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Gaussian characterization of the unitary window for N = 3: Bound, scattering, and virtual states
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The three-body system inside the unitary window is studied for three equal bosons and three equal fermions
having 1/2 spin-isospin symmetry. We perform a Gaussian characterization of the window using a Gaussian
potential to define trajectories for low-energy quantities as binding energies and phase shifts. On top of this
trajectories experimental values are placed or, when not available, quantities calculated using realistic potentials
that are known to reproduce experimental values. The intention is to show that the Gaussian characterization of
the window, thought as a contact interaction plus range corrections, captures the main low-energy properties of
real systems as for example three helium atoms or three nucleons. The mapping of real systems on the Gaussian
trajectories is taken as indication of universal behavior. The trajectories continuously link the physical points
to the unitary limit allowing for the explanation of strong correlations between observables appearing in real
systems and which are known to exist in that limit. In the present study we focus on low-energy bound, scattering,
and virtual states.

DOI: 10.1103/PhysRevC.102.064001

I. INTRODUCTION

The observation of universal behavior in weakly bound
systems is at present an intense subject of research and is
intimately linked to scale symmetry. One control parameter
determines all the observables in some particular energy re-
gion. As example we can observe that, at very low energies
the scattering of two particles proceeds via s wave and it
is essentially determined by two parameters: the two-body
scattering length a and the effective range re,

k cot δ = −1

a
+ re

2
k2 + . . . , (1)

where E = k2h̄2/m is the energy of the system and m is the
particle mass. This simple relation, known as the effective
range expansion [1], introduces the concept of universal be-
havior emanating from the scale invariance; a is the control
parameter and re is a finite-range parameter. The details of
the interaction are unimportant, they appear through the shape
parameter in the next term of the expansion and are unfolded
as the energy increases. Of particular interest is the case when
a shallow two-body bound state exists close to threshold. The
above expansion can be extended to locate the complex energy
pole

1

aB
= 1

a
+ re

2

1

a2
B

, (2)

where we have introduced the two-body energy length aB,
defined from the two-body binding energy E2 = h̄2/ma2

B, i.e.,
it is the inverse of the binding momentum κ2 = 1/aB. The
shallow state verifies aB ≈ a � R and the particles remain

much of the time outside the interaction range R. This con-
dition defines the unitary window with its central point, the
unitary limit, defined by a = ∞ or E2 = 0. In the case of large
and negative values of a the two-body state is a virtual state.

Inside the unitary window the two-body system shows a
continuous scale invariance (CSI). All two-body observables
are controlled by a. For example, E2, extracted from the above
equation, is

E2 = h̄2

ma2

(
1 + re

a
. . .

)
. (3)

The ratio re/a is a small parameter with the limiting case
re/a = 0. In the zero-range limit we have re = R = 0, and the
ratio re/a = 0 is always verified. In this case the CSI is strictly
verified with all the observables determined by a, the binding
energy E2 = h̄2/ma2 and the phase-shift k cot δ = −1/a.

The zero-range limit has been used many times to analyze
the particular structure of few-body systems inside the unitary
window. In the case of an effective field theory (EFT), the
control parameter a determines the leading order (LO) of the
theory whereas the range corrections appear perturbatively in
the successive terms [2,3]. Here we proceed differently based
on the following observation: inside the unitary window the
binding energy, E = κ2h̄2/m, of a generic system follows
trajectories in the (r0κ, r0/aB) plane characterized by a length
r0. For example, the length r0 can be chosen as the range of
the Gaussian potential

V (r) = V0e−r2/r2
0 , (4)

and such trajectories are determined by solving the corre-
sponding Schrödinger equation. The Gaussian form selected
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for the finite-range interaction is not special, it can be seen as
a regularized contact interaction. In this respect other repre-
sentations of the delta function in the limit r0 → 0 can be used
as well [4]. In other words, the link from the zero-range to a
finite-range interaction is governed by one parameter for all
interacting systems inside the unitary window; this parameter
is the length entering in the particular finite-range form used
to characterized the unitary window.

