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Statistical hadronization model for heavy-ion collisions in the few-GeV energy regime
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We show that the transverse-mass and rapidity spectra of protons and pions produced in Au-Au collisions at√
sNN = 2.4 GeV can be well reproduced in a thermodynamic model assuming single freeze-out of particles

from a spherically symmetric hypersurface. This scenario corresponds to a physical picture used by Siemens
and Rasmussen in the original formulation of the blast-wave model. Our framework modifies and extends
this approach by incorporation of a Hubble-like expansion of QCD matter and inclusion of resonance decays.
In particular, the �(1232) resonance is taken into account, with a width obtained from the virial expansion.
Altogether, our results bring evidence for substantial thermalization of the matter produced in heavy-ion
collisions in the few-GeV energy regime and its nearly spherical expansion.
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I. INTRODUCTION

Thermal models of hadron production, based on the idea of
statistical hadronization, have been very successful in describ-
ing hadron yields in various collision processes, in particular,
in heavy-ion collisions (HIC) in a wide range of beam en-
ergies and for different projectile-target systems (see, e.g.,
Refs. [1–7]). The reasons for studying the thermal aspects of
hadron production in heavy-ion collisions are manifold. The
hadron abundances can be explained over several orders of
multiplicity by fixing just a few thermodynamic parameters.
Moreover, the assumption of local thermalization of the ex-
panding dense and hot matter formed in the collision (called a
fireball) allows one to apply hydrodynamic concepts [8,9] for
describing its evolution and the emission of electromagnetic
radiation [10]. Such an approach has been very successful in
the description of HIC at ultrarelativistic energies and helped
to identify landmarks in the QCD phase diagram in the region
of vanishing net-baryon density, which is also accessible by
lattice QCD calculations [11,12].

HIC at lower beam energies provide access to strongly
interacting matter at high net-baryon densities where a rich
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structure in the QCD phase diagram is expected but lattice
QCD is not applicable. The problem of whether the fireball
that is formed in the few-GeV beam energy range (where in
central collisions essentially all nucleons are stopped in the
center-of-mass frame) is thermalized remains still a matter
of debate [13–16]. The study of hadron spectra is crucial to
answer this question. In a thermal analysis, however, it has
to be first demonstrated that the experimental hadron yields
can be well described with a few thermodynamic parameters
such as temperature, T , and the baryon chemical potential, μB.
Only in the second step, the transverse-mass spectra, which
are typically falling off exponentially, have to be reproduced.
One should note, however, that collective radial expansion
(specified by the flow v) and resonance decays also affect the
momentum distribution of hadrons [17].

The two physical aspects mentioned above are unified in a
single-freeze-out model [18,19], which identifies the chemi-
cal and kinetic freeze-outs by neglecting hadron rescattering
processes (after the chemical freeze-out). This model assumes
a sudden freeze-out governed by local thermodynamic con-
ditions. This concept is implemented in the THERMINATOR

Monte Carlo generator [20,21], which allows for studies of
hadron production taking place on arbitrary freeze-out hyper-
surfaces defined in the four-dimensional space-time. The most
popular parametrization of such a freeze-out hypersurface
[17], dubbed the blast-wave model, assumes the symmetry of
boost invariance (along the beam axis). As a matter of fact, it
was introduced as a modification of the original blast-wave
model formulated by Siemens and Rasmussen (SR) [22],
which instead of the boost invariance employed a spherical
symmetry of the freeze-out geometry.
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We present herein a novel approach towards consistent si-
multaneous description of hadron yields and transverse-mass
spectra with the SR model. This approach offers an alternative
interpretation of experimental results based on a concept of
thermal equilibrium, as compared to commonly used transport
model approaches. The spherical symmetry of a fireball may
be natural at low energies, where the colliding nuclei are def-
initely not transparent to each other (the energy dependence
of this effect is shown in Ref. [23]). In any case, compared
to the boost invariance, the spherical symmetry seems to be a
better starting point for the description of HIC in the few-GeV
energy regime and we are going to verify this concept in this
paper. In order to analyze data collected for Au-Au collisions
at

√
sNN = 2.4 GeV by the High-Acceptance Di-Electron

Spectrometer (HADES) collaboration, we implement the SR
model into the THERMINATOR Monte Carlo framework. This
allows for a more comprehensive study compared to those
done previously [24]. To select a reaction class where thermal-
ization is most likely to occur, we focus on central collisions
only.

