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We study the mass-dependent hierarchy of kinetic freeze-out parameters of hadrons in low-energy heavy-ion
collisions. For this purpose, the transverse momentum and rapidity spectra of the identified hadrons produced in
central Pb+Pb collisions, available at super proton synchrotron energies ranging from Ej ,, = 20A-158A GeV,
are analyzed within a generalized non-boost-invariant blast-wave model. We consider separate simultaneous fits
for light hadrons (7 ~, K*) and heavy strange hadrons (A, A, ¢, 8%, QF), for which the transverse momentum
spectra as well as rapidity spectra are available. We also perform a separate fit to transverse momentum
spectra of charmonia (J/W, W’) at 1584 GeV collisions. We find a clear mass-dependent hierarchy in the
fitted kinetic freeze-out parameters. Further, we study the rapidity spectra using analytical Landau flow solution
for nonconformal systems. We find that the fitted value of sound velocity in the medium also shows a similar

hierarchy.
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I. INTRODUCTION

Relativistic heavy-ion collisions are a suitable tool to pro-
duce and study hot and dense strongly interacting matter in
the laboratory [1-3]. By varying the collision energy, the nu-
clear matter can be created over a wide range of temperatures
and densities, which facilitates the systematic investigation
of the large parts of the QCD phase diagram. The ultrarela-
tivistic nuclear collisions at Relativistic Heavy Ion Collider
(RHIC) [4,5] and Large Hadron Collider (LHC) [6-8] pre-
dominantly produce a partonic medium at high temperature
and vanishingly small baryon chemical potential, thermody-
namic properties of which are most suitably studied using
lattice QCD (IQCD) simulations [9-13].

In relativistic nuclear collisions at lower energies, nuclear
matter is created at high net baryon densities and moderate
temperature, where scope of application of 1QCD is rather
limited. On the experimental front, this has led to renewed
interest in collision at moderate energies, manifested in the
ongoing and upcoming experimental programs at RHIC [14],
Super Proton Synchrotron (SPS) [15,16], Facility for Antipro-
ton and Ion Research (FAIR) [17,18], and Nuclotron-based
Ion Collider fAcility (NICA) [19]. An optimum utilization of
the future facilities demands a coherent interpretation of the
available data sets in the similar energy range collected by
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the previous generation fixed target experiments at Alternating
Gradient Synchrotron (AGS) and SPS accelerator facilities.
Of particular interest is the determination of freeze-out condi-
tions of the fireball at various collision energies.

During chemical freeze-out the inelastic scatterings cease,
leading to the stabilization of the particle chemistry in the
fireball. On the other hand, at kinetic or thermal freeze-out
hadrons stop interacting with each other and their momentum
distribution does not undergo further change. In the so-called
standard model of heavy-ion collisions, chemical freeze-out
occurs earlier than kinetic freeze-out due to larger mean free
path of inelastic collisions [20]. Usually, the yields and trans-
verse momentum (p7) spectra of the produced hadrons are
analyzed to extract the parameters of chemical and kinetic
freeze-out. In Ref. [21] the authors advocated for a multi-
ple chemical freeze-out scenario, with strange hadrons fixing
their chemical composition earlier than the nonstrange light
hadrons, due to smaller inelastic cross sections. An interesting
question to ask is whether a similar hierarchical structure
is also present in the case of kinetic decoupling. One may
expect a mass-dependent hierarchy of kinetic freeze-out as the
medium induced momentum change of heavy hadrons would
be smaller compared to lighter hadrons. Therefore, as the tem-
perature of the fireball decreases, one would expect an earlier
kinetic decoupling of heavy hadrons. In the present paper, we
have made an attempt to look for the possible hierarchy in
thermal freeze-out, in low-energy nuclear collisions.

Kinetic freeze-out conditions are commonly studied in the
hydrodynamics inspired blast-wave model framework [22]. In
our previous work [23], we investigated the kinetic freeze-
out conditions of the light (bulk) hadrons (7=, K * p) by
analyzing their transverse and longitudinal spectra in the
beam energy range of Ej,, = 2A-158A GeV by employing a
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non-boost-invariant blast-wave model formulated in Ref. [24].
In the original blast-wave model, the hydrodynamical re-
sults for particle spectra are approximated by emission from
a cylindrically symmetric and longitudinally boost-invariant
fireball [25]. In the non-boost-invariant extension, the sym-
metry is explicitly broken by introducing a dependence of
the transverse size of the fireball on the space-time rapidity.
This is particularly useful for low-energy collisions where
the longitudinal boost invariance is absent in the measured
rapidity (y) distributions of the hadrons.

