
PHYSICAL REVIEW C 102, 054332 (2020)

Generalized Skyrme random-phase approximation for nuclear resonances:
Different trends for electric and magnetic modes
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We discuss major differences between electric and magnetic excitations in nuclei appearing in self-consistent
calculations based on Skyrme energy-density functionals (EDFs). For this we calculate collective low- and high-
lying electric and magnetic excitations in 208Pb within a self-consistent Skyrme EDF approach using the random-
phase approximation (RPA) and a more sophisticated particle-hole plus phonon-coupling model, coined the
time-blocking approximation (TBA). Tools of analysis are Landau-Migdal parameters for bulk properties and
the RPA and TBA results for finite nuclei. We show that the interplay between the effective mass and the effective
particle-hole interaction, well known in the Landau-Migdal theory, renders the final results rather independent
of the effective mass by virtue of the “backflow effect.” It explains the success of self-consistent calculations of
electric transitions in such approaches. This effect, however, is absent in the magnetic case and leads to higher
fluctuations in the results. It calls for further developments of the Skyrme functional in the spin channel.
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I. INTRODUCTION

This paper addresses the simultaneous description of nu-
clear electric and magnetic resonances by fully self-consistent
methods based on Skyrme energy-density functionals (EDFs).
It takes up the long known fact that electric resonances can
be well described by Skyrme EDFs (for a review see [1]),
whereas the first Skyrme EDF calculations of magnetic modes
had already indicated a conflict when trying to cover both
modes simultaneously [2,3]. We show here that this con-
flict can be understood already with simple fluid dynamical
considerations for which we use here Landau-Migdal (LM)
theory [4,5]. With the simple LM estimates in mind, we
then investigate the collective low- and high-lying electric
and magnetic resonances using the standard random-phase
approximation (RPA), which is known to describe average
excitation properties rather well [6]. This is augmented as
a counter-check by the more sophisticated particle-hole plus
phonon-coupling approach, coined time-blocking approxi-
mation (TBA), which improves the description of spectral
fragmentation and widths [7,8].

Two different approaches have been successfully applied to
calculation of nuclear resonance excitations. The traditionally
most often used method employs a phenomenological single-
particle model together with an effective residual interaction.
A widely used and powerful version is Migdal’s theory of
finite Fermi systems [4] based on Landau’s theory of Fermi
liquids [5]. This approach has been applied extensively to
a broad range of nuclei; for reviews see [9]. In the second
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approach, one starts with an effective EDF which allows
one to derive the single-particle model as well as the resid-
ual interaction. One of the most often used versions is the
Skyrme-Hartree-Fock (SHF) approach [10–13]; for a review
see [1]. Originally, it was designed as a model for the nuclear
ground state [14]. But soon it was also applied to compute
self-consistently collective excitation states, especially giant
resonances. The parameters of the early Skyrme EDF were
predominately adjusted to ground state properties, which does
not a priori guarantee an appropriate particle-hole (ph) inter-
action. However, as incompressibility and symmetry energy
are closely connected to the spin-independent isoscalar and
isovector parts of the ph interaction, in general the theoretical
results were not so bad. In later parametrizations, properties
of excited states were also included, which improved the the-
oretical results compared to the data; see, e.g., [15,16]. The
Skyrme EDF turned out to be flexible enough to reproduce
all collective modes with natural parity. Most of the modern
parameter sets use very similar values for the incompressibil-
ity K∞ and symmetry energy asym. There is more variation
in the choice of the effective mass m∗. As the effective mass
has a heavy impact on the ph spectrum, it is very astonishing
that the RPA results of giant resonances and also of low-lying
collective states are, nonetheless, not very different. Let us
take as examples the giant electric dipole resonances (GDR)
and isoscalar monopole modes (GMR): For both modes, the
position of the resonance peaks is found to be independent of
the effective mass of a given parametrization [16,17]. How-
ever, if we choose a parameter set with a lower effective mass
we increase the energy of ph excitations and one needs for the
GDR a less repulsive isovector ph interaction to obtain similar
theoretical results as before. Analogously, the isoscalar ph
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interaction has to become stronger in order to obtain similar
results for the GMR. It seems that there exists a correc-
tive mechanism which counterweights the spin independent
isoscalar and isovector ph interaction in an appropriate way
if the effective masses are changed. It is the main topic of
our investigation to explore this fundamental mechanism for
nuclear resonances with natural parity (electric modes) as well
as with unnatural parity (magnetic modes).

It is instructive to learn from Landau-Migdal theory, which
provides a compact and transparent way to quantify the
residual ph interaction [4,5]. There, basic conservation laws
establish a correlation between the parameters f0 and f ′

0 of the
(spin-independent) isoscalar and isovector residual interaction
with the incompressibility K∞ and symmetry energy asym [4]:

f0 = K∞
6TF

− m

m∗ , f ′
0 = 3asym

TF
− m

m∗ , (1a)

where

TF = h̄2k2
F

2m
(1b)

is the kinetic energy at the Fermi surface. As we see from
the formulas above: with decreasing effective masses the
isoscalar ph interaction gets more attractive and the isovector
ph interaction becomes less repulsive, thus correcting for the
larger ph-energy spacing. Therefore, the spin-independent ph
interactions in the LM approach depend, for given K∞ and
asym, on the effective mass m∗/m. (These relations are derived
in nuclear matter and hold bulk parameters of Migdal’s ph
interaction, also coined “inner” parameters [9].) The interplay
between effective mass and interaction strength is a feature
similar to the backflow of quasiparticles in condensed matter
[18]. Such correlations hold also in EDF approaches, which
means that independently of a given effective mass it is suffi-
cient to use the appropriate incompressibility and symmetry
energy in order to reproduce isovector as well as isoscalar
electric (i.e., natural parity) resonances. This explains, e.g.,
the outcome of the first self-consistent calculation of electric
resonances with the Skyrme interactions SI and SII in [19].
The results for the isovector dipole resonances were accept-
able (with the exception of the splitting in 208Pb) while the
isoscalar monopole modes where predicted too high com-
pared to the later experimental values because a too large
incompressibility was inherent in the early Skyrme forces
[20].