Some aspects of the Gaussian characterization of the uni-
tary window for few-boson and fermion systems have been
discussed in Refs. [5–7]. In those works the discrete energy
spectrum has been analyzed; here we extend the discussion
including in the analysis continuum states in the low-energy
region paying particular attention to the description of two
systems naturally located inside the unitary window, the sys-
tem composed of three 4He atoms and of three nucleons. In
both cases the ratio re/a is smaller than one; in the nuclear
case this is verified in both spin channels. The objective of
this analysis is to see if the Gaussian characterization of the
unitary window can be used to reproduce quantitatively ex-
perimental data to make more clear the universal aspects of
the system sometimes hidden by finite-range effects. Further-
more, the fact that one range parameter is enough to classify
different systems and observables extends the concept of uni-
versality. For example, many times in the literature it has been
discussed whether the ground state of the helium trimer can be
considered as an Efimov state whereas there is consensus to
indicate the excited state as Efimov state [8,9]. It is clear that
the latter is less affected by range corrections; however, we
will see that through the Gaussian characterization both states
behave similarly. Other observables discussed in the present
analysis are the atom-dimer scattering length and, regarding
nuclear physics, we discuss the universal characterization of
the triton, its virtual state and neutron-deuteron low-energy
scattering.

The paper is organized as follows. In Sec. II we discuss the
two-body system whereas the three-body systems is discussed
in Sec. III, first for bosons and then for fermions. In Sec. IV
the virtual states are discussed. Most of the results for the
three-body systems are obtained by two methods finding a
very good agreement between them. One is based on the Alt-
Grassberger-Sandhas version of the Faddeev equations and
uses momentum-space framework; see Ref. [10] and reference
therein for details. The other method is based on the expansion
of the three-body wave function in terms of the hyperspherical
harmonic basis [11,12]. Bound states are obtained using the
Rayleigh-Ritz variational principle whereas the Kohn varia-
tional principle is used for scattering states. In the last section
the conclusions are given.

II. GAUSSIAN CHARACTERIZATION OF THE UNITARY
WINDOW FOR TWO PARTICLES

The dimensionless Schrödinger equation for two particles
forming a s-wave bound state, interacting through a Gaussian
potential as given in Eq. (4), is the following:

(
∂2

∂z2
− mr2

0V0

h̄2 e−z2 − r2
0

a2
B

)
φ(z) = 0, (5)
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FIG. 1. Binding momentum as a function of the inverse scatter-
ing length for a Gaussian potential, both multiplied by the effective
range re. Experimental data of four real systems are shown by the
filled circles.

where z = r/r0 and φ(z) is the reduced wave function. The
small value of the ratio r0/aB can be used to characterize
the unitary window and, limiting the discussion to the case
of one bound state, the discrete energy values of all possible
Gaussians inside the window can be organized in the unique
curve shown in Fig. 1. In the figure the binding momentum
κ2 = 1/aB is given as a function of the inverse of the scattering
length a, both multiplied by the effective range re to build di-
mensionless quantities. It is possible to place real systems on
the Gaussian curve by the corresponding experimental values
of a, aB, and re. To this aim we analyze two systems natu-
rally living inside the unitary window: the dimer of helium
atoms and the two-nucleon system. For the former, instead
of using directly experimental data, which are not completely
available, we use the values given by one of the widely used
helium-helium interactions, the LM2M2 potential [13]. In the
case of the two-nucleon system we use the experimental val-
ues of a and re in the two spin channels, the deuteron binding
energy and the effective range expansion to determine the nn
and np virtual states located in the negative a region. Using
the values given in Table I the four cases shown in the figure
by solid circles are on top of the Gaussian curve.

TABLE I. Low-energy quantities of the helium dimer, interacting
through the LM2M2 potential, and experimental values of the two-
nucleon system in each spin channel S. For the helium system the
length unit is the Bohr radius a0.

h̄2/m (K a2
0) E2 (mK) a(a0) re(a0)

Helium dimer 43.281307 1.303 189.415 13.845

Two nucleons h̄2/m (MeV fm2) E2 (MeV) a (fm) re (fm)
np S = 1 41.471 2.2245 5.419 1.753
np S = 0 41.471 0.0661 −23.740 2.77
nn S = 0 41.471 0.1017 −18.90 2.75
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FIG. 2. Binding momentum as a function of the inverse scatter-
ing length for a Gaussian potential, both multiplied by the Gaussian
range r0. Data of real systems are located in the plot through the ratio
a/aB.