II. SIEMENS-RASMUSSEN MODEL

The basis for this model is the Cooper-Frye formula [25]
that describes the invariant momentum spectrum of particles
emitted from an expanding source:

Ep
dN

d3 p
=

∫
d3�(x) · p f (x, p). (1)

Here f is the phase-space distribution function of particles;
p is their four-momentum with the mass-shell energy, p0 =
Ep =

√
m2 + p2; and d3�μ(x) is the element of a three-

dimensional freeze-out hypersurface from which particles are
emitted.1

Herein we adopt the simplest form of a spherically sym-
metric freeze-out defined by the space-time coordinates

xμ = (t, x, y, z) = (t (r), r er ), (2)

where er = (cos φ sin θ, sin φ sin θ, cos θ ). Here φ and θ are
the azimuthal and polar angles relative to the beam axis,
respectively, and t (r) defines the freeze-out times, i.e., the
times when the hadrons in the shells of radius r stop
to interact (0 � r � R). Below, we assume sudden freeze-
out of the expanding fireball with t (r) = const, which
implies

d3�μ = (1, 0, 0, 0)r2 sin θ dθ dφ dr. (3)

Besides the spherically symmetric hypersurface, we introduce
a spherically symmetric (hydrodynamic) flow:

uμ = γ (r)(1, v(r)er ), (4)

where γ (r) = [1 − v2(r)]−1/2 is the Lorentz factor. With
the hadron four-momentum defined as pμ = (Ep, p ep),

1Three-vectors are shown in bold font and a dot is used to de-
note the scalar product of both four- and three-vectors, gμν =
diag(+1, −1, −1, −1).

where ep = (cos ϕ sin ϑ, sin ϕ sin ϑ, cos ϑ ), one can eas-
ily find that p · u = γ (Ep−pvκ ), where κ = cos θ cos ϑ +
sin θ sin ϑ cos(φ − ϕ), and

d3� · p = Epr2 sin θ dθ dφ dr. (5)

III. LOCAL EQUILIBRIUM

In this paper we assume that the hadron system formed at
freeze-out is very close to local thermodynamic equilibrium;
hence, the distribution function f (x, p) has the form

f (x, p) = gs

(2π )3

[
ϒ−1 exp

( pu

T

)
− ε

]−1
, (6)

where ε = −1 (ε = +1) for Fermi-Dirac (Bose-Einstein)
statistics and gs = 2s + 1 is the spin degeneracy factor. Please
note that local thermalization at freeze-out does not exclude
the existence of substantial pressure anisotropies of the system
at earlier stages, as suggested, for example, in Ref. [13]. The
fugacity ϒ is defined as [26]

ϒ = γ
Nq+Nq̄
q γ Ns+Ns̄

s exp
(μ

T

)
, (7)

where μ = ∑
Q QμQ, with Q denoting the conserved quantum

numbers for each hadron, Q ∈ {B, I3, S}. The parameters γq

and γs are included to account for deviations from chemical
equilibrium, while Nq and Ns (Nq̄ and Ns̄) denote the num-
bers of light and strange quarks (antiquarks) in the hadron.
In the case of a grand canonical ensemble with chemical
equilibrium, one sets γq = γs = 1. To allow for strangeness
undersaturation, a characteristic feature of the particle spectra
observed at beam energies discussed here, we allow γs to be
smaller than unity but keep γq = 1.

