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Impact of tensor forces on spin-orbit splittings in neutron-proton drops
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A systematic study of the tensor-force impact in neutron-proton drops has been reported using the relativistic
Hartree-Fock (RHF) theory with the π -N coupling strength optimized to the relativistic Brueckner-Hartree-Fock
(RBHF) results for neutron drops. The evolutions of the neutron spin-orbit splittings as a function of the neutron
number for neutron-proton drops with one proton behave similarly to the pure neutron drops, which show the
tensor-force effect. By adding one more proton or neutron in the neutron drop with N = 20, it is found that
the tensor-force effect is more prominent between neutrons and protons than between neutrons. This can be
attributed to the isospin factor in the tensor term of the π -N interaction in the RHF density functional theory,
which reflects the fact that the neutron-proton tensor force is stronger than the neutron-neutron one. Similar
behavior for the spin-orbit splitting evolutions has also been found for the neutron-proton drops with 20 protons,
where the tensor-force strength λ is redetermined according to the RBHF results due to the large central densities
of the systems.
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I. INTRODUCTION

Tensor force is one of the important topics in nuclear
physics [1–3]. As an important ingredient of the nuclear force,
it is responsible for the electric quadrupole moment of the
deuteron [4] and the binding of light nuclei [5–8]. It also
plays an essential role in explaining the shell evolution in
exotic nuclei far away from the stability line [9], which is
associated with the emergence of new magic numbers and the
disappearance of the traditional ones. In addition, the tensor-
force effects are also found to be important for the description
of spin-isospin excitations [10,11]. Therefore, a lot of efforts
have been made to study the tensor-force effects in the non-
relativistic and relativistic density functional theories (DFTs).

Many successes in nuclear physics have been achieved
with the nuclear covariant density functional theory (CDFT)
[12]. It is well-known that the tensor force comes mainly
from the exchange of π mesons. However, the π mesons are
neglected in most widely used covariant density functionals
because they do not contribute on the Hartree level, except
for the nonlocal functionals with Fock terms in the frame-
work of the relativistic Hartree-Fock (RHF) theory [13,14]. In
the RHF framework, the tensor-force effects in other meson-
nucleon coupling channels have also been studied [15–17].
It is found that with the π -exchange and ρ-tensor couplings,
the RHF functionals could improve the description of the
single-particle energies for finite nuclei [18–22].

Nevertheless, the determination of the strength of the ten-
sor force is still a challenging problem. On the one hand,
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the density functionals are usually determined by fitting to
the bulk properties of nuclear matter and finite nuclei, which
are not sensitive to tensor force. In fact, it has been found
that an optimal fit for the binding energies and the charge
radii is achieved with a vanishing π -meson field [23]. On the
other hand, though the single-particle energy is believed to be
sensitive to the tensor forces, it is also influenced considerably
by the beyond mean-field effects [24,25], e.g., the particle-
vibration couplings. Because it is difficult to find significant
features in experimental data that are only connected to tensor
forces, much attention has been paid to the metadata from mi-
croscopic ab initio calculations for constraining the strength
of tensor forces.

A neutron drop provides an ideal platform to link the cal-
culated results with ab initio approaches and DFTs [2,3,26–
30]. It contains a certain number of neutrons, which are con-
fined in an external field. Because only the neutron-neutron
interactions exist in neutron drops, they can be calculated
with both ab initio methods [26,27,31–37] and DFTs [28–30].
So far, many properties of neutron drops including the bind-
ing energies, radii, and spin-orbit (SO) splittings have been
studied with different approaches. In Ref. [29], the radii of
neutron drops have even been linked to experimental neutron
skin thicknesses of finite nuclei with strong linear correla-
tions, which in turn can be used to constrain the three-neutron
forces.

As for the tensor-force effects in neutron drops, it has been
found from the fully self-consistent relativistic Brueckner-
Hartree-Fock (RBHF) calculations [38,39] that the evolution
of SO splittings along with the increasing neutron number
in neutron drops exhibits a significant tensor-force effect [2].
Moreover, a recent study has shown that the strength of the
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tensor forces in DFTs runs with the strength of the external
fields of neutron drops to reproduce the RBHF SO splittings,
due to the density dependence of the density functionals [40].