In this paper, we employ the non-boost-invariant blast-
wave model to study the mass-dependent hierarchy in kinetic
freeze-out parameters of hadrons produced in central Pb+Pb
collisions at SPS energies. To this end, we analyze the
pr spectra and rapidity spectra of the identified hadrons at
collision energies ranging from Ep,, = 20A-1584 GeV. We
consider separate simultaneous fits for light hadrons (77—, K*)
and heavy strange hadrons (A, A, ¢, g%, QF), for which the
transverse momentum spectra, as well as rapidity spectra, are
available. We do not consider protons in the fits as the rapidity
spectra of protons are not available at SPS energies. For heavy
strange hadrons, our analysis results indicate a relatively low
kinetic freeze-out temperature in the range of 90-110 MeV,
with a rather strong mean transverse velocity of collective
expansion of about 0.4¢c—0.5¢. We also perform a separate fit
to transverse momentum spectra of charmed hadrons (J/W,
W’) at 1584 GeV collisions. We find a clear mass-dependent
hierarchy in the fitted kinetic freeze-out parameters. Further,
we study the rapidity spectra using analytical Landau flow
solution for nonconformal systems. We find that the fitted
value of sound velocity in the medium also shows a similar
hierarchy.

In the present paper, we perform for the first time a sys-
tematic analysis of the heavy strange hadrons produced in the
low-energy nuclear collisions using the non-boost-invariant
blast-wave model. Note that the application of blast-wave
dynamics to study the transverse spectra of heavy hadrons has
been attempted earlier. In Ref. [26], the authors have analyzed
the pr spectra of J/vr, ¥/’ mesons, and © baryons within
the longitudinal boost-invariant blast-wave model, with the
hypothesis that for these heavy hadrons the rescattering effects
in the hadronic phase are negligible and they leave the fireball
at hadronization. However, to the best of our knowledge, a
thorough analysis of py and y distributions of all varieties of
multistrange hadrons produced in the low-energy domain has
never been attempted using a non-boost-invariant blast-wave
model.

The paper is organized as follows. In Sec. II, the essential
features of the non-boost-invariant model are described in
a nutshell. The analysis results are presented in Sec. III. In
Sec. IV we summarize our main results and conclude.

II. A BRIEF DESCRIPTION OF THE MODEL

Details of the non-boost-invariant blast-wave model and its
adopted version employed for the present analysis can be, re-
spectively, found in Ref. [24] and Ref. [23]. Within this model,
the thermal single-particle spectrum for central collisions, in

terms of transverse mass mr (= ,/p3 + m?) and rapidity y, is
given by

dN g FNmax
mydmydy ' mTTF/7 n cosh(y —n)

Tmax

Rem prsinh p(ry)
0 T

<M — mr cosh(y—n) cosh p(u))
X exp T ,

ey

where g denotes the degeneracy of particle species and n =
tanh~!(z/1) is the space-time rapidity. In the transverse plane,
the flow rapidity (or transverse rapidity) p is related to the
collective transverse fluid velocity, 7, via the relation By =
tanh(p). Assumption of the instantaneous common freeze-
out of the fireball makes freeze-out time 7 independent of
the transverse coordinate r. In the spirit of a Hubble-like
expansion of the fireball in the transverse plane, the radial
dependence of the transverse fluid velocity is assumed to be
of the form

Br(r.) = ﬁ?(%), ®)

where B9 is the transverse fluid velocity at the surface of the
fireball. Note that in the above equation we have R in the
denominator as opposed to Ry in the model of Ref. [24] where
they parametrized the transverse rapidity. Due to this feature,
the transverse flow vanishes at the center and assumes maxi-
mum value Y at the edges of the fireball as ; — R. For such
a linear parametrization, the average transverse flow velocity
is given by (Br) = % B2 and therefore does not depend on 1.
Considering reflection symmetry about the center of mass,
the freeze-out volume is constrained in the region —nmax <
N < Nmax, to account for the limited available beam energy.
In the transverse plane, the fireball is considered to have an
elliptic shape, and the transverse size is parametrized as

2
T, 3)

max

R(n) =Ry |1 -

where Ry is the transverse size of the fireball at n = 0. Note
that, changing the integral variable r;, — r; /R in Eq. (1),
the dependence on Ry factors out, leading to an overall vol-
ume factor rpR(Z). Moreover, dependence of system boundary
in the transverse plane on the longitudinal coordinate, as
parametrized in Eq. (3), removes the assumption of boost
invariance. On the freeze-out surface, the temperature is taken
to be constant and the transverse flow gradient along r, is con-
stant with respect to r; and depends only on 1 via R(n). One
can also note from Eq. (1) that the integral variable r varies
between 0 < r; < R(n). Therefore, even though R(n7) — 0 as
17 — ENmax, the transverse velocity Br(r, ) given in Eq. (2) is
always finite and lies in the physical range (preserves causal-
ity) provided B2 < 1. From our analysis of the experimental
results, we find that the extracted value of 8% indeed never
leads to causality violation. From Eq. (2), we also see that
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TABLE 1. Details of the data sets from different experiments at different accelerator facilities along with energy (EL,,), beam rapidity
(Vbeam) 1n the laboratory frame, system, centrality, phase space, and Hadron species, used for this blast-wave analysis.