We stress that our framework includes in Eq. (1) all the
contributions from decays of heavier resonances, although,
in contrast to high-energy collisions studied at Relativistic
Heavy Ion Collider (RHIC) and the Large Hadron Collider
(LHC), most of them are very small or negligible. The
dominant contribution, in addition to the pions born on the
freeze-out hypersurface and called “primordial,” comes from
decays of the lowest-lying baryonic resonance, i.e., �(1232).
For a proper treatment of the decay pions, the inclusion of
the �(1232) width is important. This is achieved by using the
density function obtained in Ref. [27] from the pion-nucleon
phase shift in the P33 channel (see also Ref. [28]).

IV. HUBBLE-LIKE RADIAL FLOW

In the original SR blast-wave model [22], it is assumed
that the thermodynamic parameters as well as the radial
flow velocity are constant (T = const, μ = const, v = v0 =
const). The condition of constant radial flow breaks the nat-
ural requirement that the flow at the center of the system
should vanish, v(r = 0) = 0. Moreover, results of full hy-
drodynamic calculations indicate that the radial flow linearly
grows with r for small values of r and approaches unity
(i.e., the speed of light) in the limit r → ∞ [30]. These ob-
servations suggest that one can use the flow parametrization
v(r) = tanh(Hr), where H is a constant. For small values

054903-2



STATISTICAL HADRONIZATION MODEL FOR HEAVY-ION … PHYSICAL REVIEW C 102, 054903 (2020)

TABLE I. Particle multiplicities used in the determination of the
freeze-out parameters. Protons bound in nuclei are taken into account
as shown.

Particle Multiplicity Uncertainty Ref.

p 77.6 ± 2.4 [29,31]
p (bound) 46.5 ±1.5 [29,31]
π+ 9.3 ±0.6 [32]
π− 17.1 ±1.1 [32]
K+ 5.98 10−2 ±6.79 10−3 [33]
K− 5.6 10−4 ±5.96 10−5 [33]
� 8.22 10−2 +5.2

−9.2 10−3 [34]

of r we have v ∼ Hr; hence, r plays the role of the Hubble
constant.

V. FITTING STRATEGY AND COMPARISON
WITH THE HADES DATA

In the first step we obtain thermodynamic model parame-
ters from the ratios of experimental multiplicities measured
by HADES in the full phase space for the 10% most cen-
tral Au-Au collisions [29,31–34]. The analyzed ratios include
protons, positively and negatively charged pions, positively
and negatively charged kaons, and � hyperons, as listed
in Table I. In this calculation, we assume that the protons,
finally bound in the emitted deuterons, tritons, and 3He nu-
clei [29,31], were initially frozen out as unbound nucleons;
hence, they are included in the proton yield (see Table I).
Our analysis gives the following values of the thermody-
namic parameters: T = 49.6 ± 1 MeV, μB = 776 ± 3 MeV,
μI3 = −14.1 ± 0.2 MeV, μS = 123.4 ± 2 MeV, and γs =
0.16± 0.02, where the errors were estimated from calculations
with the multiplicities varied within given errors (see again

Table I). These results are close to those found and discussed
in Refs. [35,36].

For a fixed value of H , the absolute normalization of the
yields determines the value of R. Hence we may treat R as a
function of H and we are left with only one independent pa-
rameter, i.e., H . Its value is obtained from the fit of the proton
transverse-mass spectrum by minimization of the quadratic
deviation

Q2(H ) =
∑

i

[Qi,model(H ) − Qi,exp]2

Q2
i,exp

, (8)

where Qi,model(H ) and Qi,exp denote the model and experimen-
tal values. In Eq. (8) all the points from the experimentally
available proton spectrum are included. The minimization
procedure yields the value H = 0.04 fm−1 (with the cor-
responding radius R = 16.02 fm and the mean radial flow
〈v〉 ∼ 0.4). Using this result, we obtain a very good agree-
ment (Q = 0.20) between the data and model predictions as
shown in Fig. 1(a). Having determined the value of H , we
can calculate other model spectra. In particular, we can com-
pare the proton rapidity distribution obtained from the model
and check if it consistently well describes the data (along
with the transverse-mass spectrum). Our results are shown
in Fig. 1(b). They indicate that the model distribution is too
narrow, with a theoretical value exceeding the data by about
30% at y = 0. Nevertheless, the data points for y > 0.4 agree
well with the model curve and we find Q = 0.28 for the proton
rapidity spectrum alone.2 The fact that the rapidity distribution
is equally well described (compared to the transverse-mass
distribution) points out the approximate spherical symmetry
of the produced system.

