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The nucleon pair shell model (NPSM) is cast into the so-called M scheme for the cases with isospin symmetry
and without isospin symmetry. The odd system and even system are treated on the same footing. The uncoupled
commutators for nucleon pairs, which are suitable for the M scheme, are given. Explicit formula of matrix
elements in M scheme for overlap, one-body operators, and two-body operators are obtained. It is found that
the CPU time used in calculating the matrix elements in M scheme is much shorter than that in the J scheme of

NPSM.
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I. INTRODUCTION

Collective motions in nuclei, such as collective vibration,
collective rotation, the backbending phenomenon, giant res-
onances, etc., of medium and heavy nuclei, are extremely
important. How to describe the collective motions of nucleus
is a fundamental problem in nuclear structure theory. Since the
nuclear shell model [1,2] includes all the degrees of freedom,
it can be used to describe the collective phenomena techni-
cally [3]. With the development of the computer, the shell
model Hamiltonian can be diagonalized in the model space
up to about 10'° [4]. But even for medium and heavy nuclei,
the shell model space is about 10'“~10'® [5], and the modern
computer fails for all of these cases. Therefore, to apply the
shell model theory to medium and heavy nuclei, an efficient
truncation scheme is necessary. The interacting boson model
(IBM) [6] has had great success in nuclear structure theory
[7-12]; in the model the valence nucleons pairs are treated
as s bosons (with angular momentum J = 0) and d bosons
(with angular momentum J = 2). The vibrational spectrum,
rotational spectrum, and y-unstable spectrum correspond to
the U(5), SU(3), and SO(6) limits in the IBM.

In 1993, a new technique, the generalized wick theory, was
proposed to calculate the commutators for coupled operators
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and fermion clusters by Chen et al. [13,14]. Based on this new
technique, a nucleon pair shell model (NPSM) was proposed
[15], in which the building blocks of the configuration space
are constructed by nucleon pairs instead of the single valence
nucleons. Because of the success of the IBM, the shell model
space was truncated to the SD-pair subspace, giving the so-
called SD-pair shell model (SDPSM). Previous works show
that the collectivity of the low-lying states can be described
very well in the SDPSM [16-18]. The quantum phase tran-
sition and the properties of the critical point symmetry can
also be reproduced very well in the SDPSM [19]. In 2000,
a new version of the NPSM was given by Zhao et al. [20],
in which the odd and even systems can be treated on the
same footing. The NPSM was extended to include isospin
symmetry in Ref. [21,22]. The formalism in the NPSM with
particle-hole coupling was also developed [23]. However, due
to the CPU time in calculating the matrix elements increasing
drastically with the number of nucleon pairs, the maximum
number of nucleon pairs that the NPSM can handle is five
for an identical nucleon system [24]. Therefore, an efficient
method to calculate the matrix element is necessary in the
NPSM.

In general, the shell model bases are constructed in the so-
called J scheme [25] or the M scheme [26]. Most of the large-
scale shell model basis are constructed in the M scheme, since
it does not need to calculate the 9 symbols and coefficients
of fractional parentage [3]. The old versions of the NPSM is
constructed in the J scheme, and one has to recouple and sum
over all of the intermediate quantum numbers in calculating
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the matrix elements. This procedure is too time consuming.
Because of the advantage of the M scheme, it is interesting to
cast the NPSM in the M scheme, and this is the aim of this
paper.

The paper is organized as follows. In Sec. III, the NPSM
in M scheme for the case without isospin symmetry is given;
the NPSM in M scheme for the case with isospin symmetry
are presented in Sec. IV, and a brief summary and discussion
is given in Sec.VI.

II. THE HAMILTONIAN, E2 TRANSITION OPERATOR,
AND M1 TRANSITION OPERATOR

As in the J scheme, we still use a Hamiltonian consisting
of the single-particle energy term Hy and a residual interaction
containing the multipole pairing between like nucleons and
the multipole-multipole interaction between all nucleons:

H=Y (Ho(a)+V(a))+ZK,Q’

o=,V

HO(U) = Z eaﬁa’
a

V(o)=Y GoA™ A+ ko0 - O,
s t

Q' = () Y(6:ip), ()
i=1

where €, and 71, are the single-particle energy and the number
operator respectively, and the pair creation operator is

A =" yoleds)(al x ay);. )

cd

Notice that the structure coefficients yo(cds) depend on the
Hamiltonian to be used and are in general different from those
in the building blocks, y(cds), in Eq. (8).

The second quantized form of Q' is given by Eq. (13) with
the coefficients g(cdt) equal to

_ c—1 /C\Zl\ 0 t
gtedn) = (2l A (NI INL)
1
Acdt — 5[1 + (_)IL+111+I]’ (3)

where N is the principal quantum number of the harmonic
oscillator wave function, such that the energy is (N + 3/2)hiwy
and /. and /; are the orbital angular momentum of the single-
particle (s.p.) levels ¢ and d, respectively.

The general form of the two-body realistic interaction in
the shell model as shown in the following can also use in this
algorithm:

Vv Z Z Vir(j1J2J3Ja)

T ji1<j2, j3<Ja \/1 + Sj'jz\/l + 8j3j4

x (AT (i jo) x AT (3 ja))°. )

The E2 and M1 transition operators are

E2 = e, 02 +¢,0%,
TM1)=TM1), +T(M1),,

3
M) =,/ — (el + 8sS), &)

where e, and e, are effective charges of the protons and
neutrons, while g; and g, are the orbital and spin effective
gyromagnetic ratios. The total orbital angular momentum
operator L and total spin S can be identified with collective
dipole operators,

L, = Q) =) q(cd)P)(cd),
cd
So = Q) =) _q(cd)P,(cd) 6)
cd
with
glcdl) = (—1)H+1/2+d &?i{ i}
2
1 oanle d o1
q’(cdl):(—l)”””‘%icd{% 1 z}' (7

III. NPSM IN M SCHEME WITHOUT ISOSPIN SYMMETRY

In this section, the uncoupled commutators and matrix
elements for the one-body operator and two body operator for
the case without isospin are given in the M scheme. The odd
system and even system are treated on the same footing.

