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Theoretical study of evaporation-residue cross sections for fusion reactions
at energies near the Coulomb barrier
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The empirical coupled-channel model and the statistical model are used to analyze the measured evaporation-
residue cross sections of 48 fusion reactions. The experimental data of these reactions are systematically well
reproduced (within one order of magnitude). It is found that the ratio of af (level density parameter in fission
channel) to an (level density parameter in neutron-evaporation channel) plays an important role in reproducing
the data appropriately. Furthermore, a good exponential holds between the ratio af/an and the fissility parameter.
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I. INTRODUCTION

In recent decades, the synthesis of superheavy elements
and nuclei is at the frontier of research in nuclear physics
[1]. In 2016, four new synthetic elements with Z = 113
(nihonium), 115 (moscovium), 117 (tennessine), and 118
(oganesson) have been added to the periodic table [2]. Up
to now, superheavy nuclei (SHN) with Z � 118 have been
produced via cold-fusion reactions with Pb and Bi as tar-
gets [1,3] or hot-fusion reactions with 48Ca as projectiles
[4,5]. The evaporation-residue (ER) cross sections σER of the
produced SHN are tiny, which makes the experiment much
more difficult. In addition, the σER of the SHN produced
via fusion reactions depends strongly on the projectile-target
combination and the incident energy. Hence, the theoretical
study of such dependencies is useful particularly for guiding
future experimental searches. For example, many efforts have
been devoted to predict the optimal incident energy and the
maximal σER of the elements 119 and 120 [6–14].

Usually, the reaction process leading to the synthesis of
SHN is divided into three reaction stages, namely the capture
process of the colliding system to overcome the Coulomb bar-
rier, the formation of the compound nucleus (CN) to pass over
the inner fusion barrier, and the de-excitation of the excited
CN against fission. Hence, the σER can be calculated as the
summation over all partial waves J [15–18]:

σER(Ec.m.) =
∑

J

σcapture(Ec.m., J )PCN(Ec.m., J )Wsur (Ec.m., J ),

(1)

where σcapture is the capture cross section, PCN is the formation
probability of a CN after the capture, and Wsur is the survival
probability of the excited CN. Ec.m. is the incident energy in
the center-of-mass frame.

Most theoretical approaches for the formation of SHN have
a similar viewpoint in the description of the capture and the
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deexcitation stages [9–12,16,19–25]. A number of theoretical
calculations on ER cross sections for SHN synthesis show
remarkable agreement with the measured ER cross sections,
while, if focusing on the theoretical values of the PCN, one
can find that the calculated values can differ by two or three
orders of magnitude [26–28]. The large uncertainty in the
calculated PCN is not a surprise because of some serious
ambiguities in the reaction mechanism of fusion dynamics
[28]. Furthermore, it means that the calculated σcapture and Wsur

accommodate the large discrepancies between the calculated
PCN from different models. In this sense, the predictive power
of these models remains quite limited in giving the maximal
σER for SHN synthesis. Therefore, it is very important to ex-
amine carefully these three stages in the study of the synthesis
mechanism of SHN.

For the capture process, based on a large number of capture
excitation functions, recently we have developed an empirical
coupled-channel (ECC) model and performed a systematic
study for calculating the capture cross sections [29]. For the
220 reaction systems, the capture cross sections at energies
near the Coulomb barrier are reproduced well by this ECC
model [29]. In this ECC model, the effects of couplings to
inelastic excitations and neutron transfer channels are effec-
tively taken into account by introducing an empirical barrier
weight function [29–31]. In addition, for the reactions with
quasifission barrier high enough, that is PCN ≈ 1 [32], then
the σER can be given as

σER(Ec.m.) =
∑

J

σcapture(Ec.m., J )Wsur (Ec.m., J ). (2)

In this case, based on the present ECC model, the measured
ER cross sections can be used to constrain the key parameters
in the calculations of Wsur. In the present work, the ECC model
is adopted to calculate σcapture and the statistical model [33,34]
is used to calculate Wsur. To refine the key parameters of the
statistical model, the evaporation-residue cross sections of a
series of fusion-fission reactions will be investigated.

