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We reexamine Moravcsik’s theorem on the unique extraction of amplitudes from polarization observables,
which has been originally published in 1985. The proof is (re-)written in a more formal and detailed way and the
theorem is corrected for the special case of an odd number of amplitudes (this case was treated incorrectly
in the original publication). Moravcsik’s theorem, in the modified form, can be applied in principle to the
extraction of an arbitrary number of N helicity amplitudes. The uniqueness theorem is then applied to hadronic
reactions involving particles with spin. The most basic example is pion-nucleon scattering (N = 2), the first
nontrivial example is pseudoscalar meson photoproduction (N = 4), and the most technically involved case
treated here is given by pseudoscalar meson electroproduction (N = 6). The application of Moravcsik’s theorem
to electroproduction yields new results, which for the first time provide insights into the structure and content of
complete sets for this particular process. The uniqueness statements for the various reactions are compared and

an attempt is made to recognize general patterns, which emerge under the application of the theorem.
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I. INTRODUCTION

In the field of hadron spectroscopy, reactions among par-
ticles with spin have long been used as tools to improve our
understanding of QCD. In the case of baryon spectroscopy in
particular [1,2] most experimental activities have taken place
at photon facilities all over the world like the CBELSA/TAPS
experiment at Bonn [3-6], A2 at MAMI (Mainz) [7-16],
CLAS at JLab (Newport News) [17-23], and LEPS at SPring-
8 (Hyogo Prefecture) [24] in recent years. With these ex-
periments, reactions containing one or multiple pseudoscalar
mesons, as well as vector mesons, in the final state have been
extracted. Recently, an increasing data set for the reaction of
pseudoscalar meson electroproduction has become available
[25,26] and also the new CLAS12 experiment has started
taking data using an electron beam [27]. Furthermore, it has
to be mentioned that the GlueX Collaboration has published
new data on 7°, 1, and ' photoproduction recently [28-30].

A generic problem concerning reactions with spin is the
extraction of N so-called spin-amplitudes, which provide a
model-independent parametrization of the 7 matrix of the
reaction from a set of N2 polarization observables. In the
context of such amplitude-extraction problems, it is natural to
search for complete experiments [31], which denote minimal
subsets of the full set of N> observables that allow for an
unambiguous extraction of the N amplitudes except for one
unknown overall phase.

Following significant insights into discrete amplitude am-
biguities established by Keaton and Workman [32,33], Chiang
and Tabakin [34] found that in the case of pseudoscalar
meson photoproduction (N = 4), a set of eight carefully
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selected observables can yield a complete experiment. While
a complete proof has been lacking in the original publication
[34], Nakayama [35] has recently given a rigorous algebraic
treatment of all the relevant cases. His phase-fixing procedure
utilizes the regularities in the definitions of the observables
to a maximal extent. All the mathematical treatments of
complete experiments mentioned to this point assume the
academic case of vanishing measurement uncertainty for the
observables. As soon as observables have finite uncertainties,
it is likely that more polarization observables are needed for a
unique amplitude extraction. This fact has been substantiated
in a number of recent works [36-39].

For an arbitrary number of amplitudes N, the results of
Keaton and Workman [32,33] and of Chiang and Tabakin
[34] generalize as follows (cf. in particular footnote 1 in the
Ref. [33]): It is well known that the N amplitudes can only
be determined up to an unknown overall phase. In order to
achieve this, one needs at least 2N — 1 observables. However,
with 2N — 1 observables, there generally still remain so-
called discrete ambiguities [32,34], the resolution of which
requires at least one additional observable. In this way, one
arrives at a minimum number of 2N observables. Additionally,
one has to bear in mind that the 2N observables are required
to be known at each individual point in the kinematical phase
space of the considered reaction. For a 2 — 2-process, this
means at each point in energy and angle [35,40,41]. Since the
amplitude extraction also takes place at each point in phase
space individually, the unknown overall phase can in principle
have an arbitrary dependence on the full reaction kinematics.

While it is possible to find even more compelling heuristic
arguments [42] that the number 2N is indeed true for arbitrary
N, a fully rigorous proof is, as far as we know at the moment,
lacking. Actually, the theorem treated in this work can be
understood as another nod in the direction that 2N may indeed
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be the universally correct number. Nonetheless, this number
has turned out to be true for all the specific reactions we found
treated in the literature so far [32,34,35,43-45].

In 1985, M. J. Moravcsik published a paper with a solution
to the amplitude-extraction problem for an arbitrary number
of amplitudes N [46]. However, instead of starting from the
polarization observables mentioned above, he directly consid-
ered just the bilinear products bb; of amplitudes. Generally,
polarization observables are invertible linear combinations of
such bilinear products. Although the paper did not receive
much attention at first, we feel that it deserves an explicit re-
consideration, due to a number of features that make Moravc-
sik’s theorem attractive. First, the theorem is formulated in
the language of a “geometrical analog” [46], which leads
to a lucid representation of complete sets in the form of
graphs. Second, the theorem is valid for arbitrary N and can
thus be used as a master approach for the (pre-)selection of
complete sets of observables for, in principle, any reaction.
It is even possible to extract a standard procedure for this
purpose, which can be automated on a computer. To be fair,
Nakayamas phase-fixing procedure [35] can also be used for
any number of amplitudes N. However, for larger N (i.e.,
N > 4), it involves a rapidly growing number of different
cases, which all need a single algebraic treatment. In con-
trast, the application of Moravcsik’s theorem is in principle
only limited by computation time. This makes it particularly
useful for reactions with complicated spin structures like
[43,45,47,48].

The paper is organized as follows: In Sec. II, we describe
the algebraic initial situation for an arbitrary number of am-
plitudes N. Moravcsik’s theorem and its modified form are
stated in Sec. III. A proof of the modified theorem is included
as well, in the Appendix A. Section IV collects applications
of the theorem to the simplest possible cases, which range
from pion-nucleon scattering (N = 2) to pseudoscalar meson
photoproduction (N = 4). With the experience gained in the
treatement of the most basic examples, it becomes clear how
the theorem can be used in order to find complete sets of
observables for the more complicated cases with higher N
in a fully automated procedure. This procedure is outlined in
Sec. V. Then, as a first example for such a more complicated
case, the reaction of pseudoscalar meson electroproduction
(N = 6) is treated in Sec. VI. The application of the modified
form of Moravcsik’s theorem to electroproduction in partic-
ular yields interesting new findings concerning the structure
of the corresponding complete sets. We summarize the appli-
cations to the cases of different N and attempt to recognize
general patterns in Sec. VII.

II. ALGEBRAIC STARTING POINT

Usually, one considers subsets of polarization asymmetries
O% defined by

N
O =c¢* > bl fora=1,....N°. (1)

i,j=1

Here ¢* are conventional prefactors' and the I'* are a com-
plete basis system of orthogonal matrices:

Tr[[*TP] = Néyp, 2)

with the usual Kronecker symbol d,. The normalization
factor N can be equal to the number of amplitudes N, as
is the case for pion-nucleon scattering (Sec. IV A) or for
photoproduction (Sec. IV C), as well as different from it (cf.
electroproduction, Sec. VI). Without loss of generality, we
can assume the N complex amplitudes b; to be transversity
amplitudes.

Moravcsik started at a point which is a bit different, i.e.,
he directly considered subsets of the bilinear products (called
“bicoms” in Ref. [46]) of amplitudes,

bib;, fori,j=1,...,N. A3)

We remark that due to the bilinear nature of the sets of
quantities (1) and (3), the amplitudes generally can only be
determined up to one unknown overall phase [34,35], which
can depend on all kinematic variables of the problem. This
means that the full information, which can be extracted, lies
in the moduli and relative phases of the N amplitudes.

An important initial assumption by Moravcsik is that all
the N moduli,

b1, 1b2l, ..., |bwl, “

have already been determined from a suitable subset com-
posed of N observables.? This is a standard assumption for the
algebraic analysis of complete experiments (cf. Refs. [34,35])
and therefore we shall also adopt it in this work.

A generic bilinear product is a complex number and thus
can be decomposed into real and imaginary parts: bib; =
Re[bjbi] +1i Im[bj‘-bi]. On introducing polar coordinates (i.e.,
modulus and phase) for each amplitude, the real parts of the
bilinear products become

Relb5b;] = [billb;] cos ;. )

The real parts thus fix their corresponding relative phase
¢ij = ¢; — ¢; up to the discrete ambiguity [35],
. + _ ) taij,

(bz,/ - ¢,‘j - {_aij’ ’ (6)
with o;; defined uniquely by the quantity Re[b7b;] and on the
interval «;; € [0, r]. In the following, we refer to a discrete
ambiguity of the form (6) as a “cosine-type” ambiguity.

Similarly, the imaginary part is written as

Im(b;bi] = |billb;| sin ¢, @

'For processes like pion-nucleon scattering or pseudoscalar me-
son photoproduction, the factors ¢* are equal for all observables.
However, for the example of pseudoscalar meson electroproduction,
observable-dependent prefactors need to be introduced in order to
make the I matrices satisfy the correct orthogonality relation (cf.
Sec. IV).

2For transversity amplitudes b;, one can assume without loss of
generality that such a subset can indeed always be found.
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and it fixes the corresponding relative phase ¢;; up to the
discrete phase ambiguity [35],

by — 5 = {:oﬁ”a,,-, ®)
where «;; is defined uniquely by the quantity Im[b7b;] and
on the interval o;; € [~ /2, 7 /2]. Accordingly, we refer to a
discrete ambiguity of the form (8) as a “sine-type” ambiguity.

Before elaborating on Moravcsik’s result, we outline a
simple technique on how to invert the definition (1) for the
bilinear products. Using the completeness relation for the T’

matrices, one arrives at the following expression [34,40,41]:

2

b b = li(fu)*(g) )
iT ij Py

a=1
Thus, the bilinear products have been extracted from a specific
subset of observables, which follows from the algebra {I"*}.
Since all bilinear products are now known, so are the moduli
|bi| = \/bib;. Furthermore, the relative phases ¢;; are also
known uniquely, since for each such phase, Eq. (9) implies

both cos ¢;; and sin ¢;;.}

Therefore, the amplitude arrangement in the complex plane
is fixed uniquely, whatever observables appear on the right-
hand side of (9) for a specific (at best minimal) choice of
bilinear products b7b;. Such a choice of bilinear products
implies a combination of ny, relative phases ¢;;. For the
unique extraction of the amplitudes using the direct-inversion
technique (9), we thus need 2, real trigonometric functions,
i.e., both cosine and sine for each relative phase.

Moravcsik’s theorem, stated in the next section, is basi-
cally a technique on how to obtain unique solutions using
minimally only nyp instead of 2nyy, trigonometric functions.
Halving of the real degrees of freedom required will then
naturally also lead to a reduction of the number of necessary
observables.

III. MORAVCSIK’S THEOREM

First, Moravcsik’s theorem shall be cited in its original
formulation, from page 2 of Ref. [46]. The whole theorem
written in the following is a verbatim citation.

Theorem 1 (Original theorem by Moravcsik): The criterion
and its proof will be described in the language of a geometrical
analog, similar to the one used in a previous paper* discussing
the determination of amplitudes. Let us denote each amplitude
by a point, and each bilinear amplitude product by a line
connecting the points that correspond to the amplitudes that
appear in the product. The line is solid if we have Re[b%b;],
and broken (dashed) for Im[bjb[].

For even just a complete (and not fully complete) deter-
mination of the amplitudes, the set of lines in our diagram
corresponding to a complete set of bilinear combinations

3The complex exponential exp ¢ jk = COS @ji + isin@j; is uniquely
invertible on the interval ¢ € [0, 27). Compare this to the cosine-
and sine-type ambiguities given in Egs. (6) and (8).

“Here Moravcsik cites Ref. [49].

of amplitudes (“bilinear products”) must touch each ampli-
tude point and must form a connected network. To be fully
complete,’ the network must also satisfy the following two
criteria:

(A) Each amplitude must be included in a closed loop.

(B) At least one closed loop belonging to each amplitude
point must have an odd number of broken lines and an
odd number of solid lines in it.

This ends the verbatim citation of Moravcsik’s theorem.
In this work, we start with a slightly modified requirement,
which represents a special case of the networks considered in
Moravcsik’s theorem and then formulate and prove a modified
version of the theorem.

Theorem 2 (Modified version of Moravcsik’s result): We
consider the situation which Moravcsik calls the “most eco-
nomical” [46] version of a complete set in the geometrical
analog, i.e., a large open chain which contains all amplitude
points and consists of N — 1 lines for a problem with N
amplitudes.

Then, we want to turn this open chain into a fully complete
set by adding one additional connecting line which turns it
into a closed loop of N lines and which has to contain all
amplitude points exactly once. Furthermore, in such a closed
loop every amplitude point is touched by exactly two link lines
(or edges).

Such a closed loop corresponds to a unique solution,
without discrete ambiguities, if it fulfills the following crite-
rion, which is a bit different and seemingly simpler than in
Moravcsik’s case:

(B’) The closed loop has to contain an odd number of
dashed lines n; > 1.

In particular, contrary to criterium (B) of Moravc-
sik, the closed loop has to contain no solid lines at
all, i.e., in case of an odd number of links N, the
closed loop with ny; = N is still a fully complete set.
Furthermore, it is completely irrelevant which of the
bilinear products are represented by the dashed lines,
as long as the overall number n, is odd.

In order to illustrate the somewhat abstract requirements
formulated in the theorem, we show three examples for fully
complete closed loops for the reaction of pseudoscalar meson
photoproduction, i.e., N = 4 amplitudes, in Fig. 1. A much
more detailed discussion of this process, as well as others, can
be found in Sec. IV.

A detailed proof of Theorem 2 can be written, using the
knowledge on the discrete ambiguity transformations (6) and
(8) mentioned in Sec. II. Due to its length, the proof has
been relegated to Appendix A. Within the proof, heavy use
is made of consistency relations for the relative phases (cf.
Refs. [34,35]) corresponding to the different bilinear prod-
ucts. The proof is in principle the same as in Moravcsik’s

SMoravcsik distinguishes among fully complete networks, which
are those that yield a unique solution, and complete ones, which still
allow for discrete phase ambiguities but do not allow for continuous
ambiguities.

034605-3



WUNDERLICH, KROENERT, AFZAL, AND THIEL

PHYSICAL REVIEW C 102, 034605 (2020)

FIG. 1. The diagrams show three closed loops which satisfy the criteria posed in order to obtain a unique solution, according to Theorem
2. The exemplary case of pseudoscalar meson photoproduction, i.e., N = 4, was chosen. Green dashed lines represent the imaginary part of a
bilinear product, while the real part is shown as a blue solid line. For more details, see Sec. IV.

paper [46]. However, we make an attempt at proving some
crucial intermediate steps in a more formal way. Furthermore,
the above-mentioned special case of n; = N (for N odd) is
discussed as well. At the end of the proof, we elaborate a
bit more on singular special cases which can theoretically
endanger the validity of the theorem. Such special cases occur
on sets of measure zero in the parameter space composed
of the relative phases. Therefore, at least in a treatment of
complete experiments that assumes the case of vanishing
measurement uncertainty, these special cases can probably
be ignored (Moravcsik gives similar comments on page 2 of
his original work [46]). We remark that Nakayama finds very
similar special conditions for the relative phases in his work
on pseudoscalar meson photoproduction [35].

For the minimal possible case of a closed loop with all
amplitudes appearing exactly once, we have exactly N relative
phases,

¢li’ ¢ij1 ¢jr""7¢pq’ ¢ql- (10)

exactly N links, or relative phases

Using binomial coefficients, the possible number of fully
complete combinations according to Theorem 2 can be simply
counted. In case the total number of amplitudes N is odd, the
fully complete combinations amount to

Wbz,
comb. = s 11
Neams, = (Zk—i—l) an

k=0

while for N even the correct expression is

(N=2)/2 N
Neomn = Y (2k +1). (12)

k=0

These expressions are evaluated for the first few cases of N =
2,...,8in Table L.

TABLE I. The number of possible complete combinations for a
minimal closed loop (10) is evaluated for N = 2 to 8.

