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Coriolis coupling effects in proton-pickup spectroscopic factors from 12B
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Spectroscopic factors to low-lying negative-parity states in 11Be extracted from the 12B(d, 3He)11Be proton-
removal reaction are interpreted within the rotational model. Earlier predictions of the p-wave proton-removal
strengths in the strong-coupling limit of the Nilsson model underestimated the spectroscopic factors to the 3/2−

1

and 5/2−
1 states and suggested that deviations in the 1+ ground state of the odd-odd 12B due to Coriolis coupling

should be further explored. In this work we use the particle rotor model to take into account these effects and
obtain a good description of the level scheme in 11B, with a moderate K mixing of the proton Nilsson levels
[110]1/2 and [101]3/2. This mixing, present in the 1+ bandhead of 12B, is key to explaining the proton-pickup
data.
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I. INTRODUCTION

Shortly after Bohr and Mottelson’s development of the
collective model [1], Morinaga showed that the spectroscopy
of a number of nuclei in the p shell could be interpreted in
terms of rotational bands [2]. Perhaps one of the most obvious
examples is that of 8Be, as evident from the ground-state
rotational band and its enhanced B(E2) transition probability
[3]. The strong α clustering in 8Be naturally suggests that
deformation degrees of freedom play a role in the structure
of the Be isotopes, a topic that has been extensively discussed
in the literature (see Ref. [4] for a review).

Turning from a collective model to a shell model picture,
very nearby to 8Be, the lightest example of a so-called island
of inversion [5,6] is that at N = 8, where the removal of p3/2

protons from 14C results in a quenching of the N = 8 shell gap
[7–10]. This is evinced in many experimental observations,
including the sudden drop of the E (2+) energy in 12Be relative
to the neighboring even-even isotopes and the change of the
ground state of 11Be from the expected 1/2− to the observed
positive-parity 1/2+ state.

Connecting the collective and single-particle descriptions,
Bohr and Mottelson [11] actually proposed that the shell
inversion could be explained as a result of the convergence
of the up-sloping [101] 1

2 and down-sloping [220] 1
2 Nilsson

[12,13] levels with deformation as seen in Fig. 1. Building
on these arguments, Hamamoto and Shimoura [14] explained
energy levels and available electromagnetic data on 11Be and
12Be in terms of single-particle motion in a deformed poten-

tial. It is remarkable that the concept of a deformed rotating
structure appears to be applicable, even when the total number
of nucleons is small as in the case of light nuclei. In fact,
level energies and electromagnetic properties that follow the
characteristic rotational patterns emerge for p-shell nuclei in
ab initio no-core configuration interaction calculations [15].

In a series of articles we have recently applied the col-
lective model to understand the structure of nuclei in the
N = 8 island of inversion and spectroscopic factors obtained
from direct nucleon addition and removal reactions [16–18].
The mean-field description seems to capture the main physics
ingredients and provides a satisfactory explanation of spectro-
scopic data, in a simple and intuitive manner.

Here we extend this approach to discuss the results of a
recent study of the 12B(d, 3He)11Be reaction [19] in terms
of the particle rotor model (PRM) [13,20,21]. Estimates of
spectroscopic factors in the strong-coupling limit, given in
Ref. [19], underestimated the experimental data and pointed
out that Coriolis effects in the structure of the 1+ ground state
in 12B should be taken into account, for which the PRM frame-
work is the framework of choice. We present this analysis
here.

II. THE GROUND STATE OF 12B

In order to assess the structure of the ground state of 12B,
we consider first the odd-neutron and odd-proton low-lying
negative-parity states in 11Be and 11B, respectively. Consider-
ing 10Be as a core, an inspection of the Nilsson diagram [12]
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FIG. 1. Nilsson levels relevant for the structure of negative-parity
neutron states in 11Be and 11B (solid lines). Also shown (dashed
lines) are the levels originating from the d5/2 spherical orbital. The
shaded band indicates the anticipated range of ε2 deformation for
these nuclei and the horizontal lines indicate the approximate Fermi
levels of the odd neutron (blue) and the odd proton (red). Energies
are in units of the harmonic oscillator frequency, h̄ω0.

