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Diffusion of heavy quarks in the early stage of high-energy nuclear collisions at energies
available at the BNL Relativistic Heavy Ion Collider and at the CERN Large Hadron Collider
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We study the diffusion of charm and beauty in the early stage of high-energy nuclear collisions at RHIC and
LHC energies, considering the interaction of these heavy quarks with the evolving Glasma by means of the Wong
equations, in the color-SU (2) case. In comparison with previous works, we add the longitudinal expansion of
the gluon medium as well as we estimate the diffusion coefficient in momentum space, and the effect of energy
loss due to gluon radiation. We find that heavy quarks diffuse in the strong transverse color fields in the very
early stage (0.2–0.3 fm/c) and this leads to a suppression at low pT and enhancement at intermediate low pT . The
shape of the observed nuclear suppression factor obtained within our calculations is in qualitative agreement with
the experimental results of the same quantity for D mesons in proton-nucleus collisions. We compute the nuclear
suppression factor in nucleus-nucleus collisions as well, for both charm and beauty, finding a substantial impact
of the evolving Glasma phase on these, suggesting that initialization of heavy quarks spectra in the quark-gluon
plasma phase should not neglect the early evolution in the strong gluon fields.
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I. INTRODUCTION

The study of the initial condition in high-energy collisions
is an interesting problem related to the physics of relativistic
heavy ion collisions (RHICs), as well as to that of high-energy
proton-nucleus (pA) and proton-proton (pp) collisions. At
very high collision energy the two colliding nuclei can be
described within the color-glass-condensate (CGC) effective
theory [1–7], in which fast partons dynamic is frozen by time
dilatation and they act as static sources for low momentum
gluons: their large occupation number allows to treat them
as classical fields. The collision of the two CGC sheets,
each representing one of the colliding objects in high-energy
collisions, leads to the formation of strong gluon fields in the
forward light cone called the Glasma [8–18]. The Glasma con-
sists of longitudinal color-electric and color-magnetic fields in
the weak coupling regime and characterized by large gluon
occupation number, Aa

μ � 1/g with g the QCD coupling,
so they are described by classical field theory namely the
classical Yang-Mills (CYM) theory. Finite coupling bring up
fluctuations on the top of the Glasma [19–33] that we do not
consider in the present manuscript.

Heavy quarks are considered as nobel probes of the sys-
tem produced in high-energy nuclear collisions, both for the
pre-equilibrium phase and for the thermalized quark-gluon
plasma (QGP); see Refs. [34–54] and references therein. Their
formation time is very small in comparison with the one of

*ruggieri@lzu.edu.cn

light quarks: indeed, this can be estimated as τform ≈ 1/(2m)
with m the heavy quark mass which gives τform � 0.1 fm/c for
charm and beauty quarks. Since heavy quarks are produced
immediately after the collision, they can propagate in the
evolving Glasma fields and probe its evolution.

Diffusion of heavy quarks in the early stage of high-energy
nuclear collisions has been studied previously in Ref. [50]
within a simplified approach based on a Fokker-Planck equa-
tion. A similar study has been performed in Refs. [51,52]
where emphasis has been put on the calculation of the nuclear
modification factor in p-Pb collision, RpPb. In comparison
with Ref. [50], the work in Refs. [51,52] goes beyond the
small momentum exchange approximation, solving the heavy
quarks dynamics in the evolving Glasma fields via the Wong
equations; this method is equivalent to solve the Boltzmann-
Vlasov equations for the heavy quarks in a collisionless
plasma. As a matter of fact, the Boltzmann-Vlasov equations
can be solved by means of the test particles method which
analogous to solve the classical equations of motion of the
test particles, here represented by the heavy quarks, and these
classical equations are the Wong equations. Then in Ref. [34]
the effect of this dynamics on the elliptic flow in Pb-Pb
collisions has been considered. However, in Refs. [34,51,52]
the longitudinal expansion of the medium has been ignored.

The main purpose of the present article is to report on a
more complete study of the problem of diffusion of charm and
beauty in the early stage of high-energy nuclear collisions,
improving the work already presented in Refs. [34,51] by
including the longitudinal expansion of the gluon medium.
For the sake of computational simplicity we consider the
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color-SU (2) case here. Although the expansion dilutes the en-
ergy density and makes the effect on the modification factors
smaller than the one found in Refs. [34,51], we still find a
substantial contribution of the early stage to these quantities
both in pA and in AA collisions.

