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The equation of state and phase diagram of strongly interacting matter composed of « particles are studied
in the mean-field approximation. The particle interactions are included via a Skyrme-like mean field, containing
both attractive and repulsive terms. The model parameters are found by fitting the values of binding energy
and baryon density in the ground state of o matter, obtained from microscopic calculations by Clark and Wang
[Ann. Phys. (NY) 40, 127 (1966)]. Thermodynamic quantities of « matter are calculated in the broad domains
of temperature and baryon density, which can be reached in heavy-ion collisions at intermediate energies. The
model predicts both first-order liquid-gas phase transition and Bose-Einstein condensation of o particles. We
present the profiles of scaled variance, sound velocity, and isochoric heat capacity along the isentropic trajectories
of o matter. Strong density fluctuations are predicted in the vicinity of the critical point at temperature 7, &~

14 MeV and density n, &~ 0.012 fm™.
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I. INTRODUCTION

It is well known from experimental observations [1-3]
and theoretical studies [4—7] that symmetric nuclear matter
at subsaturation densities has a tendency for clusterization.
And « particles are the most abundant clusters, as observed in
many experiments [8,9]. The fact that o particles are bosons
makes o matter even more interesting to study, because of the
possibility of Bose-Einstein condensation (BEC).

A special role of « particles is well established in nuclear
physics. The examples include 2« structure of ®Be which
decays into two a’s in about 107!% s and the famous 3« Hoyle
state in '2C, with width of only 8.5 eV. Recently, a-clustered
excited states, analogous to the Hoyle state, have been iden-
tified in '°0 and 24Mg [10,11]. In Ref. [12] an evidence
for 7« resonance has been reported. All these states can be
interpreted as Bose condensates of « particles in finite systems
[13,14].

Early theoretical studies of clusterized nuclear matter
applied variational calculations with phenomenological two-
body potentials. For example, in Ref. [15] Clark and Wang
calculated energy per baryon for pure o matter by using
several potentials of oo interaction. They have found that
such matter has a ground state (GS) with the binding energy
only several MeV (per baryon) smaller than the isosymmetric
nuclear matter. It was demonstrated [16] that this binding
energy is sensitive to the short-range behavior of the potential.

One should also mention the virial [17] and quasiparticle
[18,19] models. In particular, in Ref. [17], the authors express
the pressure and partial densities of a-N matter via integrals
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over observed phase shifts of NN, N, and oo scattering.
Although such an approach is “model independent”, it can be
applied only for dilute matter.

Significant progress in modern computing has stimulated
ab initio microscopic calculations of nuclei, which use realis-
tic 2N and 3N forces to describe cluster degrees of freedom
(for a recent review, see Ref. [20]). Such studies include,
e.g., the antisymmetrized [21] and fermionic [22] molecular
dynamics, the quantum Monte Carlo approach [23], and the
nuclear lattice effective theory [24,25]. In particular, it has
been shown in Ref. [25] that increasing the depth of the
nucleon-nucleon potential at short distances (without signif-
icantly changing the NN and 3N data) leads to formation of a
clusterized phase in the GS of «-conjugate nuclei (N =Z >
4). The above-mentioned microscopic methods are computa-
tionally demanding and currently may deal only with light-
and medium-size nuclei. On the other hand, they consistently
take into account short-range correlations of nucleons and
in-medium modification of clusters.

Recently another microscopic method for studying clus-
terization phenomena in nuclei has been proposed [26-28],
namely, the nuclear density functional theory (DFT). In fact,
it is an extension of the mean-field approach. Within the DFT,
clusters are associated with spatially localized fluctuations of
nucleon density. As demonstrated in Ref. [27], main features
of a-conjugate nuclei can be well described within this ap-
proach.

Several versions of the relativistic mean-field (RMF)
model have been proposed to describe clusterized nuclear
matter (see, e.g., Refs. [29-31]). Due to neglect of NN
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correlations, clusters are introduced in this model as separate
degrees of freedom. This leads to appearance of additional
model parameters characterizing interactions of clusters and
nucleons. In Refs. [30,31], the authors additionally introduce
shifts of cluster masses to implement disappearance of clus-
ters at high baryon densities.

The possibility of the Bose-Einstein cluster condensation
in stellar matter at nonzero temperatures has been studied
within the quantum-statistical model in Ref. [32]. Attempts
to implement quantum statistics for nucleons and nuclear
clusters have been also made in the quasiclassical molecular
dynamical model [6,33,34]. This was achieved by adding the
phenomenological Pauli potential which becomes strongly re-
pulsive for nucleon pairs with close phase-space coordinates.
In Ref. [34] a reasonable description of light cluster properties
has been obtained within this approach.

In our previous works [35-37] several mean-field models
with Skyrme-like vector potentials have been developed to de-
scribe simultaneously the liquid-gas phase transition (LGPT)
and BEC in « and «o-N matter. In the present paper, we
propose another approach where «-clustered nuclear matter
is described by a scalar field ¢ with an effective Lagrangian
containing the attractive (¢*) and repulsive (¢°) terms. An
analogous scalar potential was first introduced by Boguta et al.
in the RMF model of nuclear matter [38,39]. In Ref. [40], a
similar model was used for bosonic particles without any con-
served charge, i.e., with zero chemical potential (e.g., pions).
In the present paper we extend this approach for « particles
which carry the conserved baryon charge.

The paper is organized as follows. In Sec. II we formulate
the model. In Sec. III we analyze the phase diagram of «
matter which contains both LGPT and BEC. We also discuss
isentropic and isothermal trajectories of o matter in different
thermodynamic variables. In Sec. IV A we present a fluctu-
ation observable in terms of the scaled variance w, and show
that it has a strong peak at the critical point of liquid-gas phase
transition. In Secs. IV B and IVC we calculate isentropic pro-
files of the sound velocity and the isochoric heat capacity. It
is shown that both these quantities exhibit jumps at the mixed
phase boundary.