In all these studies for neutron drops, however, the tensor
forces are only among neutrons, and the information for the
neutron-proton tensor forces is missing. In Ref. [41], two
neutron-proton drops 4020 and 4820, which are confined in
harmonic oscillator fields, are calculated with the RBHF the-
ory, and the obtained results have been used to constrain the
Skyrme density functional.

Because the RBHF results for the SO splittings in the
neutron drops can be well reproduced with the RHF density
functional PKO1 [14] by adjusting the π coupling, in this
work, a systematic study of the impact of tensor forces in
neutron-proton drops is presented with the RHF functional
PKO1, where the π coupling strength is optimized to the
RBHF results for neutron drops.

This paper is organized as follows. In Sec. II, a brief in-
troduction to the RHF theory is provided, and the calculated
results and the discussions for the SO splittings in neutron-
proton drops are presented in Sec. III. Finally, the summary is
given in Sec. IV.

II. THEORETICAL FRAMEWORK

In the CDFT, the nucleon-nucleon interaction is mediated
by the exchange of mesons. The Hamiltonian H of a nuclear
many-body system is written as

H =
∑
αβ

Tαβc†
αcβ + 1

2

∑
αα′ββ ′

∑
φ

V φ

αββ ′α′c†
αc†

βcβ ′cα′ . (1)

Tαβ is the kinetic term and V φ

αββ ′α′ is the two-body interaction
described by the exchange of mesons and photons:

Tαβ =
∫

drψ̄α (r)(−iγ · ∇ + M )ψβ (r),

V φ

αββ ′α′ =
∫∫

dr1dr2ψ̄α (r1)ψ̄β (r2)	φ (r1, r2)

× Dφ (r1, r2)ψβ ′ (r2)ψα′ (r1). (2)

ψα (r) is the Dirac spinor for nucleons. The index φ runs over
different types of meson and photon fields, and 	φ (r1, r2) and
Dφ (r1, r2) represent the interaction vertex and propagator, re-
spectively. The indices α, β, α′, and β ′ run over all the positive
single-particle states {ψα} under the no-sea approximation.

The energy functional E can be obtained as the expectation
value of the Hamiltonian on the Hartree-Fock ground state
|
0〉,

E = 〈
0|H |
0〉. (3)

Assuming spherical symmetry, the variation of the energy
functional with respect to the Dirac spinor gives the relativistic
Hartree-Fock equation as∫

dr′h(r, r′)ψ (r′) = εψ (r). (4)

Here, ε is the single-particle energy. The single-particle Dirac
Hamiltonian h(r, r′) contains the kinetic part hkin, the direct

potential hD, and the exchange potential hE with the expres-
sions

hkin(r, r′) = [α · p + βM]δ(r − r′), (5a)

hD(r, r′) = [βS (r) + 0(r) + Uex(r)]δ(r − r′), (5b)

hE(r, r′) =
(YG(r, r′) YF (r, r′)

XG(r, r′) XF (r, r′)

)
. (5c)

The local self-energies 0 and S come from the contribu-
tions of the direct terms, and the nonlocal ones XG, XF , YG, and
YF are given by the exchange terms. More details can be found
in Refs. [13,14,42]. For neutron and neutron-proton drops, the
external field Uex = 1

2 Mω2r2 is included in the single-particle
Dirac Hamiltonian.

For the π -exchange potential, the two-body interaction V π

can be expressed in the momentum space as

V π (q) = −1

3

(
fπ

mπ

)2 1

m2
π + q2

[S12 + σ1 · σ2q2]�τ1 · �τ2, (6)

where the tensor-force operator reads

S12(q) ≡ 3(σ1 · q)(σ2 · q) − σ1 · σ2q2 (7)

and q denotes the exchange momentum between two nu-
cleons. The coupling constant fπ is assumed to be density-
dependent,

fπ (ρ) = fπ (0)e−aπ x, x = ρ/ρsat., (8)

where ρ is the baryonic density and ρsat. is the saturation
density of symmetric nuclear matter. The density depen-
dence is determined by the parameter aπ . In this work, as
in Refs. [2,40], the coupling constant fπ is multiplied with
a factor λ to simulate the strength of the tensor force in RBHF
calculations. Note that the ρ-tensor coupling is not considered
explicitly in the functional PKO1, and its contribution to the
tensor-force effects is effectively included in the π meson by
adjusting the coupling strength.

