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Interpretation of chiral symmetry breaking and octupole correlations in 124Cs by the
reflection-asymmetric triaxial particle rotor model
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The positive-parity doublet bands with configuration πh11/2 ⊗ νh11/2 and negative-parity bands with πh11/2 ⊗
ν(g7/2d5/2) observed in 124Cs, and the possibility of multiple chiral doublets (MχD) with octupole correlations
are investigated using the reflection-asymmetric triaxial particle rotor model. The calculated excitation energies,
energy staggering parameters, and the electromagnetic transitional probabilities are in good agreement with the
data available and satisfy the expected features of chiral doublet bands. The angular momentum geometry and its
evolution with spin are studied with the angular momentum components and the azimuthal plot. In comparison
with a typical chiral vibration pattern for the positive-parity doublet bands, a transient static chirality around
I = 12h̄ is shown for the calculated negative-parity doublet bands.
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I. INTRODUCTION

Chiral symmetry and its breaking is of general interest in
multiple fields of natural science. The concept of chirality in
atomic nuclei was first proposed by Frauendorf and Meng
in 1997 [1]. Since then, many efforts have been made to
understand nuclear chirality and its spontaneous breaking; see
reviews [2–7].

In the laboratory frame, the restoration of chiral symme-
try that spontaneously breaks in the intrinsic frame can be
manifested as a pair of nearly degenerate �I = 1 bands with
the same parity, i.e., chiral doublet bands [1]. In 2006, based
on the self-consistent covariant density functional theory [8],
a phenomenon named multiple chiral doublets (MχD) is
suggested, which shows more than one pair of chiral doublet
bands can exist in one single nucleus [9]. Experimental ev-
idence for MχD has been reported in 133Ce [10], followed
by 103Rh [11], 78Br [12], 136Nd [13], 195Tl [14], 135Nd [15],
and 131Ba [16]. Up to now, at least 60 candidate chiral bands
in around 50 nuclei (including 11 MχD candidates [10–20])
have been reported in the A ≈ 80, 100, 130, and 190 mass
regions [21].

On the theoretical side, various approaches have been
developed to investigate nuclear chirality, such as the par-
ticle rotor model (PRM) [1,22–26], the titled axis crank-
ing (TAC) approach [1,27–30], the TAC approach with the
random phase approximation (TAC + RPA) [31,32] and the
collective Hamiltonian (TAC + CH) [33–35], the interacting
boson-fermion-fermion model (IBFFM) [36], the generalized
coherent state model [20], and the projected shell model
(PSM) [37–41].

One should note that the MχD phenomenon reflects the
diversity of chiral symmetry breaking in one nucleus and
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provides the unique opportunity to investigate the correlations
between different chiral doublet bands. In 2016, the MχD
candidates were reported in 78Br, in which eight strong elec-
tric dipole (E1) transitions linking the positive- and negative-
parity chiral bands were observed [12]. The observation shows
an example of the MχD bands with octupole correlations and
indicates the simultaneously spontaneous breaking of chiral
and space-reflection symmetries in atomic nuclei. In order to
investigate the MχD in 78Br, a reflection-asymmetric triax-
ial particle rotor model (RAT-PRM) was recently developed
[42,43] and the experimental observables such as the exci-
tation energies, energy staggering parameters, B(M1)/B(E2)
ratios, and B(E1)/B(E2) ratios were interpreted [42].

It is interesting to find more cases of the MχD bands with
octupole correlations. In the A ≈ 130 mass region, the nucleus
124Cs deserves more attention. In 124Cs, a pair of positive-
parity doublet bands with configuration πh11/2 ⊗ νh11/2 has
been observed experimentally [44,45] and further interpreted
as chiral doublet bands by using the triaxial PRM [46] and tri-
axial PSM [38]. In particular, the electromagnetic transitional
properties deduced from the lifetime measurements agree well
with the characteristic pattern required for chiral symmetry
breaking for these bands [47]. For the negative-parity bands,
one �I = 1 band with configuration πh11/2 ⊗ ν(g7/2d5/2) has
been observed in Refs. [44,45]. Another two negative-parity
�I = 2 bands were observed with the possible interpretation
as the yrare πh11/2 ⊗ ν(g7/2d5/2) configuration by the IBFFM
and the cranked-shell model (CSM), while the CSM also
provided another possible configuration πh11/2 ⊗ νd3/2 [45].
A recent study extended the two �I = 2 bands with the
suggestion of odd neutron in the sd orbitals by the cranked
Nilsson-Strutinsky model [48]. Remarkably, the evidences for
the octupole correlations between the positive- and negative-
parity bands have been presented [44,47–49].