Facility Experiment Ej,, (A GeV)  Ybeam

System Centrality (%)

Phase space Hadron species

SPS NA49 20 375 Pb+Pb 0-7.2
0-7
0-7

0-7.2
0-7
0-7

Pb+Pb 0-7

0-7
0-7.2
0-7.2

Pb+Pb 0-7

0-7.2
0-7
0-10
0-5

0-23.5
0-10

SPS NA49 30 4.16 Pb+Pb

SPS NA49 40 4.45

SPS NA49 80 5.12

SPS NA49 158 5.82  Pb+Pb

0.0 < yem. < 1.8 ()
—0.4 < Yo < 0.4 (A, A)
—0.5 < Yem. < 0.5 (BY)
0.0 < yem. < 1.8 ()
—0.4 < Yo < 0.4 (A, A)
—0.5 < Yem. < 0.5 (BY)
—0.4 < Yo < 0.4 (A, A)
—0.5 < Yem. < 0.5 (E)
0.0 < yem < 1.5()
—0.5 < Yem. < 0.5 (Q%)
—0.4 < Yo < 0.4 (A, A)
0.0 < yem < 1.7 (¢)
—0.5 < Yem. < 0.5 (EY)
—0.4 < Yo < 0.4 (A, A)
0.0 < yem < 1.0 (¢)
—0.5 < Yem. < 0.5 (Q%)
—0.5 < Yem. < 0.5 (E)

A (A) [27], ¢ [29], EE [27]

A (A) [27], ¢ [29], EE [27]

A (D) [27], ¢ [29], QF [28], EE [27]

A (M) [27], ¢ [29], E* [27]

A (M) [27], ¢ [29], QF [28], E* [27]

the transverse flow gradient along r, diverges as 1 — £Nmax.
This may potentially lead to failure of the model when one
tries to incorporate quantities which depend on gradients, for
instance, dissipative effects. However, in the present frame-
work we do not have such gradients as we are dealing with
a nondissipative blast-wave model and therefore one does not
encounter any issues in the model implementation.

III. RESULTS AND DISCUSSIONS

The results of our analysis have been presented in this
section. The measured py and y spectra of all the available
heavy strange hadrons produced in central Pb+Pb collisions
from NA49 Collaboration [27-29] at SPS, in the beam energy
range Ep ., = 20A-158A GeV, are analyzed for this purpose.
Not many data on strange hadrons are available in Au+Au
collisions at AGS energies, except the measurements of A
[30] and ¢ [31] at 11.5A and 11.7A GeV and with differ-
ent kinematic coverage, from E877 and E917 experiments,
respectively. Nonetheless, we confine ourselves only to the
SPS energy domain. Data on pr distribution of a variety of
strange hadron species from STAR Collaboration [32] at the
RHIC beam energy scan (BES) program are preliminary at the
moment [33] and we have not included them in the present
analysis. Moreover, the corresponding y distributions have
also not been reported yet. The analysis of the data above SPS
energies is beyond the scope of this paper.

Details of the data sets of heavy strange hadrons under
investigation are summarized in Table I. The lightest hadron in
our chosen set is thus the ¢ meson, having a mass of 1.02 GeV.
Therefore contributions from hadronic resonance decays are
expected to be small and hence ignored. One may note that at
all the selected collision energies the pr spectra of ¢ mesons
are available over rather wide rapidity bins. For uniformity,
the pr spectra of all investigated species are evaluated at
Yem, = 0. Our fit results remain almost unchanged if instead
the transverse yields are estimated by integrating over the

available particle rapidity window. The model fits are done
by minimizing the value x2/Npor, where Npor denotes the
number of degrees of freedom, that is, the number of data
points minus the number of fitting parameters. The MINUIT
[34] package as available in ROOT framework [35] is employed
for the minimization procedure in our analysis.

For light hadrons, we have repeated the analysis of
Ref. [23] for simultaneous fits to only 7~ and K* but using
an updated iterative procedure which is discussed below. In
the present paper, we do not consider protons in the fits as
the rapidity spectra of protons are not available at SPS ener-
gies. Moreover, due to stopping at low energies, all observed
protons may not be thermally produced. However, we have
checked that the main message of the present paper remains
unaltered irrespective of whether we include protons in the
light hadron or heavy hadron set. At 1584 GeV, data are also
available for pr spectra of J/W and W’ for which we perform
a simultaneous fit as a separate set.

We start with analysis of pr spectra of the heavy strange
hadrons. At a given collision energy, the pr distribution of
all the available heavy strange hadrons is fitted simultane-
ously using Eq. (1). To minimize the free parameters in the
fit, the freeze-out time 7, degeneracy factor g, and fugacity
(chemical potential) are coupled together into a single nor-
malization constant Z = 5>t exp(u/T), which is adjusted
separately for each particle species. Since chemical freeze-out
fixes the value of chemical potential, its absorption inside the
normalization would not affect the thermodynamic conditions
at kinetic freeze-out. As mentioned earlier, the dependence on
Ry factors out, leading to a volume factor ‘[FR% which can also
be absorbed inside the overall normalization. Thus we are left
with three free parameters, namely, Txin, max, and ,8%.