N 2 3 4 5 6 7 8

Neomb. 2 4 8 16 32 64 128

It is seen that, generally, the number of fully complete
combinations in the minimal closed loop (10) scales with N
as:

-/V::omb. = 2(N_1)~ (13)

Generally, Moravcsik’s theorem in this slightly modified form
always requires 2N real quantities from the bilinear products
(3), i.e., N moduli (4) plus N real or imaginary parts, in order
to uniquely solve for the amplitudes. This already seems to
imply that 2N is also the absolute minimal number of required
quantities from the observables basis (1), which has been
mentioned as an empirical fact in the Introduction. The only
question that remains is whether the quantities b;b; map in a
simple one-to-one way to the observables O%.

In order to address this last point, among others, we discuss
examples for particular reactions in the next section.

IV. BASIC EXAMPLES

We continue with the consideration of the minimal closed
loops with exactly N links, which have been introduced in the
previous section [see Eq. (10)]. The examples of N = 2, 3,
and 4 transversity amplitudes are treated in this section.

For all these examples, we have to find the full number
of possible topologies for the closed loops, with N points
connected via N links and exactly 2 links connected to each
point. For N = 2, 3, and 4, this task can be completed by hand,
while for all higher N it becomes increasingly cumbersome
(see the results for electroproduction, i.e., N = 6, in Figs. 9 to
11 of Sec. VI).

Therefore, a Mathematica code [50] has been developed
for this work, which can complete this task automatically for
in principle arbitrary numbers® N.

A. N = 2 (pion-nucleon scattering)

The reaction of pion-nucleon (7N) scattering is de-
scribed model independently by two amplitudes, which are

6Computing times of course set a limit on the numbers N which
can be treated numerically. Within acceptable times, we can obtain
results for a maximal number of N = 8 amplitudes. Above that,
computing times rise exponentially.
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TABLE II. The definitions of the four observables in 7N scat-
tering are collected here (cf. Refs. [44,51]). The definition of each
observable as a bilinear form in terms of extended Pauli matrices is
indicated and the observables have been subdivided into two different
classes, which correspond to the shapes of the defining matrices. The
algebra of the matrices is given in Appendix B.

Observable Bil.-form Shape-cl.
O' = [bi* + 02> = a0 (b16" 1)
O*=|b)|> = |b,|* =P (pl6*p) D
Of = =2|b||b|sin g1, = —2Im[b3hi] = —R  (b|6°b)

O35 =2|b||by| cos p12 = 2Re[b5h] = A (b|63|b) a=AD

accompanied by four observables [44,51-54]. Following the
pioneering work by Hoehler and his group [51], highly signif-
icant contributions to the analysis of 7N scattering have been
published by R. A. Arndt and collaborators [52—54]. The latter
contributions have culminated in the GWU/SAID partial-
wave analysis, the results of which are publicly accessible
[55].

All observables can be defined in terms of (extended)
Pauli matrices 6¢, as written in Table II. The corresponding
matrices are listed in Appendix B. The observables have
the generic form (1) with ¢* = 1 for all « and the defining
matrices satisfy the orthogonality relation (2) with N = 2. For
the sake of clarity, it is very useful to divide the matrices into
different classes according to their shape (as it has been done
in Ref. [34] for the case of photoproduction). Here we have
two matrices in a diagonal shape class (D) and two matrices
of antidiagonal shape (AD).

For the considered case of N = 2, there exists only one
possible topology to form a minimal closed loop with this
particular number of points, which is shown in Fig. 2. This
single topology is the starting point in order to derive all the
fully complete loops.

All the closed loops which represent fully complete sets,
according to Theorem 2, are shown in Fig. 3. All the re-
maining closed loops, which correspond to combinations that
still leave some discrete phase ambiguities unresolved, are
collected in Fig. 4.

Looking at the possibilities of fully complete combinations
in Fig. 3, it is seen that, assuming the moduli |5, | were known,

1

= =

FIG. 2. The diagram shows the only possible topology that exists
for a closed loop formed from two points. As stated in Sec. III,
each point refers to one of the two amplitudes. A solid black
line connecting two points represents in this case either a real or
imaginary part of a particular bilinear product. This topology can
then be used to derive the fully complete sets of observables for
pion-nucleon scattering, using Theorem 2 from Sec. II1.

FIG. 3. For N = 2 transversity amplitudes (7N scattering), the
closed loops which yield unique solutions, i.e., the fully complete
loops are shown here. Each point refers to one of the two amplitudes.
A solid blue line connecting two points represents the real part of
a particular bilinear product and a dashed green line represents the
imaginary part of the respective bilinear product. The direction of a
line connecting two points is irrelevant. For instance, a dashed green
line connecting points 1 and 2 can be tantamount to Im[b,b%], i.e.,
sin ¢y, or to Im[byb7], i.e., sin ¢ = — sin @2, respectively. Thus,
the sequence of indices in a bilinear product leads (in the case of
dashed lines) only to a difference in sign, which is not important for
the discussion of discrete ambiguities.

these combinations would be equivalent to

(cos ¢rz, singhy1),  or (sin@ya, COS Pyy). (14)

Comparing with Table II, we see indeed that the theorem re-
produces the well-known statement which says that for pion-
nucleon scattering, one needs all four observables in order to
obtain a complete set (cf. the introduction of Ref. [44]).

It is clear that for a single relative phase ¢;», both sine
and cosine are needed to uniquely fix ¢, € [0, 27). For
illustrative purposes, we look at the mwN-problem again but
in the language of the modified form of Moravcsik’s theo-
rem. The following derivation is the simplest possible spe-
cial case of the general theorem proven in Appendix A.
The consistency relation for wN scattering looks simple. It
reads:

12+ ¢21 = 0. (15)

Now take, for instance, the fully complete combination
from example 1.2 in Fig. 3, i.e., (sin ¢j2, cos ¢p;). We write
down all the possible cases for the consistency relation (15)
for this set, i.e., [cf. Egs. (6) and (8)]:

app +oay =0, (16)
o —a =0, 17)
T —optoy =0, (18)
T — o —op =0. (19)

It is seen that indeed all of these equations are linearly inde-
pendent (cf. Appendix A) and thus all discrete phase ambi-
guities are resolved. We look next at the example number 1.4
from Fig. 4, which is not fully complete, i.e., (sin ¢, sin ¢, ).

e 060 ®

FIG. 4. All the closed loops which still leave discrete phase
ambiguities unresolved are collected here for N =2 transversity
amplitudes (7 N scattering).
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TABLE III. The definitions of observables in the example with
N =3 amplitudes are collected here. The matrices defining the
bilinear forms are given in Appendix B.

Observable Bilinear form Shape class
O = L2l +21bal + 2B AeblR by
O* = 1(Iby > = ba2]?) 5 (bIA%1b) D
2 2 2 ~
0% = j(lul 4 L 200 )
Of = 1billbs| sin ¢13 = Im[b3b1] 5 (bIA°1b)
O35 = [bi][bs| cos p13 = Re[b3b1] ;(IX°1b)  a=AD
OF = |ba||bs] sin o3 = Im[b3hs] 5 (bIA%1b)
O3 = |bs||b3] cos ¢o3 = Re[b3hs] 5 (bIA71b) b=Pl1
Of = |bil|bz| sin ¢12 = Im[b3h: ] 5 (bI2%1b)
0% = |by||by| cos 1, = Re[b3b] 1(bIX%|b) c=P2
The cases for the consistency relation (15) read
o + oy =0, (20)
ap+m —o =0, 21
T —ap+a =0, (22)
T —ap+m —oy = —ap—oay=0. (23)

In this case, Egs. (20) and (23), as well as Egs. (21) and (22),
form linearly dependent pairs. Therefore, there still remain
unresolved discrete phase ambiguities.

In summary, all 2N = 4 observables are required for com-
pleteness in pion-nucleon scattering, which thus exhaust all
the available shape classes.

B. N = 3 (mathematical example, constructed using
the Gell-Mann matrices)

We consider an example with N = 3 transversity ampli-
tudes, which does not seem to have a physical analog’ but can
still be studied for purely academic purposes. In order to ob-
tain a mathematical example with three amplitudes, it makes
sense to define the observables via the Gell-Mann matrices
1%, extended with the identity (for a listing of the Gell-Mann
matrices, see, for instance, Ref. [56]). The definitions of the
full set of nine resulting observables are written in Table III.
The defining matrices are collected in Appendix B.

All observables have the generic form (1) with ¢* = 1/2
and the extended Gell-Mann matrices, in the normalization
chosen here, satisfy Eq. (2) with N = 2. The shape classes

"In the literature consulted for this work, we did not find a physical
example for a process described by N = 3 amplitudes. The simplest
example for an odd number of amplitudes, at least as far as we
know right now, is nucleon-nucleon (NN) elastic scattering with
N =5 (see Ref. [57]). The group of F. Lehar at Saclay collected
10 observables for NN elastic scattering, i.e., for the processes of
pp [58] and np scattering [59]. The direct reconstruction analysis
yielded several solutions (up to 4) and x? criteria did not allow to
distinguish a unique solution. More details are given in Ref. [60].

1

FIG. 5. The only possibility that exists for a closed loop formed
from three points is shown here. This topology can then be used to
derive the fully complete sets of observables for the example with
N = 3 amplitudes, using Theorem 2 from Sec. III.

consist of one class with three diagonal observables (D), as
well as three nondiagonal shape classes with two observables
each. The nondiagonal observables are divided into one class
of antidiagonal shape (AD) and two classes of matrices with
parallelogram-shape (P1 and P2).

For N = 3, as well as for the case of N = 2, there exists
only one possible start topology usable to form minimal
closed loops, which is shown in Fig. 5. The closed circular
loops corresponding, according to Theorem 2, to fully com-
plete sets are shown in Fig. 6. Since N is odd in this case, we
also have a fully complete combination which is composed

FIG. 6. For the example with N = 3 transversity amplitudes, the
closed loops which yield unique solutions, i.e., the fully complete
loops, are shown here.
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TABLE IV. The definitions of the 16 polarization observables in pseudoscalar meson photoproduction (cf. Ref. [34]) are collected here.
The definitions and sign conventions for the observables are consistent with the Ph.D. thesis [41]. The matrices defining the bilinear forms

have been collected in Appendix B.

Observable

Bilinear form Shape class

o0 = 2(1b11* + |b2* + 1bs|” + [bal®)

=% = 3(Ib1 > + [baf* — [b3]* — [bal*)

=T = 3(=1bi[* + |b2]* + 163> — |ba])

P = 3(=1b1]* + [bal® — |b3|* + 1ba]?)

Of, = |bil|bs| sin @3 + |ba|ba| sin ¢y = Im[b3by + bjbr] = =G
(9‘1‘7 = |b1||b3] sin @13 — | b2 ||by| sin ¢hpy = Im[b§b1 - bzbz] =F
Of, = |bi|bs| cos ¢13 + b2 |ba] cOS oy = Relbiby + bib] = —E
O5_ = |bi||bs| cos ¢15 — |ba||bs| cos ¢pos = Re[biby — bibr] = H
Of, = |bi][by] sin $ua + |b2]1b3] sin ¢ = Im[b3by + b3bs] = O
O}f_ = |b1||bs| sin @14 — |b2||b3]| sin ¢pp3 = Im[b}b; — bﬁbz] = _éx’
O3, = |bi|bs| cos s + |b]|bs| cos o3 = Re[biby + biby] = —Cy
O = |bi||ba| cOs p1a — |ba||bs| cOs o3 = Rel[bhy — biby] = —Oy
Of, = |bil|ba sin iz + |bs||ba| sin 3y = Im[b3by + bibs] = —Ly
Of_ = |bi||ba| sin iy — |bs||ba] sin ¢34 = Im[b3hy — bibs] = —T.
05, = |bil|ba| cos p12 + |bs||ba| cOs pas = Rel[bsby + bibs] = —La
057 = |b1||b2] cos @12 — |b3||bs] cOs ¢34 = Re[b;bl - bjb3] = Tx'
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of dashed lines exclusively (cf. the special case remarked in
the proof in Appendix A). The loops which are not yet fully
complete, i.e., which have an even number of dashed lines
and thus leave unresolved discrete ambiguities, are not shown
explicitly.

We remark that the standard assumption has been made
that the moduli |b;| are already known or, equivalently, that the
three observables (O', 0%, ©%) have already been measured.
Then, comparing to the definitions in Table III, it is seen that
the fully complete sets correspond in each case to the three
quantities from shape class D plus one of the following four
possible sets of observables,

(05. 03, 0). (05. 07, 05). (0. 03. 0%).
and (0f, 0%, 0%). (24)

The completeness of these sets follows from the fundamental
consistency relation (cf. the discussion in Sec. IV A and the
general proof in Appendix A),

@12 + @23 + P31 = 0. (25)

We see that 2N = 6 observables can yield a unique solution
for the amplitudes. Therefore, a reduction from the full set
of nine observables has occurred. Again, as was the case for
N =2, the complete sets have to be selected from all four
available shape classes. The completeness of the sets (24) has
been verified numerically.

C. N = 4 (pseudoscalar meson photoproduction)

In case of pseudoscalar meson photoprodcution, one has
four amplitudes and 16 polarization observables [34,35]. The

latter are defined using the 4 x 4 Dirac matrices I'%, as written
in Table IV. The Dirac matrices are listed in Appendix B
(Ref. [34] originally pointed out the importance of these
matrices in this particular context).

The observables have the generic form (1) with ¢* = 1/2
and the Dirac matrices satisfy orthogonality (2) with N =
4. There exist four shape classes of diagonal (D), right-
parallelogram (PR), antidiagonal (AD) and left-parallelogram
(PL) type (cf. Ref. [34]). Every shape class contains four
observables. The diagonal shape class D contains the unpolar-
ized differential cross section and the three single-spin observ-
ables. Each of the three nondiagonal shape classes matches
exactly to one of the three groups of beam-target (37), beam-
recoil (BR), and target-recoil (7 R) experiments, as indicated
in Table IV. For the observables in the nondiagonal shape
classes, we use the intuitive systematic notation introduced by
Nakayama [35].

For N = 4, there exists a novelty compared to both cases
treated previously. Now there exist three possible topologies
for the minimal closed loops formed from N =4 points,
which are all shown in Fig. 7. Each of these topologies can
now be used as a starting point to derive fully complete closed
loops.

All the fully complete combinations of real and imaginary
parts of bilinear products can again be found using Theorem
2. For instance, for the closed loops stemming from topology
2 of Fig. 7, all the fully complete combinations are shown in
Fig. 8. We again refrain from showing all the remaining closed
loops, which still leave unresolved discrete phase ambiguities,
explicitly. Examples for fully complete closed loops that do
not derive from the circular type topology 2 can be seen in
Fig. 1 of Sec. III.
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FIG. 7. The diagrams show the three distinct possible topologies that exist for closed loops formed using N = 4 points. Each topology can
then be used as a starting point to derive fully complete sets for pseudoscalar meson photoproduction, according to Theorem 2 from Sec. II1.

It is worth spending more time and effort on the elaboration
of the differences between the case of photoproduction, i.e.,
N =4, and the cases of N =2 and 3, which have been
discussed above.

When considering the definitions collected in Table IV, it
becomes clear that in the case of N = 4, there does not exist a
direct connection between observables and real and imaginary
parts of bilinear products any more. Rather, any nondiagonal
observable O, (for n = a, b, ¢) mixes two such real and/or
imaginary parts.

The physical reason for this behavior is not fully clear right
now. Mathematically, it is simply true due to the defining
properties of the Dirac I' matrices as opposed to Pauli- or
Gell-Mann matrices in the cases treated before.

Thus, the actual observables O in photoproduction do
not isolate real and imaginary parts of bilinear products any
more. To accomplish this task, one has to define modified
observables O, according to:®

Ol :=3(0], £0), n=a,b,c, (26)

03, =105, £05), n=ua,b,c. (27)
Comparing to Table IV, it is seen quickly that indeed each O
is exactly equal to the real or imaginary part of a particular
bilinear product. However, the necessity to change observ-
ables as defined in Egs. (26) and (27) leads to the fact that the
complete sets according to Moravcsik’s theorem do not map
to the complete sets according to Chiang-Tabakin [34,35] in a
simple way any more.

As an example, we consider the fully complete loop from
case 2.1 shown in Fig. 8. According to the rules established
before, this case corresponds to the following set of real and
imaginary parts:

Im[b,b5], Re[babi], Re[bsb}], Re[bsbi]. (28)

8This definition does not include the diagonal observables.