in Fig. 1 suggests that for N = 7 the last neutron is expected
to occupy the [101] 1

2 level, and for Z = 5 the last proton will
occupy the [101] 3

2 level. We have used the standard parame-
ters, κ = 0.12 and μ = 0.0 [22], and adopted a deformation,
ε2 ≈ 0.45 (β2 ≈ 0.6), where the crossing of the [220] 1

2 and
[101] 1

2 levels is expected to occur, explaining the inversion of
the 1/2+ and the 1/2− states in 11Be.

We have previously discussed the positive-parity states in
11Be as arising from the strongly coupled [220] 1

2 state [17],
an assignment supported by the calculated gyromagnetic fac-
tor gK = −2.79, with decoupling and magnetic-decoupling
parameters for the ground state of a = 1.93 and b = −1.27,
respectively. The low-lying negative-parity states, namely, the
1/2−

1 , 3/2−
1 , and 5/2−

1 states, can be assigned to a K = 1/2−

strongly coupled band built on the neutron [101] 1
2 level, with

a decoupling parameter, a = 0.5, in line with the Nilsson
predictions. Further, the 3/2−

2 state originates from a neutron
hole in the [101] 3

2 level.
The case of 11B is somewhat different and more complex,

requiring an explicit consideration of Coriolis coupling. An
attempt to fit the energies of the yrast negative-parity states,
3/2−

1 , 5/2−
1 , 7/2−

1 , . . . , to leading order,

E (I ) = EK + AI (I + 1) + BI2(I + 1)2 + · · · , (1)

requires an additional term [11] arising from the Coriolis
interaction that induces �K = ±2K mixing:

�Erot = (−1)I+K A2K
(I + K )!

(I − K )!
, (2)

giving A = 978 keV, B = −17 keV, and A3 ≈ 20 keV. There-
fore we carried out a PRM calculation [21]—the results,
shown in Fig. 2, are in good agreement with the experimental

FIG. 2. Left: The experimental level scheme of 11B from Ref. [3].
Right: Results of the PRM calculations. Energies are in keV.

level scheme. Here we briefly discuss the physical inputs to
the PRM calculation. We include the three orbits in Fig. 1
with the Fermi level λ and the pairing gap � obtained from
a BCS calculation using a coupling constant, G = 1.9 MeV.
The solution gives λ = 45.73 MeV and � = 3.3 MeV. The
adjusted rotational constant of the core1 corresponds to a
moment of inertia, I = 0.57 h̄2/MeV, approximately 60% of
the rigid body value and consistent with the Migdal estimate
[23] for A = 11 and the deformation and pairing parameters
above. A fit of Eq. (2) to the PRM results gives A3 ≈ 25 keV.

The Coriolis K mixing in 11B gives rise to wave functions
of the form

ψI =
∑

K

AIK |IK〉 (3)

in the strong-coupled basis spanned by the intrinsic proton
states [110] 1

2 , [101] 3
2 , and [101] 1

2 . The percent contributions
(squared amplitudes) of each intrinsic proton state for the
states shown in Fig. 2 are given in Table I. The results of
the PRM calculations indicate a moderate K mixing for the
3/2−

1 , 5/2−
1 , and 7/2−

1 states and the 3/2−
2 states with domi-

nant components of the [101] 3
2 and [110] 1

2 Nilsson levels in
each case. The 1/2−

1 state is essentially a pure [101] 1
2 state.

Note that the form of the Coriolis matrix elements favors the
mixing of the Nilsson levels with p3/2 parentage. It is also
worthwhile noting that, due to the fact that the Fermi level of

1In the PRM, we do not include a BI2(I + 1)2 term in the rota-
tional energy but set the E (2+)core = A2(2 + 1) + B[2(2 + 1)]2 from
Eq. (1).
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TABLE I. Coriolis mixing amplitudes of the proton states in the
PRM calculations for 11B.