In this work, the newly developed RAT-PRM is applied
to investigate the possibility of the observed positive- and
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negative-parity bands in 124Cs as MχD bands with octupole
correlations. The excitation energies, energy staggering pa-
rameters, and the electromagnetic properties of the observed
positive- and negative-parity bands will be analyzed. Since
the chiral geometry of the positive-parity doublet bands has
been already studied by the triaxial PRM [46], we will focus
on the interband E1 transitions between the positive- and
negative-parity bands and the possible chiral geometry in
the negative-parity bands. The model is briefly introduced in
Sec. II and the numerical details are presented in Sec. III.
The calculated results for the doublet bands, such as energy
spectra, electromagnetic transitions, the angular momentum
components, and the azimuthal plot are discussed in Sec. IV.
A summary is given in Sec. V.

II. THEORETICAL FRAMEWORK

The detailed RAT-PRM formalism can be found in
Ref. [42]. The total Hamiltonian is

Ĥ = Ĥ p
intr. + Ĥn

intr. + Ĥcore, (1)

where Ĥ p(n)
intr. is the intrinsic Hamiltonian for valence pro-

tons (neutrons) in a reflection-asymmetric triaxially deformed
potential, and Ĥcore is the Hamiltonian of a reflection-
asymmetric triaxial rotor.

The core Hamiltonian can be generalized straightforwardly
from the reflection-asymmetric axial rotor in Ref. [50],

Ĥcore =
3∑

k=1

R̂2
k

2Jk
+ 1

2
E (0−)(1 − P̂c), (2)

in which R̂k = Îk − ĵpk − ĵnk , and R̂k , Îk , ĵpk , and ĵnk are the
angular momentum operators for the core, the nucleus, and the
valence protons and neutrons, respectively. For the moments
of inertia (MOIs), the type of irrotational flow is adopted Jk =
J0 sin2(γ − 2kπ/3). In the last term, the core parity splitting
parameter E (0−) can be viewed as the excitation energy of
the virtual 0− state [50], and the core parity operator P̂c is the
product of the single-particle parity operator π̂ and the total
parity operator P̂.

The intrinsic Hamiltonian for valence nucleons is
[24,51,52]

Ĥ p(n)
intr. =

∑

ν>0

(
εp(n)
ν − λ

)
(a†

νaν + a†
ν̄aν̄ ) − �

2

∑

ν>0

(a†
νa†

ν̄ + aν̄aν ),

(3)

where λ denotes the Fermi energy, � is the pairing gap
parameter, and |ν̄〉 is the time-reversal state of |ν〉. The single-
particle energy ε

p(n)
ν is obtained by diagonalizing the Hamilto-

nian Ĥ p(n)
s.p. , which has the form of a Nilsson Hamiltonian [53],

Ĥ p(n)
s.p. = − 1

2 h̄ω0∇2 + V (r; θ, ϕ) + Cl · s + D[l2 − 〈l2〉N ],
(4)

with the kinetic energy − 1
2 h̄ω0∇2, the reflection-asymmetric

triaxially deformed potential V (r; θ, ϕ) [42], the spin-orbit
term Cl · s, and the standard D[l2 − 〈l2〉N ] term [54].

The Hamiltonian Ĥ is diagonalized numerically in the
symmetrized strong-coupled basis with good parity and

angular momentum [42], which gives rise to the eigenval-
ues and eigen wave fuctions. By using the resulting wave
functions, one can also calculate the reduced electromagnetic
transition probabilities, the expectation values of angular mo-
mentum components, and so on [42].