II. THE MODEL
A. Motivation

In Refs. [36,37], we have studied nuclear systems com-
posed of « particles and nucleons. Two possibilities regarding
the interaction between « particles and nucleons have been
considered. In the first scenario [36], pure & matter and pure
nucleonic matter have their own GSs separated by a poten-
tial barrier. In this case the resulting phase diagram has two
LGPTs: one (metastable) in the domain with large o abun-
dances and another one (stable) in the domain dominated
by nucleons. In Ref. [37] we have analyzed the sensitivity
of the nuclear matter phase diagram to the strength of aN
interaction. Within the mean-field approximation (MFA), a
thresholdlike behavior of « clustering in the cold nuclear
matter has been predicted. This effect is similar to the “quan-
tum phase transition” discovered in Ref. [25]. We show that

the energy barrier separating the clusterized- and noncluster-
ized phases disappears at some critical strength of the aN
attraction. In this case, there is only one common GS with
coexisting nucleons and «’s in chemical equilibrium, but the
admixture of « particles is small at moderate temperatures and
densities.

Having in mind that experimental data on heavy-ion colli-
sions at intermediate energies [10,12] show enhanced yields
of o particles and «-conjugate nuclei, we are tempted to
conclude that the first scenario is more realistic. In this case,
there is a chance that the excited matter produced in such
collisions will expand along a metastable branch of the phase
diagram where o particles are more abundant and even may
form a condensate. In the present paper, we study this scenario
within a Skyrme-type mean-field model for pure o matter, i.e.,
ignoring the admixture of nucleons.

B. Bosonic matter in the mean-field approximation

Following Ref. [40] we describe the system of scalar
bosons with zero spin! by a scalar field operator ¢ (x) with
the Lagrangian (7 = ¢ = 1)

L=1@B,03"¢ —m*¢>) + Lin(e?). (1

Here m is the boson mass in the vacuum and L;, contains
particles’ interactions. In the MFA one expands Lj, in the
lowest order in ¢> — o, where

o= (¢ @)

is the scalar density (¢ number) and angular brackets denote
the quantum-statistical averaging in the grand-canonical en-
semble (see below).

One gets the following result:

L~ Lyupa = 5[0, ¢ "¢ = M*(@)¢*1 + pex(0).  (3)
where the quantity
M*(0) =m* = 2L, (0) “
is the effective mass squared, and
Pex(0) = Lin(0) — 0 L], (0) ®)

is the so-called excess pressure [40] (hereinafter primes de-
note derivatives over o). The terms containing L;, in these
two equations describe deviations from the ideal gas. Later
on we apply the Skyrme-like parametrization for Ly (o) con-
taining both the attractive and repulsive parts. From Eqs. (4)
and (5) one gets the differential relation between the effective
mass and excess pressure:

Pe(0) = oMM (0), (6)

which guarantees the thermodynamic consistency of the
present model (see below). In fact, the appearance of the
effective mass makes the main difference between the present
approach and our previous studies of « [35] and «-N [36,37]
matter.

' All numerical calculations below are carried out for the specific
case of « particles.
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Using a plane-wave decomposition of ¢ in terms of cre-
ation (a,:') and annihilation (ay) operators,’

pL) = 5 dk (are™™ + af ™), (N
Qr)y ) J2E;
where k = E = v M? + k* and g is the statistical weight of

a boson partlcle one gets [40] the following equations for
the particle number and Hamiltonian density operators in the

MFA:
N g 3
— = d’ka; a,
% (2;1)3/ Ui
H g
V= Gny / d*kExai ak — pex. ®)

In the grand-canonical ensemble one can find the particle
momentum distribution by averaging a,jak over the statistical
operator p o exp [(uN — H)/T] at given chemical potential
u and temperature 7. Within the MFA one has

Ex — -
e = (aj ax) = [exp( T ) - 1] ) )

One can see that this distribution coincides with the ideal-gas
(Bose-Einstein) distribution of quasiparticles with mass M.
The latter is in general not equal to m and should be found self-
consistently at given T and u. According to Eq. (9) possible
values of p are bound from above, namely, © < M. In the
particular case ;© = M the distribution 7y is singular at k = 0.
Similarly to the ideal-gas case, this implies the appearance of
BEC with macroscopic number of zero momentum particles.
Therefore, in our model the condensate appears at u = M (o).
We will see that this takes place either at low enough temper-
atures or at sufficiently large densities.

Using Egs. (2), (7), and (9) one can calculate the scalar
density o':

o =owl[T, u, M(o)], (10)
where
8 3, Nk
T, u, M) = d’k—
Uth( s My ) (ZJT)S\/ Ek
g /"0 dEVET = M? a
T2y oexp (BE) -1

In fact, Eq. (10) plays a role of self-consistent gap equation
which determines o and M as functions of 7 and .