III. RESULTS AND DISCUSSION

Similar to neutron drops, the neutron-proton drop is an
ideal system, in which the protons and neutrons are confined
in an external field, and the Coulomb interaction is neglected.
The external field is chosen as the harmonic oscillator po-
tential with the strength h̄ω = 10 MeV. We first study the
simplest neutron-proton drop, which contains only one pro-
ton. It is known from Ref. [40] that the strength of the tensor
force depends strongly on the density of the system. However,
in this simplest neutron-proton drop, the additional proton
does not change the density very much. Therefore, the π -N
coupling constant is rescaled with a factor λ = 1.4, which is
similar to the one used for pure neutron drops in Refs. [2,40].

In the left panels of Fig. 1, the SO splittings of single-
neutron levels are shown as a function of the neutron number
N for the simplest neutron-proton drops with the single pro-
ton being placed on either the 1d3/2 level or the 1d5/2 level.
For comparison, the results of pure neutron drops are also
presented. The staggering behavior of the SO splittings with
the neutron number N reveals clearly the tensor-force effects.
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FIG. 1. Spin-orbit splittings of single-neutron states 1p, 1d , 1 f ,
and 2p as a function of the neutron number N for neutron drops and
neutron-proton drops with Z = 1. The single proton in the neutron-
proton drops is placed on either the 1d3/2 level or the 1d5/2 level. For
comparison, the relativistic Brueckner-Hartree-Fock results for neu-
tron drops [2] are also presented as solid circles. The RHF functional
PKO1 with factor λ = 1.4 (left panels) and PKO1 with λ = 0.0 (right
panels) are used.

With only one proton, the evolution of the neutron SO split-
tings is very similar to that of the pure neutron drops, due
to the fact that the tensor-force between protons and neu-
trons is not dominated in the neutron-proton drop with Z = 1.
Nevertheless, quantitatively the magnitudes of the splitting
energies are changed by the additional proton. In particular,
the splittings for the systems with the proton on the 1d3/2 level
are larger than those for the systems with the proton on the
1d5/2 level. This could also be explained by the tensor-force
effects; i.e., two single-particle levels with their spins aligned
(antialigned) are repulsive (attractive) [9].

In the right panels of Fig. 1, the π -exchange term is ne-
glected by setting λ to zero for neutron-proton drops. The
staggering behavior of the SO splittings are much weakened,
and the turning points at N = 20 and 40 disappear. Placing
the single proton on the 1d3/2 level or the 1d5/2 level does
not change the SO splittings significantly, and this is in con-
trast with the results presented with the tensor force in the
π -exchange term.

The influence of the single proton on the neutron SO split-
tings can be more clearly seen by the differences between the
splittings for neutron-proton drops with Z = 1 (ND + p) and
pure neutron drops (ND). These results are shown in Fig. 2,
where for the neutron-proton drops, the single protons are
placed on the orbits of 1p, 1d , 1 f , and 2p, respectively. No
matter which orbit the proton is placed on, due to the tensor-
force effects, the SO splittings associated with the j> = l +
1/2 proton are smaller than those with the j< = l − 1/2 one.