The major goal of our paper is to investigate such correla-
tions also for the spin-independent part of the ph interaction
in self-consistent calculations in the framework of Skyrme
EDFs. For this purpose, we present a large body of theoretical
results obtained with a variety of Skyrme parametrizations
with different effective masses. To support the results from a
formal side, we derive the Landau-Migdal parameter as func-
tions of the effective mass. The parameters f0 and f ′

0 which
determine the electric transitions show the expected behavior:
With decreasing effective mass the spin-independent isoscalar
parameter f0 becomes more attractive and the corresponding
isovector parameter f ′

0 less repulsive.
The situation is more involved at the side of mag-

netic modes. Unfortunately, there are no spin magnetic bulk

properties known which are directly related to the spin-
dependent parameters of EDFs, and the Landau-Migdal
parameters g0 and g′

0 respectively. Moreover, there exists only
one truly collective spin mode, namely the Gamow-Teller
(GT) resonance in neutron rich nuclei, which is related to
the spin-isospin part of the residual ph interaction. Therefore,
the parameters which are most relevant for the spin-dependent
part of the ph interaction of the existing parametrizations were
not yet adjusted to experimental properties with the excep-
tion of the two-body spin-orbit interaction. Bell and Skyrme
introduced already more then 50 years ago a two-body spin-
orbit term into the original ansatz in order to reproduce the
single particle (sp) spin-orbit splitting [21]. Van Giai and
Sagawa [22] modified two Skyrme parametrizations where
they considered the spin-dependent LM parameters g0 and
g′

0 as additional constraints and calculated GT states in some
doubly magic nuclei. The method of choice to learn more
about nuclear interactions in the spin channel is then to look
at magnetic excitation spectra in nuclei. Earlier studies used
mixed models where the RPA residual interaction is mod-
eled explicitly in addition to the underlying single-particle
model; see, e.g., [23–26]. Fully self-consistent calculations
of magnetic excitations are very scarce. They came up only
recently [2,3,27,28] and point toward insufficiencies of the
Skyrme EDF as given. In the survey [28], the spin-relevant
parameters of the Skyrme EDF were modified to reproduce
the experimental data, which amounts to a substantial read-
justment of the LM parameters g0, g′

0. These parameters
do not show any corrective correlations as a function of
the effective mass. In fact, the interaction parameters show
just the opposite behavior: both parameters increase with
decreasing effective mass. For completeness, we mention in
passing that two distinctively different kinds of M1 states
exist in deformed nuclei: The spin-flip resonances (as dis-
cussed here) and the orbital M1 states. The latter ones are
located below the spin-flip states and are driven by the the
spin-independent ph interaction [29–31]. The spin-flip M1
states in well deformed nuclei show a remarked double hump-
structure as predicted in Refs. [32,33] and are further analyzed
in Ref. [34].

The aim of this paper is, as mentioned before, to unravel
the success of conventional Skyrme EDF for the natural parity
(also called electric) collective resonances and the failure in
the spin channel. We use as a tool the trends of LM pa-
rameters with effective mass. We start with the well settled
and well working case of the electric modes where we find
that the “backflow effect” on the ph interaction is the key to
success. Then we apply the same strategy to LM parameters
in the spin channel. In Sec. II, we give a short review of
the Skyrme approach. In Sec. III we present the relevant
formulas of the Landau-Migdal approach where we especially
emphasize the connection of the LM parameter with nuclear
matter properties. In this connection, we analyze the func-
tional behavior of the spin-dependent and spin-independent
LM parameters on the effective mass. Section IV contains the
main result of our investigation. First, we compare RPA and
TBA results of electric giant resonances with unperturbed ph
energies for various Skyrme parametrizations. In the second
part, we show the corresponding results for the magnetic
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states, using as example the 1+ in 208Pb. Finally, we sum-
marize and discuss our results in Sec. V. In Appendix A,
we discuss the density dependence of f0 and f ′

0, which is
crucial in the LM theory. As a supplement to the section on
giant resonances, we present in Appendix B RPA results for
low-lying collective states. Appendices D and E contain the
known formulas expressing the nuclear matter properties and
the LM parameters in terms of the parameters of the Skyrme
EDF.

II. THE SKYRME ENERGY FUNCTIONAL

The Skyrme energy functional consists of kinetic en-
ergy, Coulomb energy, pairing energy, and, as key entry,
the Skyrme interaction energy. This is well documented in
several reviews; see, e.g., [1,35]. We recall here just the
core piece as far as is needed in following. The Skyrme
interaction energy is formulated in terms of a few nuclear
densities and currents, such as density ρT , kinetic density
τT , spin-orbit density �JT , spin-tensor density JT , current �jT ,
spin density �sT , and spin kinetic density, where the index T
stands for isospin (T = 0 or 1). It reads, in commonly used
form,

ESk =
∑

T =0,1

(Eeven
T + Eodd

T

)
, (2a)

Eeven
T = Cρ

T (ρ0) ρ2
T + C�ρ

T ρT �ρT + Cτ
T ρT τT

+C∇J
T ρT ∇· �JT

( + CJ
T J 2

T

)
, (2b)

Eodd
T = Cs

T (ρ0) �s2
T + C�s

T �sT ·��sT

+C j
T

�j2
T + C∇ j

T �sT ·∇× �jT
( + CsT

T �sT ·�τT
)
. (2c)

The terms employing the tensor spin-orbit densities are writ-
ten in parentheses to indicate that these terms are ignored
in the majority of published Skyrme parametrizations. Only
the time-even part Eeven

T is relevant for ground states of even-
even nuclei. Time-odd nuclei and magnetic excitations are
sensitive also to the time-odd part Eodd

T . The parameters Ctype
T

for each term in the time-even part are adjusted indepen-
dently, usually to a carefully chosen set of empirical data
[1,35]. A couple of different options are conceivable for the
parameters of the time-odd terms, which has consequences
for the description of magnetic modes. This will be discussed
in Sec. IV C.