The paper is organized as follows. In Sec. II, we introduce
the ECC model and the statistical model used to calculate Wsur.
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In Sec. III, the influence of some key parameters is studied,
then the calculated σER of a series of fusion-fission reactions
compared with the data are given. Finally, a summary is given
in Sec. IV.

II. CAPTURE CROSS SECTION AND SURVIVAL
PROBABILITY

A. Capture cross section and the ECC model

The capture cross section at a given center-of-mass energy
Ec.m. can be written as the sum of the cross sections for each
partial wave J ,

σcapture(Ec.m.) = πλ̄2
Jmax∑

J

(2J + 1)T (Ec.m., J ). (3)

Here λ̄2 = h̄2/(2μEc.m.) denotes the reduced de Broglie wave-
length. μ is the reduced mass of the reaction system. T
denotes the penetration probability of the potential barrier
between the colliding nuclei at a given J . Jmax is the critical
angular momentum: For a partial wave with angular momen-
tum larger than Jmax, the “pocket” of the interaction potential
disappears.

The penetration probability T in Eq. (3) is calculated with
the ECC model in which the coupled-channel effects are taken
into account by introducing a barrier distribution function
f (B) [29]. When the interaction potential near the Coulomb
barrier is approximated by an “inverted” parabola, T can
be calculated by the well-known Hill-Wheeler formula [35].
Then the penetration probability T in Eq. (3) is given as
[29–31]

T (Ec.m., J ) =
∫

f (B)THW(Ec.m., J, B)dB, (4)

where B is the barrier height. THW is written as

THW(Ec.m., J )

=
{

1 + exp

[
2π

h̄ω(J )

(
h̄2J (J + 1)

2μR2
B(J )

+ B − Ec.m.

)]}−1

, (5)

where RB(J ) and h̄ω(J ) are the position of the barrier and
the curvature for the Jth partial wave, respectively. h̄ω(J ) is
calculated as

h̄ω(J ) =
√

− h̄2

μ

∂2

∂R2
V (R, J )

∣∣∣∣∣∣
R=RB(J )

. (6)

Note that for light systems at sub-barrier energies and heavy
systems at deep sub-barrier energies, the parabolic approxi-
mation is not appropriate due to the omitting of the long tail
of the Coulomb potential [36]. Therefore, in these cases, the
Hill-Wheeler formula does not describe properly the behavior
of capture cross sections. In the present work, we are dealing
with energies near and above the barrier, an energy region
where the Hill-Wheeler formula can be applied.

In the present ECC model, the barrier distribution function
f (B) is taken to be an asymmetric Gaussian function

f (B) =
⎧⎨
⎩

1
N exp

[−(B−Bm
Δ1

)2]
, B < Bm,

1
N exp

[−(B−Bm
Δ2

)2]
, B > Bm.

(7)

f (B) satisfies the normalization condition
∫

f (B)dB = 1.
N = √

π (Δ1 + Δ2)/2 is a normalization coefficient. Δ1, Δ2,
and Bm denote the left width, the right width, and the most
probable value of the barrier distribution, respectively. The
barrier distribution is related to the couplings to low-lying
collective vibrational states, rotational states, and positive
Q-value neutron transfer channels. Empirical formulas for
calculating the parameters of the barrier distribution func-
tion were proposed [29]. In addition, this ECC model was
extended to describe the complete fusion cross sections for
the reactions involving weakly bound nuclei at above-barrier
energies [37,38]. More details for the present ECC model can
be found in Refs. [29,38].

B. Survival probability of a compound nucleus

An excited CN can decay via emitting photon(s), neu-
tron(s), proton(s), or light-charged particle(s) like α particle,
or via fission. The survival probability under the evaporation
of a certain sequence ν of x particles is calculated as follows
[39]:

Wsur (E
∗
CN, x, J ) =Pν (E∗

CN, x)
x∏

iν=1


iν (E∗
i , J )


t (E∗
i , J )

, (8)

where iν is the index of the evaporation step, Pν is the prob-
ability of realization of the channel ν at the initial excitation
energy E∗

CN of the CN. E∗
i the excitation energy before evapo-

rating the ith particle. The total width 
t for a CN decay is the
sum of partial widths of particle evaporation 
iν , γ emission

γ , and fission 
f .