III. NUMERICAL DETAILS

In the present RAT-PRM calculations for the two pairs of
positive- and negative-parity doublet bands in 124Cs, as a rea-
sonable choice, the adopted quadrupole deformation parame-
ters (β2, γ ) are (0.25, 33.8◦). These values are obtained from
the configuration-fixed triaxial covariant density functional
theory (CDFT) calculation [9] with density functional PC-
PK1 [55] for the positive-parity configuration πh11/2 ⊗ νh11/2

and are close to (0.27, 28.6◦) obtained for the negative-parity
one πh11/2 ⊗ ν(g7/2d5/2). To consider the effect of octupole
correlations, an octupole deformation parameter β3 = 0.03 is
used.

For the intrinsic part, the reflection-asymmetric triaxial
Nilsson Hamiltonian (4) with the parameters κ, μ in Ref. [56]
is solved in the harmonic oscillator basis [57]. The Fermi
energies in Eq. (3) are chosen for proton and neutron as
λp = 44.8 MeV and λn = 48.5 MeV, corresponding to the
πh11/2[mz = 1/2] and νh11/2[mz = 7/2] orbitals, respectively.
The single-particle space available to the odd nucleon was
truncated to 13 levels, with six above and six below the Fermi
level. Increasing the size of the single-particle space does not
influence the band structure in the present work. The pairing
correlation is taken into account by the empirical pairing gap
formula � = 12/

√
A MeV. For the core part, it turns out that

a configuration-dependent MOI is necessary to reproduce the
experimental energy spectra, which is J0 = 20 h̄2/MeV for
positive-parity doublet bands and 34 h̄2/MeV for negative-
parity doublet bands. A larger J0 for negative-parity doublet
bands is consistent with the larger quadrupole deformation
parameter β2 obtained for configuration πh11/2 ⊗ ν(g7/2d5/2),
but the detail dependence of MOI on different configura-
tions deserves further investigation. The core parity splitting
parameter E (0−) = 1 MeV is used. For the calculations of
the electromagnetic transitions, the empirical intrinsic dipole
moment Q10 = (3/4π )R0Zβ10 and quadrupole moment Q0 =
(3/

√
5π )R2

0Zβ2 are taken with R0 = 1.2A1/3 fm, and gyro-
magnetic ratios for the collective rotor, protons, and neu-
trons are given by gR = Z/A, gp(n) = gl + (gs − gl )/(2l + 1)
[54,58].

IV. RESULTS AND DISCUSSION

The excitation energies and the energy staggering param-
eters S(I ) = [E (I ) − E (I − 1)]/2I calculated by the RAT-
PRM for the positive- and negative-parity doublet bands in
124Cs are shown in Fig. 1 in comparison with the experimental
data [45,47]. Here, following the notation in Ref. [47], the
positive-parity doublet bands are labeled by bands 1 and 2,
and the negative-parity ones by bands 3 and 4. Note that the
experimental data of band 4 are only of the odd-spin sequence.

As shown in Fig. 1(a), the calculated excitation energies
well reproduce the data for the positive-parity doublet bands
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FIG. 1. The excitation energies E (I ) (a) and the energy stag-
gering parameters S(I ) = [E (I ) − E (I − 1)]/2I (b) for the positive-
parity doublet bands 1 and 2 as well as for the negative-parity doublet
bands 3 and 4 in 124Cs by RAT-PRM (lines) in comparison with
the experimental data [45,47] (symbols). The calculated excitation
energies in Fig. 1(a) are shifted to coincide with the experimental
energy at I = 9h̄ in band 1 for positive-parity bands and at I = 7h̄ in
band 3 for negative-parity bands.

and the negative-parity bands. For the observed spin range of
11h̄ � I � 17h̄ for the positive-parity doublet bands and 7h̄ �
I � 18h̄ for the negative-parity bands, the calculated average
energy differences are 0.49 and 0.14 MeV, respectively. The
calculated results show that the negative-parity doublet bands
have better level degeneracy than the positive-parity ones.