The original formulation of the SHF method was based
on the concept of an effective interaction, coined the Skyrme
force [10]. Modern treatments of SHF, however, start from a
Skyrme energy-density functional as shown above. Nonethe-
less, the Skyrme force was the original motivation to develop
the Skyrme functional and, being a zero-range interaction,
displays an obvious similarity to the Landau-Migdal force. Its
interaction part without spin-orbit and Coulomb terms has the
form

E int
Sk = E int

Sk,dens + E int
Sk,grad, (3a)

E int
Sk,dens = 〈�|t0(1+x0P̂σ )δ(r12)

+ t3
6

(1+x3P̂σ )ρα (r1)δ(r12)|�〉, (3b)

E int
Sk,grad = 〈�| t1

2
(1+x1P̂σ )(k̂

†2
δ(r12) + δ(r12)k̂

2
)

+t2(1+x2P̂σ )k̂
† · δ(r12)k̂|�〉, (3c)

where r12 = r1 − r2 and P̂σ = 1
2 (1 + σ̂1σ̂2) is the spin-

exchange operator. The k̂ stand for the momentum operators
(see [1]).

The Skyrme interaction (3) is not to be mixed with the
residual interaction for computing excitation properties within
RPA, called henceforth ph interaction. This residual interac-
tion is deduced as second functional derivative of the Skyrme
energy functional (2) [36] with respect to the local densities
and currents it contains. As the functional (2) is composed
of contact terms, the RPA residual interaction is a zero-range
interaction. In that respect, it is very similar to the Landau-
Migdal interaction, a feature which motivates a discussion of
Skyrme RPA excitations in terms of the LM parameters as we
do here.

The Skyrme functional contains kinetic terms, which leads
to an effective nucleon mass m∗ which differs from the bare
mass m in the nuclear interior. This has consequences for
many time-odd observables. For example, the current operator
�̂jq fails to satisfy the continuity equations if m∗ 	= m. The
nontrivial kinetic terms in the mean-field Hamiltonian call for
a dynamical correction which reads [37]

�̂jeff,q = �̂jq + mq

h̄2 (2b1[ρq̄ �̂jq − ρq �̂jq̄]

+ b4[ρq̄∇ × �̂σq − ρq∇ × �̂σq̄]), (4)

where q denotes proton or neutron, q̄ the nucleon with op-
posite isospin, and the coefficients b1 and b4 are defined in
Ref. [36]. This correction is crucial, e.g., in the computation
of transition strengths for giant resonances [6]. It exemplifies
the backflow effect known from the theory of Fermi liquids
[38]. The same correction is also required for the magnetic
current [39]. We will see below that a similar backflow-like
correction appears also for the residual interaction in RPA.

III. LANDAU-MIGDAL THEORY

The Landau-Migdal theory of excitations in fermionic sys-
tems was developed originally in the context of Fermi fluids
[40–42] and extended later to finite nuclei [4]. The LM ph
interaction is restricted to the Fermi surface, where it depends
only on the angle between the momenta p and p′ of the 1ph
states before and after the collision. The ph interaction in mo-
mentum space is a function F ph(p, p′) times spin and isospin
operators. The momentum dependence can be expanded in
terms of Legendre polynomials in the dimensionless combina-
tion p · p′/|p||p′| [40–42]. The coefficients of this expansion
are called LM parameters. The leading order (l = 0) of the
Legendre polynomial is a constant which gives rise in r-space
to a delta function [F ph(1, 2) = δ(r12)] similar to the leading
term in the Skyrme interaction. The term next to leading order
(l = 1) is proportional to (p·p′). To deal better with the finite
size of the nuclei, one often introduces density-dependent LM
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parameters in the following way [4]:

f (ρ) = f ex + ( f in − f ex)
ρ0(r)

ρ0(0)
,

where f ex stands for the exterior region of the nucleus and
f in for the interior. However, the density dependence of the
Skyrme ph interaction differs from that form, which would
require a discussion of its own [43]. Thus we concentrate on
the interior region, the nuclear bulk properties, and drop the
upper index “in” in the following.

A. Dimensionless Landau-Migdal parameters

The expansion parameters have the same dimension as the
interaction, namely energy×length3, which varies strongly
with system size. To obtain a dimensionless measure of
interaction strength, it is customary to single out a normal-
ization factor having this dimension. A natural measure of
length3 is the inverse of bulk density ρ0. Thus Migdal uses
as normalization factor the derivative C(Migdal)

0 = dεF/dρ0 =
π2h̄2/(mkF) ≈ 300 MeV fm3, which applies to models using
bare nucleon mass m [4]. Landau et al. take a similar nor-
malization factor; however, it is half of Migdal’s, and they
use the effective nucleon mass m∗ in the definition [5]. This
amounts to parametrizing the RPA interaction in terms of LM
parameters Fl , Gl as

F ph(p, p′) = C∗
0

∑
l

Pl

(
p·p′

k2
F

)
[Fl + F ′

l τ1 ·τ2

+ Glσ1 ·σ2 + G′
lσ1 ·σ2τ1 ·τ2], (5a)

C∗
0 = π2h̄2

2m∗kF
≈ 150 MeV fm3 × m

m∗ . (5b)

This normalization has the advantage that the condition for
stable RPA modes becomes simply F0 > −1 and it is most
suited for self-consistent nuclear models where effective mass
m∗ 	= m plays a role. Many publications in the context of
the SHF model use this normalization. Still, Migdal’s defi-
nition using a fixed normalization factor is also often used,
particularly in the empirical LM model. Thus we discuss
both definitions. However, we want to avoid the trivial, but
distracting, factor 2 in the comparison, and we use for that the
normalization form

F ph(p, p′) = C0

∑
l

Pl

(
p·p′

k2
F

)
[ fl + f ′

l τ1 ·τ2

+glσ1 ·σ2 + g′
lσ1 ·σ2τ1 ·τ2], (6a)

C0 = π2h̄2

2mkF
≈ 150 MeV fm3. (6b)

Henceforth we call the choice (6) “bare-mass normaliza-
tion” and the choice (5) “effective-mass normalization.” Each
one of the two definitions has its advantages and disadvan-
tages. The bare-mass normalization (6) produces a measure
of strength of residual interaction term by term compara-
ble across SHF parametrizations with different m∗/m. The
effective-mass normalization (5) produces comparable ef-
fects of the residual interaction (stability condition, excitation

TABLE I. The two forms of LM parameters (6) and (5) and their
relation to nuclear matter properties. Upper block: definition of LM
parameters in terms of NMP. Lower block: NMP computed from LM
parameters. The kinetic energies TF and T ∗

F are defined in Eq. (7).

