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Cross section of ultrahigh-energy neutrinos: Estimation of the uncertanties due to parton
distribution functions
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In this work we analyze the effect of uncertainties in parton distribution functions upon the calculation of cross
sections for ultrahigh-energy neutrinos. As a detector we choose 12C. The elementary diagrams for the neutrino-
proton and neutron interactions have been calculated at quark level using nuclear parton distribution functions
and their corresponding error bars, as given by the Jyvaskyla group. The leptonic sector of the current-current
interactions includes active-sterile neutrino mixing. From the calculated cross section we have set limits on the
values of the mixing parameters.
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I. INTRODUCTION

The physics of neutrino oscillations and its matter effect
are well understood [1,2]. The value of the elements of the
mixing matrix, amplitudes, and square mass differences for
three active-flavor neutrinos have been determined experi-
mentally [3,4], with the exception of the absolute neutrino
mass scale. Results published by LSND (Liquid Scintillator
Neutrino Detector) and MiniBoone (Mini Booster Neutrino
Experiment) have established limits for the existence of at
least one extra sterile neutrino (νs) [5,6]. The detection of high
energy neutrinos is a crucial step in the search of new physics
beyond the standard model of electroweak interactions [7].
Recently, the IceCube Neutrino Observatory determined the
extragalactic origin of few ultrahigh-energy neutrinos, with
energies in the range of GeV to EeV, giving information about
the deep inelastic scattering of neutrinos by nucleons [8].
These findings may help in understanding both the structure
of the incoming neutrinos as well as that of the hadrons
(nucleons) of the target.

In this work we are reporting on calculations of the
neutrino-nucleon cross section, for IceCube energies, starting
from the elementary neutrino-quark interactions, for both
neutral and charged currents [9–12]. We have taken the
CT14NLO parton distribution function (PDF) as the free-
proton baseline [13–15] and included the corrections to these
functions reported in Ref. [16] by the Jyvaskyla group. As
a first step we considered a single type of neutrino and then
turned on the mixing between active and sterile neutrinos in
the leptonic sector. The theoretical results are compared with
the available data [8].

This work is organized as follows. In Sec. II we present
the formalism needed to compute the neutrino-nucleon cross
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section. In Sec. III we show and discuss the results of our
calculations. The conclusions are drawn in Sec. IV.

II. FORMALISM

Neutrinos and antineutrinos interact with nucleons through
neutral and charged currents,

νl + N → νl + N,

νl + N → l + X,
(1)

where N and X are nucleons and l is a charged lepton. To com-
pute the cross sections of the previous reactions, we follow the
procedure developed in Ref. [12]. In order to include active-
sterile neutrino oscillations, we have expressed the neutrino of
flavour δ as a combination of the mass eigenstates [17], that is

|νδ〉 =
∑

a

Uδa|νa〉, (2)

where Ui j is the unitary mixing matrix. The mass of the
eigenstate |νa〉 is ma, and the mass for the flavor neutrino
|νδ〉 is given by 〈mδ〉 = ∑

a |Uδa|2ma (ignoring CP phases),
therefore p2

0 = |p|2 + m2
δ .

A. Charged current process

The currents are defined, for both the leptonic and hadronic
sectors, as

(Jlep)μ = ūνδ
(p, sp)γμ(1 − γ5)ul (q, sq), (3)

(Jhad )μ = ūN (k, sk )γν (1 − γ5)uX (z, sz ), (4)

where p (sp) and k (sk) are the four-momenta (spins) of the
incident neutrino of flavor δ and the nucleon N , respectively,
and q (sq) and z (sz) are the four-momenta (spins) of the
charged lepton and of the nucleon X . The symbol uy stands
for the Dirac spinor of the particle y. After some alge-
bra and the use of the Mandelstam variables [s = (p + k)2,
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t = −Q2 = (p − q)2, u = (q − k)2] and the Bjorken scaling variables x and y [7,18],

x = −Q2

2k · (p − q)
, (5)

y = k · (p − q)

k · p
, (6)

the charged current neutrino-quark cross section, in the laboratory frame, is written as

dσνq

dx dy
= xs

g2

π

1(
1 − m2

N +m2
δ

s

)2 − 2mN mδ

s2

1 − (
m2

N + m2
l

)
s−1

(
xy

(
s − m2

N − m2
δ

) + M2
W

)2

∑
a,b

U †
δbUδa

[
1 + O

(
m2

N

s

)
+ O

(
m2

δ

s

)]
(7)

where MW is the mass of the W-boson, mN is the nucleon mass and ml is the mass of the charged lepton, mδ is the average
neutrino mass and g is the coupling constant (g = M2

W GF ). See Ref. [12] for details.
Similarly the cross section for the charged process with anti-quarks is written as

dσνq

dx dy
= xs

g2

π

1(
1 − m2

N +m2
δ

s

)2 − 2mN mδ

s2

1 − (
m2

N + m2
l

)
u−1[

xy
(
s − m2

N − m2
δ

) + M2
W

)
]2

u2

s2

∑
a,b

U †
δbUδa

[
1 + O

(
m2

N

u

)
+ O

(
m2

δ

u

)]
.