A. Uncoupled commutators for nucleon pairs

As in the old version of the NPSM, the collective nucleon
pair with angular momentum r and projection m, designated
as A", is built from many noncollective pairs A’ (cd)" in the
single-particle orbits a and b in one major shell,

A =" y(abr)Ay (ab), ®)
ab

where y(abr) are structure coefficients satisfying the symme-
try

y(abr) = =(=)"*"*"y(bar). )
Noncollective pair AfﬂT (ab) is

(@™ x abT)”n = Z

Mg,y

A (ab) = a“a’ (10)

a,mq,bmp“m,“my,°

where aj is a single-particle creation operator, which creates
a nucleon in the j orbit with projection m, and C;"}, . "is
a Clebsch-Gordan coefficient. The time-reversed form of the

single annihilaton operator ay, is

al, = (-y ", (1)
The time-reversed form of a collective pair is
= ylabr)A(ab) = = y(abr)@ x a'),. (12)
ab ab
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A multipole operator or one-body operator Q! is denoted
by

[ =Y qlcdt)PL(cd),

cd
Pl(cd) = (a° x a®)',
q(cdt) = —(=)™ x g(dct). (13)

The coupled commutators between two collective pairs are
denoted as

(A7, AT, =) Clg glAL. A . (14)

ap
Some crucial coupled commutators in the NPSM, taken
from Ref. [13], are listed in the Appendix. The uncoupled
commutator for nucleons pairs, which can be used to con-
structed the NPSM in M scheme, is obtained from the coupled
commutators, and is

(4. A ] = (=)™ ZS_W wplAL. A

=" “ZC’“W[A’,A”]L (15)

Based on Egs. (A1)-(A7), the uncoupled commutators
in M scheme can be obtained. The uncoupled commutator
between collective pair annihilation operator and collective

|
(A [A A ]] = (yrremem S

m;,t0 = ry—my,sm

rm'

where B”  , is a new collective pair, which is

pair creation operator is given by

(A7 A ] = (=) )G, AT AT,

= 28,80 y_y(abr)yabr) — (=)"*Y Cl7, PL,
ab

(16)

where P! is a new one-body operator, which is given in
Eq. (A2). The uncouple commutator for the collective pair and
one-body operator would be given by

[ r Q ]_( )r mZCrrmmm[Ar’Qt];;/

r'm
=) AL, an
ot
v 15 a new collective pair, which is

- Z y(dar)A”, (da),
ad

where A"

y(dar') = z(dar’) — (=) "+ (adr)),
Z(dar)—( )r+r —m— mAtcrm

r—m,to
/
x Zy(abr)q(bdt){g A } (18)
b
By using Eqgs. (16) and (17) the uncoupled double commutator

can be obtained:

Cm [Ar,-’ [A‘rk , As'i“]t]

ZJB_M,, (19)

IB%’_/m, = Zy’(aa/rl()Ar_’m, (ad"),y'(ad'r!) = z(ad'r]) — (—)“+“/+’/z(a’ar£),

2(ad’r)) = —4RAS Y H(=)rTImCrm G Y y(@ b r)y(abr)y(bb s){
bb

t T /
voln ol e

By using Eq. (17) recursively, the uncoupled double commutator between pair annihilation operator and multipole-multipole

interaction operator can be obtained, and is

DA 0L 01 = Y (T A @1

where A/, is a new collective pair, which is given by

=Y " Y(abr)A;,(ab),

y'(abr) =

[h(abr) — (=) h(bar)],

r+r'—m—m' a1 2, /! / ! 14
h(abr) = (—)"* FicL GZy (bdr)q(dat){:l, A ;} (22)

where the new pair structure y”(bdr’) is obtained from Eq. (17).
The uncoupled commutator between single nucleon annihilation operator and one-body operator can be expressed as

=y e, A,q(u na,. (23)
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The uncoupled double commutator for single nucleon can also be obtained, and is

[ mo, [Ark AST — Z(_)Vk+j—mk+m()ct(7 Crm [aj’ [Ark’Asf]l]’r;;/

my r —myg,sm>~" j —mg,to

Iy mpto r'm f.ks S t P
=4Z(_)k+l Cﬁk_m“mC] ot Zy(rbrk)y(b]s){ r’ b}a_m,. 24)

By recursive applications of Eq. (23), we can obtain the uncoupled double commutator between single nucleon operator and
multipole-multipole interaction operator, which is

> =rllah, 0 Z( Y3 q(u Nq(j'jt)aj, (25)
[
B. Commutators in M scheme with the convention that
The odd system with 2N 4 1 nucleons and the even sys- At — 1 . for even system, mq = 0, 27)
tem with 2N nucleons are treated on the same footing. The "o a,,  forodd system, ro = j.

creation operator coupled successively to the total angular The annihilation operator Ay is defined as
momentum projection M is designated by

A(romg, ..., rnmy)y = AL - Al - AN M = Zmi;

(28)

the convention of A} is similar to that of Eq. (26). Then one
can get the commutator between the annihilation operator Ay,

t TLoANT. i —
A (r()m(), .. erN)M = AV() ArI A:r}zv,v , M = Zmi

(26) and the pair creation operator, which is
|
N
STy
[A(romo, ..., rnmy)y, A, ] = E [<ﬂ5rk,s5mk,mA(r0m0, s P UM, Th 1 15+« o s NN )M —m

k

Oorl

7 !