LM parameters

Effective-mass normalization Bare-mass normalization

F0 = K∞
6T ∗

F

− 1 f0 = m

m∗ F0 = K∞
6TF

− m

m∗

F ′
0 = 3asym

T ∗
F

− 1 f ′
0 = m

m∗ F ′
0 = 3asym

TF
− m

m∗

F1 = 3

(
m∗

m
− 1

)
f1 = m

m∗ F1 = 3
(

1 − m

m∗

)

F ′
1 = 3

(
(1+κTRK )

m∗

m
− 1

)

f ′
1 = m

m∗ F ′
1 = 3

(
1+κTRK − m

m∗

)
LM parameters

NMP Consistent norm. Fixed norm.

K∞
6

= T ∗
F (1 + F0) TF

( m

m∗ + f0

)
m

m∗ = 1

1 + F1
3

1 − f1

3

3asym = T ∗
F (1 + F ′

0 ) TF

( m

m∗ + f ′
0

)

1+κTRK = m

m∗

(
1 + F ′

1

3

)
m

m∗ + f ′
1

3

energies). The reason is that different interaction strengths
are required to compensate for the impact of different m∗/m,
similarly as in the backflow effect [18]; see Eq. (4).

B. Relation to nuclear matter properties

First, we look at nuclear matter properties (NMP), which
provide a unique characterization of the basic nuclear re-
sponse properties in the volume: incompressibility K∞,
effective mass m∗/m, symmetry energy asym, and Thomas-
Reiche-Kuhn (TRK) sum rule enhancement κTRK. The first
two are isoscalar response properties and the second two are
isovector properties. The κTRK is a way to parametrize the
isovector effective mass [1]. All four are the response proper-
ties in the excitations channels with natural parity. The NMP
for spin modes are not nearly that well developed, particularly
because the data basis on magnetic excitations is not strong
enough to support unambiguous extrapolation to bulk. Thus
we concentrate first on the group of natural parity modes. In
many of the expressions for NMP there appears the (effective)
nucleon mass, frequently in the formula for the kinetic energy
TF of bulk matter. To simplify notations, we introduce for it
the abbreviations

TF = h̄2k2
F

2m
, T ∗

F = h̄2k2
F

2m∗ = m

m∗ TF. (7)

Columns 1 and 2 in the upper block of Table I list the
LM parameters in effective-mass and bare-mass normaliza-
tion together with their relations to NMP. The parameters in
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FIG. 1. Dependence of the LM parameters on the effective
mass m∗/m. Upper panel: f0 (filled red circles), f ′

0 (open red cir-
cles) derived from the collection of the most widely used Skyrme
parametrizations given in Table I of [28]. The lines indicate the trends
a + bm/m∗ of f0 (solid line) and f ′

0 (dashed line), computed with the
NMP of SV-bas (Table II) except for m∗/m which is varied. Lower
panel: g0 (filled green circles) and g′

0 (open green circles) for the
same Skyrme parametrizations. The lines indicate again the trends
a + bm/m∗ (solid line for g0, dashed line for g′

0). Also shown are the
adjusted LM spin parameters which reproduce the magnetic dipole
states in 208Pb (g0 as filled blue squares, g′

0 as open blue squares) for
the corresponding Skyrme parametrizations taken from [28].

effective-mass normalization (column 1) demonstrate nicely
the interplay between mean field (terms with the leading
contribution “1”) and the residual interaction (terms with
F ’s). With bare-mass normalization, the terms representing
the mean field are in most cases proportional to m/m∗, which
takes into account that self-consistent models can stretch or
squeeze the level spacing and the residual interaction thus
has to work against the modified level density, similar to the
backflow effect, Eq. (4), for currents. The lower block shows,
in turn, how NMP are computed from LM parameters. Again,
the place where the effective mass enters makes the crucial
difference between bare-mass normalization and effective-
mass normalization. Particularly noteworthy are the entries
for f1 and f ′

1, or F1 and F ′
1 respectively. These show that self-

consistent models establish an intimate connection between
these first-order parameters and effective masses m/m∗ and
κTRK. One is not allowed to change one without consistently
modifying the other. This counter-play is also reflected in the
backflow correction, Eq. (4), for flow observables.

The dimensionless LM parameters allow also one to ex-
press the stability conditions for excitations modes. These

are F (′)
0 > −1 for effective-mass normalization or m∗

m f (′)
0 >

−1 for bare-mass normalization, and similarly F (′)
1 > −3 or

m∗
m f (′)

1 > −3 for l = 1 [where the compact upper index (′)
means that this holds for F as well as for F ′ type parameters].
The stability conditions look more natural for effective-mass
normalization while one has first to undo the m/m∗ factor in
case of bare-mass normalization.

As argued above, the parameters f0, f ′
0, defined with bare-

mass normalization, represent directly the strength of the
residual interaction. The first two lines of Table I show a clear
dependence f (′)

0 = c − m/m∗, where c is some constant: The
smaller m∗ is, the stronger the isoscalar interaction and the
weaker the isovector one, which is necessary to counterweight
the lower level density at the Fermi surface (the “backflow
effect” for the RPA interaction). The upper panel of Fig. 1
shows these trends for the natural-parity channel together with
the values for f (′)

0 from a representative set of well work-
ing Skyrme parametrizations. The results from the realistic
parametrizations fit nicely to the analytic trend and so confirm
the need to properly counterweight the level-spreading effect
of the effective mass.

For completeness, we show in Table II the NMP and
corresponding LM parameters for a selection of Skyrme
parametrizations with systematically varied NMP [16,44].
The detailed expressions of the LM parameters in terms of
the parameters of the Skyrme interaction (3) are given in
Appendix E.