It is important to note that, out of the three parameters,
Tins Mmax, and ﬁ%, the rapidity spectrum is more sensitive
to the width in space-time rapidity nm.x and is not affected
significantly by small changes in the other two parameters.
On the other hand, the pr spectrum is more sensitive to Tii,
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FIG. 1. Simultaneously fitted py spectraof A, A, ¢, E*, and QF at (a) 204-, (b) 30A-, (c) 40A-, (d) 80A-, and (e) 1584 GeV beam energies.

Error bars indicate available statistical error.

and ﬂ? and small changes in ny,.x do not affect the slope of the
pr spectra. Here we adopt an iterative procedure to obtain the
best-fit values of the parameters. At a given collision energy,
the value npax is first fixed from the simultaneous fits of the
rapidity distributions of the available heavy strange hadrons
with some initial guess values of Ty, and ,3%. Subsequently,
we use this 7max to fit the corresponding pr distributions and
extract the values of Ty, and ,62. These extracted values of
Tiin and BY are now used to fit the rapidity spectra again
to obtain a refined value of ny.x. This iterative procedure
converges quickly and we obtain the fitted values to desired
accuracy. Simultaneous fits of the py and the rapidity spectra,
as described above, at 20A, 304, 404, 80A, and 1584 GeV,
are performed for all available heavy strange hadrons. The
best-fit results for the py and rapidity spectra are shown in
Figs. 1 and 2, respectively. Note that we refrain from fitting
the A rapidity distributions at 80A and 158A GeV because
of incomplete stopping at these energies and the fact that A
carries a significant fraction of the total net baryon number,
its rapidity distributions are flat [27,36]. The fit to the data is
well described by the single 1max, (B7), and Ty, values as can
be observed from the x?/Npor values given in Table II.

In Fig. 3, we show the two-dimensional projection of the
x? contour plots in the (Br)-Tiin plane for (a) 20A-, (b) 30A-,
(c) 40A-, (d) 80A-, and (e) 158A GeV beam energies. Different
colors correspond to different values of x2/Npor and signify
the uncertainty region around the best-fit parameters. We see

that the two parameters are anticorrelated, in the sense that a
slight reduction in 7y, can be compensated by a concomitant
enhancement in (Br) with a very small effect on the quality
of the fit to py spectra. Driven by the associated experimental
errors, which are purely statistical in nature, the uncertainty of
the best-fit parameters is larger at lower beam energy.

In Fig. 4, we plot the extracted best-fit parameters for heavy
strange hadrons, namely, average transverse velocity ({fr))
and kinetic freeze-out temperature (7i,) and nmax as a func-
tion of the beam energy (Erap), and compare them with the
corresponding values for light hadrons (77—, K¥). However,
in our earlier work in Ref. [23], the iterative fitting procedure
described above was not followed. For consistency, we have
refitted the pion and kaon spectra following the present iter-
ative strategy and used the results of this improved fit in the
current analysis. Note that the best-fit values of the extracted
parameters are found to be nearly unaltered. The 9, value
changes within 2-3% compared to the older value, whereas
changes in Tyj, and (B7) are negligible. All the three quantities
show increasing trend as a function of beam energy (Epap).
Moreover, at all collision energies, the extracted temperatures
are larger than those for light hadrons. Also the correspond-
ing smaller (B7) and nnax values indicate the heavy strange
particles decouple from the fireball earlier in time compared
to the light hadrons. Thus the kinetic freeze-out also seems to
exhibit a hierarchical structure, with more massive particles
leaving the medium earlier in time.
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FIG. 2. Simultaneously fitted rapidity distribution of A, A, ¢, E%, and Q% in central Pb+Pb collisions from SPS, at (a) 20A-, (b) 30A-,
(c) 40A-, (d) 80A-, and (e) 158A GeV beam energies. Error bars indicate available statistical error.

As mentioned earlier, in Ref. [26], the my spectra of
J/¥, ¥', and Q produced in 1584 GeV central Pb+Pb
collisions were analyzed within boost-invariant blast-wave
dynamics. Based on the hypothesis that these heavy hadrons
are produced via statistical coalescence and undergo freeze-
out during hadronization, due to their small rescattering cross
sections in hadronic phase, an average transverse collective
flow velocity of (B7) ~ 0.2 was extracted from simultaneous
fit to the spectra, restricting Ty, = 170 MeV, from analysis of
hadron multiplicities.