In addition to this necessary improvement, we also es-
timate the diffusion coefficient in momentum space of the
heavy quarks in the evolving Glasma, which was not done in
Refs. [34,51]; finally, we present an estimate of the energy loss
due to gluon radiation that acts as a drag force on the heavy
quarks. We find that unless we artificially take a low average
energy density in the full evolution, the effect of the drag force
is not strong enough to cancel the tilt of the spectrum of charm
and beauty. We remark that we do not include cold nuclear
matter effects in our calculations [35,36,55–60]: inclusion
of these will be important, in particular, in pA collisions in
the forward rapidity region; we will consider these in future
studies.

The plan of the paper is as follows: in Sec. II we review the
Glasma and the Classical Yang-Mills equations; in Sec. III we
review the Wong equations; in Sec. IV we discuss our results
for RpPb and RPbPb; in Sec. V we estimate the effect of energy
loss due to gluon radiation; finally, in Sec. VI we draw our
conclusions.

II. GLASMA AND CLASSICAL YANG-MILLS EQUATIONS

In this section, we briefly describe the McLerran-
Venugopalan (MV) model [1–3,61] which is used to prepare
the initial condition known as the Glasma. We mention that in
our notation the gauge fields have been rescaled by the QCD
coupling Aμ → Aμ/g.

In the MV model, the static color charge densities ρa on the
nucleus A, the colliding objects, are assumed to be random
variables that are normally distributed with zero mean and
variance described by the equation〈

ρa
A(xT )ρb

A(yT )
〉 = (g2μA)2ϕA(xT )δabδ(2)(xT − yT ); (1)

here A corresponds to either the Pb nucleus or the proton,
a and b denote the adjoint color index. In this work we
limit ourselves, for simplicity, to the case of the SU (2) color
group therefore a, b = 1, 2, 3. In Eq. (1) g2μA indicates the
color charge density and it is of the order of the saturation
momentum Qs [62].

The function ϕA(xT ) in Eq. (1) allows for a nonuniform
probability distribution of the color charges in the transverse
plane. For the Pb nucleus we assume a uniform probability
and take ϕ(xT ) = 1. For the proton we use a gaussian ϕA(xT )
that mimics the distribution of color charges obtained after
rapidity evolution from the constituent quark model [63–66],
namely,

ϕp(xT ) = e−x2
T /2B. (2)

The parameter in Eq. (2) is B = 3 GeV−2.
For the proton g2μpϕp(xT )1/2 can be understood as an

xT −dependent g2μ. Following the result of Ref. [62], we
fix g2μp for each event assuming that 〈g2μpϕp(xT )1/2〉/Qs =
0.57 where the average is defined with ϕp(xT ) as a weight
function, then estimating Qs at the relevant energy by using

the standard GBW fit [67–69]

Q2
s = Q2

s,0

(x0

x

)λ

, (3)

where λ = 0.277, Q0 = 1 GeV, and x0 = 4.1 × 10−5. The
relevant value of x for the two colliding objects can be
obtained at midrapidity as 〈pT 〉/√s where 〈pT 〉 corresponds
to the average pT of the gluons produced in that collision.
For example, at the RHIC colliding energy for x = 0.01
we find Qs = 0.47 GeV in agreement with the estimate of
Ref. [70]. At the LHC energy,

√
s = 5.02 TeV, we obtain

Qs = 0.80 GeV which gives 〈g2μpϕp(xT )1/2〉 = 1.41 GeV.
For the Pb nucleus the uncertainty on the Qs and on g2μ

comes from the different model used to estimate Qs for a large
nucleus. In this case the GBW fit is modified as

Q2
s = f (A)Q2

s,0

(x0

x

)λ

, (4)

where

f (A) = A1/3 (5)

within a naive scaling hypothesis, and

f (A) = cA1/3 log A (6)

within the IP-Sat model [71]. While other forms of f (A) are
possible [72,73], the two given above indicate the higher and
lower value of Qs at the RHIC energy [62]; therefore, we take
these two to set the upper and lower estimate of Qs. Again
using Qs/g2μ = 0.57 we obtain g2μPb = 2 GeV and g2μPb =
3 GeV at the RHIC energy taking, respectively, the IP-Sat and
naive forms; at the LHC energy

√
s = 5.02 TeV the modified

GBW fit then leads to g2μPb = 3.4 GeV and g2μPb = 5 GeV
for the two cases.