The pressure p is determined by spatial components of the
energy-momentum tensor 7, which in turn can be calculated
from the Lagrangian. Within the MFA one has

p=HTu+Ty+T.) = H(VP)P) + pex(0).  (12)

Using Egs. (7) and (9) one can easily calculate the kinetic term
in the second equality (below we denote it by py,). Finally one
gets the equation

p:plh(Tﬂ M?M)+pex(0)v (13)

2For states with BEC one should add [40] an additional condensate
component ¢, to the right-hand side of this equation.

where
__8 /dkk2 s /°°dE<E2 m>™"”
P ) 3BT 6n? Jy exp (GE) -1
(14)

One can also obtain explicit expressions for the number
density of « particles n = (N)/V and the internal energy den-

sity € = (H)/V (note that the baryon density ng = 4n). Using
Egs. (8) and (9) one has
n=m(Tud) = S [ e as)
and
&= Slh(Ts MyM) - pCX(G)v
__8 3
Eth = m/d kEknk. (16)

In the case of o matter, the temperatures of interest are
lower or of the order of a-particle binding energy (28 MeV).
To a good accuracy, one can apply the nonrelativistic approx-
imation (NRA) by taking the lowest-order terms in 7 /M in
Egs. (11) and (14)—(16). This leads to approximate relations

i 8
~ 17
om N S MA3 83/2(2), (17)
gT
pm ~ —(8th—Mnth)% —385/2(2), (18)
3 Ay
where z < 1 is a nonrelativistic fugacity, and Ay = Ar (T, M)
is the thermal wavelength:
uw—-m 2
= , A =4 ——. 19
7=exp < T ) T UT (19)

The dimensionless function (polylogarithm) gz (z) is defined
as

ﬁ=2 Lo

k=1

88(2) = F(ﬂ)/

where I'(8) is the gamma function.
The following properties of the polylogarithm will be used
below:

7K1,
z—>1,

where £(B) =2, k=# is the Riemann function. The
function gg(z) diverges at z — 1 if B < 1. The classical
(Boltzmann) limit corresponds to small z. According to
Egs. (17) and (21), in this case z & nal 7/8 <K land py ~ nT.

On the other hand, for states where the degeneracy parame-
ternA3 > 1, the effects of quantum statistics are important. As
discussed above, the BEC starts when © — M, i.e.,atz — 1.
From Egs. (17), (19), and (21) one can see that this happens
at T < Tggc where

2 n 2/3
T N — — 22
BECT (gm/z)) 2

is the threshold temperature of BEC. The chemical potential
in the right-hand side of this equation is determined from the
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relation u = M (o). At not too high densities one can take
w =~ m with a good accuracy. The resulting value of Tggc
coincides with that for the ideal Bose gas. Therefore, for
nonrelativistic bosons (like « particles) the BEC onset line in
the (n, T') plane is the same as in the ideal gas [35,41].

At T < Tggc additional condensate terms should be added
to the right-hand sides of Egs. (10), (15), and (16):3

G(M) = 0, + Uth(Tv H’v I'L)v
n=nc+nu(T, 1, 1), (23)

e=¢et+en(T, 1 1) = pex(0),
where n, = po,, & = une, and o () is determined by solv-
ing the equation u = M (o). Note that (u, T') dependence of
the condensate terms is fully determined by the first equality
in Eq. (23).

Let us consider now the entropy of a bosonic system S.
The entropy density s = S/V can be calculated by using the
general relation s = (¢ + p — un)/T. One can see that the
excess and (possible) condensate terms in &, p, and n are
canceled and we arrive at the equation
Eth+ Pth — UNeh
-
Formally, we get the same expression as for the ideal Bose gas
[40]. However, the interaction effects enter via the effective
mass M. Substituting u = M + T In z and using Eqs. (17) and
(18) one obtains the following expression for the entropy per
particle s = s/n:

(24)

58520
E ) 2@ Inz, T > Tgec,

T=2~ 25)

N 5 _§65/2)
2 AT T < Tgec.

Again, we arrive at the relations for the ideal Bose gas [42],
but with the modified (state-dependent) particle mass. These
results show that the specific entropy 3 is constant at the BEC
boundary (z = 1):

T A 266/2) ~ 1.284 (T = Tgrc). (26)

28(3/2)

This means that this boundary is an isentrope and the bosonic
matter cannot cross it during the isentropic evolution. For
example, it is not possible to reach the BEC region by an
adiabatic expansion of o matter from noncondensed initial
states.* Note that the threshold value (26) does not depend
on the particle mass and the interaction parameters.

Within the MFA one obtains the standard thermodynamic
relations [43]

dp =sdT +ndu, 27

de = Tds + ndn. (28)

To prove (27), we directly calculate the derivatives enter-
ing the pressure differential dp = dT dp/0T +dp dp/on +

3By presence of BEC the pressure is modified only indirectly, via
the condensate scalar density o, in the term p (o).

“However, this is possible if the bosonic matter contains also the
LGPT (see Sec. III).

dM dp/oM. Using Egs. (13)—(16) and (24) one can check that
dp/0T =0pw/0T =s,0p/dpn = dpm/dp = nw, and [40]

3 3 <
o _ (perpe):_1‘4%+Mov
oM oM

j— 0’

B /’Laca
where we have used Eqgs. (6) and (23) (in the second and third
equalities, respectively). Finally we arrive at Eq. (27). Note
that in the BEC region we substitute M = p and puo, = n —

n. Equation (28) can be obtained from (27) by differentiating
the relation e = T's + un — p.

T > Tggc,

T < Tggc, (29)

C. Skyrme-like parametrization of particle
interactions in o matter

The above results are obtained in the MFA, and they do not
depend on a specific form of the interaction Lagrangian. The
following calculations are carried out with the Skyrme-like
(¢* — ¢%) parametrization:

a , b 4

Lin(o) = 2 o 6 o, (30)
where a and b are positive constants. The first and the second
terms in Eq. (30) describe, respectively, the attractive and
the repulsive interactions between the scalar bosons. It will
be shown below that the presence of attraction leads to the
appearance of the first-order (liquid-gas) phase transition of
bosonic matter. On the other hand, the repulsive term sta-
bilizes this matter at high densities. Substituting (30) into
Egs. (4) and (5) gives the explicit relations for the effective
mass and excess pressure:

M(o) = vVm? —ao + bo?, 31

a , b 4
Pex(0) = =707+ Z07. (32)

Note that p. vanishes at o = % and the minimum value

of the effective mass My, = /m? — % is reached at o =

35+ A typical plot of M(o) for the case of o matter (m =
3727.3 MeV) is shown in Fig. 1. It is seen that at not too high
densities the deviation of M from its vacuum value at ¢ — 0
is relatively small.

