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Theoretical study of Nb isotope productions by muon capture reaction on 100Mo

Maureen Ciccarelli ,1,2 Futoshi Minato ,1,* and Tomoya Naito 3,4,†

1Nuclear Data Center, Japan Atomic Energy Agency, Tokai, Ibaraki 319-1195, Japan
2Université de Lille, 59000 Lille, France

3Department of Physics, Graduate School of Science, The University of Tokyo, Tokyo 113-0033, Japan
4RIKEN Nishina Center, Wako 351-0198, Japan

(Received 11 November 2019; revised 16 May 2020; accepted 18 August 2020; published 3 September 2020)

Background: The isotope 99Mo, the generator of 99mTc used for diagnostic imaging, is supplied by extraction
from fission fragments of highly enriched uranium in reactors. However, a reactor-free production method of
99Mo is sought worldwide due to concerns about nuclear proliferation.
Purpose: Production methods using accelerators have attracted attention. Recently, 99Mo production through
a muon capture reaction was proposed and it was found that about 50% of 100Mo turned into 99Mo through
the 100Mo (μ−, n) reaction [I. Hashim et al., Nucl. Instrum. Methods Phys. Res., Sect. A 963, 163749 (2020)].
However, the detailed physical process of the muon capture reaction is not completely understood. We therefore
study the muon capture reaction on 100Mo by a theoretical approach.
Methods: We use the proton-neutron quasiparticle random phase approximation to calculate the muon capture
rate. The muon wave function is calculated with consideration of the electronic distribution of the atom and the
nuclear charge distribution. The particle evaporation process from the daughter nucleus, 100Nb, is calculated by
the Hauser-Feshbach statistical model.
Results: From the model calculation, about 38% of 100Mo is converted to 99Mo through the muon capture
reaction, which is in reasonable agreement with the experimental data. It is revealed that negative parity states,
especially the 1− state, play an important role in 100Mo (μ−, n) 99Nb. Charged particle emission is hindered due
to its large separation energy and the Coulomb barrier.
Conclusions: Isotope production by the muon capture reaction strongly depends on the nuclear structure. To
understand the mechanism, excitation energy functions have to be known microscopically.
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I. INTRODUCTION

The isotope 99Mo (T1/2 = 66 h) is used as the generator of
99mTc, which is the most widely used radioisotope for medical
diagnostic imaging in the world [1]. Currently, most 99Mo is
produced by fission reactions of highly enriched 235U (HEU)
or low enriched 235U in nuclear reactors in some countries [2].
However, the HEU is an issue of public concern in terms of
nuclear proliferation, and a special regulation to deal with it
obstructs the global expansion of production locations. Also,
some of the reactors producing 99Mo have been operated
for more than 40 years since they were launched. A dis-
cussion about the decommissioning of those reactors could
happen at any time. In fact, the National Research Universal
(NRU) reactor at Chalk River in Canada, which had produced
about 40% of the world supply before, began to shut down
in 2018.

For those reasons, an alternative reactor-free production
method of 99Mo is sought in order to sustain its stable
supply. A production method using accelerators is a promis-
ing candidate and has attracted attention. Several methods
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through charged particle reactions, such as 100Mo(p, pn)
99Mo, 100Mo (d, p 2n) 99Mo, and 100Mo (p, 2n) 99Tc, and pho-
todisintegration reactions, such as 238U (γ , f ) 99Mo and
100Mo (γ , n) 99Mo [3–6], have been proposed. In addition to
the above reactions, it is also proposed to use high-energy
neutrons produced by accelerators [7,8], which are suitable to
produce 99Mo through the 100Mo (n, 2n) 99Mo reaction [9,10].

It is also possible to produce 99Mo by using a negative-
muon capture reaction (hereafter, we call it simply muon
capture). In this approach, 99Mo is generated through the β−
decay of 99Nb, which is produced by the 100Mo (μ−, n) 99Nb
reaction. Muon capture has several advantages in 99Mo pro-
ductions as compared to the aforementioned approaches.
First, it makes the best use of a muon resource because muons
rapidly lose kinetic energy in a target material and form
muonic atoms with a high probability of capture by one of
the orbitals of an atom [11]. Second, muon capture deposits
in a target nucleus a high energy of about 10–20 MeV on
average [12–14], which is suitable to emit only a few neutrons,
avoiding production of unnecessary isotopes. Third, target
samples can be reused efficiently because the muon capture
changes the atomic number of a nucleus by only 1, and if
the daughter nucleus is unstable it decays back to the original
atomic number. This point is also important to suppress the
impurities of unnecessary isotopes.
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Recently, Nb isotope mass distributions by
100Mo (μ−, xn)100−xNb [15] and natMo(μ−, xn)100−xNb
[16,17] were studied experimentally at MUSE in the J-PARC
Material Life Science Facility (MLF) and MuSIC in Osaka
University, respectively, where it was shown that about 50%
of 100Mo turned into 99Nb and more than 45% into unstable
Nb isotopes which become Mo isotopes eventually by β−
decay. In addition, it was observed that charged particle
emissions were strongly hindered. This fact indicates that the
muon capture is a potential candidate for 99Mo production if
a high-flux muon beam could be obtained.