The width of particle evaporation of channel ν is given as
[40]


ν (E∗
i , J ) = (2Sν + 1)μν

π2h̄2ρ(E∗
i , J )

×
∫ E∗

i −Bν

0
ερd (E∗

i − Bν − ε, J )σinvdε. (9)

Here ρ is the level density of the decaying nucleus and ρd

denotes the level density of the residue nucleus after the
emission of the particle. Sν and ε denote the intrinsic spin
of the emitted particle and its kinetic energy, respectively. Bν

denotes the binding energy of the emitted particle with the
residue nucleus. μν is the reduced mass between the emitted
particle and residue nucleus. σinv is the cross section for the
formation of the decaying nucleus in the inverse process.

In the present work, we focus on the survival probabili-
ties of neutron emission channels. The γ -emission channel
only competes with other processes when excitation energy
is smaller than the neutron binding energy and therefore is
disregarded [33,42]. Furthermore, for light-charged-particle
emission channels, we only consider the proton and α particle
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FIG. 1. The values of Bs (black dots) and Bk (red squares) as a
function of the fissility parameter x taken from [41]. The solid line
and the dashed line denote the results of formula (16) and formula
(17), respectively.

emissions. For the evaporation of x (x > 1) neutron channels,
the probability of realization is given by the formula proposed
by Jackson [43],

P(E∗
CN, x) = I (�x, 2x − 3) − I (�x+1, 2x − 1). (10)

Here, I (z, m) = 1
m!

∫ z
0 ume−udu is Pearson’s incomplete

gamma function. �x = [E∗
CN − ∑x

i=1 Bn(i)]/T , Bn(i) is the
separation energy of the ith evaporated neutron. In the present
work, Bn is calculated by the Weizsäcker-Skyrme (WS) mass
formula [44,45].

The fission width can be calculated with the Bohr-Wheeler
formula [46] as


f (E∗
i , J ) = 1

2πρ(E∗
i , J )

∫ E∗
i −Bf

−Bf

ρsd(E∗
i − Bf − ε, J )

1 + exp[−2πε/h̄ω]
dε,

(11)
where ρsd is the level density at the saddle point. h̄ω denotes
the curvature of the fission barrier and is taken to be 2.2 MeV.
The fission barrier Bf consists of a macroscopic liquid-drop
component and a microscopic shell correction energy includ-
ing the washing out effect, which is written as [39,47]

Bf = Bmac
f + Bmic

f exp(−E∗/Ed ), (12)

with Ed being the shell damping energy and taken to be 18.5
MeV [48]. The macroscopic liquid-drop component Bmac

f is
given by [41,49]

Bmac
f =

{
0.38(3/4 − x)Es0, 1/3 < x < 2/3,

0.83(1 − x)3Es0, 2/3 < x < 1,
(13)

where Es0 = 17.944[1 − 1.7826[(N − Z )/A]2]A2/3 denotes
the surface energy for the equivalent spherical nucleus and
Ec0 = 0.7053Z2/A1/3 is the Coulomb energy for the equiva-
lent spherical nucleus. x = Ec0/2Es0 is the fissility parameter.
The shell correction energy Bmic

f is calculated by the WS mass
formula [44,45].
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FIG. 2. The capture and ER cross sections of reaction
16O + 197Au. The solid lines denote the ER cross sections calculated
with r0 = 1.1. The dotted lines show the ER cross sections calculated
with r0 = 1.2.