This combination is equivalent to the following set of modi-
fied observables O:

|bil|ba| singy, = Of, = 1(Of, + Of),  (29)
|b2|b3| cos ¢z = @”_ =1(05, -05)., 30
|b3]|ba cos d3s = O5_ = %(Oa 05.). 3D

|b1llbsl cos pia = OF, = (05, +03.),  (32)

where, for comparison, we also write down the corresponding
definitions in terms of actual observables O. Finally, since we
assume the moduli |b;| as already known, our example for a
fully complete closed loop is equivalent to the following set
of sines and cosines:

sin @12, oS 3, COS P34, COS Pi4. (33)

One can check quickly that this set is complete according to
Theorem 2 by writing down all the possible discrete phase
ambiguities and enumerating all the cases for the fundamental
consistency relation,

é12 + P23 + P34 + P41 = 0. 34)

In this way, a set of linearly independent relations will emerge,
as shown in the proof of Theorem 2 (cf. Appendix A).

However, the mismatch to the results of Chiang-Tabakin
becomes apparent, since in order to evaluate the four modified
observables

{03, 05, 04, 05}, (35)
one needs the following set of six actual observables:
{(92+,03_,0f+,0f_,(9§+,(9§_}. (36)

Combined with the four group S observables, which have
to be used in order to fix the 4 moduli, it is seen that the
set (36) coming from the modified version of Moravcsik’s
theorem actually amounts to a total of 10 observables and
not 8 as in the case of Chiang-Tabakin [34,35]. This seems to
be generally the case for photoproduction: The minimal fully
complete closed loops according to Moravcsik lead to sets of
polarization observables which are slightly overcomplete (by
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FIG. 8. For the example with N = 4 transversity amplitudes (photoproduction), the closed circular loops which yield unique solutions,
i.e., those coming from topology 2 in Fig. 7, are shown here. These are all the closed loops with an odd number of dashed green lines (i.e.,

imaginary parts).

2 observables, to be exact). Due to this mismatch of results, we
will in the following distinguish “Moravcsik-complete” sets,
which may contain more than 2N observables, and “(abso-
lutely) minimal complete sets” with exactly 2N observables.

Every possible topology from Fig. 7 leads to eight possible
fully complete closed loops and each of these loops can
again, using Table IV, be seen to imply a set of observables,
just as for the loop 2.1 discussed above. In this way, we
can derive 24 Moravcsik-complete sets of observables, from
which, however, only 12 turn out to be nonredundant. For
these 12 complete sets, the nondiagonal observables contained
in them are listed in Table V.

It is only reasonable to assume that the complete sets of
observables derived from the fully complete loops according
to Moravcsik contain the complete experiments according to

TABLE V. The 12 distinct possibilities to form complete sets
according to Moravcsik for photoproduction are shown here. In each
case, six observables are listed which have to be picked in addition
to the four single-spin observables {0y, X, T, P} (cf. Table IV).

Set-Nr. Observables Set-Nr. Observables

1 O O 0O 7 o, O 0,
2 O 05 O 8 O, 03 O
3 O On O 9 O, 05 05
4 O 05 O 10 0. O O
5 0. O 05 11 O, 05 Oy
6 O 0y 05 12 o, 0 05

Chiang-Tabakin as subsets. In all cases we considered so far,
this was indeed the case.

In case of the six observables (36) from our example,
i.e., loop 2.1 of Fig. 8, a comparison with the results in
Refs. [34,35] shows that they contain the following absolutely
minimally complete subsets:

{03,,0,,01,, 05}, or @7
(0L, 0L 07, 0%} o)

In case either (37) or (38) were considered, one would always
have a set of two redundant (or superfluous) observables
within the example (36), i.e., either

(07, 05) or (01, 05,). (39)

Then it should always be possible to use the four observ-
ables in the minimal complete set, i.e., sets like (37) or (38),
in order to determine the redundant ones.

As a proof of concept, we want to demonstrate this proce-
dure here for the example set (37). This means we determine
the superfluous observables (Of_, O5_) from the minimal
complete set (37). In the following, we only sketch the deriva-
tion. All further details can be found in Appendix C.

We begin by employing constraints among the four observ-
ables within the group c¢ (similar to the Fierz identities listed
in Ref. [34]). Considering the definitions in Table IV, as well
as the definitions of the modified observables (26) and (27), it
becomes apparent that the following constraints hold:

(05,) + (05,)° = Ibi P16, (40)
(05 ) + (05.)" = IbsPlbal. 1)
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Using these two quadratic equations, it is possible to derive
expressions for the observables (Of_, O5_) in terms of the
two quantities (Of e (@ )- However, there remains a fourfold
discrete ambiguity in the result. In Appendix C, we denote
the corresponding solutions as (057)1,11 and (OL)( (L)’
with subscripts “I,” “II,” “+,” and “—” that label the four
ambiguities.

These remaining ambiguities cannot be resolved using
observables from group c alone. Instead, one has to find some
way to transfer information from the group b observables,
which are also contained in the complete set (37), to the
group ¢ observables. This task is accomplished using the
following consistency relation, which represents a unique
relation connecting the relative phases from both groups:

D12+ P34 = P14 — 3. (42)
—_——— ———
c b

Taking the cosine and sine of both sides of this relation, the
following constraints can be derived among the observables
of group ¢ and the relative phases belonging to group b:

05, 05_ — 05, Of_ = |bi||b||b31bsl cos (14 — ¢23), (43)
O, 05+ 05, Of_ = |bi||ba]|b3]1bal sin (P14 — ¢23). (44)

As can be seen from the definitions in Table IV, the two
observables from class b in the set (37) are fully equivalent
to the cosines of the respective relative phases. Therefore, we
obtain the following fourfold discrete phase ambiguity for the
phases of the terms on the right-hand sides of (43) and (44):

oy — ¢35 (45)

Appendix C contains more details on how the two additional
constraints (43) and (44), together with the phase information
contained in Eq. (45), can be used in order to resolve the
fourfold discrete ambiguity and thus complete the unique
determination of the two quantities (Of_, O5_). We remark
that all the derivations and mathematical statements made here
and in Appendix C have been checked using Mathematica
[50]. Furthermore, the approach is very similar in spirit to
reductions performed in the work by Arenhovel and Fix [45].
However, the details of both procedures are slightly different.

In summary, the modified form of Moravcsik’s theorem
implies complete sets of 10 observables for pseudoscalar
meson photoproduction (see Table V), which represents a
reduction from the full set of 16 observables. We see that these
observables have to be picked from three of the four available
shape classes. Thus, also with respect to shape classes, a
reduction has occurred, other than in the cases of N = 2 and
3. Starting from a Moravcsik-complete set of 10 observables,
it is possible to reduce further down to an absolutely minimal
subset containing 8 observables.

V. USEFULNESS OF MORAVCSIK’S THEOREM
FOR CASES OF HIGHER N

The real strength of Moravcsik’s theorem lies in the fact
that it is formulated for an arbitrary number of amplitudes
N. Thus, it may become really useful as a simple criterion
for the (pre-) selection of slightly overcomplete experiments

for processes which feature even more than four amplitudes.
Examples of current experimental interest are here certainly
the electroproduction of one pseudoscalar meson (N = 6)
[43], the photoproduction of two pseudoscalar mesons (N =
8) [47], or the photoproduction of vector mesons (N = 12)
[48].

Furthermore, this preselection of complete sets according
to the modified version of Moravcsik’s theorem can be com-
pletely automated on a computer, as has been done in the
Mathematica code [50] written for this work. From the results
obtained in Sec. IV, we can extract the following set of steps
for a generic problem with N amplitudes:

(i) Find all possible topologies for a closed loop with N
points (or vertices) and N links (or edges). Each point
has to attach to exactly 2 link lines. The number of
possible topologies is equal to I for N =2 and N =3
and equal to w forall N > 4.

(i) Use each topology obtained in step (i) as a start-
ing point to derive Neomp, complete sets of real and
imaginary parts of bilinear products or, equivalently,
of cosines and sines of relative phases, according to
Theorem 2 (cf. Table I).

(iii)) Implement an association which assigns to each real
or imaginary part of a particular bilinear product a
certain set of polarization observables. The particular
association depends on each case of N amplitudes un-
der consideration and can be extracted from the tables
which collect the definitions of the observables (cf.
Tables II-IV from Sec. IV). Apply this association to
the results of step (ii). In this way, the complete sets
according to the modified form of Moravcsik’s theo-
rem are obtained. The number of such sets amounts to
exactly:

comb. - (46)

(iv) Investigate the complete sets obtained in step (iii) and
remove possibly redundant combinations, in case they
are present. This yields the final result, i.e., a unique
collection of complete sets of observables according
to the modified version of Moravcsik’s theorem, with
every combination appearing exactly once.

[no. of topologies from step (i)] x

It is possible to write a code which just needs the number
N, as well as the association needed in step (iii), as input.
Then, the complete sets according to the modified form of
Moravcsik’s theorem are obtained automatically as a list.

For all N > 4, step (iv) will probably yield complete sets
which contain more observables than the absolute minimal
number 2N required for a complete experiment. In order to
show that a particular set of 2N observables is complete, one
then has to apply algebraic reductions to a suitable Moravcsik-
complete set obtained from step (iv). An example for such a
reduction has been discussed at the end of Sec. IV C for N = 4
amplitudes. It is very likely that similar tactics work for cases
of higher N, but the complexity of the required calculations
promises to increase rapidly.

In order to illustrate the above-given procedure, the case
of pseudoscalar meson electroproduction is treated as an
example in the next section.

034605-10



MORAVCSIK’S THEOREM ON COMPLETE SETS ...

PHYSICAL REVIEW C 102, 034605 (2020)

VI. PSEUDOSCALAR MESON ELECTROPRODUCTION
(N = 6)

The reaction of pseudoscalar meson electroproduction is
described by N = 6 amplitudes, which are accompanied by
36 polarization observables [43]. The expressions for the
observables are collected in Table VI and the 6 x 6 Dirac
matrices "%, which define the observables as bilinear forms,
are shown in Appendix B. For the observables in nondi-
agonal shape classes, we again use the systematic notation
introduced by Nakayama [35]. However, in Table VI, we
also give the observables in the usual physical notation,
which is taken from the paper by Tiator and collaborators
[43] and which proceeds as follows: Each observable corre-
sponds to a so-called response function Rlﬁ . The superscript
o indicates the target polarization, 8 describes the recoil
polarization, and the subscript i represents the polarization
of the virtual photon. The latter can take the following con-
figurations: i € {L,T,LT,TT,LT’, TT'}, which correspond
to purely longitudinal, purely transverse, or “mixed” (for
instance, longitudinal transverse) interference contributions
to the differential cross section. An additional superscript
“s” or “c” on the left of the response function indicates a
possible sine or cosine dependence of the respective contri-
bution, which depends on the azimuthal angle of the produced
meson.

In the normalization convention chosen here, the Dirac ma-
trices for electroproduction satisfy the orthogonality relation
(2) with N = 4. The matrices (and thus also the observables)
can be grouped into 10 overall shape classes. Two shape
classes contain diagonal observables. One of them, called D1,
contains four observables which correspond to matrices with
nonvanishing entries in the first four diagonal elements. The
second diagonal shape class, called D2, contains two matrices
with nonvanishing entries in the fifth and sixth diagonal
elements.

The remaining 30 observables are divided into eight non-
diagonal shape classes, which comprise four shape classes of
antidiagonal structure (AD1, ..., AD4), three shape classes
of right-parallelogram type (PRI, ..., PR3), and one class
of left-parallelogram structure (PL1). All nondiagonal shape
classes contain four observables each, apart from class AD2
which contains just two quantities. The normalization factor
c“ is equal to 1/2 for all shape classes except for D2 and AD2.
For the latter two classes, we have ¢* = 1/ V2.

For the electroproduction problem with N = 6, the number
of possible topologies that exist for minimal closed loops
made of six points has increased rapidly compared to the case
of photoproduction, i.e., N = 4 (cf. Fig. 7). Here, we obtain 60
topologies from our Mathematica code, which are all collected
in Figs. 9to 11.

Each of these start topologies can be used in order to derive
32 possible fully complete loops according to Theorem 2
from Sec. III. In Fig. 12, we show some illustrative examples
for fully complete loops deduced from topology 1 of Fig. 9.
Each of the start topologies contained in Figs. 9 to 11 also
implies 32 loops that still leave discrete ambiguities (those
with an even number of dashed lines). These possibilities are
not illustrated here explicitly.

As an example, for the deduction of a Moravcsik-complete
set, we pick the possibility 1.1 shown in Fig. 12. This loop
implies the following combination of cosines and sines (or
equivalently, real and imaginary parts):

sin @12, COS P24, COS Pug, COS P56, COS P35, COS P13.  (47)

Looking at Table VI, we again observe the problem that the
polarization observables do not isolate the real and imaginary
parts of the bilinear products. Instead, we can again define
modified observables according to Eqgs. (26) and (27) used for
photoproduction. These two equations can be used for all non-
diagonal shape classes except for the class AD2, where such
a separation is, however, also not necessary (cf. Table VI).

In this way, we obtain the following set of nondiagonal
observables which corresponds to loop 1.1 from Fig. 12 [this
set is listed with Nr. (A.i.1) in Table X of Appendix D and in
Table VII further below]:

{05,.05..01,.0{_.05.05,.0;_}. (48)
We see that these seven quantities, in combination with the
6 diagonal observables which are always assumed to be
measured, form a Moravcsik-complete set composed of 13 po-
larization observables. The number 13 is the minimal number
of observables contained in any Moravcsik-complete set we
found for electroproduction, using the topologies from Figs. 9
to 11. Interestingly, this is only one observable above the
2N = 12 quantities which constitute an absolutely minimally
complete set.

Applying the procedure described in Sec. V using Math-
ematica [50], we find overall 776 nonredundant complete
sets according to Moravcsik in the considered case of N =
6. These sets contain 64 complete sets of 13 observables
and furthermore 96 complete sets composed of 14 observ-
ables, which have been collected in Tables X to XVI of
Appendix D. We refrain from showing the remaining 616
Moravcsik-complete sets, which all contain more than 14
observables. We note, however, that the largest number of
observables in a Moravcsik-complete set found in this study
is 18.

We find a mismatch between the number of observables
contained in the Moravcsik-complete sets and the absolutely
minimal complete sets, similarly to the case of photoproduc-
tion (Sec. IVC). As was argued for photoproduction, it is
reasonable to assume that the absolutely minimal complete
sets of 12 can be found as subsets of the Moravcsik-complete
sets. Then, one should in each case be able to do an algebraic
reduction just as demonstrated in Sec. IV C for photoproduc-
tion.

We sketch this reduction for one particular case for elec-
troproduction and it turns out that the Moravcsik-complete
sets of 14 observables are particularly well suited for this
procedure.

As an example, we consider the first set listed in Table XIII,
i.e., the set (B.i.1) (see also Table VIII further below):

{0, 01, 05,0, ,05,,05 .05, 05 ). (49
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TABLE VI. The definitions of electroproduction observables are collected here for the diagonal observables of types D1 and D2, as well
as for the nondiagonal shape classes {a, b, ¢, d, e, f, g, h}. The definitions and sign conventions for the observables have been taken over from
Ref. [43]. The matrices ['* have been collected in Appendix B. For each observable from a nondiagonal shape class, we give the systematic
notation introduced by Nakayama [35]. In addition, we also give the usual physical notation for the observables, which is as follows [43]: Every
observable corresponds to a “response function” R? “. The superscript « indicates the target polarization, 8 describes the recoil polarization,
and the subscript i represents the polarization of the virtual photon, which can take the following configurations: i € {T, L, TL, TT,TL',TT'}
(corresponding to purely longitudinal, purely transverse or “mixed” interference contributions to the differential cross section). An additional

[TPRL)

superscript “s” or “c” on the left of the response function indicates a possible sine or cosine dependence of the respective contribution to the
differential cross section (with sine or cosine depending on the azimuthal angle of the produced meson).