Energy A2
IK (%)

Iπ (MeV) [110] 1
2 [101] 3

2 [101] 1
2

3
2

−
0.00 18 80 2

1
2

−
2.12 4 0 96

5
2

−
4.21 6 90 4

3
2

−
5.34 81 19 0

7
2

−
6.66 45 52 3

the odd proton in 11B is lower than that of the odd neutron
in 11Be, there is no parity inversion in 11B and the lowest
positive-parity state, 1/2+, lies at ≈4.6 MeV relative to the
1/2−.

In addition to the reproduction of the energy levels,
the calculated magnetic moment of the ground state is
μ3/2− = 2.66 μN to be compared to the experimental value of
2.688 648 9(10) μN [24].

There is, however, an intriguing discrepancy with the mea-
sured Q3/2− = 0.040 65(26) e b [24,25], which is consistent
with the leading-order collective model estimate of 0.04 e b,
but the PRM result of 0.028 e b is smaller due to the mixing
of the two Iπ = 3/2− states with Kπ = 1/2− and Kπ = 3/2−
that have Q’s of opposite signs. While one may be tempted
to explain this with a larger deformation, ε2 ≈ 0.60 (as in
Ref. [14]), it would be at the expense of losing the agreement
in the energy levels. This is also the case for the mirror nucleus
11C. We do not have an explanation for this discrepancy except
to speculate that, perhaps, the deformation is decreasing with
spin and the PRM reflects an average. The titled-axis cranking
model [26] results for the Be isotopes [27] may support this
kind of argument. It is also interesting to point out that a recent
ab initio no-core shell model study [28] of 10−14B isotopes
with realistic NN forces predicts Q3/2− in the range 0.027–
0.031 e b (depending on the interaction used), very close to
our estimate.

In contrast to heavy nuclei, light nuclei are more vulnerable
to changes in deformation just by the addition of one particle.
Relevant to our discussions is the fact that 12C is oblate [29],
and one question that comes to mind is: why not consider
11B as a hole coupled to an oblate core? In fact, in an early
study [30], the energy level scheme of 11B was described in
the collective model with the deformation ε2 ≈ −0.4 corre-
sponding to the left side of the Nilsson levels shown in Fig. 1.
We have carried out PRM calculations for oblate deformations
and obtained an agreement similar to that in Fig. 2 for ε2 ≈
−0.35 and I = 0.50 h̄2/MeV. However, this solution gives
Q3/2− = −0.0063 e b in clear disagreement with experiment.
In looking at the positive-parity states, we find that the lowest
excitation corresponds to a 5/2+ at ≈10 MeV from the 3/2−
ground state, also inconsistent with the experimental level
scheme.

Based on the discussion above, we adopt the prolate re-
sults to assess the structure of the ground state in 12B, as a
neutron and a proton coupled to the 10Be core. The ground
state will result from the coupling of the structures discussed

previously, namely, a neutron 1/2− based on the [101] 1
2 in-

trinsic neutron level and a 3/2− proton state as described in
Table I, which will give rise to 2+ and 1+ states with parallel
or antiparallel coupling, respectively. Following the empirical
Gallagher-Moszkowski rule [31], the lower member of the
doublet corresponds to the 1+ built from the Kπ = 0+ and 1+
components in agreement with the experimental observations.
Further qualitative support comes from the lowest negative-
parity states, 2− and 1−, expected from the coupling to the
neutron [220] 1

2 . On the oblate side, a 1− to 4− spin multiplet
should result from the coupling to the [202] 5

2 level. Addition-
ally, the measured [24] magnetic moment μ1− = 1.003 06(15)
μN and the quadrupole moment Q1+ = 0.0134(14) eb, which
compare well with the leading-order estimates μ1− = 0.97 μN

and Q1+ = 0.017 eb. With the ingredients above we proceed
to calculate the p-wave proton-removal strengths, in terms of
the Coriolis mixing amplitudes for the 12B ground state.