Figure 1 shows the position of different systems inside the
unitary window, the helium dimer being the nearest system to
the unitary limit (the figure is useful to place different systems
inside the window). In addition deviations from the a = aB

dashed line give the size of the finite-range corrections; they
are encoded in the small parameter re/a with values running
from ≈0.07 in the case of the helium dimer to ≈0.32 in the
deuteron case. In the figure the effective range has been used
to make the quantities dimensionless; however, this quantity
changes point by point. In Fig. 2, we reformulate the same
plot in terms of the Gaussian range r0. In this type of plot
real systems are mapped on the Gaussian curve through the
ratio a/aB = tan θ . Their positions identify the corresponding
values of r0 of the Gaussian potential reproducing simultane-
ously both a and aB. The vertical lines in the figure indicate
those values; we found that for the deuteron a Gaussian
potential with the range r0 = 1.553 fm is able to reproduce
simultaneously the binding energy, the scattering length and
the effective range. Similarly with a Gaussian range r0 =
10.03 a0 (a0 is the Bohr radius), these quantities, as given
by the LM2M2 potential are reproduced as well. For the np
and nn virtual states the Gaussian ranges are r0 = 1.83 fm
and 1.795 fm, respectively. What we have discussed here is
a Gaussian characterization of the unitary window and the
identification of a range at which the Gaussian potential will
describe simultaneously a, aB and re and, therefore, through
the effective range expansion will describe low-energy phase
shifts. We can consider these Gaussian potentials a low-energy
representation of the interactions between the different sys-
tems of particles.

III. THE THREE-BODY CASE

A. Three equal bosons

Inside the unitary window the three-boson s-wave spec-
trum has a particular form as was deduced for the first time
by Efimov [8,9]. In the case of zero-range interactions the
system is unbounded from below; this property is known
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FIG. 3. Three-body binding momentum as a function of the two-
body binding momentum for a Gaussian potential, both multiplied
by the Gaussian range r0 to build dimensionless quantities. Notable
points are indicated as solid circles as explained in the text.

as the Thomas collapse [14]. Moreover the CSI is broken
and the residual symmetry is the discrete scale invariance
(DSI). The physics is invariant under the rescaling r → �nr,
where the constant is usually written � = eπ/s0 ≈ 22.7, with
s0 ≈ 1.00624 an universal number characterizing the three-
identical boson system. At the unitary limit the spectrum
consists of a geometrical series of states which accumulate at
zero energy with ratio between two consecutive energy states
E (n+1)

3 /E (n)
3 = e−2π/s0 . This effect is known as the Efimov

effect. Many experimental efforts have been done to study this
scenario using atomic traps [15–20]. As the system moves
away from the unitary limit the highest excited states disap-
pear into the atom-dimer continuum one by one. A detailed
analysis of three-boson spectrum for systems having a large
scattering length can be found in the reviews by Braaten and
Hammer [21] and by Naidon and Endo [22]. A discussion
of these systems within the EFT framework can be found in
Refs. [2,3] whereas in Ref. [23] a detailed parametrization of
the zero-range universal function has been done. When the
Schrödinger equation is solved using a regular, finite-range,
potential located at unitarity, i.e., when there is a two-body
bound state at threshold, the three-body system is bound from
below (the Thomas collapse is not present anymore). How-
ever, an infinite number of excited states appear above the
ground state showing the Efimov effect. Though there are
some range effects in the energy ratios for the lowest states,
the constant ratio of ≈22.72 can be seen for ratios calculated
between consecutive higher states.

We proceed to the characterization of the unitary win-
dow for three particles in the same way as for the two-body
system. We solve the Schrödinger equation for three equal
mass bosons interacting through a Gaussian potential. The
first two levels are shown in Fig. 3 where the three-body

binding momenta κ
(n)
3 =

√
m|E (n)

3 |/h̄2 for n = 0, 1 have been
calculated as a function of the two-body binding momentum
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κ2 = 1/aB, both multiplied by the Gaussian range r0 to build
dimensionless quantities. At the unitary limit the pure num-
bers κ

(n)
∗ r0, indicated in the figure for n = 0, 1, are the same

for all Gaussian potentials. The energy goes quadratically to
∞ as r0 → 0, a simple way to illustrate the Thomas collapse.
The ratio of the first two levels, κ

(0)
∗ /κ

(1)
∗ = 22.98 shows a

small range effect. If we consider the third level, n = 2 (not
shown in the figure), then we obtain κ

(2)
∗ r0 = 0.0009362, and

the ratio κ
(1)
∗ /κ

(2)
∗ = 22.70 is almost equal to the universal

ratio.
As the system moves from the unitary limit towards the

positive region the infinite tower of excited states disappear
one by one into the 1 + 2 continuum crossing the two-body
threshold, shown in the plot by the solid red curve. The second
and third excited states are the last ones to cross the threshold
around the values r0/aB = 0.0139 and 0.00059, respectively.
These pure numbers are the same for all Gaussian potentials.
The ground state and the first excited state do not cross the
threshold; they form a two-level structure already observed in
the helium trimer [24]. The two levels of the helium trimer
are located on Fig. 3 (solid squares) through the angle defined
by κ