Observable Bilinear form Shape class
RY = 1(bi]* + |bof* + 163 + [bsl®) L(bIT!|b)

—RY = (1611 + |bal” — |b3|* — [bal*) D) DI
—RY = L(=1bi* + [ba* + [b5]* — [ba]*) H(bIT01b)

—Ry" = L1 2 + [bol? — 163> + [ba]) 2(bIT"2|b)

Of, = |by||bs| sin g3 + |bo||ba| sin ¢y = Im[b3by + bib] = —*RY; 1(bIT3|b)

Of_ = |by||bs| sin 13 — |bo||bs| sin ¢os = Im[b3by — bibo] = RS, L(bITM1b) a =PRI
05, = |bi||b3| cos g13 + |b||ba| cos pos = Re[biby + bibr] = RY, 1(bIT|b)

Of_ = |b1||bs] cos g3 — |ba||ba| cOs oy = Re[bib) — biby] = “R¥; %<b|f5|b)

O%, = |bi||bsl sin s + |ba||bs| sin o3 = Im[blby + b3by] = —°R3S L(bIT7|b)

Ob_ = |bi||bs| sin 14 — |bs||b3] sin o3 = Im[bjby — biby] = —R%Y, L(bIT10|b) b= ADI
O3, = |bi]|bs| cos gis + |ba||bs| cos g3 = Re[bhy + biby] = RS9, L(bIT2|b)

OF_ = |b||bs] cos pra — |ba||b3] cos ¢z = Re[bib; — biby] = —SR)}/? %(b|1:14|b)

05, = |bil|ba sin ¢z + [bs||bs| sin ¢y = Im[bsby + bibs] = —Ry: L(bIT%|b)

O5_ = |by||ba sin ¢y — |bs||bs| sin ¢y = Im[b5by — bibs] = RS 2T |b) c=PLI
05, = |bilba| cos g1z + |bs||bs| cos ¢ss = Re[b3by + bibs] = Ry* LT3 1b)

O5_ = |bi||bs| cos ¢1z — |b3||bs| cos pss = Re[bby — bibs] = Ry S(bIT°1b)

RY = |bs|” + |be|® = (bIT"V7|b) D2
RY = |bs* — Ibs|? =5 (bIT*|b)

O = 2|bs||bs| sin 56 = 2Im[bibs] = R:* %(b|f2°|b) d = AD2
OF = 2|bs|lbs| cos pss = 2Re[bzhs] = —R}* = (bIF1b)

Of, = |b3||bs| sin ¢3¢ + |b4||bs]| sin ¢pgs = Im[bbs + bibs] = —SR‘L’(}/ %(blfﬂllb)

Of_ = |bs||be] sin ¢35 — |ba|[bs| sin dus = Im[bibs — bibs] = *R}}, LI |b) e =AD3
O35, = |bs|lbs| cos @36 + |b4||bs| cos ¢pas = Re[bibs + biby] = ‘R %(b|f‘21|b)

O5_ = |bs|lbs| cos ¢z — [ballbs| cos gus = Relbghs — bibs] = —°Rp; 5(bIT%|b)

Of, = |bi|lbs| sin 16 + |b2||bs| sin ¢os = Im[biby + biby] = —*RY; 2(bIT1b)

O/_ = |bi||bs] sin 1 — |b2|Ibs| sin ¢os = Im[bby — biby] = R, 1T |b) f = AD4
OF, = |bi||bs| cos gis + |ba||bs| cos s = Re[biby + biby] = RY, L(b|D32|b)

O5_ = |bi||bs| cos ¢1s — |ba||bs| cos gos = Re[bih — biby] = R, L(bIT?2|b)

Of, = |bi||bs| sin @15 + |bs||be| sin ¢ = Im[biby + biby] = —*R5} )

Of_ = |bi||bs| sin¢is — |bs||bg| sin o6 = Im[biby — biby] = — Ry, L(b|T?|b) g=PR2
O3, = |bi||bs| cos ¢is + |ba||be| cos ¢os = Re[biby + biby] = R, X))

O5_ = |bi|bs| cos p1s — |b||bs| cos pag = Re[biby — biby] = —°R}Y L(bIT |b)

Ol = |bs||bs| sin ¢35 + |bs||bg| sin dss = Im[bibs + bibs] = *R}7, 3(bIT%|b)

Ol = |bs||bs| sin ¢35 — |bal|bs| sin s = Im[btbs — bibs] = —Ri; L(b|T% ) h = PR3
Ol = |bs||bs| cos pss + |ba||bs| cos pag = Re[bibs + bibs] = —Ri7 3 (bIT3|b)

O = |bs]|bs| cos ¢35 — |bal|bs| cos pag = Re[biby — bibs] = _st’;, 1(ITY1b)
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FIG. 9. The first set of 20 possibilities from an overall number of 60 possible topologies are shown that exist for a minimal closed loop
formed from N = 6 points. Each topology can be used to derive the fully complete sets of observables for electroproduction, according to

Theorem 2.

Using the method of phase-fixing worked out by Nakayama’
[35], as well as a complementary numerical check, we found,

°To be a bit more precise: We extended the case of (2 + 2)
observables, which Nakayama describes in Sec. III of his work on
photoproduction [35], to the corresponding case (2 + 2 + 2) for
electroproduction. This means that all cases are considered where
two observables are selected from three different shape classes. The
generalization is relatively straightforward and yields the set (50).
However, in order to extend Nakayamas full discussion of all cases
from photoproduction to electroproduction, one has to discuss a
number of different cases which grows very rapidly.

for example, the following absolutely minimal complete set as
a subset of (49):

[05,,05.,05,,05 0L, 08 ). (50)

For the reduction from (49) to (50), we can use very similar
steps to those performed in Sec. IV C and Appendix C. First,
we employ the internal constraints of the shape class ¢, which
are formally exactly the same as the constraints expressed in
Egs. (40) and (41) for photoproduction (Sec. IV C).

Then we obtain expressions for (Of_, Of +) in terms of
(O1,, O5_) but, again, as in the case of photoproduction, a
fourfold discrete ambiguity remains.
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FIG. 10. Figure 9 is continued here. The second set of 20 from an overall list of 60 possible topologies is shown, which exists for

electroproduction.

In order to resolve this discrete ambiguity, we need infor-
mation from the remaining four observables in set (50), which
stem from the shape classes g and h. A consistency relation
among the relative phases of the shape classes c, g, and & exists
and it reads as follows:

@12 — P34 = P15 — P26 — P35 + Pas - (51
— — —_——— —,— —
c 8 h

We follow a similar tactic as in Sec. IVC (as well as
Appendix C) and take the sine and cosine of both sides of this
phase constraint. Then, using addition theorems, we arrive at

the following set of constraints:

05,05 + 05,05
= |b111b2|1b3|1bs| cos (P15 — 26 — P35 + as), (52)
~f+@§, - @§+ ~f7

= |b1l1b2|1b3||bal sin (P15 — Pog — P35 + Pag). (53)

Since the observables from classes g and & in the set (50)
are fully equivalent to the cosines of the appearing relative
phases (cf. Table VI), we obtain the following 16-fold discrete
phase ambiguity for the terms on the right-hand sides of (52)
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FIG. 11. Figure 10 is continued here. The third set of 20 from an overall list of 60 possible topologies is shown, which exists for

electroproduction.

and (53):

$is — b2 — ¢35 + bis: (54)
These 16 ambiguities stem entirely from discrete ambiguities
of the cosine type (6). Now, inserting the solutions corre-
sponding to the fourfold discrete ambiguity for (Of_, 05, ) on
the left-hand sides and the 16 possible phase ambiguities (54)
on the right-hand sides of Eqgs. (52) and (53), both equations
will be able to distinguish which is the correct solution for the
observables (Of_, Of )

Having finished the mathematical discussion, we now ex-
tract the physical content from the results stemming from
our application of the modified form of Moravcsik’s theorem
to electroproduction. In order to do this, we focus on the

Moravcsik-complete sets composed of 13 and 14 observables,
which are collected in Tables X to XVI of Appendix D. In
order to illustrate our discussion, we have extracted illustrative
example sets from the Tables in Appendix D, which are shown
in Tables VII and VIII.

As already mentioned above, we found 64 Moravcsik-
complete sets composed of 13 observables in this work and
96 sets composed of 14 observables. Both the complete sets of
13 and 14 observables have in common that they each divide
into 8 different groups, sorted by the combination of differ-
ent shape classes that occur in the respective complete sets.
The notation chosen for the set numbers in the Tables VII,
VIII, and X to XVI takes this into account. For the com-
plete sets of 13 observables, each group contains 8 different
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FIG. 12. For pseudoscalar meson electroproduction (N = 6),
three examples from 32 possible closed loops which yield unique
solutions are shown here, constructed by starting from topology 1 in
Fig. 9.

sets and for the complete sets of 14, each group contains
12 sets.

All the different combinations of shape classes have in
common, for both the Moravcsik-complete sets of 13 and of
14 observables, that at least one shape class occurs which con-
tains recoil-polarization observables. The nondiagonal shape
classes without recoil polarization are a, e, and f (cf. Ta-
ble VI). The remaining classes of b, c, d, g, and h all contain
recoil-polarization observables and indeed at least one of

TABLE VII. Here we collect eight selected examples for the
Moravcsik-complete sets composed of 13 observables. For each of
the eight possible combinations of shape classes in these complete
sets, one example has been chosen. In every case, the seven observ-
ables given here have to be picked in addition to the six diagonal
observables {RY, RY),, RY, R"TJO, RY, RY}. Every example is given
in the physical notation Rf‘ “ and also (directly below) in Nakayama’s
systematic notation. Furthermore, the labeling scheme for the sets
is chosen as follows: The letter A denotes the Moravcsik-complete
sets of 13 observables, the roman numerals i, ..., viii indicate the
different possible combinations of shape classes, and the regular
numbers (1, 2, 3, ...) at the end count the number of the set from the
respective group of shape-class combinations (cf. Tables X to XII in
Appendix D).

Set-Nr. Observables
Ail ROZ s ROx Rx’z Rz')r Rx’ X c Rx’ X s Rz/x
1. T TT T T L LT LT’
a a c c d h h
02+ 02— Ol + O] - 02 02+ 02—
s 0z s pOx X'z 2 x x'x 5 P00 s pOy
Aii4  R%, CRY RS ORY RYY SRW, SR,

05, oy o5, 0 O o5, o5
Aiii8 RS RO, RE R R SR R
o, o o o o o, o
Aive R, CRY ORE ORY R CRY, CRY,
o, 0 o5, 05 0f 0, 05
Av2  R%,  CRY, RS ORY KT R, SR
o5, 05 05 05 0 05 0
Avi4  CRY RY, R Ry R R%, SR%
o, oL 05 05 0of 0 0L
Avii2 RS, RS R Ry R RS R
0y, 0L 05, 05 ol 05 05
R, Ry RYYORY R R, Ry

o, oL o, 0. o o, oL

A.viii.l

these latter classes occurs in each Moravcsik-complete set
listed in the Tables X to XVI. In this respect, our results
for the Moravcsik-complete sets in electroproduction are very
similar to the well-known results for absolutely minimal com-
plete sets in photoproduction [32,34,35], in that the recoil-
polarization observables cannot be completely avoided for a
unique amplitude extraction.

It is interesting to further investigate the structure of the
obtained Moravcsik-complete sets in electroproduction. The
complete sets of 13 observables each contain four quantities
from the purely transverse shape classes a, b, and ¢ (cf.
Table VI), one quantity of the purely longitudinal shape
class d, and two observables taken from one of the “mixed”
longitudinal-transverse shape classes e, ..., h. Therefore, the
amount of measurements with longitudinal polarization of the
virtual photon, which is new to electroproduction as compared
to photoproduction, is relatively small with just 3 such ob-
servables in each case. However, this has the disadvantage
of requiring more observables with recoil polarization. The
minimal amount of observables with recoil polarization in
a complete set of 13 (apart from the diagonal observable
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TABLE VIII. Here we collect eight selected examples for the
Moravcesik-complete sets composed of 14 observables. The layout
and notation used is very similar to Table VII. The only exception is
given by the fact that in the labeling scheme, the letter B denotes
the complete sets of 14 observables (cf. Tables XIII to XVI in
Appendix D).

Set-Nr. Observables

. . S . ’ . S . . ’ . S
Bil RS RY RS RY RN, R R R
c c c c 14 14 h h
o, 0 05, 05 05, 05 O O
3 7'z x'x s 00 s 0y ¢ p00 ¢ ply cpZ0
Bii3 R RY CRY, RV, RN RY R,

c C e e e e 8 8
05, 05 o, 05 05 05 O, O
s X'z 2 X s ROz ¢ pOx s px'x cpIx cpx'x s p7x
B.iii.10 Ry Ry CRY% CR%, SR CRiL R R

c o f f h h h h
O, O Oy, 0O_ 0O 0. 0 0O
Biv5 Ry Ry RYN ‘R SR;ZT CR;"T, CR;ZT, SngxT
OT+ 07 O§+ 05 Ol+ O OZ+ O,

s R0z 0x s P00 s pOy ¢ R0 cpOy sp70 cpx'0
B.v10 “Rpp Ry “Rpp °Ry, ‘R Ry °Rip ‘R
Oa (l)a Oe Oe Oe Oe Og Og
1+ 1- 1+ 1- 2+ 2— 1+ 1-
: 0z s pOx c ROz s pOx s px'x cpix cpx'x spx
Bvi3 Ry R CRE, R R CRY R R
a a h h h h
O2+ 02— 02+ 02— Ol+ Ol— 02+ 027
i Z'0 spX'0 spZ0  cpx’0  cpd0  spxX'0 cpy'x  spdx
Buil2 Rif CRYYCRDCRDCRD R R CR
8 8 8 8
02+ 027 Ol+ Ol— OZ+ OZ— OZJr 027
7 0; Z
Bviii4 ‘R Ry, R R ‘R) R
b b e 13 S
o, O 05 05 O

c p0z s pPOx
RLT’ RLT

of of of

R“;’O which always has to be measured) is 3. The set (A.ii.4)
shown in Table VII is one particular example. There exist
Moravcsik-complete sets composed of 13 observables with up
to 7 recoil-polarization observables, such as the set (A.iii.8) in
Table VII.

For the complete sets of 14 observables (cf. Table VIII)
the situation is different. In this case, there exist some sets
with just 2 recoil-polarization observables, such as the set
(B.v.10) shown in Table VIII. The maximal amount of recoil-
polarization is again given in cases where the full set consists
of such observables [e.g., the set (B.vii.2) in Table VIII]. Fur-
thermore, every Moravcsik-complete set with 14 observables
contains either 2 or 4 quantities from the purely transverse
shape classes (a, b, and c¢) and either 6 or 4 observables from
the mixed longitudinal-transverse shape classes (e, ..., h).
Thus, the amount of measurements which use the longitudi-
nal polarization has increased substantially compared to the
complete sets of 13 observables.

Finally, we remark that our results are consistent with the
statements made in the work on complete sets in electropro-
duction published by Tiator and collaborators [43], in the
sense that the complete sets constructed in Sec. IV of their
paper also cannot fully avoid recoil polarization. However,
the main method of construction used in Ref. [43] is differ-
ent from ours. There, the authors first select complete sets
of 8 fully transverse observables (i.e., complete photopro-
duction sets) and then select in addition a full shape class
of 4 longitudinal-transverse observables, in order to arrive
at 12 quantities. Tiator and collaborators also mention the
approach of first starting with the 6 diagonal observables

{RY, RY., R(%V, RyT/O, RY, ng } and the choosing of nondiago-
nal observables in addition, which corresponds in principle to
the approach used in our work. In Ref. [43], the authors state
that within their work, it has not been obvious how to choose
the complete sets, using this latter approach. At this point,
the application of the modified form of Moravcsik’s theorem
performed in this work can yield a significant contribution,
although the number of observables contained in a complete
set is at least 13 and not 12.

In summary, we have found Moravcsik-complete sets with
a minimal number of 13 observables for electroproduction.
This already represents a considerable reduction from the full
set of 36 observables. Furthermore, these complete sets of 13
have to be selected from 6 different shape classes, namely the
2 diagonal classes plus 4 nondiagonal ones (see Tables X to
XII). However, we also found complete sets composed of 14
observables, which have to be selected from only 5 different
shape classes (Tables XIII to XVI). Thus, the reduction from
the full set of 10 shape classes down to 5 is even more
substantial than in the case of photoproduction (Sec. IV C).

VII. CONCLUSIONS AND OUTLOOK

This work treated the theorem by Moravcsik [46] on the
unique extraction of amplitudes, as well as the implications
drawn from it for applications to physical reactions. The
theorem has been restated in a slightly modified form. For this
form, the proof has been worked out in detail, trying to make
it as formally complete and accessible as possible.