Before going ahead, we remark that the parameters quoted
above (that are widespread in the literature), correspond to
the color-SU (3) case; however, in this work we analyze for
simplicity the evolution of Glasma for the color-SU (2) case.
We have checked that if we rescale the g2μ from SU (3) to
SU (2), we get an effect on the nuclear modification factors of
at most the 10%: given this tiny effect of the rescaling, and to
avoid confusion with the existing literature, we use the SU (3)
parameters here; in the Appendix we show one result for the
SU (2) parameter set.

The static color sources {ρ} generate pure gauge fields
which in the forward light cone combine and give the initial
boost-invariant Glasma fields. To compute these fields we first
solve the Poisson equations for the gauge potentials generated
by the color charge distribution of the nuclei A and B, namely,

−∂2
⊥�(A)(xT ) = ρ (A)(xT ) (7)

(a similar equation holds for the color charge distribution
belonging to B). Wilson lines are computed as V †(xT ) =
ei�(A) (xT ), W †(xT ) = ei�(B) (xT ) and the pure gauge fields of
the two colliding objects are given by α

(A)
i = iV ∂iV †, α

(B)
i =

iW ∂iW †. In terms of these given fields the solution of the
CYM in the forward light cone at initial time, namely, the
Glasma gauge potential, are given by Ai = α

(A)
i + α

(B)
i for

i = x, y and Aη = 0, and the initial longitudinal Glasma fields

044902-2



DIFFUSION OF HEAVY QUARKS IN THE EARLY STAGE … PHYSICAL REVIEW C 102, 044902 (2020)

are [8,9]

Eη = i
∑
i=x,y

[
α

(B)
i , α

(A)
i

]
, (8)

Bη = i
([

α(B)
x , α(A)

y

] + [
α(A)

x , α(B)
y

])
, (9)

while the transverse fields are vanishing at initial time.
The dynamical evolution of the fields that we study here

is given by the Classical Yang-Mills (CYM) equations in the
case of a box with longitudinal expansion, which are very
well known; see, for example, Refs. [18,20]. The Hamiltonian
density is given by

H = Tr

[
1

τ 2
EiEi + EηEη + 1

τ 2
BiBi + BηBη

]
, (10)

where the trace is over the adjoint color indices and τ denotes
the proper time. The equations of motion for the fields and
conjugate momenta are

Ei = τ∂τ Ai, (11)

Eη = 1

τ
∂τ Aη, (12)

∂τ Ei = 1

τ
DηFηi + τDjFji, (13)

∂τ Eη = 1

τ
DjFjη. (14)

These equations are solved in a 4 × 4 fm box with periodic
boundary conditions in the transverse plane, while rapidity
independence is assumed; the lattice spacing is a = 0.04 fm.

III. CHARM AND BEAUTY IN THE EVOLVING GLASMA

We initialize the momentum distribution of charm and
beauty with the prompt distribution obtained within fixed
order + next-to-leading log (FONLL) QCD which describes
the D-mesons and B-meson spectra in pp collisions after
fragmentation [74–76],

dN

d2 pT

∣∣∣∣
prompt

= x0

(1 + x3 pT
x1 )x2

; (15)

the parameters that we use in the calculations are x0 =
20.2837, x1 = 1.95061, x2 = 3.13695 and x3 = 0.0751663
for c quark; x0 = 0.467997, x1 = 1.83805, x2 = 3.07569, and
x3 = 0.0301554 for b quark; the slope of the distribution
has been calibrated to a collision at 5.02 TeV. Moreover,
we assume that the initial longitudinal rapidity share the same
value of space-time rapidity y = η. Initialization in coordinate
space is done as follows: for the pA collisions we use the
gaussian weight in Eq. (2) to distribute heavy quarks in
the transverse plane, while these are distributed with uniform
probability in the rapidity direction; for AA collisions we
also distribute heavy quarks with uniform probability in the
transverse plane. Finally, we assume that the formation proper
time of heavy quark is τformation = 1/(2mHQ) ≈ 0.06 fm/c for
charm quarks having mass mc = 1.5 GeV; for beauty we use
mb = 4.5 GeV which gives τformation ≈ 0.02 fm/c.