For us it would be worth analyzing the available transverse
distribution of charmonia in 1584 GeV Pb-+Pb collisions,
measured by NAS5O Collaboration [37], within the present
model framework. Instead of fixing Zii,, we keep it free with
the other two parameters. The unavailability of the rapidity
spectra dictates us to fix the three parameters from the pr
spectra alone. Simultaneous fitting of J/v and v’ [38] pr dis-

tributions in the rapidity range (0 < ycm. < 1) shown in Fig. 5
gives the following values of the parameters: Ty, = 164 MeV,
Mmax = 1.70, and (Br) ~ 0.2, indicating the emission of
these heavy resonances from the fireball much earlier in
time.

In absence of the rapidity spectra, the precision of the
Nmax Value for charmonia, extracted from pr spectra, might
be questionable. To decide the associated uncertainty in 7y,
we adopt the following strategy. The value of . is varied
around the obtained value while keeping the other two param-
eters fixed to their respective best-fit values, in such a way
that the resulting x2/Npor increases in magnitude by unity
from its minimum value. The corresponding variation in 1y,
is assigned as the error on the parameter. Moreover, we have
considered the entire pr range of charmonia available in the
data for the analysis.

TABLE II. Summary of the fit results of pr spectra of heavy strange hadrons at different energies ranging from 20A to 1584 GeV at SPS.

Era (A GeV) max (Br) Tiin (MeV) x*/Npor
20 1.288 +0.021 0.4418 + 0.0032 93.09 +0.19 1.90
30 1.728 +0.026 0.4501 4+ 0.0029 95.84 +£0.17 2.23
40 1.752 £ 0.018 0.4536 + 0.0026 98.82 £ 0.14 3.70
80 1.989 + 0.021 0.4489 + 0.0022 106.46 +0.12 3.59
158 2.031 +0.029 0.4688 + 0.0016 109.24 £ 0.11 3.40
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One might question the applicability of boosted thermal
models to describe pr values as high as 5 GeV, in order to
remain in the region sensitive to collective effects and free
from hard scattering processes. The fit parameters remain
essentially the same if we limit the fitted pr range up to
a much lower value, say 2 GeV. Since the rest masses of
J/¥ and ¥’ mesons are of the order of 3 GeV, they remain
thermalized to much higher p; compared to the light hadrons.
The NA60 Collaboration [39] has measured J/y production
in 1584 GeV In+In collisions. However, the corresponding
transverse distributions have not been published yet. Note that
we exclude the 2 baryon, as it is a member of our heavy

strange set at 80A and 1584 GeV and much lighter than the
charmonium family.

In Fig. 6, we show the freeze-out points extracted from the
measured transverse spectra of hidden charm, heavy strange
and light hadrons at 1584 GeV, defining the path of the
expanding system in the Txi,-(B7) plane (left panel), Txin-Nmax
plane (center panel), and (B7)-Nmax plane (right panel).
Results show a monotonous behavior which supports a clear
existence of a mass-dependent hierarchy in thermal freeze-out
of hadrons. This hierarchy of kinetic freeze-out is expected
as the medium induced momentum change of heavy hadrons
would be smaller compared to lighter hadrons. Hence, as
the temperature of the fireball decreases, one would expect
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FIG. 4. Variation of the (Br) (left), Ty, (middle), and nn. (right) for heavy strange and light hadrons with incident beam energy (Ej,).

Errors are within the marker size.
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GeV. Uncorrelated statistical and systematic errors are added in
quadrature.

an earlier kinetic decoupling of heavy hadrons. Therefore,
with a systematic investigation of the freeze-out parameters
of different hadron species one can in principle trace (par-
tially) the expansion history of the fireball produced in nuclear
collisions. To date no charm data are available in heavy-ion
collisions below top SPS energy. The upcoming NA60+ ex-
periment at SPS [16] aims at the measurement of charmonia
in 20A-158A GeV Pb+Pb collisions. Data once available at
lower energies will be able to concretely establish this mass-
dependent hierarchy in thermal freeze-out.

At this juncture, it would be worth investigating the robust-
ness of the extracted parameters against the small changes in
the model inputs. The linear flow profile that we have chosen
seems to be quite reasonable for central collisions and val-
idated by hydrodynamical calculations [40]. However, there
are alternative formulations of blast-wave models, where the
flow profile (n) is set as a free parameter and fixed from the

data. In a recent work [41], the kinetic freeze-out conditions
in central heavy-ion collisions are investigated over a wide
energy range from ,/syy = 7.7 GeV to /syv = 2.76 TeV.
The single-particle pr spectra of identified bulk hadrons (7,
K, p) are fitted using a boost-invariant blast-wave framework.
In addition to Ty, and (Br), n is also fixed from fit to pr
spectra. The transverse flow profile is found to be the least
sensitive parameter and roughly consistent with a constant
value n > 0.75 provided the fitted pr spectra at lower energies
are limited to short range.