(n)
3 aB = tan ξn. Using the LM2M2 potential to describe

those states, the position on the r0/aB axis is not the same for
both levels. It is 0.0612 for the ground state and 0.0637 for
the first excited state, using the values given in Table I, the
following Gaussian radius can be extracted: r (0)

0 = 11.15 a0

and r (1)
0 = 11.70 a0, respectively. With the former range the

Gaussian potential describes simultaneously the dimer and
trimer ground state energies whereas with the latter the dimer
and the first excited state energies. With the values of r (0)

0
we can predict the binding energy values of the two levels
at unitarity,

E (0)
∗ = h̄2

m

[
κ (0)

∗
]2 = h̄2

m

[
0.4883

r (0)
0

]2

= 83.0 mK, (6)

E (1)
∗ = h̄2

m

[
κ (1)

∗
]2 = h̄2

m

[
0.02125

r (0)
0

]2

= 0.157 mK, (7)

to be in a good agreement with the values given in the litera-
ture for the LM2M2 potential when its strength is reduced to
locate the two-body bound state at threshold [25,26].

Decreasing the strength of the Gaussian potential the sys-
tem enters the region of negative a in which two particles
are not bound. In this case aB is related to the energy of
the two-body virtual state. At some point the first excited
state of the trimer disappears into the three-atom continuum.
Decreasing further the strength the interaction cannot bind
the three particles and the ground state disappears too. The
two-body scattering lengths at which these transitions occurs,
indicated as a(1)

− and a(0)
− , respectively, are shown by solid cir-

cles on top of Fig. 3 in units of the Gaussian range. Using the
characteristic Gaussian range, r (n)

0 , we can predict the values
of the scattering length at threshold for the LM2M2 potential
as a(0)

− = −48.7 a0 and a(1)
− = −825 a0 to be compared to

a(0)
− ≈ −48.2 a0 and a(1)

− ≈ −832 a0 given in Ref. [26].
This analysis demonstrates that the Gaussian characteri-

zation of the states around the unitary window captures the
essential ingredients of the dynamics. A more stringent test

beyond the study of helium trimers is given by the almost
model independent product a(0)

− κ
(0)
∗ ≈ −2.2 obtained through

an analysis of experimental data for different van der Waals
potentials having a repulsive core and supporting one or more
bound states (see Ref. [22] and references therein). Surpris-
ingly the Gaussian potential predicts the values

a(0)
− κ (0)

∗ = −2.14, (8)

a(1)
− κ (1)

∗ = −1.57, (9)

capturing properties related to the van der Waals tail in the
case of ground state level. In the case of the first excited state
the product a(1)

− κ
(1)
∗ is close to the product obtained in zero-

range limit (a−κ∗ = 1.507, see Ref. [27]) showing the minor
size of the finite-range corrections in this state. The analysis
of the n = 2 level gives results comparable to the zero-range
corrections at the 0.1% level or better [5]. Within the EFT
framework the results for the ground state can be considered
at the level of next-to-leading order (NLO), whereas those for
the excited state at LO level.

Another observable we can study using the Gaussian
characterization of the universal window is the atom-dimer
scattering length. As derived by Efimov [28], this observable
has a universal expression in the zero-range limit,

aAD/aB = d1 + d2 tan[s0 ln(κ∗aB) + d3] , (10)

where d1, d2, and d3 are universal numbers and κ∗ is the
three-body parameter labeling one three-body branch. This is
a particular realization of the DSI with the log-periodic func-
tional form and accordingly, as aB → ∞, the ratio aAD/aB

repeats its values forming different branches with asymptotes
in the points in which the excited states disappear into the
atom-dimer continuum. It should be noticed that a numer-
ical analysis of the above form is very delicate due to the
extremely weak binding of the dimer as aB → ∞. Here we
analyze the behavior of aAD inside the unitary window for a
Gaussian potential up to the region in which the third excited
state is present. The results are given in Fig. 4 where much of
the results presented in this section are collected. The (blue)
solid circles are the numerical results of aAD/aB, obtained
solving the zero-energy scattering problem, as a function of
r0/aB. Presented in this way the results are the same for all
Gaussian potentials at the same r0/aB value. The (blue) solid
line has been obtained using the following parametrization of
the function

aAD/aB = d1 + d2 tan
[
s0 ln

(
κ (1)