FIG. 2. Differences between the neutron SO splittings for neutron-proton drops with Z = 1 (ND + p) and those for pure neutron drops
(ND). The up triangles denote the results with the proton placed in the orbits with j> = l + 1/2 (1p3/2, 1d5/2, 1 f7/2, and 2p3/2), and the down
triangles stand for results with the proton placed in the orbits with j< = l − 1/2 (1p1/2, 1d3/2, 1 f5/2, and 2p1/2). The dashed vertical lines
delineate the neutron levels as indicated in Fig. 1.
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FIG. 3. Spin-orbit splittings of single-neutron states 1p (top) and
1d (bottom) for an ideal drop consisting of 20 neutrons and one more
proton or neutron placed in different levels, which are trapped in
an external harmonic oscillator trap with h̄ω = 10 MeV. The open
squares (circles) represent the results with an odd proton (neutron)
placed on the orbits 1 f , 2p, 1g, 2d , and 1h. The RHF functional
PKO1 with factor λ = 1.4 (left panels) and PKO1 with λ = 0.0 (right
panels) are used.

This phenomenon becomes less evident when more neutrons
are included in the system, and this is understandable because
the tensor force between protons and neutrons becomes less
and less dominated with increasing neutron number.

Moreover, one can also see in Fig. 2 that the neutron SO
splittings of a given pair of SO states, e.g., the 1p states, are
strongly influenced by the single proton on the levels with the
same quantum numbers, i.e., the 1p1/2 proton or the 1p3/2

proton. This is due to the fact that the tensor-force between
protons and neutrons has the strongest impact for the states
with the same quantum numbers.

To further study the neutron-proton tensor force, one pro-
ton or neutron is added in the neutron drop with N = 20 and
h̄ω = 10 MeV and is placed on different levels (1 f , 2p, 1g,
2d , and 1h). In the left panels of Fig. 3, the calculated neutron
SO splittings of the 1p and 1d orbits are presented. It is clear
that the SO splittings for systems with the odd nucleon at
the j< states are larger than those for systems with the odd
nucleon at the j> states. This effect cannot be seen any more
without the π -exchange term, as shown in the right panels of
Fig. 3. Moreover, this effect is more prominent for the systems
with an odd proton than those with an odd neutron. Thus,
it indicates that the neutron-proton tensor-force effects are
stronger than the neutron-neutron ones. This can be attributed
to the tensor term in the π -N interaction [see Eq. (6)], where
the isospin operator �τ1 · �τ2 provides the Fock terms in the

FIG. 4. Spin-orbit splittings of single-particle states 1p (top) and
1d (bottom) in neutron-proton drops (Z = 20) as a function of the
neutron number N . The open circles (squares) represent the SO
splittings of neutron (proton) levels calculated by the RHF functional
PKO1 with λ = 2.4 (left panels) and λ = 0.0 (right panels). The
solid circles (squares) represent the neutron (proton) SO splittings
calculated by the RBHF approach [41], and they are renormalized
to the RHF results of the drop with 20 neutrons. The RHF results
of pure neutron drops in Fig. 1 are also shown for comparison. The
strength of the external HO field is taken as h̄ω = 10 MeV.

isospin space as

〈qα|�τ1|qα′ 〉 · 〈qβ |�τ2|qβ ′ 〉 = (
2 − δqα,qβ

)
δqα,qβ′ δqβ ,qα′ . (9)

Here, qα represents the isospin quantum number of the state
|α〉. Therefore, it is clear that the neutron-proton tensor force
should be stronger than the neutron-neutron one by a factor of
2, and this is also consistent with the results in the right panels
of Fig. 3.

For both 1p and 1d SO splittings, the splitting energy dif-
ferences between systems with the j< odd nucleon and those
with the j> one are largest when the odd nucleon is placed at
the 1 f orbits. This is again due to the fact that the tensor force
is stronger for two states with similar quantum numbers than
those with quite different ones.