In our case, if we keep n as a free parameter to fit the pr
spectra, the fitted values of the exponent n lie in the range
of 1-1.15, without any significant change in the rest of the
fit parameters. On the other hand the opted parametrization
of R(n) describing an ellipse in the n-r, space is driven
by the loss of cylindrical symmetry in low-energy collisions
[42] and the choice explicitly breaks the longitudinal boost
invariance. A wide range of possibilities was investigated in
Ref. [24], namely, cylindrical vs elliptic transverse geometry,
constant vs n-dependent freeze-out temperature, and constant
vs n-dependent transverse flow gradient. Combining ellip-
tic geometry with constant temperature and transverse flow
gradient appeared to be an optimum choice giving a rea-
sonably good description of both pr and y distributions. A
further fine-tuning by combining the elliptic geometry with
an additional n dependence of freeze-out temperature leads
to significant increment in the computing time but minor im-
provement in results. We thus desist from using any alternative
parametrizations for transverse shape, freeze-out temperature,
and transverse flow gradient in our analysis.

Before we move forward, it might be interesting to note
that the possible existence of hierarchy in the kinetic freeze-
out parameters of the produced particles has been studied
earlier at RHIC and LHC energies. In Ref. [43], the au-
thors have analyzed the pr spectra of the identified hadrons
in \/syy =2.76 TeV Pb+Pb collisions, using a so-called
longitudinal boost-invariant single freeze-out model, which
describe both the particle spectra and particle ratios with a
single value of the temperature. Their results indicated a flavor
dependent kinetic freeze-out scenario, with strange hadrons

0.6
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L ° L - I =
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m Heavy strange hadrons 4 m Heavy strange hadrons 4 r W Heavy strange hadrons
® Charmonia ® Charmonia ® Charmonia
T S S I S R T S S VR SO S ol v Lo L ey
0.2 0.4 0.6 1 1.5 2 25 3 _0"1 1.5 2 25 3
<BT> T]max T]max

FIG. 6. The (partial) expansion history of the fireball created in central Pb+Pb collisions at 1584 GeV. The points indicate the temperature
(Tin) and mean transverse collective flow velocity ({Br)) of the system at the time of charm kinetic freeze-out (filled circle), heavy strange
kinetic freeze-out (filled square), and light hadron kinetic freeze-out (filled triangle). The error on 7,,,x for charmonia is assigned by varying
it in such a way that the corresponding x2/Npor increases in magnitude by unity compared to its minimum value. Errors on the rest of the

parameters are within the marker size.
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FIG. 7. Rapidity density distributions of the ¢ meson in 80A
GeV central Pb+Pb collisions at SPS. Data are compared with pre-
dictions from a static thermal model (simple continuous line) and
non-boost-invariant blast-wave model (dot-dashed line). The source
temperature in both cases is fixed to be T, >~ 106 MeV. Vertical bars
indicate the statistical errors.

leaving the fireball earlier in time than the nonstrange hadrons.
In Refs. [44-46], the authors have also analyzed the pr spectra
of different particle species measured at midrapidity in p + p
and A + A collisions at various collision energies at RHIC
and LHC, using different variants of Tsallis distribution.
The freeze-out temperature is found to increase with the
increase in particle mass, exhibiting an evidence of the mass-
dependent multiple kinetic freeze-out scenario. In fact the
dependences of the inverse slope parameter of the pr spectra
(effective temperature) of the identified hadrons emitted in
central heavy-ion collisions at 1584 GeV Pb+Pb collisions at
SPS and ,/syy = 200 GeV Au+Au collisions at RHIC were
first reported in the so-called Nu-Xu [47] plot, representing
the freeze-out systematics for a set of hadronic species.

We also investigate the effect of longitudinal flow on the
observed rapidity distribution of the heavy strange hadrons.
We have seen earlier [23] that isotropic emission from the
static thermal model cannot describe the measured rapidity
distribution of light hadrons at all beam energies. Collective
expansion in the longitudinal direction is essential to repro-
duce the data. An illustrative comparison to understand how
the longitudinal motion influences the rapidity distribution of
the heavy strange hadrons is presented in Fig. 7. The rapidity
distribution of ¢ mesons measured in 80A GeV central Pb+-Pb
collisions is contrasted with that from a static thermal model
as well as from the present blast-wave model calculations. For
both the cases the source temperature is fixed to 7y, ~ 106
MeV. The rapidity distribution as obtained from the static
isotropic thermal source falls much faster than the data, a
feature that is common for all heavy strange hadrons and at
all investigated energies. The feature also holds true if one at-
tempts to fit the rapidity spectra by the static isotropic thermal
source with temperature kept as free parameter.

3
L E,,=80AGeV
L -- ¢, Non-boost invariant BW
25~ ----¢, Conf. Landau
[ —¢, Non Conf. Landau
2
3.5
e
0.5
7\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\\\\‘\
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yc.m.

FIG. 8. Rapidity density distributions of the ¢ meson in 80A GeV
central Pb+Pb collisions at SPS. Data are compared with predic-
tions from different dynamical models, namely, non-boost-invariant
blast-wave model (dot-dashed line), conformal (dotted line), and
nonconformal (simple continuous line) solution of the Landau hy-
drodynamics. Statistical errors are shown as vertical bars.