+ E E A(romo, ..., T, <o Tk 1M1, Thp 1Mk 15 - - 5 FNIIN ) M—m

i=k—1 rim]

12

+ E P x A(romy, ..., Fe—1Mg—1, e 1ME41 5 - - - erN)M—mk]a (29)

to
where ¢ =2 by(abrk)y(abs) the summation runs over i from k — 1, to 0 or 1, corresponding to the odd system or even
system respectively, and A"  TEPIESENts a new collective pair (i # 0) or a single nucleon (i = 0),

A;; = (A7 [Ar A (30)
the explicit form of the new pair has already been given in Eqgs. (19) and (24), and P! has been given in Eq. (16). It is to be noted
that the last term in the right-hand side of Eq. (29) is normal ordered and it is unimportant in calculating the matrix elements,
since it gives zero when acting to the left on a vacuum state. By using Eq. (29), we have the commutation relation between the

pairing interaction and the annihilation operator Ay;:
N

st s
[A(romy, ..., rymy)y, A°' - A°] = E [wSrk,XSmk,mA(romo, cey S, L TN )Y

k=1

Oorl
A / /

+ (romo, ..., Fimg, <o P 1M1, Thp 1Gg 15 - - - 5 NP, ST

i=k—1 rimm
!

+ E P x A(romo, ..., "e—1My_1, T 1 Mg 1 « -+, TNPILY, Sm)M—mk-&-mi|' 31

tom

It is to be noted the last term in Eq. (31) is normal ordered.
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The commutator between one body operator and the annihilation operator Ay, is obtained,

Oorl

[ACromo, ..., rnm)a, Qo1 =D D Alromo, rimu, ..., rmy ..., NN o (32)

N
k=N rym,

where summation runs over k from N to O or 1, corresponding to the odd system or even system, respectively, and AZ' represents
k
a new collective pair (k # 0) or a single nucleon (k = 0):

Al =[An.0]; 33)

ny

the explicit forms of the new pair have already been given in Egs. (17) and (23).
The commutator between multipole-multipole operator and the annihilation operator Ay, is

Oorl

[A(romo, e NN Z(—)”Q;Q’(,} =Y [A(romo, rim, . (g, - TN g
o k=N
Oorl
+ Z ZZ( Y A(romo, Fimy, ..., Fim, ... T, ... FNIIN )M
i=k— lr’m’
rkmk

+ Y D (=Y Q, x Alromo, rimy, .. T, erN)MUi|v (34)

o rm]

where summation range over k(i) from N(k — 1) to O or 1, corresponding to the odd system or even system, respectively, and
r.m; (rim}) represents a new collective pair (k # 0) or a single nucleon (k = 0):

Am = [Ah. 0, ]. Afi; = [4},. 0L, ]; (35)

the explicit forms of the new pair have already given in Eqgs. (17) and (23). (rmy)p denotes a new collective pair (k % 0) or a
single nucleon (k = 0) obtained by uncoupled double commutators

(An) Z( Y4, 0,].05,]  (A%) Z( Y [[as,. 041, 0", ; (36)
the explicit results have been given in Egs. (21) and (25). It is to be noted the last term in Eq. (34) is normal ordered.

C. Matrix elements of overlap and interactions
An N pair or N pair plus one single nucleon state in M scheme is designated as
la, My > = |romo, rimy, ... rymy; My) = A" (romo, rymy, . ... rymy )|0), (37)
where romyg represents 1 in the even particle number system or a single nucleon the in odd particle number system, and « denotes
the additional quantum numbers
(x:(romo""erva)' (38)

It is interesting to note that « is redundant, since it has already been included in the total projection number M.
For proton-neutron coupled system, the basis are constructed by coupling the protons and neutrons to the state with total
projection number M,

[ MnMp;M) = |aps Mp>|am M,) (39

The overlap between two states is a key quantity, since the matrix elements of one-body and two-body interaction can all be
expressed as a summation of the overlaps. From Eq. (29), we can get the overlap between two states,

<0|AM,A;T142|0> = (rolo, M1, - - - TN N M1]SoVo, S1V1, - .., SNV Ma)

N
:Z[zzy(abrk)Y(absN)ark,sNauk,vN (ropo - - - Fk—1 k=1 Tht i1 - - - ININ My — Wy [Sovo - . sSy—1vy—15 M2 — vy)
k=1t ab

Oorl

YD ARORO T Pl Bt Tt Bt - P My = ylsov - s vt Mo — VN>]~ (40)
i=k—1 rip!
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One can see that although the overlap is still calculated recursively, the most time-consuming factor, the recoupling of the
angular momentum, is not needed. The summation over the projection w of the new pair is redundant, since it is a constant value
Wi + pr — vy. The overlap for one pair state in M scheme is same as that in J scheme, which is

(FL[S101) = 285, 8,00, Y Y(abry)y(absy). (41)
ab
The overlap for one pair plus one single nucleon is given as

(Fotto, 71411500, $191) = 285, 6, 8y1,.1 81508000 Y Y(@bry)y(absy)
ab

PP JM JM st Tro a
+4r1s1ZC,OMO,,]MICYOVO,AYIV,Zy(asoro(arosl){,l 5 J}, (42)
JM a

where r((so) denote the single nucleon, and the summation over projection M is redundant, and it should be o + ;.
The matrix elements of a pair creation operator A" between two states differing by one pair is equal to an overlap,