In spite of the above experimental measurements, the
muon capture reaction is not perfectly understood from the
theoretical point of view. In particular, it is still not clear
why the 100Mo (μ−, n) 99Nb reaction occurs with such high
probability. The Nb isotope mass distribution was discussed in
Refs. [15,16] using a preequilibrium and equilibrium (proton)
neutron emission model [18], which gave good agreement
with the experimental data. However, the model used phe-
nomenological functions for excitation energies of the daugh-
ter nucleus, and they could not discuss the details of muon
capture reaction in terms of the nuclear structure microscop-
ically. To disentangle the physical processes of the muon
capture reaction on Mo isotopes, a microscopic analysis is
needed. The muon capture reaction on 100Mo was also inves-
tigated recently by the proton-neutron quasiparticle random
phase approximation (pn-QRPA) [19]. However, they only
discussed the capture rate and not the neutron evaporation
process.

The aim of this work is to understand further details on
the muon capture reactions on Mo isotopes from the nuclear
structure point of view. To this end, the pn-QRPA is used in
this work as in Ref. [19], on the basis of the Skyrme-Hartree-
Fock + BCS model (SHFBCS) [20] for the muon capture. For
the particle evaporation steps, we adopt the Hauser-Feshbach
statistical model (HFSM) [21], which properly considers the
energy conservation, the selection rule based on the nuclear
structure, the transmission probabilities of emitted particles,
and so on. The pn-QRPA is able to cover a wide range of
nuclei and has been used for a systematical calculation of
muon capture across the nuclear chart [22–25]. For our future
plan to make a new table of muon capture reactions, the
pn-QRPA is thus adopted in our work. We would like to stress
that the nuclear axial deformation is taken into account in our
model. We also consider effects of the electron distribution, as
well as the nuclear finite size, on the muon wave function and
its eigenenergy, i.e., binding energy.

This paper is organized as follows. In Sec. II, the theo-
retical framework used in this work is described. In Sec. III,
results of the muon capture reaction on 100Mo and other Mo
isotopes are given, and details about the nuclear structure
effects on the muon capture reaction are discussed. We sum-
marize this work in Sec. IV.

II. THEORETICAL FRAMEWORK

The muon capture reaction undergoes two steps, that is to
say, the ground-state target nucleus i is transmuted to a highly
excited state f of the daughter nucleus by the muon capture

and the highly excited daughter nucleus f evaporates particles
and is transmuted to the residual nucleus r. During the former
process, the muon is assumed to be captured in its 1s orbital.

The muon capture rate in the former process, ω f i, is calcu-
lated from the pn-QRPA, and the ratio of the residual nucleus
r after the latter process, Pemit

r f , is calculated from the HFSM.
Here, the muon wave function before the muon capture has
to be considered properly. Finally, isotope production rates by
the muon capture reaction are given by

Pr =
∑

f ω f iPemit
r f∑

f ω f i
. (1)

We will describe the framework to compute ω f i, Pemit
r f , and

the muon wave function in the following subsections.

A. Muon capture rate

The muon capture rate is given by [26,27]

ω f i = 2G2ν2

1 + ν/MT

1

2Ji + 1

×
∑
MiM f

{∑
JM

|〈Jf M f |φ1s(M̂JM − L̂JM )|JiMi〉|2

+
∑
JM

∣∣〈Jf M f

∣∣φ1s
(
T̂ el

JM − T̂ mag
JM

)∣∣JiMi〉
∣∣2

}
, (2)

where G = 1.166 × 10−11 MeV−2 [28] is the Fermi coupling
constant, MT is the mass of the target nucleus, ν is the muon
neutrino energy, and φ1s ≡ φ1s(�r) is the muon wave function
of the 1s orbital. In this work, we restrict ourselves to study
only Mo isotopes with even mass number for simplicity of
numerical calculation, and thus we set Ji = 0. The definitions
of the Coulomb and longitudinal multipole operators, M̂JM