Similarly to Ref. [36] we fix the interaction parameters
a and b by fitting known properties of cold o matter. Accord-
ing to microscopic calculations of Ref. [15] this matter has the
following values of the binding energy per « particle® W, and
the equilibrium density ng:

Wo=m— (5> =197 MeV., ny=0.036fm>. (33)
n min

A similar quasiparticle model for scalar bosons with repulsive
interaction was constructed in Ref. [44].

The corresponding binding energy per nucleon, W = my + (W, —
m)/4 ~ 12 MeV, is slightly less than the binding energy of isosym-
metric nuclear matter (about 16 MeV /nucleon).
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FIG. 1. Effective mass of particles in o matter as a function of
scalar density o. The full dot shows the position of GS.

The bosonic matter at 7 = O consists of condensed quasi-
particles with u = M(0),n = n. = puo, and p = p (o). For
the GS one has d(7)/dn = p/n?® =0 and we obtain the fol-
lowing equations connecting equilibrium parameters ng, Wy,

and oy:

n
Pex(00) =0, m— Wy =M(op) = G—“ (34)

0
As already mentioned, the first equation holds at oy = 2—2.
Solving two remaining equalities, one obtains the following
values of parameters a and b:

a~17853, b~ 78.94MeV > (35)

Note that the position of the GS is indicated by the dot in
Fig. 1. The GS value oy ~ 75 MeV? is significantly lower
than the close packing density o, ~ 200 MeV? (it corre-
sponds to the vector density n, ~ ma, ~ 0.1 fm™ [36]).
It is instructive to calculate the incompressibility modulus:
Ko = 0P o ulor) 27 &
dn m 16 bm
This agrees with the value obtained in Ref. [36] for a pure
o matter with a mean-field vector potential U (n). The latter
is defined as the shift of chemical potential with respect to the
ideal gas. One can show that within the NRA such an approach
gives results which are similar to the present model with
scalar interaction. Indeed, at 7 = 0O the chemical potential in
the scalar theory equals M (o) where o = n/m. Decomposing
the right-hand side of Eq. (31) in powers of o one obtains the
Skyrme-like expression’ for the equivalent vector potential:

~354MeV.  (36)

Uny~M(c)—m~ —An+ Bn?, where
a b

A=—, B=—. 37
2m? 2m?3 37

"More exactly, one gets the “stiff” (y = 1) version of the potential
introduced in Ref. [36].

Substituting the values of a and b from (35), we get the values
of A and B close to those obtained in Ref. [36]. However, one
can show that the approach with vector potential (37) leads to
superluminal sound velocities c; at sufficiently large n. On the
other hand, the present model does not violate the relativistic
causality condition ¢, < 1 for all equilibrium states.

III. PHASE DIAGRAM OF « MATTER

By using the model with vector mean-field interaction we
have calculated in Refs. [35,36] the phase diagram of the
bosonic matter. It was demonstrated that if this interaction in-
cludes both attractive and repulsive terms, the resulting phase
diagram contains both regions of LGPT and BEC. Below we
show that a similar phase diagram takes place in the present
model with scalar interaction.

A. The BEC boundary

As explained above, the BEC boundary in the (i, T)
plane, T = Tggc (), is determined by simultaneous solving
the equations M (o) = p and 0 = oy (T, u, n) where M and
oy, are given by Eqs. (31) and (11), respectively. The equation
M (0) = p can be solved analytically:®

a+Ja> +4b(u? — m?)
2b '

As shown in Sec. II B, within the NRA one can use the

approximate relations oy, & Mgé(fT/zlz) and n & po (u). Finally
T 4

we get Eq. (22) for the temperature Tggc (1).

oc=0(n) = (38)

B. Liquid-gas phase transition

Let us consider first the states without BEC. At given
T and p one can solve Egs. (10) and (31) with respect to o.
At sufficiently low temperatures there is a region of u with
several solutions o;(i, T'). The solution with the largest (low-
est) pressure is thermodynamically stable (unstable) [43]. The
critical line of the LGPT u = u(T) is found from the Gibbs
condition of phase equilibrium. The latter implies equality of
pressure in coexisting liquidlike (i = /) and gaslike (i = g)
domains of the mixed phase (MP).? Within our model one gets
three coupled equations for u(T'), 0,(T), and 0;(T') :

pulT, u, M(0)] + pex(0g) = pulT, , M(07)] + pex(01),

(39)

oi = owlT, u, M(op)] (i =g D).

(40)

Solving these equations gives the critical lines

w=pwpu(T)and p=p(T) of the LGPT and the values
o, (T),M;(T),n;(T),s;(T)... at the MP boundaries
(“binodals™) i = g, /. Note that within the MP region, u
and p are functions of temperature only and do not depend,

$We have checked that the second root of this equation corresponds
to unstable states.
9We neglect surface effects associated with finite sizes of domains.
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FIG. 2. (a) The isotherm 7" = 5 MeV of « matter on the (i, o) plane. The solid and short-dashed lines show equilibrium states without
and with BEC. The filled dot marks the boundary of the BEC states. The vertical section GL corresponds to MP states of the LGPT. The dashed
and dotted lines represent the metastable and unstable states. The thin dash-dotted curve corresponds to the ideal-gas limit. The cross shows
the boundary of BEC states in the ideal gas. (b) Isotherms of o matter on the (i, n) plane. The filled square, triangle, and circle correspond,
respectively, to the GS, TP, and CP. The region of MP is shown by shading.

e.g., on density. The latter is connected with the volume
fraction of the gas phase A = V,/(V, + V) € [0, 1]:

n=~Aan,(T)+ 1 —M)n(T). 41)
At given T and n one gets the relation
T —
A= _m@=n (42)

n(T) —ng(T)’

Our calculations show that at T = Ttp ~ 3.67 MeV (so-
called triple point temperature) the BEC boundary reaches
the MP region. At T < Trp, the Bose condensate appears
in the liquid-phase domains. In this case the conditions of
phase equilibrium are obtained from Eqs. (39) and (40) after
replacing M (o) by u, and o; by o (1) from Eq. (38).