III. SPECTROSCOPIC FACTORS

We apply the formalism reviewed in Ref. [32] to a proton-
pickup reaction, such as (d, 3He). In the strong-coupling limit,
the spectroscopic factors (Si, f ) from an initial ground state
|IiKi〉 to a final state |I f Kf 〉 can be written in terms of the
Nilsson amplitudes [32]:

θi, f ( j�, K ) = 〈Ii jKπ |I f 0〉Cj,�〈φ f |φi〉,
Si, f = θ2

i, f ( j�, K ), (4)

where 〈Ii jKπ |I f 0〉 is a Clebsch-Gordan coefficient, Cj,� is
the Nilsson wave-function amplitude, and 〈φ f |φi〉 is the core
overlap between the initial and final states, which we assume
to be 1.

Due to the effects of Coriolis coupling discussed previ-
ously, Eq. (4) is generalized to [33]

Si, f ( j�) =
(∑

K

AIKθi, f ( j�, K )

)2

. (5)

Following from the results in Table I, where the 3/2−
ground state is dominated by two contributing Nilsson or-
bitals, we only consider the [110] 1

2 and [101] 3
2 proton levels

which, in the spherical | j, �〉 basis, have the following wave
functions: ∣∣[110] 1

2

〉 = −0.34|p1/2〉 + 0.94|p3/2〉, (6)∣∣[101] 3
2

〉 = |p3/2〉. (7)

When applied to the case of 12B, the PRM Hamiltonian for
the 1+ ground state is a 3 × 3 matrix in the basis:

|1〉 = ∣∣ν[101] 1
2 ⊗ π [110] 1

2

〉
K=0,

|2〉 = ∣∣ν[101] 1
2 ⊗ π [110] 1

2

〉
K=1, (8)

|3〉 = ∣∣ν[101] 1
2 ⊗ π [101] 3

2

〉
K=1,

giving a wave function of the form

|12B, 1+〉g.s. = A1|1〉 + A2|2〉 + A3|3〉. (9)
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TABLE II. Comparison among the experimental � = 1 proton-
removal spectroscopic factors, the Nilsson strong-coupling limit,
and the PRM results. Note that these are relative to the transitions
normalized to 1 and, as such, quenching effects largely cancel.

Initial Final Energy Si, f

state state (MeV) Expt Strong coupling Coriolisa,b

12B 11Be
1−

1
1
2

−
0.32 1 1 1

3
2

−
2.35 2.6(10) 0.8 2.6

5
2

−
3.89 1.7(6) 0.2 1.7

12C 11B
0+

1
3
2

−
0.00 1 1 1

1
2

−
2.12 0.12(2) 0.9 0.1

3
2

−
5.02 0.10(2) 0.9 0.3

aNote that for 12B, having two data points and two unknowns, the
minimization solution reproduces the data exactly.
bFor 12C these are based on the 11B amplitudes in Table II.

The amplitudes A1−3 were fit using a least-squares min-
imization to the experimental spectroscopic factor data,
yielding A1 = −0.60(3), A2 = 0.70(3), and A3 = 0.40(4)
given by the normalization condition A 2

1 + A 2
2 + A 2

3 = 1.
The derived amplitudes confirm that Coriolis mixing is re-
quired to explain the experimental data, reflecting the PRM
results for the 3/2− band in 11B, since the [101] 1

2 neutron can
be seen to act as a spectator. The Coriolis effects appear to
be somewhat larger in 12B, which may suggest a core with
smaller deformation and a reduced momenta of inertia, both
favoring the increased mixing.

We note that within our framework, pickup to the 3/2−
2

state is not possible since a neutron hole in the [101] 3
2 level

is not present in the ground state of 12B. In any case, a
contribution to the 3/2−

2 + 5/2−
1 doublet due to K mixing in

11Be is expected to be quite small.

The calculated relative Si, f values in the strong-coupling
limit and the PRM are compared to the experimental data
in Table II, which also includes those for the 12C(p, 2p)11B
reaction [34]. As already mentioned, the spectroscopic fac-
tors of the 3/2−

1 and 5/2−
1 states were underestimated in the

strong-coupling limit and the inclusion of Coriolis coupling
appears to solve the discrepancy, bringing the collective model
predictions in line with those of the shell-model and the ab
initio variational Monte Carlo results discussed in Ref. [19]. It
would be of interest if the study of Ref. [28] could be extended
to obtain spectroscopic factors for the reactions in Table II.