C. The spin channel

Now we turn to the spin channel, and we will see that the
case is dramatically different. A first problem is that we do
not have well established NMP for spin response and that spin
modes in finite nuclei are not as prominent as giant resonances
of natural parity. Both together leave the empirical calibration
of the residual interaction in the spin channel an open problem
[28]. Second, the spin channel in many mean-field models
is determined once the natural-parity response is fixed. For
example, relativistic mean-field models tie spin properties
and kinetic properties closely together [45]. This may not be
beneficial if it turns out that the “predictions” thus obtained
are wrong. That is the aspect which we will address here for
the case of the SHF model.

The spin properties in the Skyrme EDFs are not uniquely
fixed. These leaves different options for their choice [46],
which lead to rather different results for the LM parameters
of G type:

(1) One can understand SHF as stemming from the ef-
fective density-dependent zero-range interaction (3)
which determines all spin terms from the given
natural-parity partners and its NMP. This yields, by
combining the formulas of Appendices D and E,

g0+g1 = −(3+3κTRK ) − 3asym−2 B
A

TF
+ 26m

5m∗ , (8a)

g′
0+g′

1 = B

A

1

TF
+ 3

5

m

m∗ . (8b)
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TABLE II. Nuclear matter parameters for the Skyrme parametrizations used in this paper and the corresponding LM parameters in both
normalizations.

K∞ asym
EDF m∗/m (MeV) κTRK (MeV) F0 F ′

0 F1 f0 f ′
0 f1 G0 G′

0 g0 g′
0

SV-mas10 1.00 234 0.4 30 0.06 1.45 0.00 0.06 1.45 0.00 −0.58 1.03 −0.58 1.03
SV-bas 0.90 233 0.4 30 −0.05 1.20 −0.30 −0.05 1.34 −0.33 0.00 0.99 0.00 1.10
SV-kap00 0.90 233 0.0 30 −0.05 1.20 −0.30 −0.05 1.33 −0.34 1.08 0.99 1.20 1.10
SV-K218 0.90 218 0.4 30 −0.12 1.18 −0.30 −0.13 1.32 −0.34 0.02 0.99 0.02 1.10
SV-sym34 0.90 234 0.4 34 −0.04 1.50 −0.30 −0.05 1.67 −0.33 −0.29 0.99 −0.33 1.10
SV-mas07 0.70 234 0.4 30 −0.26 0.71 −0.90 −0.37 1.01 −1.29 1.16 0.90 1.65 1.29
SV-m64k6 0.64 241 0.6 27 −0.30 0.40 −1.09 −0.48 0.64 −1.72 1.30 0.87 2.04 1.38
SV-m56k6 0.56 255 0.6 27 −0.35 0.24 −1.33 −0.63 0.43 −2.39 1.78 0.84 3.19 1.51

(2) Even when taking the viewpoint of option 1, most ac-
tual parametrizations drop the tensor spin-orbit terms
(“tensor terms”) ∝ �J2 which are generated as partners
of the kinetic terms in the force definition of the SHF
functional. This yields the variant

g0 = −(3 + 3κTRK ) − 3asym − 2 B
A

TF
+ 26

5

m

m∗ , (9a)

g′
0 = B

A

1

TF
+ 3

5

m

m∗ , (9b)

g1 = 0, (9c)

g′
1 = 0. (9d)

(3) One can dismiss the concept of a force and start from
an EDF, in which case the spin terms are constrained
only by the requirement of Galilean invariance, leaving
a couple of terms open. These can be adjusted inde-
pendently of the terms of natural parity and so allow
for more flexible tuning of magnetic modes. This has
been done, e.g., in [28]. No closed formula for the G
parameters can be given here.

(4) As in option 3, one can start from a Skyrme energy-
density functional, but now freeze the spin terms by the
requirement of “minimal Galilean invariance” which
means to discard all spin terms which are not fixed by
Galilean invariance [46]. This yields for the G param-
eters the trivial result

G0 = 0, G′
0 = 0, G1 = 0, G′

1 = 0. (10)

Let us first investigate the option 2, which assumes an un-
derlying Skyrme force and thus predicts the properties in the
spin channel from the known properties in the natural-parity
channel. The LM parameters are thus given by Eqs. (9). The
trend with m∗ is of the form g(′)

0 = a(′) + b(′)m/m∗, where a(′)
and b(′) are some constants. This looks similar to the trend
for the f (′)

0 . The crucial difference is, however, that the mass
dependence comes with a plus sign. The trend is visualized in
the lower panel of Fig. 1. Note that the deviation of the open
green circles from the dashed line is negligible because the
first term in the right-hand side of Eq. (9b) is practically the
same for all parametrizations. We see that the g(′)

0 parameters
increase with decreasing m∗/m, which goes the wrong way
because it is counterproductive for compensating the decrease

of level density in the single-particle spectrum. The options 1
and 2 which treat the SHF model as an effective interaction
are thus to be discarded for principle reasons.

This result has also been found in several places from
studying magnetic excitations in finite nuclei; see, e.g., [3,28].
In [28], the spin parameters in the Skyrme functional had
been adjusted freely to M1 modes in finite nuclei. This cor-
responds to option 3 in the above list. The resulting g(′) are
shown as squares in Fig. 1. The g0 stay close to zero for
the parametrizations with m∗/m ≈ 1. The g′

0 a bit larger, still
being small. Both show a slight tendency to decrease with
decreasing m∗/m, which is the expected trend. This empirical
result allows also the option 4 for g0. This is not so clear for
g′

0. To be on the safe side, the option 3 turns out to be the
recommended option.

IV. LANDAU-MIGDAL PARAMETERS
AND RESONANCE EXCITATIONS IN 208Pb

A. The random-phase approximation

In this section, we are going to investigate excitation prop-
erties in a finite nucleus, namely 208Pb. The most often used
method for calculating excitation properties in nuclear physics
is the RPA and its various extended versions. There exist
numerous different derivations which all lead to the same
basic RPA equation [6]:

(
εν1 − εν2 − m

)
χ (m)

ν1ν2
= (

nν1 − nν2

) ∑
ν3ν4

F ph
ν1ν4ν2ν3

χ (m)
ν3ν4

. (11)

The χ (m)
ν1ν2

are the ph excitation amplitudes in the single-
particle configuration space, F ph is the ph interaction, εν are
the sp energies, and m the excitation energies of the nucleus.
There exist two different methods to determine the input data:

(I) The phenomenological shell-model approach where one
starts with an empirically adjusted single-particle model and
parametrizes the ph interaction. A very successful approach in
this connection is the Landau-Migdal theory [4,47].