and L̂JM , and the transverse electric and magnetic multipole
operators, T̂ el

JM and T̂ mag
JM , in Eq. (2) are given in Refs. [25,27],

where J and M satisfy �Jf = �Ji + �J and M f = Mi + M, respec-
tively. From the energy conservation [14,25],

mμ + εb + Ei = E f + ν, (3)

where mμ is the muon mass, εb < 0 is the binding en-
ergy of the muon, and Ei and E f are the energies of ini-
tial and final states. We approximate E f − Ei = mn − mp +
(λn − λp + EQRPA) [29,30], where mn and mp are the neutron
and proton masses, λn and λp are the neutron and proton Fermi
energies of the initial nucleus, and EQRPA is the eigenvalue of
the pn-QRPA equation [30]. We use the effective axial-vector
coupling constant gA = 1, instead of the free-nucleon one
gA = 1.26, in the multipole operators.

1. SHFBCS and pn-QRPA

To calculate the transition matrix elements appearing in the
curly braces of Eq. (2), the pn-QRPA is used in this work.

First, the ground state of the initial nucleus, |JiMi〉, is
calculated by the SHFBCS [20] with the SLy4 effective
interaction [31]. We consider the axial deformation of the
nucleus assuming reflection symmetry. The mesh sizes for
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numerical calculations are 	ρ = 	z = 0.8 fm and the box
boundary conditions are ρmax = zmax = 16 fm. In the BCS
approximation, the volume-type pairing force is used for the
isospin T = 1 channel, and the neutron and proton pairing
strengths are set to be Vn = 286.669 and Vp = 295.369 MeV
[32], respectively. The pairing active space is chosen in the
same way as in Ref. [32]. We do not take into account the
isospin T = 0 pairing both for the ground and excited states
because its effect is small. Under these conditions, we obtain
β2 = 0.21 for 100Mo and β2 � 0.00 for the other Mo isotopes.
Note that although there are plenty of theoretical studies on
charge-changing transitions, the β+ transition extending to a
high excitation energy region as the negative muon capture
is still not well established. In particular, time-odd compo-
nents of the Skryme effective interaction, which sensitively
influence spin-multipole transitions, are not understood well,
although important progress has been made [33–36]. In this
respect, this work is challenging; however, we expect that
we will be able to obtain some hints to constrain the time-
odd components of the Skyrme force from the muon capture
reaction.

Next, the matrix elements appearing in Eq. (2) are cal-
culated by using the pn-QRPA. The pn-QRPA calculation is
performed by the diagonalization approach [30]. The residual
interaction is fully taken into account, being consistent with
the ground-state calculation of the SHFBCS. The transition
matrix elements of Eq. (2) are thus calculated as

|〈Jf M f |ÔJM |JiMi〉|2

=
∣∣∣∣∣
∑
np

(〈n|ÔJM | p̄〉Xnpunvp − 〈n̄|ÔJM |p〉Ynpupvn)

∣∣∣∣∣
2

. (4)

The ket states in Eq. (4) of |p〉 and |n〉 correspond to the
single-particle states of protons and neutrons, respectively,
and | p̄〉 and |n̄〉 are their time-reversed states. The coefficients
Xnp and Ynp are the forward and backward amplitudes of the
pn-QRPA, respectively, and ui and vi are the BCS coefficients
[30]. The operator ÔJM is any of the multipole operators in
Eq. (2). Here, we include single-particle levels up to 30 MeV
above the Fermi energies as the model space of the pn-QRPA.

The isoscalar (T = 0) pairing is essential to reproduce
experimental β-decay half-lives [29,37] and would be relevant
to muon capture rates. However, as mentioned above, we
omitted the isoscalar pairing in this work because it is found
that using no isoscalar pairing is more favorable to reproduce
β-decay half-lives around 100Nb systematically. For example,
the calculated half-life of 100Nb is T calc.

1/2 = 4.1 s in the present
formalism (where we applied the same method as in even-
even nuclei for the BCS occupation probabilities of 100Nb),
while T exp.

1/2 = 1.5 s. The gap between the calculated and
experimental half-lives can be reduced if we slightly increase
the isoscalar pairing strength in the particle-particle matrix
element of pn-QRPA. However, the result of muon capture
reaction remains unchanged qualitatively even if we include
the isoscalar pairing, at lease in nuclei of interest in this work.

We define the mean excitation energy of a daughter nucleus
after the muon capture as

E =
∑

f

ω f iE
∗
f , (5)

where E∗
f = EQRPA − E2qp, lowest and E2qp, lowest is the sum of

the lowest proton and neutron quasiparticle energies [29].