The level density is calculated with the Fermi-gas model
[47] as

ρ(E∗, J ) = 2J + 1

24
√

2σ 3a1/4(E∗ − δ)5/4

× exp

[
2
√

a(E∗ − δ) − (J + 1/2)2

2σ 2

]
, (14)

where σ 2 = 6m̄2√a(E∗ − δ)/π2 and the average projection
of the angular momentum of single-particle states at Fermi
surface m̄2 ≈ 0.24A2/3. The pairing correction δ is set to be
−12/

√
A MeV, 0, and 12/

√
A MeV for odd-odd, even-odd,

and even-even nuclei, respectively.
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FIG. 3. The capture and ER cross sections of reaction
16O + 197Au. The solid lines denote the ER cross sections calculated
with af/an = 1.1. The dotted lines show the ER cross sections calcu-
lated with af/an = 1.01.
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FIG. 4. The ratio of af to an as a function of the fissility pa-
rameter x. The solid line denotes the results of the formula f (x) =
af/an = 1.319(1 − x)3 + 0.422(1 − x)2 + 1 and the dashed lines
show the boundaries of 10% uncertainty of f (x).

III. RESULTS AND DISCUSSIONS

We first investigate the key parameters of the statistical
model for calculating the survival probability. Then for 48
reactions with PCN ≈ 1, i.e., quasifission barrier high enough,
we will show the comparison of the calculated evaporation-
residue cross section with the experimental values.

A. Level density parameters

In the calculations of the survival probability, the level
density parameter a is one of the key parameters. Usually, the
level density parameter is taken to be dependent on the nuclear

mass number from A/12 to A/8. In the present work, the level
density parameter a taking into account the volume, surface,
and curvature dependence of the single-particle level density
at the Fermi surface is adopted and given by [48]

a = 0.04543r3
0A + 0.1355r2

0 A2/3Bs + 0.1426r0A1/3Bk, (15)

with Bs and Bk being the surface and curvature factors de-
fined in the droplet model. r0 is the radius parameter, which
is set to 1.16 fm in the following calculations. For exam-
ple, for a spherical nucleus (Bs = Bk = 1) with A = 100 one
gets a = 11.786 ≈ A/8.5, while for A = 200 one gets a =
21.385 ≈ A/9.4. For evaporation channels, Bs and Bk are
taken to be 1. For the level density parameter of fission chan-
nel af , the formula (15) is in a form that is very suitable for
calculating the fission probability, since it contains with Bs

and Bk a shape dependence in a form reminiscent of droplet
model formulas [48]. af/an (an level density parameter for the
neutron-evaporation channel) becomes systematically larger
than 1 because of the surface being systematically larger at
the saddle point.

The values of Bs and Bk were tabulated as a function of
the fissility parameter x [41], which is shown in Fig. 1. It can
be seen that Bs and Bk have a linear relation with x in the
region of x < 2/3 and an exponential relation with x in the
region of x > 2/3. Therefore, by fitting the values, formulas
for calculating Bs and Bk can be obtained as

Bs =
{−0.035(1 − x) + 1.297, x < 2/3,

2.409(1 − x)3 + 1.587(1 − x)2 + 1, 2/3 < x < 1
(16)
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FIG. 5. The cross sections of reactions 6,7Li + 209Bi [50], 9Be + 169Tm [51], 9Be + 181Ta [52], 9Be + 186W [52], 9Be + 187Re [51],
9Be + 208Pb [50], and 9Be + 209Bi [53,54]. The black solid line denotes σcapture scaled by the suppression factor, i.e., FB.U. taken from Ref. [37].
CF denotes the data of the complete fusion cross sections. The calculated results and the data of the σER for neutron-evaporation channels are
shown by the various dotted lines and symbols (denoted with xn).
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FIG. 6. The cross sections for reactions induced by 12C on 89Y [55], 152Sm [56], 159Tb [57], 194,198Pt [58], 197Au [59], 205Tl [60], 208Pb
[61], and 246Cm [62] and 13C on 169Tm [63], 207Pb [61], and 246Cm [62]. The black solid line denotes σcapture. The calculated results and the
data of the σER for neutron-evaporation channels are shown by the various dotted lines and symbols (denoted with xn).

and

Bk =
{

0.186(1 − x) + 1.411, x < 2/3,

7.461(1 − x)3 + 1.028(1 − x)2 + 1, 2/3 < x < 1

(17)

respectively. Therefore, in the present work, for the fission
channel, af is calculated by the formulas (15)–(17).