A typical example for 7 = 5 MeV is shown in Fig. 2(a).
The solid and short-dashed lines show equilibrium states on
the (u, o) plane. At the considered temperature the BEC
states lie outside the MP region (the vertical line GL). One
can see that at large scalar densities the results strongly deviate
from the ideal gas of bosons with the vacuum mass m. We also
show positions of metastable and unstable (spinodal) states.
They correspond to solutions of the gap equation with lower
values of pressure as compared to the equilibrium state at the
same T and .

In Fig. 2(b) we compare different isotherms of « matter on
the (u, n) plane. The lower and upper boundaries of the MP
(shaded region) correspond, respectively, to the gaslike and
liquidlike binodals. Note that at 7 = 0 the liquidlike binodal
state coincides with the GS of equilibrium « matter. One can
see that the LGPT disappears when T exceeds the critical
point (CP) temperature Tcp =~ 13.8 MeV. At this point the
derivative (dn/du)r diverges. Table I shows characteristics
of the CP obtained within the present model.

Figure 3 represents the phase diagram on the («, T') plane.
The MP region corresponds to the thick solid line between
the GS and the CP. The BEC states lie below the thin curve
which crosses the LGPT critical line at the triple point TP. The
domain of BEC states is shown in Fig. 3 by the shaded area.
At the same plot we show the behavior of adiabatic trajectories
(isentropes), i.e., the lines of constant specific entropy S/N =
const.

The isentropes play an important role in a fluid-dynamical
evolution of excited matter.'” In particular, we would like to
mention the hydrodynamic [45] and thermal [46,47] models
of heavy-ion collisions which successfully describe particle
production at high energies. They postulate that a hot and
compressed “fireball” is formed at some intermediate stage
of a nuclear collision. Due to the presence of internal pres-
sure, the fireball expands at later stages, producing secondary
particles. Fitting the observed data confirmed that the specific
entropy of fireball is fully determined by the initial c.m. en-
ergy of colliding nuclei.

As one can see in Fig. 3, the isentropes enter the MP
region at any S/N. Especially important is the isentrope
S/N = (S/N)cp & 4.54 which goes through the CP. As will
be shown later, the trajectories with the specific entropy close
to (S/N)cp go through states with anomalously large fluctu-
ations of the particle density. Note that isentropes with S/N
larger (smaller) than (S/N)cp enter the MP region at the
gaslike (liquidlike) side. As mentioned above, the isentropes
do not cross the BEC boundary outside the MP region. We

%In absence of dissipation and shock waves, the total entropy
is conserved for thermally equilibrated matter even in presence of
collective flow.
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TABLE I. Characteristics of the critical point of & matter.

T (MeV) u—m (MeV) M —m (MeV)

o (MeV?)

n (fm™3) S/N p/(nT) nA3.

13.8 —48.9 —20.0

25.8 0.0124 4.54

0.334 0.129

shall come back to discussing this phase diagram in Sec. IV A
(see Fig. 9).

Let us now calculate explicitly the condensate density 7,
at fixed n and T, first for states outside the MP, i.e., for n >
n(T) and T < Tggc. As explained in Sec. II B this can be
done by solving the equations

ne = plo(w) —on(T, u, Wl =n—nuw(T, u, n), (43)

where o (w) is given by Eq. (38). One can see that i, increases
from zero to n when temperature drops from 7 = Tpgc to
Zero.

Inside the MP the condensate appears at T < Ttp. At
such temperatures the densities of the gaslike and liquid-
like domains satisfy the relation ng(T') < n;(T). Unless the
temperature is extremely low, one can disregard presence of
BEC in the gaseous phase. Then one can write the relation
(ne) = (1 — X)) ny(T) for the density of BEC averaged over
the ensemble of coexisting domains. Here n.(T) is the con-
densate density in the liquid phase at T < Ttp. Substituting
further Eq. (42) and neglecting terms ~n,/n; one gets the
relation (n.)/n ~ n.(T)/n;(T). More detailed information is
given in Fig. 4 where we show lines of equal condensate
densities on the (n, T') plane. The obtained phase diagrams
are similar to those derived in Ref. [35]. It is interesting that
they qualitatively agree with phase diagrams observed [48] for
atomic “He.

20 N - I,. T T T i
~
\\ | ////
N ANEERN _-""—— S/N=const
NN <" —— LGPT line
\\ N\
15 < \\\ \ CP s —— BEC boundary/t
q / -
\ AN / —

T (MeV)

p-m (MeV)

FIG. 3. Phase diagram of o matter on the (u, 7) plane. The
dashed curves are adiabatic trajectories, i.e., lines of constant entropy
per particle. The values of S/N are given in boxes. The BEC region
is shown by shading.