2. Muon wave function

The muon wave function is given by solving the
Schrödinger or Dirac equation under the external potential
Vpot, which is composed of two parts:

Vpot(r) = Vμ-N (r) + Vμ-e(r), (6)

where the potential is assumed to have spherical symmetry.
The former one, Vμ-N , is the Coulomb potential due to the

nucleus. The charge distribution of the atomic nucleus ρch is
considered in Vμ-N and thus it is different from the simple
potential −Z/r:

Vμ-N (r) = −4πe2
∫ r

0

1

r′2

∫ r′

0
ρch(r′′)r′′ dr′′ dr′, (7)

where ρch is the spherical-averaged charge distribution,
that is,

ρch(r) = 1

4π

∫
ρch(�r) d�. (8)

It should be noted that even if the nuclear charge distribution
ρch is deformed in the intrinsic frame, in general the spherical-
averaged distribution ρch should be used in Eq. (7), since the
muon wave function is calculated in the laboratory frame.

To obtain the charge distribution of Mo isotopes, the proton
density calculated by the SHFBCS is convoluted with the
proton form factor as follows:

ρch(�r) =
∫

ρp(�r′)G(�r′ − �r) d�r′, (9)

where the function G(�r) = (r0
√

π )−3 exp (−�r2/r2
0 ) is the

Fourier transformation of the electric form factor G(q2) of
protons and ρp is the proton density distribution given by
the SHFBCS. We assume the proton root-mean-square ra-

dius
√

〈r2
p〉 = 0.8414 fm [28], which corresponds to r0 =

0.687 fm. In this calculation, first the spherical-averaged
proton density distribution ρ p is calculated and it is substituted
into Eq. (9) to obtain ρch.

In the practical calculation, to calculate Eq. (7), the cal-
culated spherical-averaged charge density distribution ρch is
fitted to the Fourier-Bessel function [38],

ρch(r) =
{∑17

j=1 a j j0( jπr/R) for r < R,

0 for r > R,
(10)

where

j0(x) = sin (x)

x
(11)

is the spherical Bessel function. The coefficients aj are ob-
tained by using GNUPLOT and R is determined as the minimum
value of r which satisfies ρch(r) < 10−6 fm−3.
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The latter one, Vμ-e, is the Coulomb interaction between the
muon and the electrons of the atom, which reads

Vμ-e(r) = e2
∫

ρe(�r)

|�r − �r′| d�r′, (12)

where ρe is the electron distribution.
In this work, the number of the electrons is assumed to be

the same as the atomic number Z , i.e., the muon is captured
by the neutral atoms. The number density of electrons ρe

is calculated using density functional theory (DFT) in the
Dirac scheme [39–41], performed by the calculation package
“Atomic Density functional program PACKage” (ADPACK)
[42], and it is assumed to be spherically symmetric. The
Perdew-Zunger exchange-correlation functional in the local
density approximation, as known as the “PZ81” functional
[43], is used.

After Vpot is calculated, the muon wave function is calcu-
lated numerically within a uniform mesh of log r.

B. Calculation of evaporation residue by HFSM

To describe the particle evaporation step, we used the
HFSM module implemented in Comprehensive Code for
Nuclear Data Evaluation (CCONE) developed in the Nuclear
Data Center, JAEA [44]. We assume that the daughter nucleus
reaches the compound state, soon after the muon capture and
the particle evaporation follows the statistical process.

The following quantities of the compound nucleus are
required to run the CCONE as inputs: (1) transmission co-
efficients of nucleons, deuteron, triton, and helium-3 calcu-
lated by Koning-Delaroche optical potentials [45] and fold-
ing potentials; (2) transmission coefficient of the α particle
calculated from the optical potential of Avrigeanu [46]; (3)
the enhanced generalized Lorentzian function of Kopecky-
Uhl [47], which is used for the γ -strength function; (4) the
Gilbert-Cameron method [48] with the Mengoni-Nakajima
parameter [49], which is used for the nuclear level densities;
and (5) masses taken from AME2016 [50,51] if available and
FRDM12 [52] for otherwise.

The contribution from the preequilibrium process is non-
negligible in the particle evaporation after the muon capture
[15,16,53]. In addition, it can be considered that the direct
process also contributes particle emissions because the muon
capture gives high enough energy to kick protons out of the
nucleus directly. However, this work considers neither the
preequilibrium nor direct processes, which are left for our
future work.

