive to the scaling factor λc.
Consequently, to generate the peak of the resonance at the
given energy, λc is fine tuned to be 1.15 in this case (Table I).
The value of SF is in agreement with the result in Ref. [5].

B. 13C(p, γ ) 14N and 13C(p, γ ) 14N∗

After the nucleus 13N produced from 12C(p, γ ) undergoes
the beta plus decay, the next reaction of the CNO cycle is the
13C(p, γ ) 14N reaction. It plays a key role in nuclear energy
production in massive stars and controls the buildup of 14N.
As a consequence, the 12C / 13C ratio is reduced [27]. This
abundance ratio is one of the important ratios for the mea-
surement of stellar evolution and nucleosynthesis. In the same
manner as for the reaction 12C(p, γ ), there is the resonance at
0.51 MeV corresponding to the 1− excited state at 8.062 MeV
in the 14N level scheme (Fig. 1).

The s wave is dominant in the partial wave analysis. The
resonance is reproduced with the scaling factor λc being 1.03
and the spectroscopic factor SF being 0.23. However, the
same as the result of most of the previous works [5], the
potential-model calculation can only produce the position of
the peak at 0.51 MeV (Fig. 3). The peak is lower than the
value of the measurements of King et al. [28]. The possible
calculation that can be done to improve the result is by taking
into account the narrow resonance caused by the d wave that
usually was unnoticed in the previous works [29]. For the d
wave, a resonance appears with λc = 1.22 and SF = 0.23. SF

of s wave and d wave are the same in this case. However, their
values of λc are different. The explanation is that the d wave
is affected by the spin-orbit potential while the s wave is of
course not. In our calculation, λc is the scaling parameter only
for the central optical potential while the spin-orbit potential
is kept unchanged.

FIG. 3. The S factor of the 13C(p, γ ) 14N reaction. The dashed
line is the s wave with Jπ = 1− that is the main contribution. The
dotted line is the d wave with Jπ = 1− that is the additional narrow
peak. The dash-dotted line, s wave with Jπ = 0−, is analyzed to im-
prove the tail of the resonance. The solid line is the total calculation.
The data are taken from Refs. [28,30,31].

Furthermore, a slightly better description for the tail of
the resonance is reproduced by taking into account the con-
tribution of the s wave of Jπ = 0− that is calibrated by the
resonance at 8.776 MeV (the dash-dotted lines with �= 0,

Jπ = 0− in Fig. 3). In the energy level scheme of 14N, there
is a 2+ state at 7.967 MeV. The data of the E1 transitions
to 0+ (2.31 MeV) and 1+ (3.59 MeV) excited states are also
reproduced in the same calculation for the transition to the g.s.
(Fig. 4).

Note that for the 13C case our result is different from the
value of Ref. [5], but it is close to the value of SF in Ref. [8].
The difference in the value of SF between Refs. [5,8] was
already discussed in Ref. [8].

C. 14N(p, γ ) 15O and 14N(p, γ ) 15O∗

The next reaction in the CNO cycle is the 14N(p, γ ) 15O
that is the slowest reaction and thus controls the energy gen-
eration. The g.s. of 15O has J ′π ′ = 1/2−. The calculation
can be calibrated by two resonances at 0.26 and 0.99 MeV

FIG. 4. The same as Fig. 3, but for the transitions to the excited
states, 13C(p, γ ) 14N∗, at 2.31 MeV (a) and 3.95 MeV (b). The data
are taken from Ref. [28].
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FIG. 5. The partial wave analysis of the reaction 14N(p, γ ) 15O.
The experimental data are taken from Refs. [32–34].

corresponding to the excited states at 7.56 MeV (1/2+
2 ) and

8.28 MeV (3/2+
2 ), respectively. The partial wave analysis

is shown in detail in Fig. 5 for this reaction. At the first
resonance, the scattering wave functions taken into account
are s wave and d wave. The resonance is produced by the
s wave and d wave with λc = 1.08, SF = 2×10−3, and λc =
1.23, SF = 2×10−3, respectively, using the SLy4 interaction.
The second resonance is caused by the d wave when the
two parameters are λc = 1.19 and SF = 5×10−3. The s wave
(� = 0, j = 1/2, J = 3/2) is also analyzed. It contributes to
the background and slightly improves the result. Figure 5
shows that two resonances are well reproduced in comparison
with the experimental data [32–34]. The background lines
(from 0.4 to 0.9 MeV) are also well reproduced as the result
from the sum of tails of resonances (Fig. 5).