The momentum evolution of heavy quarks in the evolving
Glasma is studied by the Wong equations [77,78], that for a
single heavy quark can be written as

dxi

dt
= pi

E
, (16)

E
d pi

dt
= QaF a

iν pν, (17)

E
dQa

dt
= Qcε

cbaAbμ pμ, (18)

where i = x, y, z and E =
√

p2 + m2 with m is the mass
of the heavy quark. In the above equations, the first two
equations are the familiar Hamilton equations of motion for
the coordinate and its conjugate momentum, while the third
equation corresponds to the gauge invariant color current
conservation. In the third equation Qa corresponds to the
classical heavy quarks color charge: We initialize this by a
uniform distribution with support in the range (−1,+1). For
each c, b quark we produce a c̄, b̄ quark as well: for this
we assume the same initial position of the companion quark,
opposite momentum and a new random color charge (color
singlet condition of the produced quark-antiquark pair is not
a requirement because most heavy quarks are produced via
gluon fusion). Solving the Wong equations is equivalent to
solve the Boltzmann-Vlasov equations for the heavy quarks
in a collisionless plasma, which propagate in the evolving
Glasma. In fact, the Boltzmann-Vlasov equation can be solved
by means of the test particle method which amounts to solve
the classical equations of motion of the particles in the back-
ground of the evolving gluon field.

We neglect the effect of the color current carried by the
heavy quarks on the gluon field: this approximation is usually
used to study the propagation of heavy quarks in a thermal
QGP bath and sounds quite reasonable due to the small
number of heavy quarks produced by the collision, as well
as due to their large mass, both of these factors eventually
leading to a negligible color current density. The term on
the right hand side of Eq. (17) is responsible of diffusion
in momentum space [34,51,79]; besides, we should add a
dissipative term, −E
pi, that takes into account the energy
loss due to gluon radiation. We will estimate roughly the
effect of gluon radiation in Sec. V in the case of charm quark
only, by first computing the diffusion coefficient then using
the fluctuation-dissipation theorem to compute the drag which
describes the energy loss. We anticipate here that, within our
approximations, the effect of the drag is not substantial for the
range of pT that we consider in our study unless the average
effective temperature of the gluon bath is very low.

Whether a quark-gluon plasma is formed or not in pA
collisions is still an open question. For the pA collisions we
assume that all the dynamics can be described by the inter-
action with the evolving Glasma fields, without the formation
of a quark-gluon plasma; eventually heavy quarks hadronize
by fragmentation. At the end of this evolution we adopt a
standard fragmentation for the heavy quark to D/B-meson

044902-3



LIU, PLUMARI, DAS, GRECO, AND RUGGIERI PHYSICAL REVIEW C 102, 044902 (2020)

FIG. 1. Color electric fields, measured in lattice units, as a func-
tion of proper time for the expanding box (solid lines) and the static
box (dashed and dot-dashed lines).

[80], with

f (z) ∝ 1

z
(
1 − 1

z − εc/b
1−z

)2 , (19)

where z = pD/pc(pB/pb) is the momentum fraction of the
D(B)-meson fragmented from the heavy quark and εc(εb) is
a free parameter to fix the shape of the fragmentation function
to reproduce the D/B-meson production in pp collisions [81].
However, for AA collisions we do not perform any fragmenta-
tion since we can describe only the evolution in the early stage
of the collision: Our result for the spectrum should eventually
be fed to a relativistic transport code as an initialization for
heavy quarks in the quark-gluon plasma phase as done in
Ref. [34].

IV. RESULTS

In this section we present our results. We first show the
color fields, the energy density, and we define an effective
average temperature of the evolving gluon fields. Then we
show the RpPb for D and B mesons and the RPbPb for charm
and beauty quarks.

A. Evolving color fields

In Fig. 1 we plot the color electric field, measured in lattice
units, as a function of proper time; the behavior of the color
magnetic field is similar so we do not show it. In the figure,
solid green line corresponds to the longitudinal field while the
solid green thick line denotes the averaged transverse field,

namely ET =
√

E2
x + E2

y /2. In all cases, the fields have been

averaged over the box. For comparison, we also show the
fields in the case of the static box. The calculations correspond
to the setup for a Pb-Pb collision and g2μ = 3.4 GeV. We
notice that regardless of the longitudinal expansion, ET forms
within 0.1 fm/c in proper time, and initially its magnitude
is comparable with that of the static box. At larger proper
times, the magnitude of both longitudinal and transverse
fields decreases due to the expansion that dilutes the energy
density; nevertheless, up to τ = 0.4 fm/c the size of ET is still

FIG. 2. Average energy density of the gluon field versus proper
time, for a Pb-Pb collision with g2μ = 3.4 GeV (solid maroon line)
and g2μ = 5 GeV (dashed green line). Blue thin line corresponds to
τ−1 which we draw to emphasize the free streaming that develops for
τ � 0.05 fm/c.

substantial, being ≈40% of the analogous field obtained for
the static box. This ET causes the diffusion of the transverse
momentum of heavy quarks.