Finally, the neutron-proton drops with 20 protons in the
external HO field with h̄ω = 10 MeV are investigated, and the
SO splittings of the single-particle states 1p and 1d are shown
in Fig. 4 as a function of the neutron number N . For compari-
son, the RHF results for pure neutron drops are also presented.
Note that the central densities for the proton-neutron drops
with Z = 20 are about two times the saturation density ρsat.,
while for pure neutron drops the central densities are around
ρsat.. According to the previous work [40], the optimized
tensor-force strength λ in the RHF theory, which reproduces
the microscopic RBHF spin-orbit splittings, is running with
the central densities of the systems. Therefore, it is apparent
that the value of λ = 1.4, which is optimized for pure neutron
drops, is no longer appropriate for the present proton-neutron
drops with Z = 20. Accordingly, the factor λ is redetermined
by reproducing the differences of the SO splittings at N = 20

034322-4



IMPACT OF TENSOR FORCES ON SPIN-ORBIT … PHYSICAL REVIEW C 102, 034322 (2020)

and N = 28 for the neutron-proton drops with Z = 20 in the
microscopic RBHF results [41], and the resultant value is
λ = 2.4. The corresponding RHF results are presented in the
right panels of Fig. 4.

The SO splittings of the neutron-proton drops are overall
larger than the results for the pure neutron drops. This is due
to the fact that the mean potential is deepened by the attractive
proton-neutron interactions, which enlarges the SO splittings.
Note that the proton and neutron SO splittings are the same
for N = 20 and approximately equal for N = 40 because the
tensor force should have no influence for spin-saturated sys-
tems.

From N = 20 to N = 28, the neutrons are filling the 1 f7/2

level. According to the tensor-force impact, the SO splittings
for the 1p and 1d levels, as shown in the left panels of Fig. 4,
should decline with the increasing neutron number. Similar
behavior is also found for the pure neutron drops. Neverthe-
less, the decrease of the proton SO splittings is greater than
the neutron ones, especially for the 1d levels, and this is due
to the fact that the neutron-proton tensor force is stronger than
the neutron-neutron one.

From N = 28 to N = 32, the neutrons are filling the 2p3/2

level. The SO splittings should, in principle, decrease with the
neutron number according to the character of the tensor force.
However, because the 2p3/2 level has a radial quantum number
different from that of the 1p and 1d orbits, the corresponding
tensor-force impact is not obvious.

From N = 34 to N = 40, the neutrons are occupying the
1 f5/2 and 2p1/2 levels. One can see that the proton SO split-
tings of the 1p and 1d levels rise with the neutron number due
to the tensor-force effect. Nevertheless, the evolution of the
neutron SO splittings is more flat, or even slightly declines for
the 1p orbits. This reflects again that the tensor force between
neutrons is not as strong as that between protons and neutrons.

From N = 40 to N = 50, the neutrons are filling the 1g9/2

level and, thus, the tensor force would reduce the SO splittings
of the 1p and 1d levels again.

In the right panels of Fig. 4, the calculated results with
λ = 0.0 are presented. It is found that the staggering of the
SO splittings is much influenced by the tensor terms. Par-
ticularly, the SO splittings are decreasing from N = 32 to
N = 40 without the tensor force. This again reflects that the

tensor force plays an important role in the evolution of the SO
splittings.

IV. SUMMARY

In summary, the impact of tensor forces in neutron-proton
drops has been reported with the RHF functional PKO1,
where the π coupling strength is optimized to the RBHF re-
sults for neutron drops. The evolution of the neutron spin-orbit
splittings as a function of the neutron number for neutron-
proton drops with one proton is analyzed by placing the proton
on different single-particle levels. Similar to pure neutron
drops, the tensor force plays an essential role in explaining
these evolutions. It is found that the neutron SO splittings for
a given pair of single-particle states are strongly influenced by
the single proton on the levels with similar quantum numbers.
Due to the isospin factor in the tensor term of the π -N in-
teraction, the neutron-proton tensor force is stronger than the
neutron-neutron one. Therefore, the impact of the tensor force
on the neutron SO splittings of the neutron drop with N = 20
by adding a proton is more prominent than by adding a neu-
tron. Similar behaviors of the SO splittings have also been
found for the neutron-proton drops with 20 protons, where the
tensor-force strength λ has to be redetermined by reproducing
the differences of the SO splittings at N = 20 and N = 28 in
the microscopic RBHF results due to large central densities.
To further study the tensor-force effects in the realistic nuclear
system, it is suggested that a new covariant density functional,
guided by the RBHF calculations on neutron-proton drops,
should be built to achieve a better constraint for the strength
of the tensor force.
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