∗ r0(aB/r0) + 

(1)
3

) + d3
]
,

(11)

where we have used the pure number, κ
(1)
∗ r0 = 0.02125, as

the driving term and we have introduced the correspond-
ing shift 


(1)
3 , as discussed in Ref. [29]. A reasonable fit to

the calculations is obtained with d1 = 1.541, d2 = −2.080,
d3 = −2.038 and 


(1)
3 = 0.061. The two vertical dashed lines,

located at r0/aB = 0.0139 and 0.00059, are the asymptotes
indicating the values at which the second and third excited
states disappear into the atom-dimer threshold, respectively.
From the figure we can see that the Gaussian characterization
of the aAD/aB function has the log-periodic form in which
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FIG. 4. The atom-dimer scattering length (in units of aB) as a
function of the dimer binding momentum κ2 = 1/aB times r0. The
blue solid points are the calculations using a Gaussian potential and
the blue solid line is the parametrization of Eq. (11). The binding
momentum (times r0) of the ground state (green solid line) and the
first excited state (black solid line) are shown too. The solid red
diamonds indicate the positions of the first excited state of the helium
trimer and the atom-dimer scattering length. The two dashed lines
indicate the position in which the second and third excited states
cross the atom-dimer threshold.

the finite-range corrections have been absorbed in the shift
parameter 


(1)
3 .

In Fig. 4 the position of the excited state of the trimer
(lower red diamond) on the n = 1 level, as given by the
LM2M2 potential, is shown. Extending the correspond-
ing value of the axis r0/aB = 0.0637 to cross the aAD/aB

curve the value aAD/aB = 1.19 is extracted. Therefore the
Gaussian characterization of the unitary window indicates,
for that value of the r0/aB ratio, the atom-dimer scatter-
ing length to be aAD = 1.19 aB. Using the LM2M2 value,
aB = 182.22 a0, we obtain aAD = 217 a0, to be compared to
the LM2M2 value for this quantity of 218.4 a0 [30]. So, a
Gaussian potential constructed to describe simultaneously the
dimer and excited state of the trimer reproduces also the value
of the atom-dimer scattering length within a 1% error.

To analyze further the size of the finite-range effects the
numerical value of aAD can be extracted from the higher
branch of the aAD/aB curve, between the two asymptotes
shown in the Fig. 4. To this aim the curve has to be evaluated
at the coordinate r0/aB corresponding to the position of trimer
excited state on the third energy level (n = 2). That point has
coordinates (r0κ, r0/aB) verifying κ aB = tan ξ1, the same an-
gle of the point on the n = 1 level, indicated by the lower red
diamond on the figure. The coordinate is r0/aB = 0.00239 and
corresponds to the value aAD/aB = 1.17 giving aAD ≈ 213 a0.
As for bound states, the result obtained using the lower branch
can be considered at NLO level whereas using the higher
branch at LO level.

This analysis shows that, inside the unitary window and in
the low-energy region, the complicate structure of the helium
potential can be encoded in the strength and range of the

a Gaussian potential. The lowest energy state or branch, as
in the case of atom-dimer scattering, captures the essential
elements of system and can be considered at the NLO level in
the EFT framework. The size of the corrections can be eval-
uated from the analysis of the higher states or branches and
give results at the LO level. Moreover, varying the Gaussian
parameters a complete picture of the unitary window can be
depicted.

B. Three 1/2 spin-isospin fermions

We perform the Gaussian characterization of the unitary
window focusing on the three-nucleon system. The intention
is to link the triton continuously to the unitary limit showing
that particular characteristics of the three-nucleon system in
the low-energy region are strictly related to its position in
the unitary window. In particular, we would like to explain
the one-level structure of the triton, the almost zero value of
the doublet neutron-deuteron scattering length and, and the
position of the triton virtual state indirectly observed through
the s-wave phase shifts in low-energy neutron-deuteron scat-
tering. Studies of the three-nucleon systems inside the unitary
window can be found in Refs. [6,7,31–33].

To perform the Gaussian characterization of the unitary
window for the three-nucleon system we use a spin dependent
Gaussian interaction with different terms in both spin chan-
nels S = 0, 1,

V (r) = V0e−r2/r2
0P0 + V1e−r2/r2

1P1, (12)

where P0 and P1 are the projectors onto the spin-isospin
channels S, T = 0, 1 and 1,0, respectively. Moreover, we limit
the two-body force to act in s waves. The nuclear force is weak
in angular momentum states � > 0 and, in the low-energy
region considered here, this restriction could be justified. In
the study of the unitary window with such a force we consider
the two Gaussian ranges to be equal r0 = r1. In this case, when
V0 is equal to V1, the spectrum of total angular momentum
and parity Jπ = 1/2+ states is equivalent to the three-boson
spectrum discussed previously.