(rotos -+« » ININIAS [S0V0, -+ SN—1UN—1) = (FOOy - -+ s INJANISOVO, - - - 5 SN—1VN—1, SV). (43)
Using Eq. (31), the matrix elements for the pairing interaction can be written as

N

(rofos 1L, - - - v s MIAST - A¥|sovg, sivi, - .., syons M) = Z [‘park,sfsm.v(ro#o e Sy vy Msovo . sy un; M)
k=1
Oorl
+ Z Z (ropho .. . Fips . .osm. . ry s Msovp . . .stN;M)i|,
i=k—1 r{pim

(44)

where the summation over the projection m in the second term represents the projection of pairing interacting Y, ATA$ , and
the summation over the projection i} of the new pair is redundant: it should be a constant value u; + g — m.
By using Eq. (32), the matrix element of the one-body operator can be written as
Oorl
(rotos - - -, rvpns My QL Isovo, - - ., snvns Ma) = Z Z("ollo’ e Py o TN My — O |SoV0, - . SnVN M), (45)
k=N 1,1},
where the summation over the projection 1) of new pair is redundant, and it should be a constant value u; — 0.
The multipole-multipole interaction is given by

Q-0 =>(-ro0,. (46)
a
By using Eq. (34), the matrix elements of the multipole-multipole interaction between like nucleons are
Oorl
(ropos - - -, rnpns MIQ" - Q'Isovo, - .., syuns M) = Z |:(7’0m0, cos (remp)p, - o rnmy; M|sovo, - .., syvNs M)
k=N
Oorl

o ror roo .
(=) (romo, ..., rim;, ..., 1,0y, ..., INIINS
o

1
rim;

>
i=k—

M|S0v01"'sstN;M>]7 (47)
where the summation over the projection i, (u;) of the new pair is redundant, and it should be a constant value x — o (ux + o).

The matrix elements of multipole-multipole interaction between proton and neutron can be expressed as the product of matrix
elements of the multipole operator for protons and neutrons,

(My, Mp; MIQ' (v) - Q' ()M, Miys M) =Y (=) {etp, My |Qly ()t} M) (et M| Q' (W)t M) (48)
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IV. NPSM IN M SCHEME WITH ISOSPIN SYMMETRY

In this section, the NPSM with isospin symmetry in M
scheme is presented. The uncoupled commutators, and matrix
elements of one-body operators and two body operators are
presented. The odd system and even system are treated on the
same footing.

A. Uncoupled commutators for nucleons pairs

We begin by introducing the notation for a system with
isospin. The creation operator of a nucleon in a state with
total angular momentum j, projection of angular momentum
m, isospin ¢, and projection of isospin 7 is designated as alll.
Now we can build the noncollective pair creation operator,

JT T bi\JT
AT (ab) = (" x a"")!T

— Jm Tt Jalat Joty T
- Jamas joms Ctatantyts Fmata < Amyzy (49)
mqhp
TaTh
3 H Jm :
where the superscript a represents j, and 1., and C;7), . is

the Clebsch-Gordan coefficient. The single annihilation op-

erator can be introduced as af,ff = (af,ffT ). The time-reversed
form of the single annihilation operator is

all, = (=)t mrg! (50)

—m—t°

The commutator between single nucleon operator in coupled
form is given by

@, a"" YT = 8108708, 1,811,V 2]a- (51

The noncollective pair annihilation operator is given by
JT — (AT f ; ;
A (ab) = (AmTT(ab.)). , gnd the corre:spond.mg time-reversed
form of the pair annihilation operator is designated as

AJT(Qb) — (_)J+T7m71'A./T (Clb)

mt —m—T

=—(@a" x a’)'T (52)

mt*

The collective pair creation, annihilation, and time-
reserved form operators are

AT =" y(abIT)A (ab),

where y(abJT) are the pair structure coefficients, and have the
symmetry

y(abJT) = (=) T =Ja=iry(baJT). (54)

The collective multipole operator is defined by

Q) = q(abIT)Q;) (ab)

ab

= > q(abJT)P,1 (ab),
ab

P/T(ab) = (a™ x a")'T. (53)

The uncoupled commutators for collective pairs can also be
obtainde through coupled commutators. The coupled commu-
tators in the NPSM with isospin symmetry have already been
carried out in Ref. [21]. The uncoupled commutator between
two collective pairs can be given by

[ Arl] Astﬁ]

MnT1? VT

— (_)r+tl+,u,+‘[] Z CJm CT‘( [Am , ASlzT]]T
Jm

F—Q0,sv =t —1T1,1T) mt

Tt

= 25rs5t|t2 8#,1)81'] ) Z y(abrtl )y(abez)
ab

_ et E Jm Tt JT
+ 4( ) Cr—;.t,.wcl] —T],tz‘rsz‘E ’ (56)
Jm
Tt

where the summation over projections m and t is redundant,
since they are constant values m =v — u and 7 = 7, — 14,

JT
and P, is a new one-body operator,

11

JT AAA A Y Y t[

Pl = dg rstltz{tz2 % %} Eb y(abrty)y(bdsty)
a

Ja Jb 11| pir
x{s ) jd}Pm(da). (57)