Since the nucleon is composed of valence quarks and a sea of quark-antiquark pairs [19], the cross section can be written as

dσ

dx dy
= dσνq

dx dy
fd (x, Q2) + dσνq

dx dy
fu(x, Q2),

where fi(x, Q2) are the parton distribution functions of quarks [7,18,20]:

fd (x, Q2) = uv (x, Q2) + dv (x, Q2)

2
+ ss(x, Q2) + us(x, Q2) + ds(x, Q2)

2
+ bs(x, Q2),

fu(x, Q2) = uv (x, Q2) + dv (x, Q2)

2
+ cs(x, Q2) + us(x, Q2) + ds(x, Q2)

2
+ ts(x, Q2),

fd (x, Q2) = us(x, Q2) + ds(x, Q2)

2
+ ss(x, Q2) + bs(x, Q2),

fu(x, Q2) = us(x, Q2) + ds(x, Q2)

2
+ cs(x, Q2) + ts(x, Q2). (8)

The subscripts v and s denote valence and sea contributions of each quark flavor (u, d , s, b, c, and t) to the proton [21].

B. Neutral current process

The currents for the scattering are

(Jlep)μ = ūνδ
(p, sp)γμ(1 − γ5)uνδ

(q, sq ), (9)

(Jhad )μ = ūN (k, sk )γν (gA − gV γ5)uN (z, sz ), (10)

where p (sp) and k (sk) are the four-momenta (spins) of incident neutrino of flavor δ and of the nucleon respectively, q (sq) and
z (sz) are the four-momenta (spins) of the outgoing particles, and gA and gV are axial and vector couplings [20]. In terms of
Bjorken scaling variables, we write

dσνq

dx dy
= xs

g2

4π

1(
1 − m2

N +m2
δ

s

)2 − 2mN mδ

s2

1[
xy

(
s − m2

N − m2
δ

) + M2
Z

]2

×
∑
a,b

Cabcd

{
(gA − gV )2 u2

s2
[1 + W] + (gA + gV )2[1 + R] + (

g2
V − g2

A

)2 m2
Nt

s2
[1 + S]

}
, (11)

where the functions W , R, and S are O( m2
N

u ) + O( m2
δ

u ), O( m2
N

s ) + O( m2
δ

s ), and O( m2
δ

t ), respectively, and MZ is the mass of the Z
boson. See Ref. [12] for more details.
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Proceeding similarly, the cross section for the neutral neutrino-antiquark channel is written as

dσνq

dx dy
= xs

g2

4π

1(
1 − m2

N +m2
δ

s

)2
− 2mN mδ

s2

1[
xy

(
s − m2

N − m2
δ

) + M2
Z

]2

×
∑
a,b

Cabcd

{
(gA + gV )2 u2

s2
[1 + W] + (gA − gV )2[1 + R] + (

g2
V − g2

A

)2 m2
Nt

s2
[1 + S]

}
.

Introducing the quark-parton model, the cross section takes
the form

dσ

dx dy
=

∑
q=u,d

dσνq

dx dy
fq(x, Q2) +

∑
q=u,d

dσνq

dx dy
fq(x, Q2),

where fi(x, Q2) stands for the parton distribution functions of
quarks.
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FIG. 1. Neutrino cross section for charged currents, as a function
of the neutrino energy. (a) neutrinos; (b) antineutrinos. Solid line:
central value of RA

α ; long-dashed line: lower value for RA
α ; small-

dashed line: higher value of RA
α [16]; circle: CT14NLO PDF [13–15].

C. Parton distribution functions (PDFs) and their uncertainties

The bound-proton parton distribution functions (PDFs) are
defined relative to the free-proton PDF by a factor RA

α (x, Q2)
as explained in Ref. [16]:

αA
i (x, Q2) = RA

α (x, Q2)αi(x, Q2), (12)

where the factor RA
i is the nuclear modification factor and α

stands for the quark. The free-proton baseline used in this
work is CT14NLO [13–15] and the uncertainties in the PDF
are the ones published by the Jyvaskyla Group [16]. We have
used the central value and the total uncertainties for the RA

α
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FIG. 2. Neutrino cross section for neutral current (mediated by
a Z boson) as a function of the neutrino energy. (a) neutrinos; (b)
antineutrinos. Solid line: central value of RA

α ; long-dashed line: lower
value for RA

α ; small-dashed line: higher value of RA
α [16]; circle:

CT14NLO PDF [13–15].
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FIG. 3. Ratio of the neutrino cross section computed with and
without errors, as a function of the neutrino energy. Top row: neutral
current [(a) and (b)]; bottom row: charged current [(c) and (d)]. Left
column: neutrinos [(a) and (c)]; right column: antineutrinos [(b) and
(d)]. Solid line: lower value for RA

α ; dashed line: higher value of RA
α .

factor (see Fig. 9 of Ref. [16]) for 12C (target). We have
assumed that the factor RA

α does not strongly depend on the
Bjorken variable y. We have taken the values of RA

α for Q2 =
1.69 GeV2, since the nuclear modification factor is larger for
smaller values of Q2. Using this nuclear modification factor
we have recalculated the parton distribution functions and the
cross sections as function of the neutrino energy.