Among different possibilities to characterize the unitary
window, following Refs. [6,7], we select trajectories main-
taining constant the ratio of the singlet and triplet scattering
lengths, a0 and a1, and equal to the nuclear physics value
a0/a1 ≈ −4.3. With this condition, we vary the Gaussian pa-
rameters to cover the plane (−r0κ3, r0/aB), with E3 = h̄2κ2

3 /m
the three-body binding energy of the Jπ = 1/2+ state and
E2 = h̄2/ma2

B the two-body binding energy of the triplet state.
The results are shown in the two panels of Fig. 5 for discrete
states and the zero-energy solution. The upper panel shows
the nd doublet scattering length 2and, in units of the energy
length aB, as a function of r0/aB. In the negative region we
show the binding momenta (times r0) for the ground state (or-
ange curve) and excited state (green curve) of the trimer. The
dashed vertical line is the asymptote, at r0/aB = 0.101, indi-
cating the point in which 2and diverges and the trimer excited
state disappears into the 1 + 2 continuum. After the asymp-
tote, the red curve shows the binding momentum of dimer
(times r0), in the S = 1 state. The physical point, indicated by
the red diamond on the trimer curve, has κ3aB = tan ξ = 1.95
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FIG. 5. The doublet neutron-deuteron scattering length 2and in
units of the triplet two-body energy length aB as a function of the
inverse of aB in units of the Gaussian range r0 (blue solid points).
The blue line is the parametrization of Eq. (11). In the upper panel the
dimensionless binding momenta κ

(n)
3 r0 of the three-nucleon ground

state (orange curve), n = 0, and excited state (green curve), n = 1,
are shown together with the binding momentum κ2r0 of the two-body
bound state (red curve). The excited state almost overlaps with the
two-body state. The red diamonds indicate the physical point of the
ground state curve and the corresponding value on the 2and curve.
The lower panel shows 2and /aB in a larger region. The vertical
dashed line is the asymptote at which 2and diverges.

corresponding to the square root of the ratio of the triton
binding energy 8.48 MeV with the deuteron binding energy of
2.224 MeV. At that point r0/aB = 0.457 and 2and /aB = 0.08
allowing to extract the value of 2and = 0.4 fm. This value
is slightly lower of the experimental value 2and ≈ 0.65 fm.
However, the Gaussian characterization is able to explain the
almost zero value of this quantity if compared to the triplet
np scattering length a1 = 5.42 fm. This is a very delicate re-
gion in which slightly different values of r0/aB produce large
variations of 2and, including a change of sign. The Gaussian
characterization places 2and in the correct (positive) region
and shows the strong correlation between this quantity and the
trimer energy observed already many years ago and known as
the Phillips line [34]. As for the boson case it is possible to

analyze the higher branch of the 2and /aB curve to determine
the size of finite-range corrections. To this aim the triton point
is located on the n = 1 level (green curve on the upper panel
of Fig. 5) at coordinates having the same value tan ξ = 1.95,
this happens at r0/aB = 0.015. At that coordinate 2and /aB =
0.06, slightly lower than the value obtained analyzing the
n = 0 level.

The lower panel of Fig. 5 shows calculations of the doublet
scattering length 2and (solid blue circles) in a extended region
and a fit to those values using the form of Eq. (11) (solid blue
curve) with d1 = 0.542, d2 = −1.686, d3 = 6.1952, the shift



(0)
3 = 0.378 and the driving term of the ground state energy

κ∗r0 = 0.488. Using the fit we can extract the asymptote at
r0/aB = 0.101 and determine the energy length at which the
excited state disappears aB ≈ 16 fm. This analysis explains
the existence of one bound state for the three-nucleon sys-
tem: at the physical values of a0 and a1 the excited state
has crossed the threshold becoming a virtual state. Finally,
using the value r0/aB = 0.457 at the triton point and from the
deuteron length, aB = 4.32 fm, we can extract the character-
istic Gaussian range r0 = 1.97 fm from which it is possible to
assign a value of the three-nucleon system at unitary through
the quantity κ∗r0 = 0.488. We obtain E∗ ≈ 2.5 MeV in good
agreement with previous estimates [7,35].

IV. THE THREE-BODY VIRTUAL STATES

We have studied the three-body energy spectrum inside the
unitary window using a Gaussian interaction with variable
strength and we have observed that when the excited state
cross the 1 + 2 threshold the particle-dimer scattering length
diverges and the excited state becomes a virtual state. Here
we study the evolution of the virtual state after that crossing.
For bosons we saw that the first excited state never crosses the
threshold, the last level to cross the threshold is the second
excited state quite close to the unitary limit and therefore it
has little effects in low-energy atom-dimer collisions as the
system moves away from the unitary limit. Conversely, we
have observed that for fermions along the nuclear trajectory
the first excited state crosses the threshold becoming a virtual
state. As we will see, its position at the physical point could be
determined from the low-energy neutron-deuteron scattering.
To this respect, the virtual state of the triton has been subject
of different studies for a long time, see Refs. [36–38], for a
recent review see Ref. [39] and references therein whereas in
Ref. [40] a treatment within EFT is presented.