This essentially completes our study of kinetic freeze-out
conditions for heavy strange hadrons within the non-boost-
invariant blast-wave model. However, before we close, it
might be useful to take a deeper look at the longitudinal
dynamics, particularly so due to the absence of boost invari-
ance at low-energy collisions. Hence, moving forward, the
longitudinal properties of the medium are further explored
by fitting rapidity spectra of heavy strange hadrons at beam
energies 204, 304, 404, 804, and 158A GeV using a different
prescription, available in literature.

The rapidity distribution as predicted by the recently devel-
oped nonconformal solution of the Landau hydrodynamics is

given by [48]
dN 1 —¢?
PRt @
N

where cf is the squared sound velocity in the medium, y, =
LIn[(1 + ¢2)/(4cH)] + yp, with y, = In[\/syy/m,] being the
beam rapidity and m,, the proton mass. The conformal solution
of Landau hydrodynamics can be restored by putting cf =1/3
[49]. In Fig. 8, we compare the available data on rapidity
distribution of ¢ mesons in 804 GeV central Pb+Pb collisions
at SPS, with predictions from different dynamical models. We
find that the rapidity spectrum from conformal solution falls
off too slowly and does not give good agreement with the data.
On the other hand, both blast-wave as well as nonconformal
solutions of Landau hydrodynamics explain the data really
well.

This motivates us to perform simultaneous fits to the
available rapidity spectra of heavy strange hadrons using the
nonconformal solution of the Landau hydrodynamics given in
Eq. (4). We obtain reasonably good fits, as shown in Fig. 9,
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FIG. 9. Fitted rapidity distribution of A, A, ¢, %, and QF using nonconformal solution of the Landau hydrodynamics in central Pb+Pb
collisions from SPS at (a) 20A-, (b) 30A-, (c) 40A-, (d) 80A-, and (e) 1584 GeV beam energies. Error bars indicate available statistical error.

with good x2/Npor and the extracted values of ¢? are shown
in Table III. Here, ¢? is a common parameter for all species
and only the overall normalization constant is allowed to
be different. In practice the sound velocity, ¢y, depends on
temperature and thus varies during evolution of the expanding
medium formed in heavy-ion collisions. However, the analyt-
ical expression obtained in Ref. [48] assumes a constant value
of ¢? and therefore our extracted ¢? corresponds to an effective
mean value. We have also used Eq. (4) to simultaneously fit
the rapidity spectra of light hadrons at SPS energies as shown

in Fig. 10. However, the model does not seem to work well
for light hadrons as evident from the rather poor fit quality
and associated huge values of %2 /Npok. Resultant values of
the ¢? are illustrated in Table IIT and plotted in Fig. 11 as a
function of beam energy.

In Fig. 11, we observe that ¢? increases monotonically as
a function of beam energy for both light and heavy strange
hadrons. This may be attributed to the fact that the aver-
age temperature of the fireball increases with beam energy
which is reflected as the effective temperature dependence

TABLE III. Summary of the fit results (squared speed of sound (c?) and x2/Npor values) of rapidity spectra of heavy strange and light
hadrons at different energies from SPS using nonconformal solution of the Landau hydrodynamics.

Epab Squared sound
(A GeV) Hadrons velocity (cf) X2 /Npor
20 Heavy strange 0.1602 £+ 0.0006 2.4
Light 0.0755 £ 0.0000 331.7
30 Heavy strange 0.2156 +£ 0.0009 2.2
Light 0.121 £+ 0.0000 238.7
40 Heavy strange 0.2215 £ 0.0007 2.1
Light 0.1682 £ 0.0001 384
80 Heavy strange 0.2234 + 0.0005 2.9
Light 0.2136 =+ 0.0000 222
158 Heavy strange 0.2511 £ 0.0003 3.1
Light 0.2276 £ 0.0001 26.5
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FIG. 10. Fitted rapidity distribution of 77~ and K* using nonconformal solution of the Landau hydrodynamics in central Pb+Pb collisions
from SPS at (a) 20A-, (b) 30A-, (c) 40A-, (d) 80A-, and (e) 1584 GeV beam energies. Error bars indicate available statistical error.

of extracted cf [48]. This effect can also be observed in the
relative hierarchy in the values of ¢? for light and heavy
strange hadrons. Since heavy strange hadrons freeze-out at
higher temperature, the average temperature experienced by
them is larger compared to the light hadrons for the same
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FIG. 11. Variation of the speed of sound for heavy strange and
light hadrons with beam energy, extracted from fit to the longitudinal
spectra using nonconformal solution of Landau hydrodynamics. The
horizontal line at ¢? = 1/3 indicates the ideal gas limit. Errors are
within the marker size.

beam energy. This is in accordance with the fitted value of
c¢? which is consistently larger for heavy strange hadrons as
shown in Fig. 11. Moreover, this result is also in line with the
expectation from Fig. 6 which supports a clear existence of
a mass-dependent hierarchy in thermal freeze-out of hadrons.
This is the reason we compare the cf, values for light and heavy
hadrons in Fig. 11, even though the quality of simultaneous fit
for light hadrons is not very good.