III. RESULTS

A. Muon capture rate of natMo

We first estimate the muon capture rates of Mo isotopes
with even mass numbers to check if our theoretical frame-
work works well. The calculated muon capture rates are
listed in Table I with the natural abundance (NA) of Mo
isotopes. Only experimental data of the muon capture rate
of natMo is available (see Ref. [54] and references therein).
For 95Mo (NA = 15.84%) and 97Mo (NA = 9.5%), that are
odd-A systems, we estimate the muon capture rates by taking

TABLE I. Calculated muon capture rates and natural abundance
(NA) of Mo isotopes with even masses. Experimental muon capture
rate for natural Mo is also listed [54].

Nucleus ω f i (106 s−1) NA (%)

92Mo 13.3 14.53
94Mo 12.2 9.15
96Mo 11.3 16.67
98Mo 10.3 24.39
100Mo 9.8 9.82
natMo (calc.) 11.3
(exp.) 9.614 ± 0.15

an average of neighboring nuclei. The pn-QRPA gives ω f i =
11.3 × 106 s−1 for natMo, which reproduces the experimen-
tal data ((9.614 ± 0.15) × 106 s−1 [54]) with a deviation of
about 15%. Assuming that the computed muon capture rate
of 100Mo is also overestimated by a deviation of 15%, the
expected muon capture rate of 100Mo is ω f i = 8.34 × 106 s−1.
Compared to the muon decay rate (ωweak = 4.552 × 105 s−1

[55]), the muon capture on the nucleus occurs much faster
than the muon weak decay (μ− → e− + νe + νμ). The ratio is
calculated as ω f i/(ω f i + Hωweak) � 0.95, where H = 0.936
is the Huff factor taken from Ref. [54].

B. Muon capture reaction of 100Mo

Figure 1 illustrates the muon capture rates of positive
and negative parity states for the daughter nucleus 100Nb
as functions of excitation energy E∗. The curves shown are
smoothed by a Lorentzian function with a width of 1 MeV.
We also show the separation energies of one neutron (Sn =
5.5 MeV), two neutrons (S2n = 11.1 MeV), and three neu-
trons (S3n = 18.4 MeV). The sums of negative and positive
parities are indicated by the solid lines in the panels. We can
see characteristic structures in the muon capture rates, which
are different from the one estimated in Ref. [15]. Our result
clearly indicates the importance of the nuclear structure effect
on the muon capture. The present model does not give any
strong strength distributions above 35 MeV for either negative
or positive parity states.

It is clearly seen from Fig. 1 that the negative parity state
distribution lies in the low energy region and its main com-
ponent spreads in E∗ � S2n. On the other hand, the positive
parity state distributon lies in a higher energy region than
the negative parity and its main peaks appear above S2n. This
difference can be explained by considering the shell structure
of 100Nb. The numbers of nucleons of 100Nb are close to
submagic number Z = 40 and magic number N = 50, and
thus proton and neutron p f shell and neutron intruder 1g states
are almost occupied. Therefore, the negative parity states are
usually populated by a transition from the proton p f shell to
the neutron sdg shell, so that the transition energy required is
around 1h̄ω if the Coulomb force is neglected. In fact, the
first peak observed in E∗ < 5 MeV for 1− state is mainly
due to the coherent transitions from the proton 1 f5/2 state
to the neutron 1g7/2 state and from the proton 2p3/2 state to
the neutron 2d3/2 state, and the second peak is due to the
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FIG. 1. Muon capture rates as a function of excitation energy for
(a) negative parity and (b) positive parity states of 100Nb. Neutron
separation energies are indicated by the dotted lines.

transition from the proton 1 f7/2 state to the neutron 1g7/2 state,
in the spherical picture. On the other hand, the positive parity
states are mainly populated by a transition energy from the
proton sd shell to the neutron sdg shell or from the proton p f
shell to the neutron p f h shell, so that the transition energy
required is around 2h̄ω. Therefore, the negative parity state is
more significant than the positive parity state in the low energy
region, and it is considered that the negative parity state gives
a large contribution to 100Mo (μ−, n) 99Nb. This mechanism
is schematically shown in Fig. 2.