It is interesting to note that, while the absolute values of
a are sensitive to r0, the ratio af/an is insensitive to r0. For
example, if one changes r0 from 1.16 to 1.20, the value for
the ratio af/an in 208Pb changes from 1.079 to 1.082. Taking
the reaction 16O + 197Au as an example, the sensitivity of r0

to the calculated ER cross sections of neutron-evaporation
channels is investigated and shown in Fig. 2. The solid lines
and the dotted lines show the ER cross sections calculated
with r0 = 1.1 and r0 = 1.2, respectively. One can find that
the calculated ER cross sections are insensitive to r0. In ad-
dition, the sensitivity of the ratio af/an to the calculated ER
cross sections is also investigated and shown in Fig. 3. The
solid lines and the dotted lines show the ER cross sections
calculated with af/an = 1.1 and af/an = 1.01, respectively. It
can be seen that the calculated ER cross sections are much
smaller with the larger ratio, i.e., af/an = 1.1 because of

the ratio 
n/
f being smaller. Furthermore, with the larger
ratio af/an, the washing out effect of the shell correction
energy on the ER cross sections becomes stronger, which is
means that the ER cross sections decrease faster with the
increase of energy. Therefore, the calculated ER cross sec-
tions of neutron-evaporation channels are sensitive to the ratio
af/an since Wsur of the neutron-evaporation channels is mainly
determined by the ratio 
n/
f . Therefore, to reproduce the
trend of the data for ER cross sections of neutron-evaporation
channels, the ratio af/an plays the key rule, in particu-
lar, for the cases in which fission dominates the decay of
a CN.

Usually, af/an is empirically taken to be 1.1 in the calcu-
lations of the survival probability. For nuclei with x > 0.5,
the calculated values of af/an with formulas (15)–(17) are
shown in Fig. 4. It can be seen that af/an = 1.1 is a good
approximation for nuclei with x < 2/3. In the region of 2/3 <

x < 1, af/an decreases exponentially with increasing x. In this
case, af/an can be calculated approximately by the formula of
f (x) = af/an = 1.319(1 − x)3 + 0.422(1 − x)2 + 1 of which
the uncertainty is 10%. f (x) is obtained by fitting the cal-
culated values of af/an. The solid line in Fig. 4 denotes the
results of f (x) and the dashed lines show the boundaries of
10% percent uncertainty of f (x).
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FIG. 7. The cross sections for reactions induced by 16O on 134Ba [64], 148,150Nd [56], 165Ho [65], 197Au [66], 208Pb [67], and 238U [68], 18O
on 148Nd [56] and 197Au [69], and 19F on 181Ta [70] and 188,192Os [71]. The black solid line denotes σcapture. The calculated results and the data
of the σER for neutron-evaporation channels are shown by the various dotted lines and symbols (denoted with xn).

B. Comparison between the calculated ER cross sections
and the data

Based on the discussions on the key parameters in the cal-
culations of the survival probability, 48 reactions with PCN ≈
1, i.e., quasi-fission barrier high enough, are investigated. The
fission barrier of the CN is calculated by Eqs. (12) and (13);
the correction energy Bmic

f and the neutron-separation energy
Bn are calculated by the WS mass formula [44,45]. Therefore,
there are no free parameters in the following calculations of
the ER cross sections.

Figure 5 shows the comparison of the calculated complete
fusion cross sections and σER with the experimental values
for the reactions involving weakly bound nuclei 6,7Li and
9Be. For these reactions, owing to the breakup of the weakly
bound projectiles, the complete fusion (CF) cross sections
are suppressed at energies above the Coulomb barrier. The
systematics of the suppression effects on CF in these reactions
have been obtained [37,38]. It is found that the suppression of
CF cross sections are roughly independent of the target for
the reactions induced by the same projectile. Furthermore, the
suppression factors FB.U. for 6,7Li and 9Be induced reactions
are 0.6, 0.67, and 0.68, respectively [37]. Then the calculated
complete fusion cross sections, i.e., σcapture scaled by FB.U.

are shown by the black solid line. The data of the complete
fusion cross sections are denoted with CF in Fig. 5. It can be

seen that the CF cross sections of the reactions are reproduced
well. Moreover, the ER cross sections of neutron-evaporation
channels are calculated and shown by the various dotted lines
(denoted with xn). The experimental data are also presented
for comparison. It can be seen that the data of the σER are also
reproduced well.