Another interesting quantity which we study is the dif-
ference of nmax which directly affects rapidity spectra. In
Fig. 12, we show its difference for light hadron and heavy
strange hadrons, Anmax = |, — Mmex| as a function of beam
energy. We see that this plot shows nonmonotonic behavior as
a function of beam energy with a minimum at Ey,, = 30A
GeV. This is indeed quite interesting and deserves further
attention. Systematic studies of heavy-ion data collected in the
domain Ep, = (20-160)A GeV revealed irregular structures
in various observables around Ep ., = 30A GeV beam energy
[50], which are believed to be connected to the onset of decon-
finement transition at low SPS energies. However, to attribute
the observed minimum in difference of fitted parameters for
light hadrons and heavy strange hadrons to the appearance of
deconfinement phase transition, one needs a thorough inves-
tigation, which is beyond the scope of the present paper. Of
course one first needs to ensure that all other factors remain
the same in the fit of light hadrons and heavy strange hadrons
before one can make any robust claim.

Before we close, one may note that within the blast-wave
framework the macroscopic thermodynamic parameters are
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directly extracted by fitting the certain phase-space density
distribution of experimentally measured hadrons. Recently the
kinetic freeze-out stage has been explored in central Au+Au
collisions at energies ranging from ./syy = 2.4 to 200 GeV,
using the microscopic Ultra-relativistic Quantum Molecular
Dynamics model, and the corresponding macroscopic param-
eters are calculated via coarse-graining approach [51]. Results
indicate the kinetic freeze-out as a continuous process, leading
to a distribution of the freeze-out parameters at different col-
lision energies. The corresponding average kinetic freeze-out
temperatures at different beam energies are higher than those
obtained by us in our previous work for bulk hadrons.

IV. SUMMARY

In conclusion, we have made an attempt to study the hier-
archy in the kinetic freeze-out conditions of different hadrons
in central Pb+Pb collisions at different SPS energies using the
non-boost invariant blast-wave model. Transverse momentum
spectra and rapidity spectra of these hadrons, as available, are
fitted simultaneously using an iterative scheme to obtain the
Nmaxs (Br), and Ty, values which explain the data reasonably
well. We found a clear mass-dependent hierarchy in the fit-
ted kinetic freeze-out parameters. This hierarchy of kinetic
freeze-out parameters is expected as the medium induced mo-
mentum change of heavy hadrons would be smaller compared
to lighter hadrons. Therefore, as the temperature of the fireball
decreases, one would expect an earlier kinetic decoupling of

heavy hadrons. The results indicate that Ti;, values are in
the range 90-110 MeV with (B7) of about 0.4c—0.5¢. The
temperature values are rather higher than the light particles
discussed in Ref. [23] which indicate early thermal freeze-out
of heavy strange hadrons. The extracted nmax also explains
the corresponding rapidity spectra reasonably well. We found
that the extracted freeze-out parameters for charmed hadrons
also corroborate this mass-dependent hierarchy. The values of
NMmaxs (Br), and Ty, were found to increase monotonously as
a function of beam energy.

Moreover, the rapidity spectra of light hadrons as well
as heavy strange hadrons are tested with a different model
prescription than the blast-wave model in order to explore
the longitudinal properties of the medium. For this, a noncon-
formal Landau hydrodynamical model description of rapidity
distributions from a recent work [48] is used. This prediction
explains the heavy strange hadrons spectra reasonably well;
however, it is not satisfactory for light hadrons. We found that
the fitted value of sound velocity in the medium also exhibits a
similar hierarchy which is obtained from fits to pr spectra. We
advocate that our findings are essential to provide predictions
for upcoming experiments at FAIR and NICA accelerator
facilities.

Looking forward, it will be interesting to repeat this exer-
cise with charmed hadrons for lower-energy collisions, when
the data become available. This would be possible with the fu-
ture measurements at SPS. As mentioned earlier, the NA60+
experiment [16] at SPS aims at the measurement of charmo-
nia in Pb+Pb collisions in the beam energy range Ep,, =
20A-158A GeV. In addition, the upgraded version of the
NAG61/SHINE experiment at SPS plans to measure the open
charm mesons (D meson) via their hadronic decay channel,
in Pb+Pb collisions at beam energies 40A and 150A GeV
[52]. A large statistics data set at 1504 GeV has already been
collected which is presently being analyzed. The existence of
mass hierarchy in kinetic decoupling at low-energy collisions
can be tested more robustly, if in addition to charmonia trans-
verse spectra of D mesons are also made available, since their
rest mass is closer to that of multistrange hadrons. We leave
this analysis for the future.
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