As shown in Fig. 1(b), at first glance, the calculated energy
staggering parameters S(I ) well reproduce the data available
for the positive-parity doublet bands and the negative-parity
band 3 not only in the magnitude of the S(I ) values but
also in the small amplitude of the staggering of S(I ). For
the positive-parity doublet bands, however, the staggering
of the calculated S(I ) shows an antiphase with that of the
experimental S(I ) at a number of spins. Considering that the
configuration of the positive-parity doublet bands has been
firmly assigned as πh11/2 ⊗ νh11/2 [44–48], the reason for the
antiphase may result from the fact that the detailed changes
of configuration mixing with spin are difficult to reproduce
with a specific calculation. Nevertheless, both the calculated
and experimental S(I ) values show only a slight staggering
with spin for the positive-parity doublet bands and a slighter

FIG. 2. The B(M1) (a), B(E2) (b), and B(M1)/B(E2) (c) values
calculated by the RAT-PRM for the positive- and negative-parity
doublet bands in 124Cs in comparison with the data available [47].

staggering for the negative-parity ones. As commented in
Ref. [59], the independence of the quantity S(I ) with spin
in the chiral region can serve as an important criterion for
chirality. Therefore, from both the staggering parameter S(I )
and the energy differences between doublet bands, the cal-
culated negative-parity doublet bands 3 and 4 coincide with
the criteria for chirality even better than the positive-parity
doublet bands 1 and 2.

The calculated B(M1), B(E2), and B(M1)/B(E2) ratios
for the two pairs of doublet bands are shown in Fig. 2,
in comparison with the data available [47]. As shown in
Figs. 2(a) and 2(b), the order of magnitude and the trend of the
experimental B(M1) and B(E2) values are well reproduced
for both positive- and negative-parity bands. Both theoretical
and experimental B(M1) values show clear odd-even stagger-
ing behavior. However, for both B(M1) and B(E2) values, the
calculated difference between positive-parity doublet bands
is larger than that between negative-parity bands, as well as
that between experimental positive-parity doublet bands. As
shown in Ref. [24], the deviation from an ideal particle-hole
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FIG. 3. The calculated B(E1) values of the interband E1 transi-
tions (band 3 → band 1) (a) and the corresponding ratios over the
B(E2) values of the intraband E2 transitions (band 3) (b) in 124Cs in
comparison with the data available [47].

configuration may lead to an obvious difference in the calcu-
lated B(M1) and B(E2) values between chiral doublet bands.
In contrast the valence neutron of the negative-parity bands
sitting in the top of the (g7/2d5/2) subshell, the valence neutron
of the positive-parity bands sits in the middle of the h11/2 sub-
shell, deviating from an ideal hole configuration. In addition,
the electromagnetic transitional strengths depend sensitively
on the detailed intrinsic wave functions, which may account
for the deviations of the calculation from experiment.

As shown in Fig. 2(c), the magnitude, the odd-even stag-
gering, and also the similarity between doublet bands of
the B(M1)/B(E2) ratios are reproduced quite well for the
observed spin region. In Ref. [46], the electromagnetic transi-
tion properties for the positive-parity doublet bands including
B(M1)/B(E2) and B(M1)in/B(M1)out have been discussed,
which still hold true in the present calculations. The electro-
magnetic transition properties such as the odd-even staggering
of B(M1) values and the similarity between doublet bands
also indicate the chiral nature for the calculated negative-
parity doublet bands.

With the consideration of the octupole degree of freedom,
the electric dipole transition probabilities B(E1) between the
positive- and negative-parity bands can be obtained by using
the present RAT-PRM calculation. In Fig. 3, the calculated
interband E1 transitions (band 3 → 1) and the corresponding
ratios over the B(E2) values of the intraband E2 transitions
(band 3) are shown in comparison with the data available

FIG. 4. The angular momentum components along the interme-
diate (i, circles), short (s, squares), and long (l , triangles) axes for
the core Rk = 〈R̂2

k〉1/2 [(a), (d)], valence proton jpk = 〈 ĵ2
pk〉1/2 [(b),

(e)], and valence neutron jnk = 〈 ĵ2
nk〉1/2 [(c), (f)] in RAT-PRM for the

negative-parity doublet bands 3 and 4 in 124Cs.