While this theorem is valid for an arbitrary number of
amplitudes N, we have applied it to a number of specific
reactions with a rising number of amplitudes, i.e., to pion-
nucleon scattering (N = 2), a purely mathematical example
with N = 3 amplitudes, pseudoscalar meson photoproduction
(N =4), and electroproduction (N = 6). For the electropro-
duction reaction in particular, the above-mentioned theorem
has been applied for the first time and it has yielded interesting
insights into the structure of the corresponding complete sets.
The results are summarized in Table IX for all the considered
reactions.

It is interesting to try to extract patterns from the results
Moravcsik’s theorem yields, for examples of different reac-
tions with different N, and to compare them to the known
treatments of complete sets of observables with an absolutely
minimal number of 2N [34,35,43]. We observe the following:

(i) For N =2 and 3, the minimally complete sets ac-
cording to the modified form of Moravcsik’s theorem
are equal in number and content to the absolutely
minimal complete sets of 2N. This is not the case for
the higher N > 4.

(i) Compared to the full number of available observables
N?, the modified version of Moravcsik’s theorem
implies a reduction for the number of necessary ob-
servables to obtain a unique solution, for all cases but
the simplest one, i.e., N = 2. For ascending numbers
N, the degree of this reduction increases in the sense
that the number of observables from the full set which
are not needed for a minimally complete Moravcsik-
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TABLE IX. The results obtained in this work are summarized for the amplitude-extraction problems with different numbers of amplitudes

N. For each problem, one has ng,, = N? observables overall. The number of observables n.

Moravcsik

obemin . contained in a minimal complete set

according to the modified form of Moravcsik’s theorem is shown and compared to the absolute minimal number 2N. The minimal number of
different shape classes, from which the observables have to be selected, is also shown and compared to the total number of shape classes in the
problem. The minimal number of classes is always composed of the shape class(es) of the diagonal observables (which are always assumed to
be measured), plus the minimal number of nondiagonal shape classes implied by the modified version of Moravcsik’s theorem.

Process N Naps, = N? e NZ — i ot -
N scattering 2 4 4=2N 0 2 2
Math. example 3 6 =2N 3 4 4
Photoproduction 4 16 10=2N+2 6 4 3
Electroproduction 6 36 13=2N+1 23 10 5

set rises (cf. numbers given in the fifth column of
Table IX).

(iii) Another feature found in other treatments of complete
experiments [34,43] reemerges: the minimal number
of different shape classes, from which the observables
in the complete sets have to be picked, does not
correspond to the smallest possible one for N > 2.
For instance, from earlier treatments on photopro-
duction [34,35], it is known that one has to combine
observables from at least three different shape classes,
i.e., the diagonal observables plus two different non-
diagonal shape classes. In case one uses the diagonal
observables, plus four additional quantities from one
single nondiagonal shape class, continuous ambigui-
ties remain [35]. This behavior is reproduced by the
modified Moravcsik’s theorem (see Table IX).

In the case of electroproduction, the modified
Moravcesik’s theorem implies that complete sets have
to be selected from at least five different shape classes,
i.e., two diagonal classes plus three nondiagonal
ones. While one could also theoretically select the
corresponding number of observables from just four
different shape classes (i.e., two diagonal plus two
nondiagonal ones), this possibility is ruled out.

Furthermore, as a general feature, the difference
of the total number of shape classes to the minimal
number of classes required for a complete set also
rises with ascending numbers for N (see Table I1X).

The applications of the modified form of Moravcsik’s
theorem have already yielded interesting results. Furthermore,
the possibility to extract the complete sets in a fully automated
procedure is attractive. However, the mismatch between the
size of the complete sets according to Moravcsik and the abso-
lute minimum number of 2N observables, which is present for
N > 4, remains a problem. How to obtain all the minimal sets
of 2N observables using (maybe) a modified version of the
approach presented here seems not at all obvious. Therefore,
this mismatch deserves further investigation and it is highly
probable that it can be traced back to general mathematical
properties of the matrix algebras {I'®} used in the formulation
of the observables as bilinear forms. Still, since a master
approach on how to obtain minimal complete sets of 2N
observables for problems with arbitrary N is the ultimate goal,
this avenue of exploration is important.

Another possible direction of future research lies in the
application of the modified approach according to Moravcsik
as presented here to more complicated reactions, which are of
current practical interest. In this vein, a detailed treatment of
the photoproduction of two pseudoscalar mesons is prepared
at the moment [61].

APPENDIX A: PROOF OF THEOREM 2

Choose b; as an anchor amplitude for the whole procedure
and demand it to be real: by = |b;| > 0. In this way, the
unknown overall phase ¢*(W, 9) is fixed. Note that the choice
of b as anchor amplitude is just a convention.

Now connect amplitude points in order to form an un-
branched open chain of bilinear products:

bibl, bib*, ..., bybY, (A1)

where the indices

1,i,j,....p,qgef{l,...,N}, (A2)

are demanded to be all different. Thus, the open chain has
exactly N — 1 links.

Furthermore, as stated above, we can assume the moduli
(4) to be already determined. Therefore, one can consider the
following set of relative phases corresponding to the open
chain:

¢li’ ¢)ij’ R ¢pq' (A3)

First, let us assume that all links in the chain are provided by
solid lines, i.e., that only the real parts,

Re[b; 5], Re[bibj], ceeh Re[b,,bZ], (A4)

are considered. Then we know from the discussion in the be-
ginning that all these real parts leave a cosine-type ambiguity
[Eq. (6)] for their corresponding relative phase, i.e., one has
the collection of 2V~! discrete phase ambiguities,

+o; +aij +a
¢ﬁ:{ li ¢l:il::{ J ’¢]:7tq:{ Pq

o’ —o;’ —0pg

(A5)

As a means to remove (a large part of) these discrete
ambiguities, we connect the amplitudes (or points) g and 1 by
a solid line in order to close the chain and thus form a closed
loop with N solid link lines. The relative phase ¢, therefore
also has the cosine-type ambiguity (6).
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Then we know that whatever the correct solution is, it has
to satisfy the following consistency relation for the relative
phases, which has to be valid for any arrangement of N
amplitudes in the complex plane:'”

Gt dij+ -+ bpg+ g = 0.

When written down for all the possible discrete ambiguities
(AS), the consistency relation reads

+ + + +

¢li +¢U +..'+¢I)(/+¢ql 207
or, when written in an alternative notation to collect the
different cases (the one which we use in the remainder of the
proof and which Moravcesik also uses in his paper [46]), it
becomes

{+a1i}+{+a,~j}+”.+{+Olpq}+{‘i‘zqi} —0. (A8)

—o —j Upq

(A6)

(A7)

q

The basic logic is now the following: One of the above-given
2N discrete ambiguities is the correct, i.e., “true,” solution
to the problem. For it to be truly unique, its corresponding
consistency constraint, which is one of the cases (A8), has to
be linearly independent [35] from the consistency constraints
of all the other cases. In case linearly dependent constraints
remain, the solution is not unique.
To illustrate this point, suppose that the true solution to our
problem would be given by the sign combination
ap — o+ oy — oy =0. (A9)
When we multiply both sides of this equation by (—1), it
becomes

—op 0 — e — Uy Qg =0, (A10)
and we see that this constraint is also one of the possible cases
(A8). Therefore, the consistency relations (A9) and (A10)
are linearly dependent and thus a twofold discrete ambiguity
remains. We call the corresponding solutions degenerate (cf.
Ref. [35]).

One can convince oneself that the same statement remains
to be true, no matter which sign combination other than (A9)
we would have assumed to be the true solution. Therefore,
for the case with only solid lines, or real parts of bilinear
products, in the loop, the general consistency relation (A6)
can reduce the 2V-fold discrete ambiguity (A5) to a twofold
discrete phase ambiguity, and the combination with only real
parts is therefore not fully complete.

We note that in general situations, one can find linearly
dependent pairs of consistency relations via the following two
manipulations performed on the whole equation

(a) Multiplication by (—1),

(b) Addition or subtraction of multiples of 27 on both
sides of the equation. (We can do this manipulation
since relations among phases are always valid modulo
addition of multiples of 27.)

10This consistency relation is also quickly verified by plugging in
the definition ¢;; = ¢; — ¢; of the relative phases.

Now assume that the link between amplitudes g and 1 were
changed from a solid to a dashed line, i.e., we would exchange
only the real part Re[b,b7] for the imaginary part Im[b,b7]].
Then the discrete ambiguity for the relative phase ¢, changes
to a sine-type ambiguity (8) and therefore the relevant cases
for the consistency relation become

{+a1i}+{+a[j}+'.'+{+apq}+{ +og1 }:0
—Qay; —j —CUpq T — Qg
(A1)

Again, assume some (in principle arbitrary) combination to be
the true solution of the problem, for instance,

_Olli+aij+"'_apq+aql :O (A12)
Multiply the whole equation by (—1) in order to get
Fag — =y — g =0. (A13)

Now no further transformation can lead from this equation to
any of the cases contained in Eq. (A11) for which a4 has a
minus sign, since for any of these cases, there has to be one
additional single summand of 7 on the left-hand side. This
means that the candidate for a possibly degenerate constraint
would then read

+oy = — ot op, T —oy =0, (A14)
but it simply cannot be obtained from Eq. (A13) by use of the
allowed transformations. The same is true in case any other
starting combination other than (A12) were assumed to be the
true solution. This means that no degenerate solutions exist
any more and the summand of 7 in Eq. (A11) has fully lifted
the degeneracy. This means that the considered closed loop is
fully complete.

The same argument as above holds in case any link other
than the connection between g and 1 (i.e., |l <> i,i < j,...)
were assumed to be the single dashed line present in a closed
loop of otherwise only solid lines. Therefore, we see that in
the case of only a single dashed line, the closed loop is always
fully complete.

Therefore, we have learned that the sine-type ambiguities
(8) are very important to lift degeneracies, due to the appear-
ance of additional single “summands of 7.”

As a next step, consider the case of multiple dashed lines
(i.e., imaginary parts) present in the closed loop. For instance,
assume the last n; links in the loop to be dashed, i.e., we look
at the following possible cases for the consistency relation:

{+ali}+._.+{+a€r}
—0; —yr

+{ g }+{ +ay }++{ +0[q1 }:O
T — Oy T — Oy T —0g1

ng terms

(A15)
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In order to see in which general cases the degeneracies are
resolved, we need some additional lemmas.!! The first lemma
is concerned with the fact that, due to relations among phases
always being valid up to addition of multiples of 2, at most
a single summand of 7 can remain in all the cases collected
in Eq. (A15).

Lemma 1 (Sum of phase-variables under sine-type ambi-
guities):

Consider the sum of n phase variables ¢; (n > 2), i.e.,
real variables taking values on the interval [—m /2, 7 /2]
and which are arguments of functions:

o1+ + @ (A16)

Each of the phase-variables is subject to a twofold dis-
crete ambiguity of the “sine type,” i.e.,

) @i,
o {ﬂ - %i

Then there exist 2" cases for the form of the sum (A16),
and these cases can be summarized as follows:

@1 (%) . @n
{ﬂ—¢1}+{ﬂ—¢z}+ +{ﬂ—¢n}
_ {Zz_l C}EJ )§0k }
T+ ZZ=1CI£J ‘o

On the right-hand side of this equation, all the C coef-
ficients take values of either (4+1) or (—1). The sums
over double-primed coefficients C,ij ") denote all possible
cases of linear combinations of phases with an even
number of (—1) signs, while the sums over single-primed
coefficients C,E’,) denote all possible cases with an odd
number of (—1) signs. Moravcsik has stated this result
in his paper [46]. A proof of the statement can be found
toward the end of this Appendix.

fori=1,---,n. (A17)

(A18)

The second lemma is concerned with the transformation
behavior of the C coefficients under the multiplication by
(—1), since this is the most important transformation in the
search for degenerate consistency relations.

Lemma 2 [Multiplication by (—1)]

Assume that Lemma 1 and Eq. (A18) are valid for a
set of n phase variables ¢;, which are all subject to the
“sine-type” ambiguity (A17).

Suppose that n were an even number. Then the follow-
ing relations among C coefficients are valid:

(-Hxcd=cd", (A19)

(- xcd =cd", (A20)

for suitable indices j’, j”. This means that for an even
number of variables, the single-primed coefficients trans-
form into each other under multiplication by (—1) and

""To avoid an unnecessarily cluttered notation in the proofs, we
change the notation for the formulation of the lemmas.

the double-primed coefficients transform into each other
under the same transformation. No mixing of single- and
double-primed coefficients occurs.
If, however, the number 7 is odd, one has
(-1 x ¥ =", (A21)
for suitable indices ]'”. Thus, for an odd number of
variables, single-primed and double-primed coefficients
are transformed into each other under multiplication by

(—1). A proof of this lemma is given at the end of this
Appendix.

We return now to the cases for the consistency con-
straints collected in Eq. (Al5) and rewrite this equation
using Lemma 1:

ol o)
—y; —Uyr T — Oy T — Qg1

) C(Jv/) )
{+°‘“}+~-~+{+°‘“}+ 2 g
—i e[ T |+ ZW Ciiv ety

0. (A22)

The notation with a single summation index “k,” which
has been used in the lemmas above, has been generalized to
multiple summation-indices u, v, but this is straightforward.

Now assume that ny is even. Suppose further that the true
solution corresponds to a combination of signs without a
summand of 7, i.e.,

o+ Z Ci ety = (A23)
Multiplying this equation by (—1), we get
—oy + — oy + Z C(j ) axw
=—a;+ - — o+ ZCU )a,w =0, (A24)

where Lemma 2 has been used in order to obtain the final form
of the result. Since according to Lemma 2, the coefficients
C,(]:) remain double primed under the multiplication by (—1),
it is clear that a degenerate solution can always be found. The
same is true if any combination other than Eq. (A23), which
could also include a summand of 7r, would have been assumed
to be the true solution. Therefore, for n; even, there always
remains a twofold discrete phase ambiguity.

Assume now that n; is odd. Furthermore, suppose that
some combination with a summand of 7 were the true so-
lution, i.e.,

—ai+ o+t ZCL{;)QW =0.

v

(A25)
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We multiply this equation by (—1) and use Lemma 2 in order
to obtain

oy — =y — T +ZC/(4JV)O[HV =0.

jT)

(A26)

We add 27 on the left-hand side of this equation and get:
tagi— =y 1+ Y CH = 0. (A27)

TRy

) have turned

Since, according to Lemma 2, the coefficients C

into double-primed coefficients Cffz), the sign combination

in Eq. (A27) corresponds to one of the cases without m in
Eq. (A22). However, the summand of 7 in Eq. (A27) cannot
be removed by any of the allowed transformations. Therefore,
no degeneracy of solutions exists. The same is true is we
assume any combination other than the one in Eq. (A25) (also
one without summand of ) as the true solution. Therefore,
for ny odd, the closed loop always represents a fully complete
set.

Note that all statements made above remain true in case one
does not assume the last n, lines in the chain to be dashed, as
was done in Eq. (A15), but indeed any other combination of
ng link lines in the closed loop.

The special case of a closed loop which includes only (i.e.,
exclusively) dashed lines remains to be discussed. This is also
the case which Moravcsik [46] is (seemingly) not treating
correctly.

We again collect all the consistency relations for all pos-
sible cases of discrete ambiguities and employ Lemma 1 in
order to obtain:

B EECAREY
T — oy T — Opg T — Oyl
("
D TR )
T+ Z/J,,v CI(LJV)O[ILV

Here the same arguments as above, under repeated use of
Lemma 2, lead to the result that also in this case the number
of dashed lines has to be odd in order to lift all degeneracies
and thus to obtain a fully complete set.

What remains to be discussed are the special, singular
numerical configurations for which the theorem proven here
loses its validity. Consideration of the arguments given above
shows that, also in case ny is odd, the sine-type ambiguities
would lose their power to lift the degeneracies in case only
one linear combination of «’s corresponding to all the ny
dashed lines of the true solution would vanish, for instance
[cf. Egs. (A15) and (A22)],

Z Cil) ey =0,

v

(A28)

(A29)
for some particular index j”.
This could be due to one of the following cases:

(i) All ’s vanish individually, i.e.,: o, = O for all the
terms included in the sum (A29).