To determine the position of the virtual state we calculate
the s-wave effective range function Sk = k cot δ, where k is
defined from the center of mass particle-dimer energy E =
3h̄2k2/4m and δ is the corresponding phase shift. In the case
of bosons,

lim
k→0

SB
k = − 1

aAD
. (13)

In the case of 1/2 spin-isospin fermions we study neutron-
deuteron scattering in the Jπ = 1/2+ state with

lim
k→0

SF
k = − 1

2and
. (14)
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FIG. 6. The effective range functions SB
k (upper panel) and SF

k

(lower panel) as functions of the energy momentum k, multiplied by
energy length aB. The different curves correspond to different dimer
binding energies.

The superscripts B or F in the effective range function iden-
tify the different symmetries. The effective range functions,
calculated using a Gaussian potential, are given in Fig. 6 for
different values of center of mass energy energies. In the
figure the dimensionless quantities aADSB

k (upper panel) and
2and SF

k (lower panel), for bosons and fermions, respectively,
are shown as a function of aBk. Using this form both functions
start at −1 at zero energy and the breakup threshold is aBk =
2/

√
3. The different curves are labeled by the ratio r0/aB and

correspond to some of the aAD and 2and values given in Figs. 4
and 5. From the effective range function, or directly from the
phase-shifts at different energies, it is possible to construct a
representation of the S matrix and extract the pole located at
the negative imaginary axis (the virtual state).

Close to the 1 + 2 threshold the virtual state can be
detected through a particular form of the effective range func-
tion. Following Ref. [39], the effective range function can be
parameterized as

Sλ
k ≈ −1/aλ + Cλ

2 k2 + Cλ
4 k4

1 + k2/(kλ
0 )2

, (15)

with λ = B, F and aλ,Cλ
2 ,Cλ

4 , kλ
0 parameters used to fit ex-

perimental values for phase-shifts or, when not available,
numerical results using potential models. As discussed in Ref.
[39], these four quantities are related to the energy of the
S-matrix pole, Ep = −3h̄2k2

p/4m. One possibility to extract
the virtual state in the unitary window using numerical results
obtained with the Gaussian potential would be to determine
those four parameters. We found more convenient to use the
Gaussian phase-shifts directly to derive the Padé approximant
representation of the S matrix and extract the pole on the
negative imaginary axis using the method given in Ref. [41].
We have followed this technique and the quantities, aADkp and

0 0.1 0.2 0.3 0.4 0.5
r0/aB

-5

-4

-3

-2

-1

0

1

CD-Bonn+D+U3
AV18+URIX’
2BG+3BG

aADkp

2andkp

FIG. 7. The virtual state pole momentum for three bosons and
three fermions for different dimer energies. The realistic cases for
fermions are on top of the Gaussian characteristic curve.

2and kp, for three bosons or three-fermions along the nuclear
plane, are given in Fig. 7 as functions of r0/aB. In the boson
case the pole has initially an almost linear behavior and moves
away from the threshold. Conversely, in the three-nucleon
case, the pole move smoothly and remains close to the thresh-
old even at the physical point. This allows the possibility of its
determination analyzing experimental data for nd scattering
close to threshold.

The position of the virtual state at the physical point for
three-nucleons can be compared to values obtained from ex-
perimental results, which are not exhaustive, or to results
obtained from realistic potential models. To analyze the lat-
ter possibility, we perform calculations for the three-nucleon
system using two realistic forces, the CD Bonn potential
including the 
-isobar excitation and the three-body force
(CD-Bonn + D + U3) [10] and the AV18 potential with the
Urbana IX force slightly modified to reproduce the triton bind-
ing energy and 2and (AV18 + URIX′) [42]. Furthermore, the
spin-dependent two-body Gaussian potential supplemented
with a hyperradial three-body force (2BG + 3BG) of the fol-
lowing form has also been used