In Fig. 2 we plot the average energy density of the evolving
gluon field, ρ, as a function of the proper time, computed
for a Pb-Pb collision with g2μPb = 3.4 GeV (solid maroon
line) and g2μ = 5 GeV (dashed green line). In the figure
we have also drawn the blue thin line that corresponds to
τ−1: it emphasizes the free streaming that develops for τ �
0.05 fm/c, corresponding to a vanishing longitudinal pressure
[22,33].

For what we will discuss in the next sections, it is useful
to define an effective temperature from the energy density,
assuming the evolving gluon system can be represented as an
ensemble of thermalized gluons with average temperature T
and screening mass mS , namely,

ρ = 2
(
N2

c − 1
) ∫

d3 p

(2π )3

√
p2 + m2

S

e
√

p2+m2
S/T − 1

, (20)

with Nc the number of colors. From the results shown in Fig. 2
we extract the effective temperature for three values of mS ,
and we show the results in Fig. 3 for two values of g2μ:
the green solid lines correspond to mS = 1 GeV, the maroon
dashed lines to mS = 3 GeV and the blue dot-dashed lines to
mS = 5 GeV. The screening mass can be read from the gauge
invariant correlators [33] and it has been found to be of the
order of g2μ: we consider here three values of mS to check
how the predictions depend on mS . The average temperature
is pretty high at initial time, but it reaches T ≈ 1 GeV within
τ ≈ 0.4 fm/c for the lowest value of mS , being a bit higher
for larger values of mS . Clearly chosing a smaller value of
mS would give an effective temperature which matches the
initialization temperature of hydro and relativistic transport
calculations, Tin ≈ 0.6 GeV.
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FIG. 3. Upper panel. Effective temperature versus proper time,
computed for a Pb-Pb collision with g2μ = 3.4 GeV and for
mS = 1 GeV (green solid line), mS = 3 GeV (maroon dashed line),
mS = 5 GeV (blue dot-dashed line). Lower panel. Same as upper
panel, with g2μ = 5 GeV.

B. Nuclear modification factor for p-Pb collisions

In Fig. 4, we plot the D-meson nuclear suppression factor,
RpPb, at different time for D meson and for two different
values of g2μ in the Pb nucleus, namely, g2μ = 3.4 GeV
(upper panel) and g2μ = 5 GeV (lower panel). The last is
a large value of g2μ, but still within standard estimates. We
notice that anyway the effect on RpPb only mildly depends
on the g2μ. The evolution of charm has been studied via the
Wong equations, then at the time shown in the figure we have
adopted the standard fragmentation procedure to get the D
meson spectra. We observe that the RpPb substantial deviation
from one because of the interaction of the charm with the
gluon fields. We notice that due to the heavy quark interaction
with the gluon fields, low momentum charm quarks are shifted
to high momentum. This effect was first observed in Ref. [51]
and named as the cathode tube effect. Due to Cathode tube
effect we observe a enhancement of the RpPb at intermediate
pT associated to a depletion, a consequence of heavy quark
number conservation, at low momenta. In comparison with
Ref. [51], in this present work we have studied the effect in a
more realistic scenario including the longitudinal expansion.
In Fig. 4, we consider g2μ = 3.4 GeV for the Pb nucleus.
Although there is uncertainty on the life time of Glasma

FIG. 4. Nuclear suppression factor (|y| < 0.2) for the D meson
versus pT at different times. Upper panel corresponds to g2μPb =
3.4 GeV while in the lower panel g2μPb = 5 GeV. Experimental data
correspond to the backward rapidity side of the LHCb collaboration
[82].

produced in the p-Pb collisions, we observe that the nuclear
suppression factor stops evolving at τ ≈ 0.3 fm/c: this is
mainly due to the expansion which was missing in the earlier
calculations [51]. Such a property of self-quenching in a short
time scale is likely to favor a smooth transition into the subse-
quent evolution of the system in the QGP. In the lower panel
of Fig. 4, we plot the D-meson nuclear suppression factor
in Glasma corresponding to g2μPb = 5 GeV. Larger value of
g2μPb corresponds to more color charges, hence, large energy
density. This leads to the larger enhancement at intermediate
momentum. The fact that the shape of our RpPb can reproduce
that measured in experiments, might suggest that at least part
of the measured RpPb comes from the propagation of the
charm quarks in the Glasma, and might be considered as the
signature of the Glasma itself.