(i) None of the «’s vanish individually, but there exists
a complicated singular submanifold in the space of
relative phases, which is defined by the validity of
Eq. (A29) and on which the considered closed loop
is not a complete set any more.

(iii) A mixture of the two cases before, i.e.,: some «’s
vanish individually a3 = 0, for a certain collection
of indices fi, . Furthermore, singular submanifolds
exist in the parameter space of the remaining relative
phases (i.e., those with ¢, # 0), defined by the va-
lidity of the constraint

> e =0
WALV

(A30)

‘We suspect that the probability of such singular parameter-
configurations to occur grows with a larger number N of
transversity amplitudes. However, these cases probably only
become relevant as soon as one introduces measurement
errors into the problem. Even for simulations with pseudodata
of finite numerical precision, such cases can become relevant
for higher N. However, in the academic case of an exactly
solvable complete experiment, such singular cases can proba-
bly be ignored. |

This concludes our derivation of the core result of this
work. For the sake of completeness, in the following we pro-
vide proofs for the more technical Lemmas 1 and 2 introduced
above.

Proof of Lemma 1:

We construct a proof via complete induction and start with
the lowest nontrivial case of n = 2 phase variables.

(i) n=2
Consider the possible cases

bl e 2t

Remembering that relations among phases are al-
ways valid up to addition of multiples of 2, we see
that the total set of possible cases becomes

e 1 %f

+¢1 + @2,

T — @1+ ¢,
Y1+ 7T — @,

T =@+ — Q.

(A31)

+¢1 + @2,

T — @1+ ¢,
= A32
T+ @1 — ¢, (A32)
—¢Q1 — ¢2.

) n—>n+1
Assume now that Eq. (A18) is valid for a set of n
phase variables ¢;. Add a further variable ¢, |, which
is also subject to the sine-type ambiguity (A17). Then,
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we have:

{ Y1 }+ +{ ®n }+{ DPn+1 }
T — @1 T — @ T — Qntl

_ k=1 C;Ej”)ﬁok } . { Opt1 }
T+ C,Ej,)q)k T — @Qpti

Zzzl C;Ej”)% + @n+1

Yr C g+ T = pui

T4+ C/Ej/)ﬁl’k + Ont1

T+ ZZ=1 C/ij/)QOk + 7T — Qnp1

ZZ:] Clgj )(pk + Pn+1,

T+ C(j”) _ ,

_ Zi_l /E'/) Pk — Pn+1 (A33)
T+ G o+ Purs

("
ZZ:] Ck] Pk — On+1-

One can see that the number of (—1) signs in the
first and fourth combinations in the end result of (A33)
is even and that the number of (—1) signs in the second

and third combinations is odd. |
Proof of Lemma 2:
First, we treat the even numbers n. We prove again via
induction:
(i) n=2

We have (cf. the above)

AN R e

+¢1 + @2,
T — @+ @2,
Q1+ — @,
—¢1 — ¢2.

e+ ¢,
7+ + g,

=: 740+, (A34)
1+
We can read off the following relations:
(-1 x ¢ =c®, (A35)
(- x e =c®, (A36)
(- x e =c@, (A37)
(—Hx e =c, (A38)

and see a special case of Lemma 2 fulfilled.

034605-22

i) n—>n+2
We use Lemma 1 in order to decompose as follows:

{ . }+“_+{ o }
T — ¢ T — ¢n

+{ Pn+1 }+{ Oni2 }
T — Pn+l T — Qni2
o ZZ=1 C}Ej )fﬂk
T+ C/ij o
+ { On+1 } + { Pn+2 }
T — @Ontl T — Qnt2

> e C;Ej”)ﬁok + Ont1 + Pny2
>k CIEJ )‘/’k + T — Qnt1 + Ony2
ZZ:I C/E] )Qak + ©Pn+1 + 7 — On+2
_ k=1 Clij )‘/’k — Ont+1 — Pnt2 A39
- n G - (A39)
T4+ 1 G ok + @npt + @ni2
ZZ:l C/E] )‘Pk — @nt1 T Oni2
> k=i C/E] "0k + Gurt — Pur2
T+ ZZ:I CIEJ )‘pk — On+1 — Pn42

We see that the relations (A19) and (A20) remain
intact, also for the case of n + 2, since they already
have been assumed to be valid among all coefficients
with k < n.

For instance, multiply the last case in the result
(A39) (minus ) by (—1) to obtain:

(—D[Z C ok — puyr — (/711+2:|
k=1
= Z [_C/Ej’)](pk + Ont1 + Ptz
k=1
=Y 0+ guet + 2. (A40)
k=1
The last expression (with 7 added again) resembles
the one which is written in the fifth case of Eq. (A39)

and which also is of single-primed type, since a sum-
mand of & appears in it.

Next we treat the case of an odd number n. Again, we

proceed via induction:

(i) n=3
We have

T S T R
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+o1 + 2 + @3,

T — @+ ¢+ @3,

‘o1 + 7 — 2 + @3,

‘o1 + o+ 7T — @3,

T —¢+7T — @+ @3,

T =@+ @+ — @3,
‘o1 +7 -+ — @3,
T—@+7—@+7T— 3.

+o1 + 2 + @3,

T =@+ @2+ @3,
T+ ¢ — ¢+ s,
T+ ¢+ ¢ — @3,

—¢1 — 2+ @3,
—¢1+ @2 — @3,
+o1 — @2 — @3,

T —¢1—¢2— ¢3.

Cor + 5 r + g3,
C(l') C(l') C(l')

T+C o6y T+ G5 s,

7+ 01 +C g+ CF s,

T+ ny)fpl + Céy)(ﬂz + C§3’)<p3,

=: , , . (A41)
C o1 +C o + 6 g,
Cf”)(/’l + Céy/)(pz + ng o3,
CYV’)(PI +C§4H)q)2 +C§4N)<p3,
7+ C 0+ g + O s
We read off the following relations:
(D xc® =c!", forallk=1,...,3, (A42)
(D) x ' =c®), forallk=1,...,3, (A43)
(D xC? =c, forallk=1,...,3, (Ad4)
(—hxc=c®, forallk=1,...,3, (A45)

and see that primed and unprimed coefficients trans-
form into each other under a multiplication by (—1).

iv)y n—>n+2
Also for the case of n odd, we use
Lemma 1 in order to decompose as

J
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follows:

{ @1 }+ +{ P }
T — @1 T — ¢n
+{ DOn+1 }+{ Pn2 }
T — On+1 T — Ont2

— {ZZ—I C;ij”)</’k }

T+ ZZ=1 C;Ej )(Pk

Pnt1 Pn+2
* {77 - ‘Pn-H} + {77 - §0n+2}
Zzzl C,((j”)gok + Onr1 + Qni2
pIy Clgj”)‘/’k T T = Qg1 + Png2
pIy C/Ej”)wk + Qup1 + T = Qg
ZZ:l Ci(cj”)ﬂﬂk — @Ont+1 — Pni2 (A46)
T+ C/ij,)ﬁok + Qi1 + G2 |
pIy C/ij,)ﬁok — Ont1 + Ont2
pIy C/Ej/)‘/’k + @ni1 = Pni2
T+ Zzzl C,E”‘ﬂk — Ont+1 — Pny2

We see that the relation (A21) remains intact, also for
the case of n + 2.

For instance, multiply the last case in the result
(A46) (minus ) by (—1) to obtain:

(—D[Z o — Guir — (pn+2:|

k=1

n
= Z [_CIEJ/)](pk + @nt1 + Pny2
k=1

n
= chij )wk + Dn+1 + On+2- (A47)
k=1

The last expression resembles the one which is written
in the first case of Eq. (A46), which is however of
double-primed type, since no summand of 7 appears
in it. |

APPENDIX B: MATRIX-ALGEBRAS FOR DIFFERENT SPIN-REACTIONS

In this Appendix, we list the complete and orthogonal basis systems of matrices for all the processes discussed in

Secs. IV and VI.

(i) Pion-nucleon scattering (N = 2; cf. Sec. IV A)

. a0
GD_O b?%(]

N 0 a
o=l o o=
08 =4
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+1 -1
a b
67 —i i . (B2)
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(ii)) Mathematical example for N = 3 (cf. Sec. IV B)

- - a b ¢
a 0 0
s g i ol 0T T +28 +V23 V3 B3)
b= Ot XM+ -1 0o -
0 0 ¢ "
- 40 P 413 +1/3 =2/3
[0 0 a] a b
dap=10 0 0}, 0f X +i —i, (B4)
(b 0 0] Of X +1 +1
[0 0 0] a b
dpr= |0 9 al, oy A +i -, (BS)
|0 b 0] O X7 +1 +1
[0 a 0] a b
Am=1|b 0 0|, O P + —i (B6)
[0 0 0] O5 X +1 +1
(iii)) Photoproduction (N = 4; cf. Sec. IV C)
- a b ¢ d
a 0 0 0 a
i P T+l +1 +1 +1
o o0 o al =T r =1 41 41 —1
L P M2 -1 +1 -1 +1
- - a b ¢ d
0 0 a o a
i o o o bl O N
Per=1, 0 0 ol 0~ T° +1 -1 +1 -L (B8)
0 d o ol @ 7 +1 +1 41 +1
L 4o T i i -+
- o a b ¢ d
0 0 0 a
i 0o 0 b g oy T +1 -1 -1 +1
Pav=19 2 0 o N A R A (B9)
. o T i - i i
d 0 0 0 -
= 40, 7+ 41 41 41
A - a b ¢ d
0 0 0 a
) P B L
Teu=1g o o &0 [P + —i —i +i (B10)
0 0 a ol O % i —i 4 —i
- 4 05, TB 41 41 +1 +1
(iv) Electroproduction (N = 6; cf. Sec. VI)
@ 0 0 0 0 O] a b e a
I N
fp = 0 0 8 30 o L—CRY, T 41 1 -1 - (B11)
RY [ 1 41 41 -1
000 0 0 O T,
0 0 a 0 0 O] . .
. a b e d
b . . . .
o -
Peri=10 2 0 0 o0 ol%- I e T Tt (B12)
00 0 0 0 ol 9% 41 4+ 41+l
00 0 0 0 ol O T +H - —i 4
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0 00 a 0 0 i b e a
0 0 5 0 00 oy T +1 -1 -1 +1
Tap1 = 0 ¢ 0000 LOL T i+ =i - (B13)
d 0.0 00 01"H" i +i -+ =i
00 0 0 0 Of 1= -,
0000 0 0 O T2 41 +1 41 +1
[0 a 0 0 0 O] . .
X a b ¢ d
000 20 o0 It AT Al T I
IpL = - ,Of . B i - =i i, (B14)
SOOI G T R ST
c 15
000 0 0 0 05, TP +1 +1 +1 +1
0 0 0 0 0 07
00 00 0 0 i 5
. 0000 0 0 .
=10 0 0 0 0 o B T7 +V2 +v2, (B15)
0000 a ol R T® +/2 -2
[0 0 0 0 0 b
0 0 0 0 0 07
0000 0 0 A 5
Fam=|0 0000 O G5 (B16)
0000 0 Of% _ ¥ _
000 0 0 al O T* +ivV2 -iv2
0 0 0 0 b O
0 0 0 0 0 O] R .
a b e d
00 00 0 0 a
i 000 0 0 a|] % L2 41 +1 41 +I
[aps = o LO5. T2 41 -1 =1 +1, (B17)
8 8 8 0 g 8 o T% 4+ - i i
c - T .
0 0 a0 0 0] o, Yow o+ - i
[0 0 0 0 0 & a b & a
0o b g o T
Taps = Lol ™ 4 i 4 -, (B18)
NNl oL ™Y b 4 - -
0 ¢ 0 0 0 O 1+
_[1 000 0 0| O;_ ' 41 +1 +1 +1
0 0 0 0 a 0] . .
N a b ¢ d
000 005 o5, T +1 -1 +1 -1
Fpry = 8 8 8 8 8 8, I e B B 2 (B19)
6 0 0 0 0 ol O ¥ + +i —i —i
~ 14 34
04 00 0 0| O, T 41 +1 +1 +1
0 0 0 0 0 0 . .
a b ¢ d
000 0 0 0 a
000 0 a ol @ T7 +1 -1 +1 -1
T _ a Y h ™28 . o o .
Upr3 = ,OL T +i i i i (B20)
0.0 0 0 0 bf 2 s : : . .
oo e 000l g DN N
0 0 0 4 0 0] %> R

APPENDIX C: DETERMINATION OF THE SUPERFLUOUS OBSERVABLES (O5_, O5_)
FROM THE MINIMAL COMPLETE SET (37)

For the following derivations, we can treat the right-hand sides of Eqs. (40) and (41) as constants, since it is assumed that
the moduli |b;| have already been determined. Inserting the definitions of the modified observables (26) and (27), the quadratic
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constraints become
(05, + 05 ) + (05, + 05.) = (05,) +205, 05+ (05_) + (05,)* +205,05_ + (05.) = 4lb, P>, (C1)

(0f, = O1) + (05, — 05.)" = (05,)" = 205,01+ (05)" + (05,)" = 205,05+ (05.)" = 4lbsP’Ibal”. (C2)

We can add both of these equations in order to isolate the purely quadratic terms, or subtract both equations in order to isolate
the cross terms. Doing both, we get the following equivalent set of equations:

21 2= 2(1bi PIbal? + 13 P1bal) = {(O5,)7 + (05.) + (05,)° + (05.)°), (€3)
k2 1= biPbal? — 1bsPbal? = {05, 05 + 05, 05_}, €

where two new constants, «; and k5, have been introduced as well.
The purely quadratic Eq. (C3) can be quickly solved for either of the two redundant observables. Solving for Of_, we get

05 = |05_| = ny/261 — (05,)* = (05,)" = (05.)",
(5

where the variable 1 can take both values = %1 and it keeps track of the fact that the sign of Of_ is as of yet undetermined.
Next, we rewrite the constraint among the cross terms, Eq. (C4), as

05,05 =1 — O5, 05 (C6)

The strategy is now to introduce the result (C5) for Of_ into this equation and then solve for O5_. However, in Eq. (C5), the
observable O5_ appears under the square-root. Therefore, it is advisable to introduce the result (C5) into (C6) and then square

the whole equation. This results in the following:

(05, {21 = (05,)7 = (05,)" = (05)*} = &3 — 2205, 05_ + (05,)*(05_). (e7)

Dividing this equation by (Of +)2 and doing some more algebra, we arrive at the following quadratic equation for O5_:

2/(205_'_
(©5,)" +(05,)

This equation generally has two solutions, which read

R

05 + [( c )+
’ (05,)" +(05,)*

K22 _ 2 K1 (Oi‘+)2

=0. (C8)
(05" + (%)2}

005, K5 (05+)2

T L

(057)1,11 = (

05,) + (05,

[(05,)"+(05.)T

;)
(05,)" +(05,)°

_ 005, £20(0)*((01,) + (05.)) - 6(01)" - (01, [©1,)" + (©5)T

(05,)" +(05,)°

Thus, the observable O5_ is determined up to a twofold
discrete ambiguity. Inserting the result (C9) into the Eq. (C5)
obtained above, we get the following possible solutions for
Of_:

(Oi.f)(:t,{l,ll})

= :I:\/2/q — (Oh)z - (0§+)2 - [(Og—)l,ll]z‘

We see that Of_ is determined up to a fourfold discrete
ambiguity, which also makes the overall ambiguity for the
determination of the two superfluous observables (Of_, O5_)
from just the group c alone, a fourfold one.