[47]. As shown in Figs. 3(a) and 3(b), the calculated B(E1)
and B(E1)/B(E2) values with β3 = 0.03 adopted in the
present work satisfactorily agree with the experimental data.
To investigate the influence of the octupole deformation, the
RAT-PRM calculations with β3 = 0.02 and 0.04 have been
performed. It is found that there is no significant influence
on the excitation energies, staggering parameters, B(M1) and
B(E2) values by changing β3 from 0.02 to 0.04, while the
B(E1) and B(E1)/B(E2) ratios sensitively depend on the
octupole deformation parameter β3. As shown in Figs. 3(a)
and 3(b), the calculated B(E1) and B(E1)/B(E2) values can
be enhanced up to three orders of magnitude by changing β3

from 0.02 to 0.04.
In addition to the physical observables, the particle rotor

model also provides us a tool to examine the chiral geometry
of the doublet bands [6,24,25,39]. For the positive-parity
doublet bands in 124Cs, the chiral geometry including the
expectation values, the effective angles, and the probability
distributions of the angular momentum has been investigated
by the triaxial PRM, which indicates that these doublet bands
mainly correspond to a typical chiral vibration pattern [46].
Similar examination of the chiral geometry has been per-
formed by the present RAT-PRM and consistent results with
Ref. [46] are obtained for the positive-parity doublet bands. In
the following, the examination of the chiral geometry for the
negative-parity doublet bands is presented in detail.

In Fig. 4, the angular momentum components for the
core Rk = 〈R̂2

k〉1/2, the valence proton jpk = 〈 ĵ2
pk〉1/2, and the

valence neutron jnk = 〈 ĵ2
nk〉1/2(k = 1, 2, 3) are presented for

the negative-parity doublet bands. For the triaxial deformation
γ = 33.8◦ adopted here, the intrinsic axes 1, 2, and 3 are
respectively the intermediate (i), short (s), and long (l) axes,
and the relation of the corresponding moments of inertia is
J1 > J2 > J3. Therefore, as shown in Fig. 4 for negative-
parity doublet bands, the collective core angular momentum
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FIG. 5. The azimuthal plot, i.e., the probability profile for the orientation of the angular momentum on the (θ, φ) plane (see text), calculated
at spins I = 10, 12, 14, 16, and 18h̄, for the negative-parity doublet bands 3 and 4 in 124Cs. The maximum in each plot is labeled as a black
star.

mainly aligns along the i axis, because it has the largest
moment of inertia. The angular momentum of the valence
proton mainly aligns along the s axis, and the alignment of
the valence neutron along the l axis is significant. To be more
precise, jp ∼ 5.5h̄ along the s axis, jn ∼ 3h̄ along l axis, and
R ∼ 3h̄ − 13h̄ along i axis. This forms the chiral geometry
for the negative-parity doublet bands. As the total angular
momentum increases, R increases gradually, jn remains al-
most unchanged, while jp moves gradually toward the i axis.
The difference between the proton and neutron alignments
may result from the fact that the Coriolis alignment effects
are weaker for the neutron in the relatively low- j (g7/2d5/2)
shell.

In Fig. 5, the calculated azimuthal plot [39,60], i.e., the
probability profile for the orientation of the angular momen-
tum on the (θ, φ) plane, for the negative-parity doublet bands
at I = 10, 12, 14, 16, and 18h̄ is shown. The polar angle θ is
the angle between the angular momentum and the intrinsic
3-axis, and the azimuthal angle φ is the angle between the
projection of the angular momentum on the intrinsic 1-2 plane
and the 1-axis.

For spin I = 10h̄, the profile for the orientation of the
angular momentum for band 3 has a single peak at (θ =
54◦, φ = 90◦), which suggests that the angular momentum
stays within the 2-3 plane. The profile for band 4 shows a
node at (θ = 54◦, φ = 90◦), with two peaks at (θ = 68◦, φ =
42◦ and 138◦). The existence of the node and the two peaks
supports that the state in band 4 can be interpreted as a
1-phonon chiral vibration across the 2-3 plane on the state in
band 3.

For spin I = 12h̄, the azimuthal plots for bands 3 and 4
are similar. Two peaks corresponding to aplanar orientations
are found, i.e., (θ = 80◦, φ = 32◦ and 148◦) for band 3 and
(θ = 68◦, φ = 38◦ and 142◦) for band 4, respectively. These
features could be understood as a realization of static chirality,
where the nonvanishing distribution for θ = 90◦ and φ =
90◦ reflects the tunneling between the left- and right-handed
configurations.