Figure 5(a) shows the phase diagram on the (7', M) plane.
One can see that M,(T) > M;(T). At low temperatures
My (T)~mand Mi(T) = n(T) =~ m — W, [see Eq. (34)]. In
Fig. 5(b) we show the values of specific entropy s; = (S/N);
at the MP boundaries i = g, [. One can see that5;(T) < Scp <
5,(T). It is possible to derive a simple analytic formula for
5,(T) at T — 0. Indeed, in this limit the density n = ny(T)
is small and one can apply the Boltzmann approximation in
calculating the specific entropy on the gaslike binodal. One
gets approximate relations

Eg(T)zg—lnz% §+mT“(T)%§+¥ (44)
In the first equality we have used the upper line of Eq. (25).
Comparison of the dashed and dash-dotted lines in Fig. 5(b)
confirms good accuracy of these relations at low 7.

In Fig. 6 we compare the behavior of isentropes S/N = 3
and 5 on the (n, T') plane. Within the MP region we use the
relation for the entropy density

s =Aso(T) + (1 —A)s;(T), 45)

where A is given by Eq. (42). One can see jumps in slopes of
isentropes at the MP boundary [a similar behavior takes place
also on the (n, p) plane]. This in turn leads to jumps of the
sound velocity and the heat capacity at these boundaries (see
Secs. IV B and IV C). Note that at small n and 7 isentropes go
near the gaslike binodal. The calculation shows that outside

n, (fm™)
gas-like binodal 0.05
liquid-like binodal

—BEC boundary

0 0.01 0.02 0.03 0.04 0.05
n (fm™)

FIG. 4. Phase diagram of « matter on the (n,T) plane. The
values of the condensate density n, are shown by different shades
of blue color (see the color map on the right-hand side). The dotted
lines are contours of equal n, in the BEC region. The square, circle,
and star correspond, respectively, to the GS, TP, and CP.
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5 ————T——T————T——T———

— liquid-like binodal
—— gas-like binodal —

-10 N -

-15 = \ -

M-m (MeV)

-20 4 cp 4

TP 1
25 b 4

o b— v v
o 2 4 6 8 10 12 14 16

T (MeV)

N rTT T T T T T
(b)
r — liquid-like binodal 1
\ ——- gas-like binodal
15F —— BEC boundary -
\ 254+ Wy/T (Wy=19.7 MeV)

S/N

16

FIG. 5. Phase diagrams of o matter on the (7', M) (a) and (T, S/N) (b) planes. The regions of MP (a) and BEC (b) are shown by shading.

the MP region the adiabatic trajectories are close to those in
the ideal Bose gas.

IV. POSSIBLE SIGNATURES OF PHASE
TRANSITION IN « MATTER

A. Strong density fluctuations

Statistical fluctuations of conserved charges (e.g., baryon
number) are important observables for experimental stud-
ies of the phase diagrams of interacting systems. In the
grand-canonical ensemble such fluctuations are expressed via
“susceptibilities,” i.e., higher-order derivatives of pressure

20 T |||||||| T |||||||| T |||||||| T ||||||||,~ T T TTTTIT,
- 5/N=3 P
L ]
—— S/N=5 i h
—— MP boundary / /
LF BEC boundary il n
——- S/N=3, ideal gas ;
— 3 —— S/N=5, ideal gas h
S / g
[
S 10
= L
5 -
— / / \
L — == 7 e .
=" - i
0 Lot e M I N
10° 10° 10" 10° 107 10"
-3
n(fm~)

FIG. 6. The isentropes S/N = 3 (the dashed line) and S/N =5
(the dash-dotted line) on the (n, T') plane. The dots mark their in-
tersection with the MP boundary. Thin dashed and dash-dotted lines
represent the ideal-gas calculation.

with respect to 7" and . Below we calculate the scaled vari-
ance o defined as the second moment of the particle number
in a given volume:

_ v -y’
V)

w , (46)
where averaging is performed at fixed temperature. Outside
the MP region one gets [43] the relation

T (0dn T (3%p
wo=——) =—(—) .
n\opn/)r n\ou?/),

In calculating the derivatives in the right-hand side of (47)
one should explicitly take into account the dependence M =
M(T, ).

At the region T > Tpgc, using Eqgs. (15), (31), and (10),
one has

TT[onn(T, w. M)  Ony(T, u, M) d
o= L[, M) 0nn(T, 1 )M(G) LANE
n I oM o/

(47)

where
/ _ _ ‘_l -1
M (o) = (ba Z)M ,
(80) _ 30’th [1
o/ o

At w — pcpand T — Tep both (dn/ou)r and (0o /o)t
diverge, which leads to the relation

_ %M’(o)}_]

M (49)

9
9% 6y =1 at CP.

M (50)

As one can see from Eq. (11) the density oy, decreases with
M at fixed T and w. Therefore, the CP (and LGPT) may exist
if M (o) contain regions with M’(o) < 0. In accordance with
first equality in Eq. (49), this is possible only if the interaction
has an attractive term with nonzero a.
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By using Eqgs. (17) and (19) one can calculate the density
derivatives entering Eq. (48) in the NRA. Then one obtains
081,2(2)

do
<@>T - oM'(0)g12(z) + Tg32(z)

At given n and T, the values z and o are determined from the
approximate relations

(5D

n~mo ~ gg3n(2)/ry (T, m). (52)
Substituting (51) into (48) gives'!

o~ [83/2(Z) ch/(cr)}l
812(2) T '

(53)

The second term in the denominator vanishes in the limiting
case of the ideal Bose gas (M = m). Note that at T — Tggc
the first term in brackets goes to zero.

At T < Tggc using Eq. (23) one has

T{onq(T, u, ) = In(T, p)
— + )
n I o

where n.(T, t) is defined by the first equality in Eq. (43).
Within the NRA one has approximately n ~ po (1), where

o (w) is given by Eq. (38). Using further Eq. (47) one gets the
relations

w =

(54)

o To'w) uT
o(w)  o(bo —0.5a)

One can see that w — 0 at T — 0. This greatly deviates from
the ideal-gas case (a = 0, b = 0) where w is infinite [43] in
the BEC region.