2We stress that, except for the transverse-mass spectrum of protons,
other values of Q are predictions of the model calculation.

FIG. 1. Distributions of protons: Rapidity spectrum (a) and transverse-mass spectrum (mT ) at midrapidity (b). The black dots describe the
experimental values used in the fit of H . Bands describe model predictions for the optimal primordial and secondary contributions. The widths
of the bands the uncertainty of theoretical predictions connected with the experimental errors. The model results are corrected for bound
protons such that the spectrum reproduces the measured proton multiplicity. Experimental data points are from Ref. [29]; in panel (a) full
circles represent measured data, open circles represent reflecttions around midrapidity, and rectangles represent systematic uncertainties.
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FIG. 2. Same as Fig. 1 but for negatively charged pions.

Our approach reproduces the main features of the proton
data at the quantitative level, and confirms our original con-
jecture that spherical symmetry is a good assumption for the
description of systems produced in central collisions of HIC at
low energies. Clearly, the boost-invariant blast-wave models
(yielding constant dN/dy) are not capable of reproducing the
Gaussian shape of the experimental rapidity distribution as
that shown in Fig. 1(b) (see also Ref. [24]).

Figure 2 shows our results for negatively charged pions.
It is important to emphasize that these results are obtained
with the parameters fixed by the hadron ratios and the pro-
ton transverse-mass spectrum; hence, there is no room for
extra model adjustments in these cases. For the negatively
charged pions (as well as for the positively charged ones that
are not shown here) we observe a good agreement between
the model and experimental spectra. We obtain Q = 0.46
(Q = 0.28) for the transverse-mass distributions for nega-
tively (positively) charged pions and Q = 0.12 (Q = 0.16)
for the corresponding rapidity distribution, respectively. In-
terestingly, the rapidity distributions are better reproduced
compared to the transverse-mass distributions. The quality of
agreement between transport models and the HADES data
on pion production has been recently reported in Ref. [32].
Our simple model provides comparable (or even better) de-
scription of experimental data. Similar quality of description
is obtained for rapidity distributions of particles contain-
ing strangeness but quality is somewhat worse for their
transverse-mass spectra. This will be discussed in a forthcom-
ing paper. We note that the model rapidity distributions for all
hadrons are too narrow, which indicates that the systems cre-
ated in HIC at this energy are more elongated along the beam
axis, as compared to the model assumptions. This behavior
suggests an incomplete stopping.3

As already mentioned, our framework includes feed-down
contributions to the hadron spectra from (strong) resonance
decay. We find that the most important effect comes from the

3It is important to note that the range of impact parameters included
in the 0–10% centrality class reaches about 3 fm.

�(1232) decay, which significantly contributes to the pion
spectra. The relative contribution can easily be assessed by
comparing the red and gray bands in Fig. 2. The contributions
from other resonances are negligible, at least within the limits
of precision of our model description.

VI. SUMMARY AND CONCLUSIONS

In this paper we have studied the rapidity and transverse-
mass spectra of protons and pions produced in Au-Au
collisions at

√
sNN = 2.4 GeV. We have found that they can

be well reproduced in a thermodynamic model that assumes
single freeze-out of hadrons from a spherically symmetric
hypersurface. Such a spherical geometry was used by Siemens
and Rasmussen in their original formulation of the blast-wave
model. Our framework modifies and extends this approach
by incorporation of the Hubble-like expansion of matter and
inclusion of the resonance decays. We have found that the
presence of the � resonance affects the spectra of pions, while
the contributions from other resonances can be neglected. The
obtained thermodynamic parameters agree well with the uni-
versal freeze-out curve. Altogether, our results bring evidence
for substantial thermalization of the matter produced in the
few-GeV energy range and its nearly spherical expansion.
These are remarkable findings and they pave the way for
future supplements to our approach.
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