The net effect that we find on charm spectra seems differ-
ent from what is usually observed in a quark-gluon plasma
medium, in which the nuclear modification factor is larger
than one at low pT then it decreases monotonically smaller
at larger pT . However, it should be considered that in the
early stage the energy density of the gluon bath is very large,
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FIG. 5. Nuclear suppression factor of charm versus pT for a
Pb-Pb collision, at different times. Upper panel corresponds to
g2μPb = 3.4 GeV while in the lower panel g2μPb = 5 GeV.

therefore it is natural that low-pT heavy quarks diffuse to
higher pT and energy loss plays a minor role here. We will
show in the next section that including a term that describes
energy loss by radiation, the main effect will be still the
diffusion from low to high pT unless we keep the average
energy density of the gluon bath very low in the full evolution,
comparable with that of the quark-gluon plasma at the initial-
ization time. This is in agreement with Ref. [79] where it has
been shown that assuming a fluctuation dissipation theorem,
the diffusion of the heavy particle dominates over the energy
loss if the initial momentum of the heavy particle is smaller
than the average energy of the bulk.

C. Nuclear modification factor for Pb-Pb collisions

In nucleus-nucleus collisions the Glasma phase can act as
the pre-equilibrium phase before the QGP phase. Recently the
impact of initial static Glasma phase on heavy quark dynamics
has been reported in Ref. [34]. It is observed that the dynamics
in evolving Glasma stage leads to a larger final elliptic flow
(v2) inducing a relation between RAA and v2 that is quite close
to the experimental measurements. Keeping its significance in
mind, we extended our calculation to nucleus-nucleus colli-

FIG. 6. Nuclear suppression factor of beauty versus pT for a
Pb-Pb collision, at different times. Upper panel corresponds to
g2μPb = 3.4 GeV while in the lower panel g2μPb = 5 GeV.

sions. In Fig. 5, we plot RPbPb of charm in evolving Glasma for
g2μPb = 3.4 GeV (upper panel) and g2μPb = 5 GeV (lower
panel) at different proper times. The effect on the charm
spectrum is much stronger in nucleus-nucleus collisions in
comparison with p-nucleus collisions: this is due to the larger
energy density produced in nucleus-nucleus collisions than
p-nucleus collisions. After the evolution in the initial gluon
fields, the quark-gluon plasma phase should be considered and
our result should serve as the initial condition of the charm
spectrum for the QGP phase evolution. Once again we observe
a saturation of the RPbPb at τ ≈ 0.3 fm/c. It is remarkable that
although expansion is present, the impact of initial evolution
in the gluon field is still quite substantial in comparison with
the earlier results in which expansion was not considered [34].

We further extend our model to study the evolution of
beauty. In Fig. 6, we present the RPbPb of beauty for the
aforementioned two values of g2μPb. The trend we observe for
beauty is the same we have found for charm: Quantitatively
the effect on the spectrum of beauty is much milder, of course,
because of the larger mass of this quark compared to that of
charm. Overall, the effect on beauty is still significant and
might impact the later dynamics in the QGP phase [34].
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FIG. 7. Transverse momentum variance as a function of proper
time, for a Pb-Pb collision. Indigo diamonds correspond to g2μ =
3.4 GeV while green squares to g2μ = 5 GeV. Dashed lines denote
the linear fit Eq. (22).

V. ESTIMATE OF THE RADIATION REACTION

In the previous section we have shown the results obtained
neglecting the energy loss of the heavy quarks: This can be
modeled by modifying Eq. (17) as,

E
d pi

dt
= QaF a

iν pν − E
pi, (21)

where 
 is the drag coefficient. In this section we give a rough
estimate of the radiation reaction, then evaluate its effect on
the nuclear modification factors. We limit ourselves to show
the results obtained for the charm quark since those for the
beauty quark are similar. Our strategy is to first evaluate an
average diffusion coefficient for the transverse momentum, D,
of charm, defined via the equation

σ 2 ≡ 〈(pT − 〈pT 〉)2〉 = 2Dτ + constant, (22)

where the average is taken with the charm spectrum, then
assume that the fluctuation-dissipation theorem (FDT),

D = 
ET, (23)

relates D to 
 with E corresponding to the kinetic energy
of the heavy quark. A similar assumption between drag and
diffusion coefficients, although via a more rigorous imple-
mentation, has been already adopted in Ref. [50]. One major
drawback of this assumption is that the FDT is rigorously
valid only for a bath in thermal equilibrium, which is a
condition that is not satisfied by the evolving gluon field
considered here. However, the calculation of 
 without a FD
theorem would require the calculation of the gluon radiation
from quarks propagating in a random gluon field, which is
beyond the scope of this study. Therefore, we follow [50]
and we chose to estimate the drag coefficient by Eq. (23) and
replacing T with the average temperature extracted from the
energy density, see Fig. 2 and Eq. (20).