In order to resolve the ambiguities contained in the results
(C9) and (C10), one has to include the additional information
provided by the two observables from group b, which are

(C10)

(C9)

(

contained in the minimal complete set (37). As a preparatory
step, we note that the fundamental consistency relation (34)
can be rewritten as follows, in order to connect observables
from the groups ¢ and b:

b12+ P3a = P14 — P23 (C11)
S—— S——

c b

Furthermore, we note the following two important addition-
theorems for the cosine and sine, evaluated on the relative
phases corresponding to the group ¢

Cos (@12 + ¢34) = COS P12 COS P34 — sin Pz sin gz, (C12)

sin (@12 + ¢34) = sings cos ¢34 + cos o singss.  (C13)
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Combining the consistency relation (C11) with the cosine-
theorem (C12) and the definitions of the modified observables
O, we get the following result:

cos (P14 — ¢23)
= cos (¢12 + $34)
< S/ M
[D111b2] |b311bal  |b111b2] |b3]|D4]
which is equivalent to

05, 05 — 05, O5_ = |by][ba|lbs]ba] cos (prs — p3).
(C15)
Similarly, when starting from the sine theorem (C13), one
obtains

01, 0;5_ 4+ 03, 07_ = |b1||b2]|b3]|b4]| sin (¢p14 — ¢23).
(C16)
Thus, we managed to establish a connection between cross
terms of group-c observables on the left-hand side, and rela-
tive phases from group b on the right-hand side.
Next, we have to determine what the two group-b observ-
ables ((93 - (9'2’_ ), which are both contained in the minimal
complete set (37), can tell us about said relative phases. In this

case, the actual observables (05, , O5_) are fully equivalent
to the modified observables (@é’ L @é’_ ), and therefore also to
the cosines (cos ¢4, cos ¢3). Therefore, both relative phases

are known up to the discrete cosine-type ambiguities

+oig,
biq = {

—U14,

+03,
—023.

and  ¢5; = { (C17)
These ambiguities furthermore imply the following possible
set of discrete values for the right-hand side of the consistency
relation (C11):

T — 05 = au — o3, (C18)
by — b33 = s + a3, (C19)
b1y — bry = —o1a — o3, (C20)
b1y — by = —0t14 + o23. (C21)

It is now time to turn to our cosine constraint (C15). How-
ever, due to the symmetry of the cosine function [cos(x) =
cos(—x)], the right-hand side of this constraint can only take
two possible different values under the four possible cases
given in Egs. (C18) to (C21). We denote these two possibili-

ties by introducing two new variables, y; and y,:
|b111b211b3]|bs| cos (os F a23) = §¥1.2. (C22)

Inserting the definitions of the modified observables O, the
constraint (C15) therefore becomes

(05, +05) (03, = 05.)
— (01 + 0)(0f, = O7) =y (C23)

Multiplying out all the brackets, we see that only the purely
quadratic terms remain

(05,) = (05.)" = (05,) + (05) = y10.  (C24)

Inserting the solutions (C9) and (C10) into this equation, we
obtain

(05 ) 201 $ 20 = s (©25)

We suppose that this equation can be used, at least numeri-
cally, to decide which of the two solutions (Og_)m, as well
as which of the two possible y’s, is the correct one. This
probably works up to highly singular numerical special cases,
where multiple possibilities survive the check with Eq. (C25).

Suppose Eq. (C25) can resolve all of the ambiguities as
mentioned above. Then, since we also know which y is the
correct one, the four cases given in Egs. (C18) to (C21) reduce
to two possibilities, which are only distinct by an overall sign.
Denote the modulus of both those possibilities as @. Then, the
right-hand side of the sine constraint (C16) can also only take
two possible values:

|b111b211b311ba] sin (£&@) =: 3£ 5. (C26)

Here two new variables & and &, have been defined. Intro-
ducing the definitions of the modified observables O, the sine
constraint becomes

(07, +07.)(05, = 05.)

+ (05, + 05 ) (01, = O7_) = é1a. (C27)

Multiplying out all the brackets, only the following cross
terms remain:

07,05, — 07 05 = 3é1a. (C28)
While the ambiguity for the observable O5_ has been re-

solved, there remains the overall sign ambiguity for Of_.
Thus, we have to consider the cases

105, F 07|05 = 3612, (C29)
Equation (C29) is capable of determining the correct sign of
Of_, as well as which of the £’s is the correct one. This is
probably possible except for some singular numerical cases.

Therefore, we managed to determine the redundant observ-
ables (Of_, O5_) in terms of all the observables contained in
the minimal complete set (37).

APPENDIX D: MORAVCSIK-COMPLETE SETS FOR
PSEUDOSCALAR MESON ELECTROPRODUCTION

The Moravcsik-complete sets implied for the case of elec-
troproduction are listed here (see Sec. VI). We list only the
cases with the minimal number of seven nondiagonal observ-
ables in Tables X to XII, as well as the next-to-minimal cases
with a number of eight nondiagonal observables in Tables XIII
to XVI.
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TABLE X. The first subset of 16 from a total of 64 distinct
possibilities to form Moravcsik-complete sets for electroproduction
with a minimal number of observables is listed here (cf. Sec. VI).
In each case, 7 observables are listed which have to be picked in
addition to the 6 diagonal observables {RY, R%,, R, R}°, R, RY}
for electroproduction (cf. Table VI). This implies 13 observables
in total for each case. Observe that each case contains exactly one
observable from the shape class d. The labeling-scheme for the sets
is chosen as follows: the letter A denotes the Moravcsik-complete
sets of 13 observables, the roman numerals i, ..., viii indicate the
different possible combinations of shape classes and the regular
number (1, 2, 3, ...) at the end counts the number of the set from
the respective group of shape class combinations. Furthermore, we
list each set in the physical notation Riﬁ “ [43] (cf. Table VI) and also,
directly below, in Nakayama’s systematic mathematical notation
or,.

Set-Nr. Observables

Ail  RY, CRY  RYORY RY R R
g o, 0. of O 0L

Ai2  RY, CRY  RF R R R R
o, 05 05, 05 of 0 0L

Ai3 R RY, RY RS R Ry R
oL 0L 0L 05 0y O

: 0z s pOX X'z Zx x'x s px'x cpix
Ai4  R%, SRS RS RY R R R

a a c c d h h
OZ+ OZ* Ol+ 017 OZ Ol+ 017
: s pOz 0x 2z x'x 2 x cpx'x spx
AiS5 R R, Ry R ORY R R,
O 04 [0 [0 Od Oh Oh
1+ 1- 2+ 2— 1 24+ 2—
: 0z s pPOx 2z x'x 2 x s px'x cpix
Ai6  R%,  CR%. RE R R RN, R

o, o0y 0, 05 of o oL

: s POz 0x X'z Z'x x'x s px'x cpx

A7 R% R, RF RS R R R
04 04 O¢ O¢ Od Oh Oh

1+ 1— 1+ 1- 2 1+ 1—

: s p0z Ox 7'z X x 2x s px'x cpix

Ai8 RY R%, RS R RS R R

o oL o, o of ol o

- 0z 5 0x X'z Zx X' x ¢ p00 ¢ pOy

Aiil  R%,  CRY, RS RY R RO <R%

o5, 0 0L 0L 05 05 05
Aii2  RY, CRY, R Ry R RY <Ry
o5,  0i 0y 0 O 05 O3
A3 CRY RY,  RY RS R CRY R

TT'

oy, 0L 05, 0L 0 05 05
Adid Ry, R REORY R CRY R
o of 0. o of o o
o o 0s 05 ol o o
(@ 04 05 05 o4 (o5 o
A7 A1;7);; R(T;T, R’;;: R;X R)Z‘x sRéO:, AR(IZ);”

a a c c d e e

oL oL o, oL 0l o, 0

i s p0z 0x 7'z X x Zx s P00 s Oy
Aii8  CRY R, RS R ORY RN, R

o, oL o5 05 of 0, 0

TABLE XI. Table X is continued here. The second subset of 24
from a total of 64 distinct possibilities is shown. The labeling scheme
for the sets is explained in Table X.

Set-Nr. Observables
et 20 s px'0 X'z 2 x X' x cpx'x spx
Aiiii.l Ry Ry Ry R; Ry Ri7 R
b b c c d h h
O, 0O 0, 0. 0 e O
ias Z'0 s px'0 7'z X' x 2 x cpx'x s p7x
Aidii2 RO, CRY RS RS R R} R

% o o, o o of ol
5 spz0 X0 X'z z'x x'x cpx'x sp7x
Aliii.3 Ry Ry Ry R; R; Ri7 R

b b c c d h h
o1, (O o5, O 05 (@ 0;_
fas 20 s px'0 X'z 2 x x'x s px'x cpix
Aiiid Ry Ry Ry R; Ry Ri R 7

o, o o, oL of o, oL
Adii5  CRY RY, R ORYY REY cRYx SR
oL oL o, 0 0f 0L 0L

it 20 s px'0 7z x'x Z'x s px'x cpix
Aiii6  RY, R RE RS R R, R
b b c c d h h
0, 0. 0 0. O 0, O
, ; v, ’ / , ’
A iii 7 SR.7 0 R)C 0 RX z RZ X RX X SRX X ('RZ X
Hatd TT TT' T T L LT’ LT
b b ¢ c d h h
OH— Ol— OH— Ol— 02 Ol+ Ol—
7 ’ " , " —— I
Aiii8 R} RY, R R R SR R
b b c c d h h
Ol+ 017 02+ 027 Ol Ol+ 017
. ! . ’ o 7/ ’ 0Oy
Aiv.1l R“O sRXO R:Z R RY* CROU CR}
o TT' TT T T L LT LT
b b c c d e e
@ 0 0y 0. O 03, 05
: 20 s px'0 7z x'x Z'x ¢ P00 cpOy
Aiv2 RS, RN RF RS K RY.  <RY
of oL oy o of o O
: spZ0 X0 X'z Z'x X' x ¢ p00 cp0y
Aliv3 Rer  Rpg R} R5. R] Ry R/r
b b c c d e e
OH— Ol— OH— Ol— 02 02+ 02—
. ! 7 o " ’ Oy
Aiv4  RY, SRy} Ry R R;* CRY, R},
b b c c d e e
O3, 0, 0y 0. O o1, o7
. o ’ s /ey I Oy
A.iv.s .YR@O R)(O R%Z Rxx R~ cROO <R™
o T TT' T T L LT LT
b b c c d e e
Ol+ 017 02+ 027 Ol 02+ OZ*
: 20 s px'0 7'z X' x Zx 5 P00 sp0y
Aiv6 RO, RO R R R CRY, CRY,
b b c c d e e
O2+ OZ— 02+ 02— Ol Ol+ Ol—
; spz0 X0 X'z 2 x x'x s P00 s 0y
A.iv.7 Ry Ry R} R; R} R/7 R

o, o o, o o o o

: spz0 x'0 7'z x'x Z'x s P00 s 0y

Aiv8 SR R, R RS R RN, RV,
b b c c d e e

Ol+ 017 02+ (927 Ol Ol+ 017

0z s pOx X'z 2 x x'x cp0 s px'0

Avl  R%,  CR%. RS ORX R RO, SR
a a c c d 8 8

02+ OZ* Ol+ 017 02 02+ OZ*

Av2 R% s ROx Rz’z Rx’x Rz’x ch’O st’O

t TT' TT T T L LT’ LT

oL, oL o5, 0. of 0, 0%

Av3  CRY,  RY, R ORY R KDY R
o, oL 0, 0. 05 0, 05
Av4  CRY, RY,  RE RS ORY CRD R
o, OL 0y 0. Of 0, 0
AvS  RY, CR¥ R RY R OCR) R

o5, 0L o, 0. o 0, 0L
Av6  RY, R RE  RY R R R
o5, of  0Of
AvT  CRE RY, R ORY R SR R
oy, 0L 0, 0L 05 O OL

s p0z 0x 7z x'x Z'x sp70 cpx'0

Av8  CRY%  RX, R R ORY SRY R,
a a c I d 4 14

o1 o. 0y 0 O 01, O
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TABLE XII. Table XI is continued here. The third subset of 24
from a total of 64 distinct possibilities is shown. The labeling scheme
for the sets is explained in Table X.

Set-Nr. Observables
Avil ROZ s ROx R)c/z Rz’x Rx’x L'ROZ s ROx
S TT' TT T T L LT’ LT
a a c c d J/ /
24+ 2— 1+ 1- OZ 02+ 027
. 0z 5 p0x 7'z X x 7x ¢ p0z s p0x
Avi2  R%,  CR%. RS ORY RS CR%, SR%
a a c c d f S
2+ 2- 2+ 5. O Oy, 0
: s pO0z 0x X'z 2 x x'x cp0z s pPOx
Avi3  CR% R, RV ORY ORI CR%, SRY
a a c C d f S
Ol+ 017 Ol+ 017 02 O2+ OZ*
: s 0z 0x 7'z X' x 7x ¢ p0z s pOx
A.vid RTT RTT’ RT R} RL RLT’ R
a a c c d f f
Ol+ OI— 2+ 2— O] OZ+ OZ*
: 0z s pOx X'z 2 x X' x s p0z ¢ pOx
A.vi.5 RTT’ R7; Ry R; R; R RLT’
a a c c d / f
2+ 2- 1+ - O O O
. 0z 5 POx 7'z x'x Zx s pO0z ¢ pOx
Avi6  R%, CR%. RS RN R SR% R,
a a c c d S S
2+ 2— 2+ 2— Ol Ol+ Ol—
AVi7 sROz ROx Rx’z Rz’x Rx’x sROz ¢ ROx
V1. T T T T L LT LT’
o5 oy 05, 0. o0 0O o]
1+ 1- 1+ 1— 2 1+ -
: s 0z 0x 7'z X' x 7x s Oz ¢ pOx
Avi8 Ry RfY R: R R; R/% R
a a c c d i S
Ol+ O]— 2+ 2— O] Ol+ 017
i Z'0 s px'0 X'z 2'x x'x cpi0 s px'0
ALvii.l R%p Ry Rp R; R} R, Rir
b b c C d 14 14
OZ+ O - Ol+ 1- OZ OZ+ 027
sy 70 s px'0 7'z x'x Zx cp?0 s px'0
A.vii.2 RL7 Ry RS R} R; R Rir
b b c c d 8 14
0y, 0 2+ 5. O 05, 05
s spz0 X0 X'z 2 x x'x cpi0 s px'0
A.vii.3 Ry Ry Rp R; R} R} Ri7
b b c C d 8 8
Ol+ 017 Ol+ 017 02 O2+ OZ*
i sp70 X0 7'z x'x 2 x cpi0 s px'0
Alvii4 Ry Ryp R; R} Ry R Rir
b b c c d 4 4
Ol+ OI— 2+ 2— O] OZ+ OZ*
- 70 spx0 X'z 2x x'x s 70 cpx'0
ALvii5 Ry Ry Ry R; Ry Rir Rip
b b c c d 14 14
02+ O - 1+ 1- OZ O]+ Ol—
AVii.6 RZ’O sRYO Rz'z Ry« Rz’x sz'O cRx'0
VL. TT! TT T T L LT LT’
b b c c d 8 8
(@ 0 05 05 O O, O
i sp70 x'0 X'z 2 x x'x sp70 cpx'0
A.vii.7 Ry Ry R} R;, R Ri; R
b b c c d 4 4
o, oL 0. 0. 0 0o O
i spZ0 x'0 7'z X x 7' x spZ0 cpx'0
ALvii.8 R Ry R; R} R; Rir R 7
o, oL 05 05 0f 0Of 0L
i Z'0 s px'0 X'z 2 x X' x ¢ pO0z s pOx
Awviii.l - RLp, Ry Ry R; R} R R:
b b c c d f f
(U 05 1+ O Oy 0
ias 70 spx0 7'z X' x Zx ¢ p0z s pOx
Aviii2 R, Ry R: R} R; R} R}
b b c c d f f
OZ+ 027 OZ+ 027 Ol 02+ OZ*
spZ0 x'0 X'z 2'x x'x ¢ p0z s pOx
ALviii.3 Ry Ry R: R; R R}% R
OP ob O¢ o3 o) O.f Of
1 1- 1 1- 2 —
Aviiid st;'(—) Rx’() Rz’-; Rx’x Rz/x LR%); st()x
. . TT TT’ T T L LT’ LT
o, o o, 0 o 0, 0
A.viii.5 Rz’ 0 sRY0 Rx’ z Rz/x Rx’x sROZ ¢ ROx
: : TT' TT T T L LT LT’
b b c c d f f
O3, O;_ I+ - O Oy O
ias 70 spx0 7'z X' x 7/x 5 0z ¢ pOx
Aviii6 RS, RS ORE Ry R RN R,
o 0 0 05 0of 0 O
spZ0 x'0 X'z 2'x x'x s 0z ¢ pOx
ALviii.7 Ry Ry Rp R; R} R/% R
b b c c d S S
Ol+ O]— OH— 1- OZ Ol+ Ol—
sz 0 X0 7'z X' x 7'x s R0z ¢ pOx
ALviii.8 Ry Ryp R Ry R; R;: R
b b c c d / S
oy, O o - O Oy O

TABLE XIII. The first 24 cases from a total of 96 distinct possi-
bilities to form Moravcsik-complete sets composed of 14 observables
for electroproduction (set-numbers starting with a “B”), are listed
here (cf. Sec. VI). In each case, the 8 given observables have to
be combined with the 6 diagonal observables for electroproduction
(cf. Table VI). R’ is the physical notation and O, the systematic
mathematical notation.