The uncoupled commutator for collective pair and multi-
pole operator is given by

b rty _ rn+tH—o —r m T
JT ’ T [A/»ff]’ Qflrtztz] - Z(_)J+T+ A ZC;’Il—;L,l(TCtT—Tl,IZTZ
ANl =" y(abIT)A;) (ab), o
ab mt
AT = bIT)A'T (ab 53 T
=Y YabIT)A, (ab). (53) x AT (58)
@ where A’T __is a new pair, which is
AT =Y daIT)A, (da), y(dalT)=z(dalT)+ (=) liz(adJT),
da
Ty =ninnlz 2 h 3" yabritg(bdin)] e T (59)
z(da. —r112t2 T % byarllq 2 j J gl
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By using Eq. (56) and (58) the uncoupled double commutator can be obtained:
ili ! 1] = J+T +rtriHg+ti—v—n ~lm' 1’7 J. T JT
[A,lr/-iff’ [A/rfkktk’ Afﬂ] ]] - _4 Z Z(_) e ' nCrJZn*Mk.Sthkirk,tnCrInl/Li,lm’CI,vIri,t’t’Bfm—r! (60)
m' Jm
't Tt

where the summation over projections m’, T/, m, and 7 is redundant, and B fn_r is a new pair,

’
—-m—t —-m—t (aa),

]BJT — Zy/(aa/JT)AJT

V' (ad'JT) = z(ad' JT) + (=) T ~Je7e 2(ad JT),

1 1 1 1
PNV - / 5 5 L
Z(aa,.]T) = rkrisltktitt/{i [2, {(}{2 2 ll
2

;o2 }Zy(ab’rkrk)y(a’bm-)y(b’bsr){’; i rk}{’;’ n r."}. 61
2

b Jb Ja

By using Eq. (58) recursively, the uncoupled commutator between the collective pair operator and multipole-multipole
interaction operator is given as

E : _\o+1m JT Jobo J2t2 _ § _NAHT+r+t prio—m tHT—T J —m T -1 JT
( ) [[Amt ’ Q(rrz]7 Q—a—tg] - ( ) CJ —m, jo (rCT —‘t,tz‘tzCr] afm,jzfactl —T,h —TzAmT’ (62)
oy ri
where AT is a new pair:
mt

AT ="V (daIT)A)L (da), Y (da)T) = z(dalT)+ (=) F~iiz(adJT),
da

1
z2(dalJT) = f‘liflfz{tz
2

N o=

I ” Ja Jb T
abrit))q(bdlty){ 7 S 63
%};y( 11)( 2>{J g ]d} (63)
where the new pair structure coefficients y”(abrt,) are obtained from Eq. (58).

We can also obtain the uncoupled commutator between the single nucleon operator and multipole operator,

A A

i i iy — — Jola . .
[aiee | Q2] = (=)o (=)= chfo’i . jzac,firo,,mj—fq(( Joto)IT) jatr)a’” (64)
Jm
Tt

Base on Eq. (64), the uncoupled commutator between single nucleon operator and multipole-multipole interaction operator
is given as,

. 4 y L Ch+ DR+ , Y
Z(—)“*’z[[a;s;zo,sz;;],Qf:_n]=;(—>J° L=y Ezj.;ilizzizi1;Q((Jofo)(lt)lez)Q((ll‘)(fofo)lzl‘z)afffﬂo (65)

[on%)

The uncoupled double commutator for single nucleon operator can also be obtained,

1 st I+ — "ty —n I’ '/ J T ?kﬁifkﬁ,
[l (ARt AT =430 3 S (Y G G i Cimim e~
Jm Im’
Tt t't’
% % Ik . Tk N l JT
S EE R DI RTEON UL R e (66)
20y

where the summation over projections m, m’, 7, and 7’ is redundant.

B. Commutators in M scheme

In this section, the odd system with 2N + 1 nucleons and the even system with 2N nucleons are treated on the same footing.
The configuration space of the NPSM is constructed by collective pairs. The creation operator with specific total angular
momentum projection M and total isospin projection 7 are

" _ 4t _ anfot annt —
A'(xo, ..., TN )M = A'(romotoTo, - . ., INmNToTO)Me = A~ Ay -+ - Ay s

N N
M=) "m, t=)Y 1 (67)
i=0 i=0
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where the r( express all quantum numbers of this pair, and the convention used for the operator A" is given as,

moTo
it _ 1 for even system, mg = 0, 7o = 0, (68)
moTo apit for odd system, ry = j.
The annihilation operator is
= 1ot rit N1
A(ro, ..., TNImc = A(romoloTo, - - ., INMINIOTO) M.t = AL Aphy - Aty

N N
M=Y"m. t=)Y 1 (69)
i=0 i=0

where the convention of Aj% is similar to that of Eq. (67). The time-reversed form of A(xo, ..., r5 )y, is redundant in this model.

Then we can obtain the commutator between the annihilation operatorA(ry, . .., I'n)u -
N
,;
[A(Il"(), Tlyenny 11nN)M,'r »Als),;] - E |:§08rk,35mk,vstk,tstk,nA(ro, ey D1y Thtls oo vy 11"N)va,rfr]
k=1
Oorl

/
+ § § E A(I(%~~-»rl’a~'-7H‘k7111‘k+1s"-7H‘N)M7v,tfr]

L1 ol )
i=k—1 rim; t/t]

DD Prve XA, T T rrmM_mk,r_u}. (70)

m t't’

where ¢ =23, v(abrit;)y(abst), the summation over i is from k — 1 to 0 or 1 corresponding to the odd system and even

. . . Lot . oty e .
system respectively, and r; is a new collective pair A/, (i # 0) or a single nucleon operator C,"?, (i = 0), and can be obtained
it 0°0

from the double commutator by

m;t;° m Ty °

A = e [ a2 ) a

the explicit form of the new pair has been given in Eq. (60) and (66), and P,ff,/ ,
the last term in Eq. (70) is normal ordered.