In Fig. 7 we plot the variance of the transverse momentum
for the setup of a Pb-Pb collision. The result has been obtained
by solving the equations of motion of charm in the evolving
gluonic background, Eq. (17), which takes into account the

FIG. 8. Comparison of the nuclear modification factor for the
setup of Pb-Pb collisions, obtained neglecting and considering
the radiation reaction of the charm quark. Upper panel corre-
sponds to g2μ = 3.4 GeV and three screening masses: mS = 1 GeV
(solid orange line), mS = 3 GeV (maroon dot-dashed line), and
mS = 5 GeV (dotted green line). For comparison we also show the
result without drag, see the blue dashed line. Lower panel shows the
results g2μ = 5 GeV and the same values of the screening masses.

diffusion only. In the figure, the green squares correspond
to our calculation for g2μ = 5 GeV while the indigo dia-
monds denote the results for g2μ = 3.4 GeV; the dashed lines
correspond to the linear fit Eq. (22). We use Eq. (22) to fit
the data in Fig. 7 and we find D = 0.21 GeV2/fm for g2μ

= 3.4 GeV, while D = 0.35 GeV2/fm for g2μ = 5 GeV. We
notice that these numbers are in the same ballpark of the
pQCD estimates for an average pT ≈ 1.5–2 GeV in the tem-
perature range 0.4–1 GeV [48]. Using these results in Eq. (23)
we estimate 
 for each charm and use it in Eq. (21).

In Fig. 8 we plot the nuclear modification factor computed
with the drag force estimated by the FDT, using three different
screening masses of the bath. For comparison we also show
RPbPb computed without taking the drag into account, see the
blue dashed line. Upper panel corresponds to g2μ = 3.4 GeV,
lower panel to g2μ = 5 GeV. In both panels we show the
results obtained for mS = 1 GeV (solid orange line), mS =
3 GeV (maroon dot-dashed line), and mS = 5 GeV (dotted
green line). As expected, the smaller the average T is, the
larger the effect of the drag. On the one hand, these results
confirm that as long as the energy density of the gluon medium
remains large in the initial stage, the drag force can be ne-
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glected for low-pT heavy quarks; on the other hand, when the
energy density becomes smaller the drag might be important
so energy loss by gluon radiation might play a role even in the
very early stage of the collision. This last circumstance pushes
us to study the problem of gluon radiation in more detail, and
we leave a detailed study to a future project.

VI. CONCLUSIONS AND OUTLOOK

We have studied the diffusion of charm and beauty quarks
by means of the Wong equations in the evolving strong gluon
fields produced in the early stage of high-energy nuclear
collisions. For the sake of computational simplicity we have
addressed the problem in the color-SU (2) case Initialization
of the gluon field has been achieved via the Glasma, carry-
ing longitudinal color-electric and color-magnetic fields thus
neglecting fluctuations. For the heavy quark initialization we
have considered the standard FONLL perturbative production
tuned to reproduce the D and B meson spectrum in proton-
proton collisions. We have setup the saturation scale for both
the proton and the Pb nucleus to reproduce the expected one at√

s = 5.02 TeV collisions. The novelties in comparison with
previous works [34,51] are that have added the longitudinal
expansion of the gluon medium (in Ref. [51] we studied
the diffusion in a static box), and performed a systematic
comparative study of pA and AA collisions that is lacking in
the literature. In particular, we have focused on the nuclear
modification factors, RpA and RAA, showing how this is af-
fected by the interaction of the heavy quarks with the gluon
medium. We have also roughly estimated the effect of the
radiation reaction on RAA, by using a fluctuation-dissipation-
theorem-like relation between the drag and the diffusion coef-
ficient, leaving a complete study to a future project. We have
found that the spectrum of charm and beauty is tilted toward
higher pT because of the interaction with the gluon fields
in the early stage: This effect was named the cathode tube
in Ref. [51].