Set-Nr. Observables

Bil Ry R RY Ry RS SR R OR
1+ OT— O§+ Og— O§+ Og— Ong 0121,—
Bi2  RY Ry R RiP RiY ‘R CRx

i 05 O oL 05, 0L 05, 0]
Bi3 R Ry R, R R Ry Ry CRix

c C O%T/ O%’ O%T, Oh Oh OlﬁT,

U o = s b 2 -

Bi4 RS R RS RS CRY RN CRG R

Of/ . Ofﬁ (@ 4 OST Of + O‘f/_ oh " (9'2’/7

Bi5 R)IC‘7 R;_X SR§¥ LRZ‘]Q’ (RZ;;)/ sR;é;? (R;é% SR;};;,
¢ ¢

P B T S S A ~

o T T LT’ LT LT LT LT LT’

o, o of of of of o of
B.i.7 R)},“ RZT/X R*;Z R)Yix C'RZ/O ARz;) st’x cRi;

LT’ LT
c c c c Og Oé’ Oh Oh
1+ 1/— 2% 2/— 2/+ - lJ/r -
H 4 x'x s pZ cpx'0 s px'x cpIx cpx'x s p7’x
Bis Ry RY CRp R R RGO R R
c c 14 8
5 05 O OL Ol Ol 0L 0L
H 2z X' x s pz cpx'0 ¢ RZ s px'0 s px'x cpRIX
Bio Ry Ry CRp CRip R R CRGCRG
Cc c 8 8 8 8
OZ+ 02— Ol+ Ol— 02+ 02— Ol+ Ol—

3 X2 Z X Ry » 24 O cpx'0 S PX X CRIX c X’X s Z/X
Bil0 Ry R R R, CRY, CRG Ry R

L O O, oL oL o_ ol oL

B i 11 RXZ sz RZZ R.XX VRZO CRXO SRXX L‘RZX

o T T T T T LT’ LT’ LT
O¢ [0 c c Oé’ Og Oh Oh

I+ - 2+ 2- 1+ 1- 1+ -

Bil2 Rx'z Rz/x st/O cRX’O ch’O st’O st’x ch/x

o T T T LT LT’ LT LT’ LT

14 2+ - -
.. s Sy s ’ . Oy " /
Biil Ry R RS Ry RN R R CRY
c c c c e e 8 8
Ol/+ Ol/— OZ+ 0207 02% 02/— 02’+0 02,—
B.ii.2 R:? RXx cROO R )y SR cRxO cR? A‘Rxo
e T T LT LT LT LT' LT' LT
c c e e 8 8 8 8
2+ 2/7 2+ %7 Ol + Olo— 02/+ 02/—
Bii3 Ry Ry CRY, SRV, RY R R CRY
c C e e e e 8 8
2/+ 2— O]/—%— OI/— 2+ 20— OZfr 02,—
Bii4 R} Ry R Ry CRY Ry Ry} ‘R,
c Cc c c e e 8 8
1+ - 2+ 20— 2% 2/— O] /—5 o -
5 X7 7' X ¢ pRVO cpYy sp2 cpx'0 (o » 4 s px'0
Bii5 Ry Ry Rir Ry “Rip “Rip ‘R “Rpp
(l/+ i— g-f— %— Of+ Oi; 012;/4» ng
i X'z Zx s p00 s ROy ¢ ROO c ROy cp0 s px'0
Bii.6 Ry R* CRY, CRY., RY  RY R, R

i X'z 2 x 7'z X' x s P00 s ROy cpi0 s X0
Bil7 ORI RS ORY R RN, Ry R R
c c c c e e O O
1+ 1- 24 2— 1+ 1- 2+ —
o 7z x'x s R00 s pOy ¢ R0 ¢ pOy sp70 cpx'0
Bii8 Ry* Ry CRW, SR, RN cRY SRD R,
C C Oe Oe e e (/)g Oé’
24 2— 1+ 1- 2+ 2— 1+ 1-
B.ii.9 RZ’Z RYx  SROO SRO.\' st’O cRx0 ch'O s R0
o T T LT LT' T LT' LT LT
c c e e 8 8 8 8
0 05 0L Of 0L 0l 0L 0
i X'z Z'x s R00 s pUY ¢ p00 cpYY sp7 0 cpx'0
Biil0 Ry* RZ* CRW, SR, RN cRY R0 <Ry,
C C e e e e 8 8
I+ - L - 24 2= Ol% 017
s X7 7 X Z'Z XX s P00 s pLY s RZ cpx'0
Bii.ll R RS RS R CRW, <RY, R0 R,

- X'z Zx s p00 )
B.ii.l12  R}*  Rj R/7 1T

e e 8 8 8 8
1+ - 1+ 1— 01+ O]— 02+ o
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TABLE XIV. Table XIII is continued here. The second set of 24
cases from a total of 96 possibilities is listed.

TABLE XV. Table XIV is continued here. The third set of 24
cases from a total of 96 possibilities is listed.

Set-Nr. Observables

et X'z 2 x 7'z x'x cp0z s pOx cpx'x  spidx

Biii.l R} Ry RS Ry R ‘Rir  “Riy ‘R
c c c 14 f f h h

Ol+ O]— OZ+ OZ— OZ+ 027 OZ+ OZ—

ias 7'z x'x s ROz ¢ pOx c p0z s pOx cpx'x  spidx

Biii.2  RY* Ry Ry ‘R ‘R Ry “Riy ‘R

4 - f f f f h h

5. 0. o, o o, o0 o0 o

cee /Z ’ - 0 0 ! - z/ - ’ z/
B.iii.3 RZT R} ‘R o 'Ry °*Ri7 ‘RL;E ‘R 'R x

LT LT LT’

5, 05 0, Of O, O 0, 0

Biiid Ry RP R Ry CRE Ry, CRiF R
o, 0 05, 0 o o oL oL

Biiils R RS CRY% R, <R, SR R R,
o5, o5 o, o o0, o0 o0 0L

Biii.6 RIS RS RS, CR%. RN CRI: RYy R,
Of+ T— O{Jr Og— 0?+ Oh— O;’+ Oh—
Biii7 RS RS RE RYY R%, CRY SRV, CRE:
O 05 05 0, O O O

Biii8 R Ry CRY RY, SRV CRIE Ry R,
05, 0. O, o o, o_ 0 O

Biii9 Ri* Ry R RY, RY Ry R R
ot 5 O'lf+ O'lff O£+ OL O{'+ oL

Biii.10 RY° RS CRE  cR%, SRYE CRIY RYy R,
oo o, ol o, o 0, 0

Biiill R R RE Ry CRG RY%, CRG RS
O 05 0 0oL oL o O

Biii.l2 R}® Ry CRY  R%, °RY%, ‘RY CRi: CRiy
i L L :
O 0. O, 0O O

: X'z 2 x 7'z x'x ¢ pRO0 cpOy c ROz s pPOx
Bivl RY RS R RYX RW. RY R, RO

o, O 0 0 05, 05 0 0
Biv2 Ry Ri* R Ry Ry CRYy Rj, CRY
5,05 05 05 O 0L 05, O
Biv3 Ry Ry Ry CRY, RN Ry Ry Ry
5 05 O 0L 05 0 05 0L
Biv4 Ry R R RYY RY. CRY, CRY °RY,
O, O 0. 0. 05 O Ol O
Bivs Ry R Rl R CRYy Ry Ry Ry
o, O 0 0 0, O 0, 0
Biv6 Ry Ry CRY, CRY, RN CRY, R%, CRY

g . J f
O O 0L 0. 0 0. 0Oy 0O

. /. ’ I ’ Oy -

Biv7 R} Ry R Ry CRY, °R), °RY, ‘R%
c C C C e e f f
1+ Y- 24 2 I+ - Oy Oy

; 7'z xXx s 00 s POy ¢ p00 cpOy s R0z ¢ p0x

B.iv.8  RY* Ry R “Rp Rl ‘R R “Rip

C C e e e e f f
05, 05 Of, O 05, 05 0O OL_

B.iv9  Ry® Ry CRY, R, SR;ZT ERZXT, ngZ,, SR;"T
05, - O O O 0. 0 O

: X'z 2 x s OO s R0y ¢ p00 ¢ ply s ROz ¢ pOx
Biv.10 RIS RS SR®, SRY, RO <R SR <R

LT' LT

01 i- T+ i- o 5 O{Jr O'lf—
Bivll Ry RS Ry Ry CRY, CR),, CRY °RY,
oL 05 05 0 0 O O

Biv.12 Ry Ry CRY, SRY, CRY% RY%, cR%, SR
o, 0. 0 0o 0o o 0o 0

Set-Nr. Observables
s p0z 0x 0z s pOx ¢ RO0 cply cp0 s px'0
B.v.1 Ry RY. Ry Ry ‘Riy Ry “Rip ‘Rip

a a a a e e 8 8
OH— Ol— 2+ 2— 24 2— Oz+ Oz,

Ba2  RE, RN RN RN CRD RY KD R
5. 05 05 O Of Of 05 05
Bad  RE. Ry RN R RN R CRD R
e O3 O 1 o 5 05, 05
Bud KR RN RY R, KD CRY KD CRD

a a e e 8 8 8 8
oy, o0 05, 05 0. 0. 05 05
s ROz 0x 0z s pOx ¢ p00 c pOy spZ0  cpx'0
Bv5 R% R%, R RO cRW. RV SRIO R

TT' LT’

o O 05, 03 05 05 O Of

Buo  CRY Ry RS KL RN Ry RN R
LoOL oL oL 0 0 Of 0f

Byl CRY, Ry R, RN RN CRY, KD R

o 0L 04, 0L 0L O 05, 05

BvS R CRE, RN, K RS RN R R
2 O i i o 5. Ol OL
BvO Ry CRY RN, KL KD R KD R
¢, 0L 0 0L 0 0L 0% 05
BaI0 CRY, RY RN, R KRG RN R R

oL oL 01, 0O 0 - OET (’)!f,+ (95147
B.v.ll  °R% R%., *RY, SR%‘T, YD RYY, C.Rig/ SRYY
o o 0 0. 0f 0 0 05
Bv.12 CRY R%, RS, R SR, SRY, SRY R,
L, O 04 0L 0 0L Of O
Bvil CRY RY, RY, CRY RS, CRE R R
It i o S Og " ol B Og+ o
Bvi2 Ry, CRY Ry RY, R), Ry Ry Ry
o5, o3 of, of o of o o0

: 0z s pPOx c pOz s ROx s px'x cpix cpx'x S R X
Bvi3 Ry Ry Ry Ry "Ry Rip “Rip R
a a f f h h h h
O3, 0. 0O, 0O, 0O, 0O_ 0 0
: s ROz 0x s ROz ¢ pOx c p0z s p0x cpy'x  spix
Bvid  CRY, R, CRY% R, CRY: SRE cRYx SR

LT’ LT’

oL oL o, o_ 0, 0 0 05

Bis R Ry, R, R CRG RN, CRECRE
oL 05 05 O oL 05 05

Byi6 CRY RE. RN, RN R CRG R CR
o, oL o, o o, 0. 0 05

Byi7 R Ry, RE. CRY RN, CRE R R
Of, O 03 0L 0, 0 O O

Bvi8 Ry, CRYy CR); CRY R CR; R R

S f h 1 h h

. 03 O, o o o_ o0 0L

. 0z 0. s pO; 0. 0z 0. g !
B.vi9 RTT’ Ry YRLZT ‘R (RLT’ Ry SRE;' CR%
f S J/ i ) h

i 05 0O, o o o oL 0

2+ -

B.vi.l0 SR RY., CR% CRY%, R CRi: R R,
oy, oL o o o, o o 0L
Buill ‘R Ry, CRG RN, R RN CRG R
O?+ Of_ O{+ O'lff O£+ ng O?—*— O{l—
Bvil2 CRY Ry, RY, Ry, GRS RY, R R}
oL o0y 03 o, 0. 0 O
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TABLE XVI. Table XV is continued here. The fourth set of 24
cases from a total of 96 possibilities is listed.

Set-Nr. Observables

i sp70 x'0 20 spX'0  cp0 s px'0 cpx'x  spix
Buyiil RIS R, R, CRY R, R Ry CRE,
b b b b g 4 h h

o, o OF Oh 05 05 OF O

i 20 spX'0  spZ0  cpx’0  cpd0 spx’0 cpy'x  spZx
B 'V11'2 RTT’ RTT RLT RLT’ RLT’ RLT RLT RLT’
b b 8 8 8 8 h h
02+ 02* Ol+ (917 02+ 027 02+ 027
i 20 spx'0 cpi0 spr'0 spx'x  epdx cpx'x spdx
B.vii.3 RTT’ RTT RLT/ RLT RLT’ RLT RLT RLT’

oL o o5 0L o, oL ol oL

i spz0 x'0 spZ0  cpx'0 cp0 s px'0 cpx'x  spix

Bviid SR RYO, SRID CRYO, R0, SRYD cRYx SRS,
b b 8 14 8 4 h h

b Or 05, 0L 0% 0L O O

3 sp0 x'0 20 s px'0 spZ0  cpx'0 cpx'x  spix

Bviis RO RY, R, RV R CRY RY R,

i spz/0 x'0 cp70 spr'0  spx'x  cepdx epx'x  spdx
B.vii.6  ‘Rj; Rj; °R Ri; °R Ri7 °‘Rit °R

i sp70 x'0 20 spr'0  cp0 spx'0 spx'x cpix
Bvii7 RIS RN, RO, SRV CREY, SRYO SRYE, CRSR
o, 0 0, 0. 0, 05 0Of O

B.vii.8 RZ’O SRX'O SRZ/O L'Rx’O st'x (:Rz/x cRx'x SRZ/X
sV TT' TT LT LT’ LT’ LT LT LT’

B.vii9  RZ?

B.vii.10 YRZT(T)‘ RX/O VRZ? cRX 0

TT' LT LT’
o, op Of, Of o 0. 05 0
Bailll R R R CRY CRD CRY CRE RS
o o 0 0L 05 0L Ol O
Bvild2 CRY) RS R R R RN R CR

TABLE XVI. (Continued.)

Set-Nr. Observables

Buiii.l Ry RO, R, CRYY RY. RY, RY., CRY
o, o 0 0 05, 05 0, O
Bwiii2 R, R} ‘RY. Ry, R%  <R%, <R%,
o, 0 0, 05 0, 0 0, 0]
B.viii3 R, RO R, RV, RY. RY, °RY,
o, 0 o, 0 05 05 O 05
Bwiiid  CRYS RIS, RY CRY, CRY% R%, °R%, SR
oy oL 05 05 O 0. 0 0
Bviiis  CRY) R, RO, CRYY CRY RY R% R

Olb+ O?— O§+ Oé’_ 05 05 O'lf + Olf -

ey spZ0 x'0 s 00 s pOy ¢ p00 cpOy ¢ pOz s pOx
Bviii6 RIS RY, R, R%, RN <R <RE, R
b b e e e e S S

o o o, oL o, 05 of, ol

Pas spz0 x'0 20 spx'0 s p00 s 0y ¢ p0z s pOx
Byiii7 R RO, R, SRYQ SR, SR RO sRY

o oL 0 0y 0 0 0 O
Bviii8 RI), CRYD SRW, SR%, RO Rl sRY Ry
oy, 0 0, 0L 05, 05 O O
Buiilo  RYD CRY RS R CRECRECRE,
05, 0. 0 O O{Jr O'lf— O£+ Of,
Bviii. 10 SRZS RO, <R, SR, RO RY  RY%  cRO:

LT’ LT

oy oL o 0. 05 05 0of 0
B.iii.ll SRS RY9, SRY%, RY, ‘R%  <R%, <R%, SR
o, o 0, 0 0, 0 0, 05
B.iii.12 R3S RIS, RS, SREY SR, SR, SRY%  R%,
o, 0. 0y 0y 07 O O{‘F O'L
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