III. RESULTS

We have performed two different analyses to study the
neutrino-nucleus cross section. First we included the uncer-
tainties in the PDF, and then we also considered the effects
associated with the active-sterile neutrino mixing.

A. Effects of the error bars of the parton functions [16]

As a first step we have analyzed the contribution of the
factor RA

α for each one of the quarks. We have found that
the quark d is responsible for the larger modification to the
neutrino cross section (both charged and neutral current) and
to the antineutrino cross section.

The results corresponding to the uncertainties of the PDF
for all quarks are shown in Figs. 1 and 2. As said before, the
value of the nuclear modification factor, for Q2 = 1.69 GeV2,
was taken from Ref. [16].

Figure 3 shows the ratio between the modified cross section
(σ�) and the standard neutrino cross section obtained with
the central values of the PDF (σ0). As one can see, the ratio
becomes larger for larger values of the neutrino energy. In the
range of energies 4 < log10(E/GeV) < 7 the changes in the
calculated cross sections due to the uncertainties of the PDF
vary between 10% and 30%.

TABLE I. Best fit of the active-sterile neutrino mixing angle.

RA
α cos θ14 ± σ χ 2

min

Higher value (RH ) 0.61+0.15
−0.18 1.63

Central value (RC ) 0.71+0.19
−0.18 1.58

Lower value (RL ) 0.85+0.15
−0.17 1.53

B. Constrains on the active-sterile mixing angle

The active-sterile neutrino mixing matrix is written as

U =

⎛
⎜⎝

c13c12 c13s12 s13e−ıφ 0
a1 b1 c13s23 0
a2 b2 c13c23 0
0 0 0 1

⎞
⎟⎠

⎛
⎜⎝

c14 0 0 s14

0 1 0 0
0 0 1 0

−s14 0 0 c14

⎞
⎟⎠

with the usual notation: ci j = cos θi j and si j = sin θi j ; and
a1 = −c23s12 − s23c12s13eıφ , b1 = c23c12 − s23s12s13eıφ , a2 =
s23s12 − c23c12s13eıφ , b1 = −s23c12 − c23s12s13eıφ . The val-
ues for the active neutrino oscillation parameters where ex-
tracted from Ref. [22]. We have considered the active-sterile
neutrino mixing angle as a free parameter and fixed the mass
squared difference between the active and sterile states [12].
The values for gA and gV where taken from [20].

We performed a χ2 test in order to find the best value
for θ14. To perform this analysis we calculated the electron-
type neutrino and antineutrino cross sections for charged and
neutral channels and for different values of the mixing angles.
The theoretical results, obtained with the higher, lower, and
central values of the parameters RA

α [16], and the available
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FIG. 4. Total neutrino scattering cross section (charged and neu-
tral current channels for neutrinos and antineutrinos), as a function
of the neutrino energy. (a) Best fit of θ14 for each value of RA

α .
(b) Best fit obtained using (RC ). (c) Best fit obtained using (RL ).
(d) Best fit obtained using (RH ). Large crosses: available data with
experimental error bars [8]; shaded band: standard cross section
using the theoretical errors of Ref. [16]; lines: cross section with
active-sterile neutrino oscillations at the best fit of θ14 and at one
standard deviation.
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IceCube data [8] were taken as the input of the minimization.
Table I shows the best fit for the active-sterile mixing angle
θ14, for each of the limits for the PDF.

In Fig. 4 we present the data, the standard cross section
with the inclusion of the PDF with theoretical error bars of
Ref. [16] (dark band of the figure), and the cross section with
the active-sterile mixing at the best value of the mixing angle
and at one standard deviation.

IV. CONCLUSIONS

In this work we have included the uncertainties of the
parton distribution function reported in Ref. [16] by the Jy-
vaskyla Group in the computation of the neutrino-nucleon
cross section at high energies, both for charged and neutral
current processes. We have found that the cross section is
modified by the inclusion of the PDF uncertainties, and the

percentage of change depends on the neutrino energy: the
larger the neutrino energy, the larger the change in the cross
section. The larger variation in σ is of the order of 30%.

From these calculations were able to set constraints on
the active-sterile mixing angle by the comparison of the
theoretical results with the experimental data of IceCube. The
results for the different cases (lower, central, and higher values
of RA

α) overlap at cos θ14 ≈ 0.75, a value which is consistent
with our previous results [12].
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