(II) The self-consistent approach where one starts with
an effective EDF from which one derives the single-particle
quantities as well as the ph interaction [36]. In this paper we
discuss particularly Skyrme type EDFs.

There exist various extended versions of RPA which in-
clude configurations beyond 1ph, e.g., phonon coupling in the
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TBA; for details see [7,8]. Most of these models employ again
the basic ph interaction F ph. Thus no new parameters have to
be introduced.

The RPA equation (11) shows that there are two basic
ingredients which determine at the end the excitation spectra:
the 1ph energies εp − εh and the ph interaction F ph. The 1ph
energies are determined with the ground state, which leaves
little leeway for tuning. The ph interaction is exclusively seen
in the excitations and most of their impact can be charac-
terized in simple terms through the LM parameters, as done
throughout this paper.

B. Giant resonances

We start with excitations of natural parity, also called
electric modes. Their spectral distribution in a heavy nucleus
as 208Pb and in channels with low angular momentum L is
dominated by one strong peak called a giant resonance. Most
prominent are the isoscalar giant monopole resonance (GMR),
the isoscalar giant quadrupole resonance (GQR), and the the
isovector giant dipole resonance (GDR). All three resonances
can be characterized by one number, the resonance energy,
which we will use now for looking at trends and relations to
LM parameters. Figure 2 collects giant-resonance properties
together with the leading LM parameters (upper panels) for a
variety of Skyrme parametrizations with systematically varied
NMP; see Table II. In order to check the impact of complex
configurations beyond RPA, we compare resonance energies
from RPA with those from TBA. The differences in the en-
ergies are small while the resonance width is significantly
affected by the complex configurations in TBA [28,48,49]. At
present, we focus on resonance energies and can ignore the
small difference between RPA and TBA. Together with the
resonance energies, we show also the average 1ph energies εph

(averaged over the 1ph spectrum weighted by the transition
operator of each mode). The difference between εph and the
resonance energy provides a visualization of the impact of the
ph interaction. It is obviously considerable: strongly attractive
in the isoscalar modes [panels (c), (d), and (e) of Fig. 2] and
strongly repulsive in the isovector modes [panels (a) and (b)].
Note that the Skyrme parametrizations are sorted in order of
decreasing effective mass with m∗/m = 1 to the left and the
lowest m∗/m = 0.56 to the right. It is obvious that the εph

increase while the resonance energies change comparatively
little. The increase of εph is largely compensated by a properly
counteracting trend of the ph interaction. This trend can be
nicely read off from the LM parameters shown in the upper
panels. It is the same as shown already in Fig. 1, and we learn
from the present figure that the trend ∝ c − m/m∗ which is
typical for the LM parameters in the natural parity channels is
exactly what is needed to compensate for the dilution of 1ph
spectra with decreasing effective mass.

Although the variations of resonance energies are small
compared to the effects of the ph interaction, there is an
important trend in them. It demonstrates the known intimate
connection between NMP and resonance energies [16]: the
giant monopole resonance (GMR) is related exclusively to
the incompressibility K∞, the giant dipole resonance (GDR)
to the sum rule enhancement κTRK, and the giant quadrupole
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FIG. 2. Collection of giant-resonance properties in 208Pb to-
gether with LM parameters for a representative set of Skyrme
parametrizations covering a variation of all four NMP [16,44].
(a) Isovector LM parameters. (b) Isovector RPA properties (reso-
nance energies, average 1ph energies). (c) Isoscalar LM parameters.
(d) Isoscalar monopole resonance energies. (e) Isoscalar quadrupole
resonance energies. In addition to RPA results, also results from TBA
are shown and the unperturbed 1ph energies.

resonance (GQR) to the effective mass m∗/m. These trends
are much more subtle than the dramatic trends for the εph. It
is remarkable how the interplay between mean-field and ph
interaction can recover the subtle trends.
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C. The magnetic case

In the case of magnetic modes, there are no isoscalar
spin-dependent resonances known, which suggests that the
spin-dependent isoscalar ph interaction is weak. On the other
hand, there exist collective neutron-particle proton-hole res-
onances in nuclei with neutron excess. The best known
resonances are the (1+) Gamow-Teller resonances. The cor-
responding unperturbed 1ph-strength is shifted to higher
energies, which is a clear indication that the spin-isospin
ph interaction has to be strongly repulsive, which was con-
firmed in Ref. [50] comparing the experimental GT resonance
in 208Pb together with two theoretical results. However, the
Gamow-Teller resonances reside in a regime where effective
energy functionals are most probably insufficient. We thus
concentrate on the low-energy magnetic modes. We have
scanned several multipolarities and find that the M1 mode
provides the cleanest test case for comparison with data while
all other modes are more fragmented thus less suitable; for
details see Appendix C. We thus concentrate here on M1
modes.

The 1+ states in 208Pb are a nice example of the behav-
ior of the spin-dependent isoscalar and isovector interaction.
There is an isoscalar state at E1 = 5.84 MeV which is close
to the uncorrelated (experimental) proton and neutron spin-
orbit doublets επ

ph = 5.55 MeV and εν
ph = 5.84 MeV and a

couple of isovector 1+ states with the mean energy E2 =
7.39 MeV. This again shows that the spin-dependent isoscalar
ph interaction is weak and the spin-dependent isovector ph
interaction is strongly repulsive. In a recent publication by our
group [28], we investigated these 1+ states in the framework
of RPA using various Skyrme parameter sets with different
effective masses. There we took the Skyrme functional as
derived from a Skyrme interaction with all spin terms fixed
by the model, option 2 of Sec. III C. Figure 3 shows the RPA
results of the isoscalar and isovector M1 modes together with
the unperturbed 1ph energies. The trends of the 1ph energies
are the same as for the giant resonances in Fig. 2 and the
computed M1 energies amplify this trend, driving the RPA
results far off the experimental values. This demonstrates on
the grounds of the empirical results that the option to take
the Skyrme interaction literally is inappropriate for magnetic
modes. In our paper [28], we also considered the spin terms
in the Skyrme EDF as free for independent calibration (op-
tion 3 in Sec. III C). The energies of the M1 modes reproduce,
by construction, the experimental energies and are thus not
shown in the figure. The nontrivial message in this respect
is that one can do such fine tuning of spin modes without
destroying the overall quality of the parametrization.