has been given in Eq. (57). It should be noted that

T

By using Eq. (70), the commutation relation between general pairing interaction and A(r, . .., I'nv )y, 1S obtained by
N
[A(rg, ..., EN)M,T ,AStT . ASt] = Z |:§08rk,38mk,m8tk,t8tk,r}A(rO7 ey By, EN)M,T
k=1
Oorl

/
+ § E E A(H‘Ov"'1]I‘i7"'sl‘kfls$slrk+1’"'7H‘N)M,I

k1 il firl
i=k—1 rimim t/t/n

it
+ Z met/f/ X A(EO» ey D1, 8, Thg 1y - - s EN)Mmk+m,rrk+ni|v (72)

Im'mt't'n

where the last term in right-hand side of equation is normal ordered.

The commutator between the one body operator and A(ry, . .., I'y)u.; is obtained, which is
Oorl
[A(o, ..o o, Q81 =D Y Ao, T1, oo T N Mo (73)

k=N rm; 5y
where summation over k is from N to 0 or 1 corresponding to the odd system or even system respectively. I represents a new
collective pair A:ﬁ;‘r / (k # 0) or a single nucleon operator C;f(,:gé (k= 0),
it I it
Al = [Ap ol . (74)
The explicit form of the new pair has been given in Egs. (58) and (64).
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The commutator between the general multipole-multipole operator and A(ry, . .., I'y)um,; 1S obtained by
Oorl
|:A(1ro, e TN M s Z(—)JMQ Q_(7 ,,:| Z |:A(1r0, Ty, ..., (Teps - INIM
on k=N

Oorl

+ Z Z Z Z(—)"+"A(n"o, Tlyeeey Loy Thyov s TN )M T
=k=1 ey 0N

remy 4T

+ Y DY (=)0, x Ao, T rN)M_G,T_,]]. (5)

J !
rkmk tr ot

where summation over k(i) is from N(k — 1) to 0 or 1 corresponding to the odd system or even system respectively. 1 (r})
represents a new collective pair (k # 0) or a single nucleon (k = 0),

Al =[anson] An =[Am, 07, ). (76)

) )
m,< Tk my Ty m;T;

The explicit form of the new pair has been given in Egs. (58) and (64). (1) denotes a new collective pair (k # 0) or a single
nucleon (k = 0), and can be obtained by uncoupled double commutators

(A ), Z( YA 0], 0% ) (AR, Z( Y [aln 01,07, ] (77)
The explicit results have been carried out in Eq. (62) and (65). It should be noted that the last term in Eq. (75) is normal ordered.

C. Matrix elements of overlap and interactions

An N-pair or N-pair plus one single nucleon state in M scheme is designated as
|O{,MT:> = |]I'0, Tyyenns lrN;Al‘t)
=A'(xg, 11, ..., 1)|0), (78)

where 1 represents a pair with angular momentum ry, angular momentum projection my, isospin #;, and isospin projection t,
ro denotes 1 in the even system or a single nucleon in the odd system, and « denotes the additional quantum numbers

a = (romotoTo, - - ., I'n, MNINTN) (79)

It is interesting to note that « is redundant: it contains 4N quantum numbers and has already been included in the information of
total projection M and t.

The overlap matrix element is a key quantity, since the one- and two-body interaction matrix elements can be expressed as a
summation of the overlaps. From Eq. (70), the overlap can be obtained by

<0IAM,T,AL,T,|0> = (ro, ..., In; MiTi|80, . . ., $n: M, T,) = (ropoloTo, - - -, INUNINTN M Ti|S0vohono, . - ., syvvhonos M, T,)

N
Z |: Z y(abrktk )y(absNhN)Sm SN /tk VN 81k hy ka NN
k=1 ab

X ATQ .. Thets Thpl - - - INS My — Uy, T — (S0 ... Sn—13 My — Uy, T — 1N)
Oorl

+ YYD (wo T—1, Tyl - - - TN M _VNv'CI_nN|$0--'$NI;Mr_VNvtr_nN)i|v (80)

i=k—1 rju} tit]

it

where r; and s; denote the angular moments of the kth pair, and p; and v, denote its projection of angular moment, #; and
hy. represent the isospin, and t; and n; stand for its projection. Although the overlap matrix element formula in M scheme is
still written in a recursive way, it does not need to recouple the angular momentum and isospin. It is easy to show the total
angular momentum projection M; should be equal to M,, and total projection of isospin t; should be equal to 7,. Notice that
the summation over the projections of the new pair, «; and 7/, are redundant, and should be constant values j; + ux — vy and
T; + T — 1, respectively, since projection is a scalar. The overlap for one pair is given by using Eq. (80), and is

(T1181) = 287,580,811 Sxy.my Y y@brit)y(absihy). (81)
ab
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Since there is only one pair, the overlap formula is equivalent to the formulas for the case of N = 1 in J scheme. The overlap for
the one pair plus one single nucleon is given as

(r0, T1; MT[$0, 513 MT) = 285, ,8,1,.0,80.1,85,, Y Y(abrity)y(absihy)
ab

A ATAD N
+ 4 (_)l+r1—v1 (_)t’+t1—mclm Cz’r’ CSO*VO ho—no rlsll tlhlt
Z FI—R)s1ve =T i rg—po dm T th—To, 't 7
S0 ho
X {

where r((sy) denotes the single nucleon.
It is easy to show that the matrix elements of a pair creation operator AS' between two states differing by one pair is equal to
an overlap,

Im
t't’