In the MP region one should take into account not only
fluctuations of particle numbers inside the coexisting domains
of matter, but also fluctuations of the interphase boundaries,
which change the relative fraction of domain volumes. The
latter corresponds to fluctuations of the parameter A around
the equilibrium value given by Eq. (42). One can include both
types of fluctuations by calculating w directly from Eq. (46).
In Ref. [49] such a calculation was made for a particular case
of the classical van der Waals model. Below we apply a similar
approach for an arbitrary LGPT.!?

We obtain the following result at given n and T in the MP
region:

(55)

1
w=- |:Angwg + (1 —Mnaw;
n

Al = M wgwy
Anwg + (1 — AM)ngw;

+ (m — ng)? } (56)

1A similar result can be obtained in the vector model of Ref. [35]
with the replacement c M'(0) — nU’(n) where U (n) is the potential
introduced in Eq. (37).

"?Higher-order particle number fluctuations can be calculated by
using the method suggested in Ref. [50].

Here A is defined in Eq. (42), and n; and w; are, respec-
tively, the particle densities and scaled variances inside the
domains i = g, [. These quantities are equal to their values
at the gaslike and liquidlike binodals. The contribution of A
fluctuations is described by the third term in the right-hand
side of (56). This term vanishes near the MP boundary where
A(1—=2)— 0.

The results of w calculation for states along the isentropes
with different S/N are shown in Figs. 7 and 8. The calculations
predict strong peaks of scaled variance for S/N = 4.5 £ 1.
In Fig. 7 we make the comparison with the ideal-gas cal-
culation. One can see the strong sensitivity of w to particle
interactions. Figures 9(a) and 9(b) show the density plots
of w in the (i, T) and (n, T') planes, respectively. One can
see a very narrow peak of w(T, u) at T & Tcp. This can be
used as a clear signal of the CP in experimental searches
of LGPT.

B. Softening of the equation of state

An important characteristic of the equation of state is the
sound velocity ¢; which characterizes propagation of a small
perturbation in the local rest frame of matter. In the ideal fluid
dynamics the sound velocity squared is equal to [43]

9 9 )
A=(22) =(22) + 2 (22), (57
’ de )+ de J, e+p\on/,

where § = s/n is the entropy per particle.'? Using Eqgs. (27)
and (28) one can directly calculate c; by expressing the deriva-
tives entering Eq. (57) via the derivatives of n and s over
T and p. For the MP states one can use Eqgs. (41) and (45)
and rewrite these derivatives via the binodal quantities s;(7")
and n(T) (i = g, I).

Within the NRA one can get much simpler expressions
(outside the MP). Indeed, from the first equality in Eq. (57),
substituting € ~ mn one has

17/0 9 Pex
g f (U Ry 0 .C I (58)
oom on )+ on J+

According to Eq. (25), in this approximation the specific en-
tropy 5 depends in the NRA only on fugacity z at T > Tggc or
onniy at T < Tgc. From Eqs. (17) and (18) one can see that
in both cases nT =%/ and py, T~/ are approximately constant
at’s = const. Using Eq. (6) one gets

852
8322)°

£(5/2)
nii(T,m)’

s, OM(0) ST T > Tgec.

s m 3m

(59)

T < Tgc,

3Equation (57) is derived for a continuous matter without large
gradients of density. On the other hand, this is not true for MP with
different densities of liquid and gas domains. Nevertheless, one can
approximately consider the MP region as a homogeneous matter if
the wavelength of a sound wave exceeds typical domain sizes (i.e., at
low enough frequencies).
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1.4 T I T I T I T l‘l T I T I T I T
o (3
1.2 | _
S/N=3 | — total
‘\‘ ——- w/o Afluct. ]
1.0 = n — metastable
L ‘t\ —— ideal gas 1
0.8 - | =
3 - | 1
0.6 - /\ -
- //// -
04 = -
//’
L //, ]
02 / .
0 P (P I R I IR R

0 2 4 6 8 10 12 14 16
T (MeV)

10 F T T T T T T T T 3
F (b) 3
r S/N=4.54 1
L — total i
——- w/o Afluct.
10! E —— ideal gas =
3 [ 1
10°F E
10-1 L | L | MR | L | L
0 5 10 15 20 25

T (MeV)

FIG. 7. Scaled variance of o matter as the function of temperature along the isentropes S/N = 3 (a) and S/N = 4.54 (b). The dashed lines
are calculated without the third term in Eq. (56). The MP regions are shown by shading. The open and full dots correspond, respectively, to

boundaries of MP and BEC states.

where 0 ~ n/m and z is found by solving the equation
n)c’}(T, m)/g = g32(z). The second term in Eq. (59) is the
same as for ideal Bose gas,14 and the first one takes into
account the interaction effects.

The results of calculation are presented in Figs. 10(a) and
10(b) for states along the isentropes S/N = 3 and 4.54, respec-
tively. As expected, the sound velocity is strongly suppressed

'“In the Boltzmann approximation ¢, = /57 /(3m).

10"

T (MeV)

FIG. 8. Scaled variance of o matter as a function of temperature
along the isentropes with S/N = 3-7. Circles mark points where the
isentropes cross the MP boundary. The vertical dotted line shows the
temperature 7 = Tcp.

inside the MP region. On the other hand, it becomes much
larger at higher densities where the repulsive interaction dom-
inates. Outside the MP region c, increases with T faster as
compared to the ideal-gas calculation. One can see disconti-
nuities of sound velocities at the MP boundary: ¢, jumps down
during the adiabatic expansion. It is known [51] that such a
behavior leads to the formation of a rarefaction shock. The
latter may be regarded as a signature of the LGPT.