For spins I = 14, 16, and 18h̄, the two peaks for the
azimuthal plots for band 3 appear at θ = 90◦ with φ moving
close to 0◦ and 180◦, respectively. As a result, the total angular
momentum is more likely to lie in the 1-2 plane and moves
toward the 1-axis, which is in accordance with the dominance
of rotation around the 1-axis reflected in Fig. 4. The process
shows the disappearance of chiral geometry in band 3 and the
onset of principal axis rotation. The peaks for the azimuthal
plots for band 4 locate at (θ = 74◦, φ = 28◦ and 152◦) for
I = 14h̄ and (θ = 86◦, φ = 22◦ and 158◦) for I = 16h̄, which
indicate the chiral vibration across the 1-2 plane on the states
in band 3. For I = 18h̄, the locations of peaks for band
4 become (θ = 90◦, φ = 16◦ and 164◦), presenting a planar
rotation and indicating a termination of chiral vibration.

Therefore, in comparison with a typical chiral vibration
pattern for the positive-parity doublet bands [46], a transient
static chirality around I = 12h̄ is shown for the negative-
parity doublet bands. The feature presented by chiral ge-
ometry is consistent with the judgment obtained from the
energy differences between doublet bands and the staggering
parameter that the negative-parity doublet bands coincide
with the criteria for chirality even better than the positive-
parity doublet bands. The difference between the two pairs
of doublet bands may be understood by the deviation of
their configurations from an ideal particle-hole case. For the
positive-parity doublet bands, the configuration is πh11/2 ⊗
νh11/2 with a proton particle sitting in the bottom of the h11/2

shell and a neutron sitting in the middle of the h11/2 shell
[46]. For the negative-parity doublet bands, the configuration
is more close to an ideal particle-hole case with a neutron hole
sitting in the top of the (g7/2d5/2) shell, although the proton
configuration is the same as that of the positive-parity doublet
bands.

Finally, a few remarks on the experimental observation of
band 4 are appropriate. Although the RAT-PRM suggests the
calculated negative-parity doublet bands to be chiral partners
and the calculated odd-spin sequence of yrare band is in good
agreement with the experimental band 4, it is unlikely to

034303-5



Y. Y. WANG AND S. Q. ZHANG PHYSICAL REVIEW C 102, 034303 (2020)

interpret the observed band 4 as the yrare partner of band 3
with configuration πh11/2 ⊗ ν(g7/2d5/2). As shown in Fig. 1,
the calculated band 4 shows almost no signature splitting
with spin; however, no signature degenerate partner of the
experimental band 4 was observed yet, even though a nearly
degenerate signature partner would be much easier to observe
than the reported even-spin sequences in Refs. [45,48,49].
Therefore, compared with the yrare configuration of band 3,
another configuration πh11/2 ⊗ νs1/2 is more realistic for band
4 as suggested in Ref. [48]. In this circumstance, more efforts
are necessary to identify the possible chiral partner band of
band 3 and to confirm the prediction of MχD with octupole
correlations in 124Cs.

V. SUMMARY

In summary, the reflection-asymmetric triaxial particle
rotor model is applied to investigate the observed positive-
parity doublet bands with configuration πh11/2 ⊗ νh11/2 and
negative-parity bands with πh11/2 ⊗ ν(g7/2d5/2) in 124Cs, and
to examine their chiral geometry. The calculated excitation
energies, the energy staggering parameters, and the electro-
magnetic transitional probabilities reasonably reproduce the
data for both the positive- and negative-parity bands. It is
found that the B(E1) and B(E1)/B(E2) ratios sensitively
depend on the octupole deformation parameter β3 and the
experimental data can be satisfactorily reproduced by β3 =
0.03.

The angular momentum geometry and its evolution with
spin I for the two pairs of doublet bands in 124Cs calcu-
lated by RAT-PRM have been investigated. Consistent results
with Ref. [46] are obtained for the positive-parity doublet
bands, which indicate that they mainly correspond to a typ-
ical chiral vibration pattern. For the negative-parity doublet
bands, by examining the angular momentum components and
the azimuthal plot, the chiral geometry and evolution have
been presented which show a transient static chirality around
I = 12h̄. Finally, these two calculated pairs of positive- and
negative-parity doublet bands in 124Cs may be interpreted as
a candidate of MχD bands with octupole correlations. So far
the yrare partner for the negative-parity chiral bands is not
observed, and more efforts are still necessary to confirm the
prediction of MχD with octupole correlations in 124Cs.
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