TABLE I. The fissility parameter and the calculated af/an of the
CN produced by the reactions.

Reactions CN x af/an

12C + 246Cm 258No 0.860 1.012
13C + 246Cm 259No 0.858 1.012
16O + 197Au 213Fr 0.743 1.051
18O + 197Au 215Fr 0.740 1.052
16O + 238U 254Fm 0.842 1.016
22Ne + 150Nd 172Yb 0.597 1.109
22Ne + 194Pt 216Ra 0.750 1.047
22Ne + 196Pt 218Ra 0.748 1.048
22Ne + 198Pt 220Ra 0.745 1.049
40Ar + 164Dy 204Po 0.720 1.063
40Ar + 165Ho 205At 0.731 1.057
40Ar + 169Tm 209Fr 0.749 1.048
40Ar + 174Yb 214Ra 0.753 1.046
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FIG. 8. The capture cross section and the evaporation-residue cross section of (xn) channels for reactions induced by 22Ne on 150Nd [72]
and 194,196,198Pt [73] and 40Ar on 164Dy [74], 165Ho [75], 169Tm [75], and 174Yb [75]. The black solid line denotes σcapture. The calculated results
and the data of the σER for neutron-evaporation channels are shown by the various dotted lines and symbols (denoted with xn).

In Figs. 6–9, we present the comparison of the calculated
σcapture and σER with the experimental values for the reactions
induced by 12,13C, 16,18O, 19F, 22Ne, 28,30Si, 31P, 34S, 40Ar,
48Ti, and 58,64Ni. The solid black line denotes the calculated
capture cross sections. The ER cross sections of neutron-
evaporation channels are calculated and shown by the various
dotted lines (denoted with xn). Furthermore the experimental
data are also presented for comparison. It can be seen that the
experimental data for these reactions are systematically well

reproduced (within one order of magnitude) at energies near
and above the Coulomb barrier.

As mentioned above, the ratio af/an plays the key rule
in reproducing the data, in particular for the cases in which
fission dominates the decay of a CN. Therefore, here one can
focus on the reactions in which the dominant decay mode
of the CN is fission, such as 12,13C + 246Cm, 16,18O + 197Au,
16O + 238U, and the reactions induced by 22Ne and 40Ar.
The fissility parameter and the calculated af/an of the CN
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FIG. 9. The capture cross section and the evaporation-residue cross sections for reactions 28Si + 164,170Er [76,77], 30Si + 170Er [70],
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produced in these reactions are tabulated in Table I. For these
reactions, one can find that the trend of the ER cross sections
of neutron-evaporation channels is well reproduced. One can
conclude that the values of af/an adopted in the calculations
are reasonable. Hence the survival probabilities of a CN cal-
culated with the level density parameter given by formula (15)
are reliable.

IV. SUMMARY

The empirical coupled-channel model and the statistical
model are used to analyze the measured evaporation-residue
cross sections of fusion-fission reactions. To reduce the un-
certainty of the prediction of the survival probability of
a compound nucleus, the level density parameter in the
statistical model has been investigated by performing a sys-

tematically study of the evaporation-residue cross sections for
48 reactions. It is found that the ratio of af (level density
parameter in fission channel) to an (level density parameter
in neutron-evaporation channel) plays an important role in
reproducing the data appropriately. Furthermore, a good expo-
nential relation holds between the ratio af/an and the fissility
parameter. With the investigation of capture cross sections
and the survival probabilities of the compound nuclei, the
ambiguity of the prediction of fusion probabilities could be
reduced. Work on these aspects is in progress.
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