From the calculated muon capture rates and excited states,
particle evaporations are calculated by the HFSM. The ob-
tained result of the Nb isotope mass distribution of the
100Mo (μ−, xn) reaction is listed in Table II. Considering our
lack of knowledge on low-lying β+-type transitions and un-
certainties in spin-isospin transitions in the present theoretical
model, the strength distributions of a daughter nucleus yielded
by muon capture would not be reproduced correctly. In spite
of that, it is remarkable that the present model reasonably
reproduces the production rate of the muon capture reaction.
Only for 100Nb is the production rate rather overestimated.
This overestimation comes from too many feedings to the
excited states below Sn by the muon capture, and this can

Proton Neutron

sd-shell sd-shell

1f7/2

pf-shell pf-shell

1g9/2

sdg-shell sdg-shell

pfh-shell pfh-shell

Negative parity
transition
π1f5/2 → ν1g7/2

π2p3/2 → ν2d3/2

π1f7/2 → ν1g7/2

Positive parity
transition
πsd → νsdg
πpf → νpfh

20

28

50

82

20

28

50

82

FIG. 2. Schematic figure of transitions. Red solid and blue
dashed arrows correspond to negative and positive parity transitions,
respectively. Shells with dark color represent almost occupied states
and those with light color are unoccupied ones. Here, the Coulomb
interaction is neglected for simplicity, and thus the energies of
protons and neutrons are identical.

be observed in Fig. 1, especially for the negative parity state.
We should keep in mind that the present theoretical model
has the ambiguity seen in Table II. However, we believe that
the qualitative discussion given in the following will not be
affected by it.

Now, we try to demonstrate the reason why the
100Mo (μ−, n) 99Nb reaction occurs with high probability us-
ing the present formalism. Figure 3 shows the production rate
of Nb isotopes by the muon capture reaction for different spin-
parity states. We did not show the contributions from 4± and
5± states because they are not significant. We can clearly see
that the production rates of isotopes with large mass numbers
are mainly due to negative parity states and those with small
mass numbers are due to positive parity states. The production
rates of 99Nb and 100Nb mainly come from the 1− state
as expected. The high probability of the 100Mo (μ−, n) 99Nb

TABLE II. Production rate of Nb isotopes by the muon capture
reaction on Mo isotopes (%). The experimental data are taken from
Ref. [15]. Charged particle emission rate is also listed.

Reaction Experiment This work

100Mo (μ−, 0n) 100Nb 8 28.9
100Mo (μ−, 1n) 99Nb 51 38.1
100Mo (μ−, 2n) 98Nb 16 23.8
100Mo (μ−, 3n) 97Nb 13 8.73
100Mo (μ−, 4n) 96Nb 6 0.28
100Mo (μ−, 5n) 95Nb 3 0.01

Charged particle emission 0.06
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FIG. 3. Production rate of Nb isotopes by the muon capture
reaction for different spin-parity states.

reaction thus results from the nuclear structure of proton and
neutron shells described above.

To qualitatively understand the isotope production rates
of the muon capture reaction, we illustrate E and the muon
capture rates for different spin-parity states in Fig. 4. The
dashed, dotted, and long-dashed lines in panel (a) are Sn,
S2n, and one-proton separation energies (Sp = 9.5 MeV) of
100Nb. The mean excitation energies of every state exceed the
one-neutron separation energy, and 99Nb is easy to produce.
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FIG. 5. Computed neutron spectrum for the 100Mo(μ−, xn) reac-
tion. The curve is normalized arbitrarily.

Among 0±, 1±, and 2± states, the positive parity states have
larger mean excitation energies than the negative parity states
as expected, and the mean excitation energies exceed S2n for
0+, 1+, and 2+ states.

Panel (b) of Fig. 4 shows the muon capture rate ω f i of
different spin-parity states of 100Nb. Considering uncertainty
arising from the axial-vector coupling constant, gA, the cap-
ture rates of unnatural parities may change. However, it is
expected that the overall shape of Fig. 4(b) does not change
significantly. The 1− and 2− states have the largest and the
third largest contributions. Their E values are below S2n

and Sp, and thus they easily evaporate one neutron and are
transmuted to 99Nb. The second largest contribution is the 1+
state with E � 16 MeV, which is greater than S2n and Sp,
and thus it is transmuted to 99Nb as well as 98Nb and 100Zr.
The muon capture rates of 0+ and 2+ states are relatively
small, contributing less to 99Nb production. As a result, the
high probability of the 100Mo (μ−, n) 99No reaction can be
explained by the mean excitation energy.

Figure 5 shows the neutron spectrum for the
100Mo (μ−, xn) reaction. The curve is normalized arbitrarily.
Since we do not consider the preequilibrium process,
neutron spectra at higher excitation energies are considered
to be strongly hindered. This anticipation is conceivable
as one sees experimental data observed for muon capture
reactions of other nuclei [56–58], in which neutron spectra at
40–50 MeV are only about 1/10 smaller than at 10 MeV. In
addition, according to Ref. [15] (and reference therein), the
contribution from the preequilibrium process to the primary
neutron spectrum is approximately 13%. To reproduce the
neutron spectrum, it is thus highly required to include the
preequilibrium process in our framework.