C. Enhanced heat capacity

The isochoric heat capacity is another observable which
is sensitive to the LGPT and BEC effects. This quantity (per
particle) is defined as [43]

T (as\ 1[0
“=w\er) Taul\er);

We calculate ¢, outside the MP by using formulas similar to
Egs. (48) and (49). For states within the MP we perform the
direct calculation based on Eqgs. (41) and (45).

Within the NRA one can use approximate relations (17)
and (25) with M =~ m. Outside the MP, we obtain the result
coinciding with that for the ideal Bose gas [42]:

(60)

15 852(2)

d g dginey T > Tggc,
@)1 esp (61)
e nk%(T,m)’ T < TBEC .
In the Boltzmann approximation one gets the well-

known value ¢, =3/2. At the BEC boundary c, =
3.75&6(5/2)/&(3/2) ~ 1.925.

Figure 11 shows the temperature dependence of c, along
the isentropes with same S/N as in Fig. 10. Again one can see
jumps of the heat capacity at the MP boundary. The predicted
¢, values are much larger in the MP region as compared to the
ideal-gas calculation. These values increase roughly as 7!
at T — 0. Such a behavior can be qualitatively understood.
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T (MeV)

iw-m (MeV)

0.01 0.02 0.03 0.04 0.05
n (fm™)

FIG. 9. (a) The dashed lines show isentropic trajectories with different S/N (shown by black numbers in boxes) on the (i, T') plane. Colors
show values of scaled variance w. Thin white lines are contours of equal w (their values are given by white numbers). The thick green and
white lines represent the LGPT line and the BEC boundary, respectively. The star marks the position of the CP. (b) Same as (a) but on the

(n, T) plane. Note the strong w peak near the critical point.

Indeed, as mentioned above, at low temperatures the isentrope
s’ = const becomes close to the gaslike binodal, i.e., A ~ 1 and
n = ng(T). Substituting s ~ 5n,(T') into Eq. (60) gives

n(T) m—u(T) W
ng(T) T T

EUPY
N

(62)

In the second equality we neglect deviations from the Boltz-
mann statistics having in mind that the density n, is small at
low temperatures.

020 ——T——7——7—
I S/N=3
015 F — with interaction
' ——- ideal gas
e LC
J 0.10
0.05 | P
0 PR I (N

T (MeV)

V. CONCLUSIONS

We have proposed a field-theoretical model to describe
a-clustered nuclear matter at finite temperatures. The system
of interacting « particles is represented by a scalar field ¢ with
the Lagrangian containing the attractive (¢*) and repulsive
(¢6) self-interaction terms. The calculations are done within
the mean-field approach which obeys a self-consistency rela-
tion between the scalar mean field and the particle effective
mass. The model has two free parameters which are fixed
by fitting properties of the ground state of cold o matter

0.12 T T T T ;
010 b S/N=4.54
| —— with interaction
——- ideal gas
0.08 |- 3
J" 0.06 | s i
7~ f
r e
e |
0.04 F 7 § 1
/ 1
- / : -
// 3
0.02 | : -
// o T=Tcp
i b) ]
0 L 1 L 1 | L 1 .( )
0 5 10 15 20 25

T (MeV)

FIG. 10. Sound velocity as a function of temperature along the isentropes S/N = 3 (a) and S/N = 4.54 (b) (the solid lines). The dashed
curves correspond to ideal gas. The MP states are shown by shading. Full dots mark the BEC boundary at T = Trp.
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2

10 at I . T T T T T T T T T T | LI
- \ ]
Lo\ :
r \\ — S/N=4.54 1
L\ ——-S/N=3 1
| \\ —— S/N=4.54, ideal gas 1
_ \\ 444444444 S/N=3, ideal gas

J 10 E

100 , | L | N | 1 | 1 | 1 | 1 | 1

0 2 4 6 8 10 12 14 16

FIG. 11. Isochoric heat capacity per particle as a function of
temperature along the isentropes S/N = 3 (dashed) and S/N = 4.54
(solid). Full dots correspond to 7' = Trp. Open dots mark the MP
boundary. Thin dotted and dash-dotted lines represent the ideal-gas
calculation.

known from microscopic calculations of Clark and Wang
[15].

Our main results are as follows: (1) o matter exhibits
a liquid-gas phase transition with the critical point at 7. ~
14 MeV, n. = 0.012 fm™3; (2) at low temperatures the o mat-
ter contains the Bose-Einstein condensate, which appears in
the liquid phase; (3) all isentropic trajectories, S/N = const,

terminate in the mixed-phase region; (4) the BEC boundary
outside the mixed phase coincides with the isentrope S/N =~
1.28 ; (5) the scaled variance of density fluctuations has a
strong peak at the critical point which lies on the isentrope
S/N =~ 4.5 ; (6) the sound velocity and the isochoric heat
capacity exhibit jumps at the mixed phase boundary.

Based on these results, we can formulate a strategy for
experimental studies of a-clustered matter. We believe that en-
hanced yields of « particles and a-conjugate nuclei observed
in Refs. [2,10] are associated with the mixed phase of o matter
formed at a late stage of the nuclear matter evolution. Since at
this stage the expansion is approximately isentropic, one may
hope to select events which correspond to the critical point
of « matter around S/N ~ 4.5. In the vicinity of this point we
expect a wide (power-law) mass distribution of produced frag-
ments, like Y (A) oc A™" where t = 2 is the Fischer exponent
[7].

Interesting manifestations of « clustering can be expected
in heavy and superheavy nuclei. As demonstrated in Ref. [52],
due to strong Coulomb repulsion such nuclei may develop a
hollow structure where «’s are condensed in the outer shell
but neutrons fill the central region. We hope that future ex-
periments with heavy-ion beams at intermediate energies will
provide new evidence for « clustering and o condensation in
nuclear systems.
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