V. CONCLUSION

Using a self-consistent, microscopic description based
on an energy-density functional (EDF), we calculated col-
lective low- and high-lying resonances for several Skyrme
parametrizations with different effective masses. The electric
resonances are in good agreement with the data whereas the
magnetic resonances fail. This result, also found previously by
other authors, is at first glance surprising because changing

FIG. 3. Energies of the lower (E (M1)
1 , lower figure) and higher

(E (M1)
2 , upper figure) M1 states in 208Pb calculated within RPA for

a selection of different Skyrme parametrizations (full red circle)
compared with the experimental values (black box and faint dashed
line). Also shown are the energy of the unperturbed εph from proton
spin-orbit pair (lower figure) and neutron spin orbit pair (upper
figure), indicated by blue triangles.

the effective mass changes energy spacing of particle-hole
(ph) states dramatically while, e.g., monopole resonances stay
inert. The fact that giant resonances do not change that much
requires that the change in ph spacing is compensated by a
corresponding change in the residual ph interaction: smaller
effective mass gives larger ph spacings and thus the ph in-
teraction has to be more attractive (isoscalar channel) or less
repulsive (isovector channel). Using the Landau-Migdal (LM)
theory of fermion fluid, we could assess the mechanisms
beyond this correlation between ph spacing and strength of
residual ph interaction for the actual Skyrme EDFs. The
volume parameters of the latter were quantified in terms
of LM parameters which depend, apart from effective mass
m∗/m, only on five nuclear matter parameters (Fermi mo-
mentum kF , bulk binding energy B/A, incompressibility K∞,
symmetry energy asym, and Thomas-Reiche-Kuhn sum rule
enhancement κTRK). The LM theory shows that the LM pa-
rameters for natural-parity modes are constrained by basic
conservation laws (continuity equation), a mechanism also
known as backflow effect. These constraints do not apply in
the unnatural-parity channel. These simple fluid dynamical
considerations show that the spin parameters in a Skyrme
EDF are, in principle, independent of the parameters for the
natural-parity channel. If a Skyrme force establishes a rela-
tion between natural- and unnatural-parity channels, failure
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is likely and that is what one finds in microscopic calcula-
tions.

Then we looked at magnetic modes, i.e., excitations with
unnatural parity, in more detail. First of all, there exist no well
settled magnetic bulk properties which may be included in the
fitting of the EDF parameters. This leaves several options for
determining the EDF in the spin channel. Either one derives
the spin parameters from the zero-range Skyrme force as done
traditionally, or one dismisses all terms which are not required
by Galilean invariance, or one takes spin-sensitive data to
calibrate them. Our results show that only the last option
can work. However, there are no strong collective magnetic
resonances known which could serve as a strong benchmark.
An exception may be the GT resonances in neutron-rich nuclei
which, unfortunately, are likely to lie outside the range of a
description by Skyrme EDFs. Thus we take as reference here
the strongest isoscalar and isovector M1 states in 208Pb. The
isoscalar state is close to the two (experimental) spin-orbit
partners while the more fragmented isovector states are shifted
by about 2 MeV to higher energies. Taking the definition of
spin parameters in the EDF from the Skyrme force runs into
difficulties for M1 resonances in 208Pb. The RPA results do not
describe the data and there do not exist the clear correlations
between unperturbed ph states and RPA results like in the
electric case. The main point of our paper is that this problem
is already apparent from bulk properties, namely looking at
the trends of the spin-dependent LM parameters g0 and g′

0
as function of m∗/m. These trends are going in the opposite
direction compared to the well performing LM parameters f0

and f ′
0 in the natural-parity channel. This provides, already

at the level of bulk properties, a strong argument against the
definition of a Skyrme EDF by a Skyrme force. The argument
is corroborated by the observation that the values of g0 and g′

0
differ substantially from those obtained previously by a fit to
the empirical M1 resonances.

This altogether demonstrates, once again, that the spin
channel in Skyrme EDF’s is different and still requires careful
calibration. The next step of development is to explore the
chances to obtain a consistent description of spin properties
(magnetic modes, properties of odd nuclei) by freely fitting
the spin parameters of the Skyrme EDF. In that context, one
should also consider the tensor spin-orbit terms in the EDF.
In a further step, one should look at relativistic EDFs. These
have spin properties inherently coupled to the natural-parity
channel. The intriguing question is whether this gives at once
a better description of the magnetic channel or whether one
needs comparable extensions of the model (tensor couplings)
to obtain a pertinent description.
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APPENDIX A: DENSITY DEPENDENCE
OF LM PARAMETERS

As mentioned above, the LM theory for finite nuclei as well
as the SHF model augment the LM parameters with some
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FIG. 4. Density dependence of the isovector LM parameters f ′
0,

F ′
0 , F ′

1 in the upper part and the isoscalar LM parameters f0, F0,
F1 in the lower part. The quantities are derived from the Skyrme
parametrization SV-mas07.

density dependence. Figure 4 shows the density-dependent
LM parameters for the parametrization SV-mas07. Near bulk
density, it is linear similar to LM theory. But it differs dramat-
ically from linear behavior at low densities.