We have first computed RpPb. The main effect of the
interaction of the charm quarks with the gluon field is to shift
the low pT charm quarks to high pT states. This ensured a
enhancement of the charm quarks yields in the intermediate
pT . We have found that the shape of our RpPb able to reproduce
that measured by the LHCb collaboration on the proton side
where the effect of shadowing is marginal. Since in our
calculation the shape comes directly from the propagation of
the charm quarks in the evolving Glasma fields, we suggest
that at least part of the measured RpPb is the signature of the
Glasma formed in high-energy collisions. We have repeated
the calculation for the beauty quarks, finding qualitatively
similar results to those of the charm quarks. We have then
studied RPbPb for both charm and beauty. We have found that
even when the longitudinal expansion is included, the impact
of the early stage is substantial both for charm and beauty.
It is not possible to compare RPbPb coming from the early
stage with experimental data, since the late evolution in the
quark-gluon plasma cannot be neglected. However, even if
the evolution in the gluon fields happens at very early times,
this can be related to the observables in Pb-Pb collisions
[34].

In most of the present work we have neglected the effect
of gluon radiation on the motion of the heavy quarks. The
inclusion of this is a highly nontrivial step, due to the fact that
any estimate of the radiation based on pQCD should take into
account that charm and beauty evolve in a random gluon field
and that gluons are screened with a screening mass mD ∼ g2μ.
Instead of attacking this problem from the pQCD point of
view, we have used a relation inspired by the fluctuation-
dissipation theorem to relate the drag force responsible of
the energy loss, to an averaged diffusion coefficient. The
numerical calculation of the latter presents no difficulty within
our approach since it is possible to follow the evolution of
〈(pT − 〈pT 〉)2〉 of heavy quarks with time, thus allowing us
to define a diffusion coefficient for the transverse momentum.
We have computed the drag coefficient assuming the evolving
gluon bath is described by a gas of massive gluons thermalized
at an average temperature, T , which can be estimated within
our code from the average energy density. We have found
that the effect of the drag coefficient, that was neglected in
previous calculations [34,51], is certainly present but does
not seem enough to cancel the cathode tube effect as long
as the average temperature remains T ≈ 1 GeV, as already
anticipated in Ref. [79]. These results are encouraging since
they show that neglecting energy loss, we overestimate the
effect of diffusion on RAA only when the system approaches
the initialization time of hydro, while in the very early stage
the purely diffusive motion is a fair approximation. Anyway, a
more thorough study of the gluon radiation has to be pursued
and this will be the subject of a forthcoming publication.

We suggest that the evolution of heavy quarks in the early
stages of high-energy nuclear collisions is important as it can
alter the FFNLO initialization commonly used to study the
heavy quarks dynamics in these collisions. We remark that a
simultaneous description of heavy quark RAA and v2 is a top
challenge to almost all the models on heavy quark dynamics:
the inclusion of a pre-equilibrium phase might improve the
situation, offering a better understanding of this puzzle [34].
This present work will further boost the phenomenology as
well as our understanding of the experimental results.
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APPENDIX: SCALING TO SU (2) PARAMETERS

In this Appendix we present the result for RpPb we obtain
if we rescale the g2μ of the MV model from the SU (3) value
to the SU (2) one: our goal is to show that this rescaling does
not affect substantially the modification factors computed in
the article.
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FIG. 9. Comparison of the nuclear modification factor for the
setup of p-Pb collisions, obtained for the g2μ of SU (3) used in the
main text, and for the g2μ rescaled to the SU (2) case.

To rescale the g2μ, we take the saturation momentum,
Qs, as independent on Nc, since Qs depends on the thickness
function of a nucleus therefore it is sensitive to how nucleons
are distributed, while the number of colors has to do with the
substructure of the nucleons. However, the g2μ measures the
density of the color charges at the quark-gluon level therefore
it is sensitive to Nc. In the literature, a relation between the Qs

and g2μ can be found in Ref. [83], which shows an explicit
dependence on Nc that neglecting logarithm is Q2

s /(g2μ)2 ∝
Nc. Leaving the Qs fixed, we change the ratio g2μ/Qs by using
the aforementioned relation: in particular, this scaling from 3
to 2 colors brings to g2μSU(2) ≈ 1.22 × g2μSU(3). Therefore,
the g2μ has to be increased of approximately the 20%.

In Fig. 9 we compare the RpPb obtained with the two values
of the parameter: the Nc = 3 case, which we use in the main
text, and the Nc = 2 obtained rescaling the g2μ as outlined
above. We find that the net effect is less than 10%. We have
checked that this modest shift occurs also in the other cases
studied in the article.
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