From Table II, the rate of charged particle emission by
100Mo (μ−, x) is only 0.06%. The hindrance of the charged
particle emissions is simply understood from the mean excita-
tion energy. As seen in Fig. 4, the mean excitation energies are
greater than Sp only for 0±, 1+, 2+, and 4− states. Even though
the excitation energies of those states are higher than Sp, the
neutron emission occurs more easily than proton emission
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TABLE III. Production of Nb isotopes by the muon capture
reaction on Mo isotopes (%). Charged particle emission rates are also
listed.

Reaction This work

92Mo (μ−, 0n) 92Nb 34.3
92Mo (μ−, 1n) 91Nb 43.0
92Mo (μ−, 2n) 90Nb 9.48
92Mo (μ−, 3n) 89Nb 0.12
92Mo (μ−, 4n) 88Nb 0.00
92Mo (μ−, 5n) 87Nb 0.00
Charged particle emission 13.1
94Mo (μ−, 0n) 94Nb 33.2
94Mo (μ−, 1n) 93Nb 43.4
94Mo (μ−, 2n) 92Nb 20.1
94Mo (μ−, 3n) 91Nb 2.27
94Mo (μ−, 4n) 90Nb 0.01
94Mo (μ−, 5n) 89Nb 0.00
Charged particle emission 1.12
96Mo (μ−, 0n) 96Nb 32.1
96Mo (μ−, 1n) 95Nb 43.3
96Mo (μ−, 2n) 94Nb 20.8
96Mo (μ−, 3n) 93Nb 3.54
96Mo (μ−, 4n) 92Nb 0.07
96Mo (μ−, 5n) 91Nb 0.00
Charged particle emission 0.22
98Mo (μ−, 0n) 98Nb 31.0
98Mo (μ−, 1n) 97Nb 43.5
98Mo (μ−, 2n) 96Nb 20.9
98Mo (μ−, 3n) 95Nb 4.43
98Mo (μ−, 4n) 94Nb 0.11
98Mo (μ−, 5n) 93Nb 0.00
Charged particle emission 0.05

because Sn is 4 MeV lower than Sp. The emitted neutron
withdraws energy and the compound nucleus is no longer
able to emit protons. The Coulomb barrier also hinders the
proton emission. For α-particle emission, Qα � 3.1 MeV is
lower than Sn. However, it has a larger Coulomb barrier than
the proton, and transmission probability is thus expected to be
small.

To conclude this subsection, the hindrance of the charged
particle emission is discussed for Mo isotopes. Because 100Mo
is located in a relatively neutron-rich part of the nuclear chart,
Sp is much higher than in other Mo isotopes. Therefore, the
charged particle emission may occur at higher probability
for Mo isotopes with smaller mass numbers than 100Mo. To
investigate them, we calculate the isotope production rates
by the muon capture reaction on other Mo isotopes, and the
results are shown in Table III. The reaction rates of (μ−, xn)
are similar to the 100Mo case. In any isotope, one-neutron
emission occurs at high probability as in the muon capture
reaction on 100Mo. In contrast, the charged particle emission
rate for the muon capture reaction varies with respect to the
mass number. With decreasing mass number, the charged
particle emission rate becomes larger, since the neutron and
proton separation energies are Sn = 7.2 and Sp = 6.5 MeV

for 94Nb, Sn = 6.9 and Sp = 7.2 MeV for 96Nb, and Sn =
6.0 and Sp = 7.9 MeV for 98Nb. Finally, the rate for 92Nb
gives a high probability of about 13%. This is because the
proton separation energy of 92Nb (Sp = 5.8 MeV) is lower
than the neutron separation energy (Sn = 7.9 MeV), and thus
the proton emission occurs much more easily in 92Nb than in
100Nb.

IV. SUMMARY

In order to understand the detailed mechanism of Nb iso-
tope production through the muon capture reaction on 100Mo,
we studied the muon capture and subsequent particle evapo-
ration with a microscopic theoretical model. We used the pn-
QRPA on the basis of the SLy4 energy density functional for
the muon capture and the Hauser-Feshbach statistical model
for the particle evaporation process.