APPENDIX B: LOW-LYING COLLECTIVE
ELECTRIC STATES

In Fig. 5 we present the energies of the first 3−, 5−, and
2+ states in 208Pb calculated in RPA with various Skyrme
parametrizations. For each parameter set, also the energy of
the lowest unperturbed 1ph state in the corresponding channel
is given. From numberless calculations, e.g., Ref. [23], we
know that the lowest 3− state is the most collective state in
208Pb. Many 1ph state within the 1h̄ω shell contribute co-
herently, which gives rise to the well known large transition
probability and large energy shift. This is nicely demonstrated
in panel (b) of Fig. 5, where all 1ph energies stay far above
the final lowest state (red dots). To the 5− state [panel (a)]
also many 1ph states within the 1h̄ω shell contribute, but
obviously in this case the ph interaction is too weak to gen-
erate a strongly collective state. Therefore the shift from the
unperturbed states is much smaller and reaches in no case
the experimental line. For the 2+ states [panel (c)] only two
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FIG. 5. Energies of the first excited 3−, 5−, and 2+ states in
208Pb calculated within RPA. We compare the results of different
Skyrme parametrizations with the data. We also show the energy of
the lowest unperturbed 1ph pair for each multipolarity, indicated by
blue squares.

neutron and two proton 1ph states within the 1h̄ω shell con-
tribute. On the other hand many 1ph states from the 2h̄ω

shell contribute and give rise to a relatively large transition
moment. The energy shifts are smaller than in the 3− case, but
reach in most cases the experimental value. The down-shift of
the energy comes along with an enhanced transition moment
(not shown here) which is another realization of collectivity
(coherent superposition of many 1ph states). The most col-
lective resonance in that respect is the 3− state and it is no
surprise that we see, again, the same feature as for the giant
resonances, namely that the uncoupled 1ph energies change
with Skyrme force while the RPA results are practically the
same. From this we conclude that for collective states the
backflow is an important corrective mechanism.

APPENDIX C: MAGNETIC MODES WITH L = 1–6

In the main part of our paper we discussed M1 modes only.
For completeness, we show in Fig. 6 the spectral distributions
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FIG. 6. Spectral distributions of ML strengths for the modes with
L = 1–6 in 208Pb computed with RPA using the Skyrme parametriza-
tion SV-bas [16]. The discrete RPA spectra are smoothed with
Gaussians using energy-dependent width � = max(0.2, (E − 8)/5)
MeV to simulate continuum effects and collision broadening.

of magnetic modes with angular momenta L = 1–6 in 208Pb
computed within the RPA using the Skyrme parametrization
SV-bas. The external field operators of the magnetic exci-
tations were taken in standard form; see, e.g., Ref. [9]. As
demonstrated in Fig. 6, M1 excitations have by far the cleanest
structure, with two pronounced and well separated low-lying
structures. The lower one is of isoscalar nature and the higher
states have isovector character. Moreover, there exist high-
precision data for the M1 states. For this reason we used the
M1 mode as tool for studying the spin properties of the ph
interaction.

APPENDIX D: NUCLEAR MATTER PROPERTIES

Within the density functional theory, the properties of sym-
metric infinite nuclear matter (the Fermi momentum kF, the
total binding energy per nucleon B/A, the nuclear matter
incompressibility K∞, the symmetry energy asym, the en-
hancement factor of the Thomas-Reiche-Kuhn sum rule κTRK,
and the effective mass m∗) are determined by the parameters
of the energy-density functional. In the case of Skyrme EDF
(3) the respective equations have the following form (see, e.g.,
Ref. [51]):

0 = 2

5
TF + 3

8
t0ρeq + 1

16
t3(α + 1)ρα+1

eq + 1

16
�sk

2
Fρeq,

(D1)

−B/A = 3

5
TF + 3

8
t0ρeq + 1

16
t3ρ

α+1
eq + 3

80
�sk

2
Fρeq, (D2)
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K∞ = 6

5
TF + 9

4
t0ρeq + 3

16
t3(α + 1)(3α + 2)ρα+1

eq

+3

4
�sk

2
Fρeq, (D3)

asym = 1

3
TF − 1

8
t0(2x0 + 1)ρeq − 1

48
t3(2x3 + 1)ρα+1

eq

+ 1

24
(2�s − 3�v)k2

Fρeq, (D4)

κTRK = mρeq

4h̄2 �v, (D5)

m

m∗ = 1 + mρeq

8h̄2 �s, (D6)

where ρeq = 2k3
F/3π2 is the equilibrium density, TF =

h̄2k2
F/2m,

�s = 3t1 + (5 + 4x2)t2, (D7)

�v = (2 + x1)t1 + (2 + x2)t2. (D8)

APPENDIX E: LANDAU-MIGDAL PARAMETERS

The Landau-Migdal parameters deduced from the Skyrme
EDF (3) are related with the parameters of this functional by
the formulas (see, e.g., Refs. [22,52])

C∗
0 F0 = 3

4 t0 + 1
16 t3(α + 1)(α + 2)ρα

eq

+ 1
8 k2

F[3t1 + (5 + 4x2)t2], (E1)

C∗
0 F ′

0 = − 1
4 t0(1 + 2x0) − 1

24 t3(1 + 2x3)ρα
eq

+ 1
8 k2

F[(1 + 2x2)t2 − (1 + 2x1)t1], (E2)

C∗
0 F1 = − 1

8 k2
F[3t1 + (5 + 4x2)t2], (E3)

C∗
0 F ′

1 = − 1
8 k2

F[(1 + 2x2)t2 − (1 + 2x1)t1], (E4)

C∗
0 (G0 + G1) = − 1

4 t0(1 − 2x0) − 1
24 t3(1 − 2x3)ρα

eq, (E5)

C∗
0 (G′

0 + G′
1) = − 1

4 t0 − 1
24 t3ρ

α
eq, (E6)

C∗
0 G1 = 1

8 [(1 − 2x1)t1 − (1 + 2x2)t2]k2
F, (E7)

C∗
0 G′

1 = 1
8 (t1 − t2)k2

F, (E8)

with C∗
0 as defined in Eq. (5b). Note that G1 = G′

1 = 0 in-
dependently of Eqs. (E7) and (E8) for the Skyrme EDFs in
which the J2 terms are omitted (see Ref. [53] for more detail).
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