IV. CONCLUSION

We have analyzed spectroscopic factors extracted from the
12B(d, 3He)11Be proton-removal reaction in the framework
of the collective model. The PRM quantitatively explains the
available structure data in 11Be and 11B and provides clear
evidence of Coriolis coupling in the ground state of 12B.
The resulting K mixing in the wave function is key to un-
derstanding the experimental (relative) spectroscopic factors,
which are underestimated in the strong-coupling limit. The
amplitudes, empirically adjusted to reproduce the data, are in
agreement with the PRM expectations. An application of our
phenomenological description to the structure of 12B [Eqs. (8)
and (9)] with the two-particle plus rotor model would be an
interesting extension to explore.

ACKNOWLEDGMENTS

We thank Prof. Ikuko Hamamoto and Prof. Stefan Frauen-
dorf for enlightening discussions on the Nilsson and particle
rotor models. This material is based upon work supported by
the US Department of Energy, Office of Science, Office of
Nuclear Physics under Contracts No. DE-AC02-05CH11231
(LBNL) and No. DE-AC02-06CH11357 (ANL).

[1] A. Bohr and B. R. Mottelson, Mat. Fys. Medd. Dan. Vid. Selsk.
27, 16 (1953).

[2] H. Morinaga, Phys. Rev. 101, 254 (1956).
[3] https://www.nndc.bnl.gov/ensdf/.
[4] W. Von Oertzen, M. Freer, and Y. Kanada-Enyo, Phys. Rep.

432, 43 (2006).
[5] A. Poves and J. Retamosa, Phys. Lett. B 184, 311 (1987).
[6] E. K. Warburton, J. A. Becker, and B. A. Brown, Phys. Rev. C

41, 1147 (1990).
[7] I. Talmi and I. Unna, Phys. Rev. Lett. 4, 469 (1960).
[8] O. Sorlin and M. Porquet, Prog. Part. Nucl. Phys. 61, 602

(2008).
[9] K. Heyde and J. L. Wood, Rev. Mod. Phys. 83, 1467 (2011).

[10] T. Otsuka, A. Gade, O. Sorlin, T. Suzuki, and Y. Utsuno, Rev.
Mod. Phys. 92, 015002 (2020).

[11] A. Bohr and B. R. Mottelson, Nuclear Structure Volume II
(Benjamin, Advanced Book Program, Reading, MA, 1975),
p. 285.

[12] S. G. Nilsson, Mat. Fys. Medd. Dan. Vid. Selsk. 29, 16 (1955).
[13] S. G. Nilsson and I. Ragnarsson, Shapes and Shells in Nu-

clear Structure (Cambridge University, Cambridge, England,
1995).

[14] I. Hamamoto and S. Shimoura, J. Phys. G: Nucl. Part. Phys. 34,
2715 (2007).

[15] M. A. Caprio, P. Maris, J. P. Vary, and R. Smith, Int. J. Mod.
Phys. E 24, 1541002 (2015), and references therein.

[16] A. O. Macchiavelli, H. L. Crawford, C. M. Campbell, R. M.
Clark, M. Cromaz, P. Fallon, M. D. Jones, I. Y. Lee,
A. L. Richard, and M. Salathe, Phys. Rev. C 96, 054302
(2017).

[17] A. O. Macchiavelli, H. L. Crawford, C. M. Campbell, R. M.
Clark, M. Cromaz, P. Fallon, M. D. Jones, I. Y. Lee, and
M. Salathe, Phys. Rev. C 97, 011302(R) (2018).

[18] A. O. Macchiavelli, H. L. Crawford, P. Fallon, I. Y. Lee,
R. M. Clark, C. M. Campbell, M. Cromaz, C. Morse, and
C. Santamaria, Phys. Rev. C 101, 044319 (2020).