V (i, j) + W (i, j, k) = V0e−r2/r2
0P0 + V1e−r2/r2

1P1

+W0e−ρ2/ρ2
0 , (16)

with strength parameters V0 = 37.9 MeV, V1 = 60.575 MeV,
W0 = 2.7947 MeV and range parameters r0 = r1 = 1.65 fm
and ρ0 = 5.05 fm. With this selection the two- and three-
body low-energy quantities are well described including the
triton binding energy and 2and. The nuclear physics point
corresponds to r0/aB = 0.457 and the results of these realistic
models lie almost on the Gaussian curve. For the three models,
the s wave Jπ = 1/2+ low-energy phase shifts are shown in
Fig. 8 from which the energy of the pole Ep = 0.48 MeV can
be extracted. The three pole energy values are indicated in
Fig. 7. As can be seen from the figure, the Gaussian charac-
terization describes correctly this state.
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FIG. 8. The effective range function for the three realistic cases
discussed.

V. CONCLUSIONS

Due to the independence on the interaction details, few-
body systems have been studied inside the unitary window
interacting through a Gaussian potential. This research fol-
lows other studies that can be found in Refs. [43–46]. In
the present study we perform a step further constructing a
Gaussian characterization of the unitary window for differ-
ent observables in the three-body sector. The aim of this
study is twofold; from one side we would like to extend the
characterization of the unitary window from the zero-range
theory to finite range. One the other side we would like to use
the Gaussian trajectories to analyze universal behavior. Many
properties of real systems are well described using detailed
interaction models, we refer for example to realistic He-He or
NN interactions. Since these interactions are determined from
a set of experimental data, when a system is forced to move
from its phyiscal point the original interaction is modified in
a certain (unknown) form. Broad Feshbach resonances used
to explore the unitary window are compatible with an overall
strength multiplication of the atomic potential. Essentially this
kind of process is well represented by a Gaussian potential
with variable strength and fixed range. If the evolution of a
system inside the unitary window follows the Gaussian tra-
jectories, then we identify this system as a representative of
the universal class of weakly bound systems; in fact, a unique
Gaussian range can be identified and used to accommodate
observables, as binding energies, on top of the Gaussian tra-
jectories. In this way very different systems have been mapped
on the same curve identifying their universal behavior. To this
respect the Gaussian trajectories make one step further with
respect to the zero-range trajectories since they include range
corrections.

First, following the above methodology, we have studied
the two-body system; we have placed on the Gaussian curve
four different systems, the helium dimer, the deuteron and the
S = 0 np and nn systems. The position on the curve can be
used as a measure of the distance of the physical point from
the unitary limit. Then, we have characterized the three-body
system inside the unitary window; in the case of three-equal
bosons, focusing on the system of three helium atoms, and
in the case of three 1/2 spin-isospin fermions, focusing on
the three-nucleon system. Using a Gaussian potential we have
studied the energy spectrum, bound and excited states, and
s-wave low-energy scattering. The next step has been to map
on the Gaussian trajectories the physical points and to identify
correlations between the observables. These correlations, used
as a signal of universality, has been found to be very effective.
From the location of the physical points we have been able
to predict the values of the corresponding 1 + 2 scattering
lengths. The helium atom-dimer scattering length has been
predicted with a good accuracy. In the case of the doublet
neutron-deuteron scattering length an approximate value has
been extracted; however, the correct position close to zero has
been correctly predicted. In the former case, the almost inde-
pendent product a(0)

− κ
(0)
∗ has been found to coincide closely to

the value of different van der Waals species, giving a further
confirmation of the potentialities of using Gaussian trajecto-
ries to identify universal behavior. Using the (approximate)
DSI we have analysed the higher energy levels or branches, in
the case of atom-dimer or deuteron-neutron scattering length,
to assess the size of finite-range corrections. In the framework
of EFT, the results obtained from the lowest energy level or
branch can be considered at NLO whereas the higher ones,
very close to the zero-range interaction model, represent LO
results.

In the final part we have studied the virtual states appearing
when the excited states cross the 1 + 2 threshold. This is
particularly interesting in the three-nucleon system where the
virtual state of the triton has been subject of many investiga-
tions. From our analysis the virtual state is located at Ep =
−0.48 MeV, consistently with previous determination [39].
The analysis presented in our work is useful to characterize
low-energy properties of few-nucleon systems as belonging to
the universal window. In conclusion, when a system is located
inside the unitary window, the ratio of the three- and two-body
energies determines the angle from which the system is placed
on the trajectory and determines the characteristic Gaussian
range. Then the Gaussian potential with that range can be
used to perform a complete characterization of the universal
window for that system. Other observables strictly correlated
to the binding energy can be predicted as well. In this way
we can study scale symmetries observed in the real systems
as continuously linked to the unitary point, a point in which
those symmetries are well verified [47].
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