Our framework gives a reasonable agreement with the
experimental data of the muon capture rate on natMo. From the
calculation, it is found that negative parity states populated by
the muon capture on 100Mo have a major contribution to the
muon capture reaction at low excitation energy, while positive
parity states have a major contribution at higher excitation
energy. We demonstrated this difference by considering the
nuclear shell structure of 100Nb.

Our framework reasonably reproduced the experimen-
tally measured Nb isotope production. A high probability
of 100Mo (μ−, n) 99Nb could be explained by the 1− state
populated by the muon capture, which has a large contribution
to the muon capture reaction at excitation energies around Sn.
This finding and the hindrance of charged particle emissions
are also discussed qualitatively by using mean excitation
energy.

While there are plenty of theoretical studies on charge-
changing transitions, the β+ transition extending to a high ex-
citation energy region as a cause of negative muon capture is
not well studied. In addition, the muon capture involves high
multipole transitions, including natural and unnatural parities.
To understand those physics, further effort is demanded from
both experimental and theoretical sides, and the muon capture
reaction, especially the isotope production rate, may provide
us an important insight for improvement of theoretical mod-
els. In our theoretical framework, preequilibrium and direct
processes are omitted. Those contributions would improve
the results obtained in neutron spectra as well as isotope
productions. We plan to include those contributions in our
framework as a next development.

Finally, we roughly estimate the muon intensity, Iμ, to
produce enough 99Mo for diagnostics application. The ac-
tivity of X Bq of 99Mo after beam irradiation time t
can be computed by X = R[1 − exp (−λt )], where R =
Iμω f i/(ω f i + Hωweak)PNb-99 is the 99Mo production rate by
the muon reaction and λ is the decay constant of 99Mo.
Considering that the activity level demanded daily in the USA
is X = 81 TBq (55.5 TBq in terms of 99mTc [59], where
Ref. [60] is used for the conversion) and 24 h irradiation, the
required muon beam intensity is Iμ � 7.6 × 1014 μ/s, where
we use ω f i = 8.34 × 106 s−1 (Sec. III A) and PNb-99 = 0.51
[15] for the calculation. It is not easy to produce such a high
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muon intensity using current accelerators and technology, and
thus further developments are required to apply the muon
reaction to 99Mo production.
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APPENDIX A: DERIVATION OF VN-μ

In this Appendix, the derivation of VN-μ under the
spherical-averaged charge distribution ρch is given. In the
appendices, the dielectric constant of vacuum, ε0, is shown
explicitly.

According to the Maxwell equation [61], the charge distri-
bution forms the electric field EN :

ε0EN (r) = e2 div ρch(r), (A1)

where EN also holds the spherical symmetry. Equation (A1)
can be rewritten as

4πr2EN (r) = 4πe2

ε0

∫ r

0
ρch(r′) r′2 dr′. (A2)

Since a potential formed by ρch satisfies

EN (r) = −dVN-μ(r)

dr
, (A3)

the potential reads

VN-μ(r) = −
∫ r

0
EN (r′) dr′

= − e2

ε0

∫ r

0

1

r′2

∫ r′

0
ρch(r′′) r′′2 dr′′. (A4)

In the units we use in this paper ε0 = 1/4π holds and thus
Eq. (7) is given.

APPENDIX B: CALCULABLE EXPRESSION Ve-μ UNDER
THE SPHERICAL SYMMETRY

In this Appendix, an efficiently calculable form of Eq. (12)
is given. The total charge inside the sphere with radius r due
to ρe is written as

Q(r) = 4πe
∫ r

0
ρe(r) r2 dr, (B1)

and the electric field formed by ρe at r is

Ee(r) = e

4πε0

Q(r)

r2
. (B2)

Therefore, the potential due to ρe is

Ve-μ(r) = e
∫ ∞

r
Ee(r′) dr′

= e2

4πε0

∫ ∞

r

Q(r′)
r′2 dr′

= e2

4πε0

∫ ∞

r

[
d

dr′

(
− 1

r′

)]
Q(r′) dr′

= e2

4πε0

Q(r)

r
+ e2

4πε0

∫ ∞

r

1

r′
dQ(r′)

dr′ dr′

= e2

ε0r

∫ r

0
ρe(r′) r′2 dr′ + e2

ε0

∫ ∞

r
ρe(r′) r′ dr′. (B3)

In the units we use in this paper ε0 = 1/4π holds and thus

Ve-μ(r) = 4πe2

r

∫ r

0
ρe(r′) r′2 dr′ + 4πe2

∫ ∞

r
ρe(r′) r′ dr′

(B4)
is given.

Note that a similar calculation method is already used for
the Hartree term in ADPACK [42].
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