034307-4

https://doi.org/10.1103/PhysRev.101.254
https://www.nndc.bnl.gov/ensdf/
https://doi.org/10.1016/j.physrep.2006.07.001
https://doi.org/10.1016/0370-2693(87)90171-7
https://doi.org/10.1103/PhysRevC.41.1147
https://doi.org/10.1103/PhysRevLett.4.469
https://doi.org/10.1016/j.ppnp.2008.05.001
https://doi.org/10.1103/RevModPhys.83.1467
https://doi.org/10.1103/RevModPhys.92.015002
https://doi.org/10.1088/0954-3899/34/12/015
https://doi.org/10.1142/S0218301315410025
https://doi.org/10.1103/PhysRevC.96.054302
https://doi.org/10.1103/PhysRevC.97.011302
https://doi.org/10.1103/PhysRevC.101.044319


CORIOLIS COUPLING EFFECTS IN PROTON-PICKUP … PHYSICAL REVIEW C 103, 034307 (2021)

[19] J. Chen, K. Auranen, M. L. Avila, B. B. Back, M. A. Caprio,
C. R. Hoffman, D. Gorelov, B. P. Kay, S. A. Kuvin, Q. Liu,
J. L. Lou, A. O. Macchiavelli, D. G. McNeel, T. L. Tang, D.
Santiago-Gonzalez, R. Talwar, J. Wu, G. Wilson, R. B. Wiringa,
Y. L. Ye, C. X. Yuan, and H. L. Zang, Phys. Rev. C 100, 064314
(2019).

[20] S. E. Larsson, G. Leander, and I. Ragnarsson, Nucl. Phys. A
307, 189 (1978).

[21] I. Ragnarsson and P. B. Semmes, Hyperfine Interact. 43, 425
(1988).

[22] I. Ragnarsson and R. K. Sheline, Phys. Scr. 29, 385 (1984).
[23] A. B. Migdal, Nucl. Phys. 13, 655 (1959).
[24] P. Raghavan, At. Data Nucl. Data Tables 42, 189 (1989).
[25] R. K. Nesbet, Phys. Rev. Lett. 24, 1155 (1970).
[26] S. Frauendorf, Nucl. Phys. A 677, 115 (2000).

[27] B. Qi and S. Frauendorf (private communication) (unpub-
lished).

[28] P. Choudhary, P. C. Srivastava, and P. Navratil, Phys. Rev. C
102, 044309 (2020).

[29] W. J. Vermeer, M. T. Esat, J. A. Kuehner, H. Spear, A. M.
Baxter, and S. Hinds, Phys. Lett. B 122, 23 (1983).

[30] A. B. Clegg, Nucl. Phys. 38, 353 (1960).
[31] C. G. Gallagher and S. A. Moszkowski, Phys. Rev. 111, 1282

(1958).
[32] B. Elbek and P. O. Tjøm, in Advances in Nuclear Physics, edited

by M. Baranger and E. Vogt (Springer, Boston, MA, 1969),
pp. 259–323.

[33] R. F. Casten, P. Kleinheinz, P. J. Daly, and B. Elbek, Phys. Rev.
C 3, 1271 (1971).

[34] V. Panin et al., Phys. Lett. B 753, 204 (2016).

034307-5

https://doi.org/10.1103/PhysRevC.100.064314
https://doi.org/10.1016/0375-9474(78)90613-9
https://doi.org/10.1007/BF02398323
https://doi.org/10.1088/0031-8949/29/5/001
https://doi.org/10.1016/0029-5582(59)90264-0
https://doi.org/10.1016/0092-640X(89)90008-9
https://doi.org/10.1103/PhysRevLett.24.1155
https://doi.org/10.1016/S0375-9474(00)00308-0
https://doi.org/10.1103/PhysRevC.102.044309
https://doi.org/10.1016/0370-2693(83)91160-7
https://doi.org/10.1016/0029-5582(62)91049-0
https://doi.org/10.1103/PhysRev.111.1282
https://doi.org/10.1103/PhysRevC.3.1271
https://doi.org/10.1016/j.physletb.2015.11.082