=
A ST

"} ;y((soho)brm)y(b(ror())slhl) {;‘) " ]lb} (82)

1
2

=

sh
(ro, r1,. .., TN|A;,7T|$07 Sy ey Sy_1) = (L0, Tly v vy INUNIS0, ST, <+ oy SN_1, S). (83)
Using Eq. (72), we can have the matrix elements of the pairing interaction,
N
(ro, Ty, ... TN MTIAY - A% |0, $1, ..., sy MT) = Z[(psr,\.,sgﬂk,mStk,t(Srk,n(EO ST MTsg .. sy M)
k=1
Oorl
+ Y0 Y D o s .y MTsg sy MT) | (84)
i=k—1 rju;m t/t/n

where the summation over the projections m and 7 in the second term stand for the projection of pairing interacting
Gst 2 mn Af,g]Af,’m, and the summation over the projections p; and 7/ of the new pair is redundant: they should be constant
values u; + py — m and t; + 7 — 7, respectively.

By using Eq. (73), for the one-body operator matrix element we have

Oorl
(Iro...er;erl|Q{,’n|S0...SN;Mzrz) = Z Z Z(Iro... II‘,;.--ICN;M1 — 0, T —1iso...sn; Mp),

k=N 1, 1,7,

(85)

where the summation over the projections p; and 7/ of the new pair is redundant: they should be constant values 1 — o and
Ty — 1, respectively.
By using Eq. (75), we can obtain the matrix elements of the multipole-multipole interaction between like nucleons,

Oorl
(T, ..., TN MT|Q" - Q|80 ... snv; MT) = Z|:<]I‘0...(It‘k)B...H‘N;MT|$0...$N;MT>
k=N
Oorl
+ ) ZZZ(—)HWO...r;...rr,;...EN;M1|$O...$N;MT>], (86)
S g T
remy 4T

(

where the summation over the projections u; (u;) and 7/ (t/)
of the new pair is redundant, since they should be a constant
values uy — o (ug + o) and 7 — n (tx + 1), respectively.

V. DISCUSSION

It is known that all the matrix elements in the NPSM in
J scheme can be expressed as the summation of overlaps
between two N-pair bases. The formulas to calculate the
overlaps have to sum over all the intermediate angular
momentum quantum numbers J; and the quantum numbers

of the new pairs. Therefore, the CPU time used in calculating
the overlaps increases drastically with the number of nucleon
pairs.

From our previous discussion, it is known that the formula
in calculating matrix elements in M scheme does not contain
the summation of the intermediate quantum number; it is
interesting to see the validity of the NPSM in M scheme. To
this end the average CPU time used in computing the overlap
versus number of pairs is presented in Fig. 1, in which the
average CPU time of computing 16 overlaps between the
basis constructed by identical D(J = 2) collective pairs is
presented.
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10"

10° f | —=— M-scheme 1

10°f | —*—J=0
F | mJ=2

10’ r
10°f
10° r
10° r
10° r
107 r
10’ r
10° r
10" |
107k

Cpu time (s)

FIG. 1. The average CPU time used in computing one overlap
matrix element against the number of pairs is presented. The overlap
in J scheme is calculated in the subspace with total angular momenta
J =0 and J = 2. The overlap in M scheme is for the states with
M =0.

As an example, only the results for the systems without
isospin symmetry are presented here. Since the CPU time is
too small to be obtained for the systems with the number
of the collective pairs smaller than 4, we set them all to
be equal to 1072 s per matrix element. For the system with
N =7, the average CPU time in calculating the overlap in J
scheme is too time consuming to be obtained; its CPU time is
estimated through the recursive formula of the overlap and the
average CPU time of the overlap for the system with N = 6.
Figure 1 shows that the average CPU time of the overlap
matrix element in M scheme is indeed much smaller that
that in J scheme. For example, the average CPU time for the
system with N = 6 is about 10? seconds in the M scheme,
while it is about 10° seconds in the J scheme.

To see the difference of the configuration space between
M scheme and J scheme, the numbers of states for the

system with N = 5 collective S(J = 0) and D(J = 2) pairs are
presented in Table I. It can be seen that the numbers of states
in J scheme are much smaller than those in the M scheme.

It is known that, to calculate the matrix elements for the
case with N =5 in J scheme in the NPSM in the SD-pair
subspace, the CPU time is about one month. To see the validity
of the NPSM in M scheme, as an example, the property of
the low-lying states of '"°Nd (five proton valence pairs and
four neutron valence pairs) are studied in SD-pair subspace.
A Hamiltonian with pairing and quadrupole-quadrupole inter-
actions is adopted:

A=Y B, —x0 0.

o=m,v

Hy, = Hoy — Gog A”"'A”) — Gop APTTAPT — 16,0707,
HOO' = ZEuCJCas
a

AT =" g(CJ x €)',

AP =% " g(ab2)(C] x C) Y, (87)
ab

where Hy, is the single-particle energy term, and Gy, G,
k are the monopole pairing, the quadrupole pairing, and the
quadrupole-quadrupole interaction strength, respectively. As
an approximation, the S-pair structure coefficient is chosen
to be y(aa0) = ]A'a:—“ﬂ, where v, and pu, are occupied and
empty amplitudes obtained by solving the BCS equation,
while the D-pair structure coefficients are obtained from the
commutator

A =D = 110?51 (88)

The single-particle energies, adopted as '**Sn and '3*Sb ex-
perimental data [27-29] for neutron and proton, are listed
in Table II. By fitting the experimental Ey:, E,:, and E;
energies, the model parameters are fixed as Gy, = 0.14 MeV,
Gor = 0.07 MeV/r3, Gy, = 0.12 MeV, G, = 0.04 MeV/rg,
Ky =k, =0,and x = 0.17 MeV/rg. As shown in the Fig. 2,

TABLE I. Number of states for 5 collective pairs in SD subspace. The left column is for the case in J scheme, while the right one is for the

case in M scheme.