For the E1 transition to the 3/2− excited state of 15O
at 6.176 MeV, there are three resonances below 1.5 MeV
(Fig. 1) including two resonances in the previous case and one
additional resonance 1/2+

3 at 8.74 MeV (Fig. 6). The partial
waves that are the main contributions to each resonance are
given in Table I. The same scaling factors λc for the first two

FIG. 6. The result for 14N(p, γ ) 15O∗ (6.176 MeV) compared to
the experimental data from Ref. [33].

FIG. 7. The calculations for the reaction 16O(p, γ ) 17F. The ex-
perimental data are taken from Refs. [6,36].

resonances are, of course, the same as that of the transition to
the g.s.. For the third resonance, λc is 1.17 and SF is 0.35.

D. 16O(p, γ ) 17F and 16O(p, γ ) 17F∗

Consider the 16O(p, γ ) 17F reaction where the reaction rate
sensitively affects the ratio 16O / 17O predicted by models of
massive stars [35]. Noted that it has slowest reaction rate in
the CNO cycle, as there is no resonance in the astrophysical
energy (below 1 MeV) (see Fig. 1). The E1 transitions to
the g.s. of 17F with J ′π ′ = 5/2+ and to the excited state at
0.495 MeV J ′π ′ = 1/2+ are considered.

For the transition to the g.s., as given in Table I, the proton
is captured into the 1d5/2 s.p. state, therefore, in the partial
wave analysis, the p wave is the main contribution (see Ta-
ble I). The other possible contributions, for example, f wave
with Jπ = 5/2−, 7/2− are just less than 0.1% in comparison
with the main contribution. The result in Fig. 7 shows that
the calculation reproduces the experimental data [36]. It is
emphasized that λc is unity. The scaling factor λc is unity
because the HF to continuum gives a good result for the proton
elastic scattering from 16O at low energy [9].

For the transition to the 1/2+ excited state of 17F at
0.495 MeV, the incident proton is added into the 2s1/2 s.p.

state. It means that the excited state of 17F∗ is simply assumed
to be built from one proton excited to 2s1/2 from 1d5/2, and
the difference in the energy of the two states is 0.495 MeV,
corresponding to the excited energy of 17F∗, 1/2+. The con-
tributions come from the p wave with Jπ = 1/2−, 3/2−. The
Jπ = 3/2− is dominating, while Jπ = 1/2− is supposed to be
the tail of the narrow resonance corresponding to the 1/2−
state at 3.104 MeV close to the energy region of interest
(Fig. 1). The scaling factor λc is, of course, the same as the
case of the transition to the g.s. According to the assumption
for the excited state of 17F, with SF being 1.0, the data [6] are
successfully reproduced, as shown in Fig. 7.

Finally, for all reactions in the study, the scaling factors λc

and λb are reasonable (see Table I). λc is very close to unity
for resonances caused by the s wave, and a slight adjustment
for λb can give E = Q. Further studies can possibly give more
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consistence in the study of radiative capture reactions within
the potential model.

IV. CONCLUSION

The study of the (p, γ ) reaction in the CNO cycle
is approached microscopically by using the self-consistent
mean-field method. Within the potential model, the bound
and scattering wave functions can be obtained simultaneously
from the single self-consistent mean-field potential. The ap-
proach can be applied to the transition not only to the g.s. but
also to the excited states, and therefore can reproduce most
of available experimental data for the astrophysical (p, γ )

reactions in the NACRE database. Strictly speaking, the pair-
ing correction and deformation should be taken into account
in the calculation, except for the case of 16O. Our results show
that the HF calculation is a reasonable approach for the (p, γ )
reactions in the study.
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