J scheme M scheme
J Number of states M Number of states M Number of states
10 1 10 1 -10 1
8 2 9 1 -9 1
7 1 8 3 -8 3
6 4 7 4 —7 4
5 2 6 8 -6 8
4 6 5 10 -5 10
3 2 4 16 —4 16
2 7 3 18 -3 18
0 5 2 25 -2 25
1 25 -1 25
0 30
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TABLE II. Adopted single-particle energies €,(o = m orv) for
protons (50-82 shell) and neutrons (82-126 shell) (in MeV).

Jv lf7/2 0h9/2 1f5/z 2173/2 2Pl/z 0i13/2
€, 0 1.561 2.005 0.854 1.656 1.8
Jn 0g72 1ds, 1ds ) 2512 Ohi1)2
€ 0 0.963 2.69 2.99 2.76

the low-lying spectrum of '’Nd can be reproduced very well.
By fitting B(E2;2] — 0f) of the experimental value, the
effective charge is fixed as e, = 2.3e for protons and e, =
1.5e for neutrons, respectively. Some B(E2) transition values
are listed in Table III, from which one can see that our results
are close to IBM results, and the experimental data can be
produced approximately.

From above analysis, one can see that although the num-
bers of states in M scheme are larger than those in J scheme,
and the CPU times are much smaller in M scheme than those
in J scheme. One can also see that it is a challenge to use the
M scheme to study nuclei with more valance nucleons.

VI. SUMMARY

The NPSM is cast in the M scheme for both even and
odd systems under the assumptions that all nucleon pairs
are collective and for given angular momentum r there is
only one collective pair AT. The cases with isospin symmetry
and without isospin symmetry are all discussed. If there are
more than one type of collective pairs with given angular
momentum s, we only need to introduce an additional label to
distinguish them. The NPSM in M scheme can also be easily
extended to include the noncollective pairs. The CPU time
used in calculating the matrix elements in M scheme is much
shorter than that used in the J scheme of NPSM, which make
it possible to study the medium-heavy nuclei in the NPSM.

25
150
—12" —10" Nd
20 | -
15 _10_6+ _6+ -
— _4+ _8+ _4*’
> +
(V] + + 3+ +_3
g —a_>. —43.
%1.0 - 2 2" 2 .
_2+ .
_6+_0+ —6 _O+
0.5 |- -
—4" —q
_2: _2+
oo —o0" Exp. —0° NPSM A

FIG. 2. The low-lying spectrum of '*°Nd. The experimental data
are obtained from Ref. [27].

TABLE III. B(E2) values for *°Nd.

B(E2;J; — Jy (eb)?

Ji —> J¢ B(E2)expt* B(E2)npsu® B(E2)sqq.18m°
2fr — Ofr 0.563 £ 0.002 0.573 0.560
4?’ — 2T 0.819 £ 0.038 0.804 0.810
6?’ — 4?’ 0.980 £+ 0.09 0.844 0.883
0; — ZT 0.208 £ 0.009 0.016 0.071
2; — 4fr 0.095 £ 0.028 0.0 0.033
2; — 2} 0.034 £ 0.007 0.001 0.073
2; — Ofr 0.015 £ 0.0009 0.0 0.012
4Reference [27,30].
"Present calculation.
‘Reference [31].

ACKNOWLEDGMENTS

This work was supported by the Natural Science Founda-
tion of China (11475091, 11875171, 11875158, 11675071),
the U.S. National Science Foundation (OIA-1738287 and
PHY-1913728), the U.S. Department of Energy (DE-
SC0005248), and the LSU-LNNU joint research program
(9961). The work was carried out at National Supercomputer
Center in Tianjin, and the calculations were performed on
TianHe-1(A).

APPENDIX: SOME CRUCIAL COUPLED COMMUTATORS
IN THE NPSM

Some crucial coupled commutators in the NPSM, taken
from Ref. [13], are listed in the following. The coupled
commutator between collective pair annihilation operator and
collective pair creation operator is given by

[A", AT], = 278,,8,0 Y _ y(abr)y(abs) — PL. (A1)
ab
where P! is a new one-body operator,
P =475y y(abr)y(bds){ ; :l Z}(af” x @), (A2)

abd
The coupled commutator for collective pair and multipole
operator would be given by

[AV’ Qt];q/ = A:n/a

(A3)
where A,’,;, is a new collective pair annihilation operator,
Ar, = Zy’(dar’)Aj,l,(da),
ad
y(dar'y = z(dar') — (=) 2(adr'),
t

Z(dar’)=f’f2y(abr)q(bdt){2 a b}' (A4)
b

By using Egs. (A1) and (A3) the coupled double commutator
can be obtained,

[A%, [A, AST]) = B, (A5)
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J . . .
where B’ is a new collective pair,
, s
B = E Y (ad'r)A" (ad"),
aa’

y'(ad'r)) = z(ad'r]) — (=) H+"

/ /
z(aary),

a a

z(aa/r;)=—4r:-fksfZy(a/b/n)y(abrk)y(bb’s){2‘ ¥ ,’7”” g ;}, (A6)

b’

where 7 = /2t + 1. The coupled commutator between single-particle and one-body operators was given by Eq. (2.11a) in

Ref. [20], and is

’

>| -

[, Q') = (=) T q(j. j'. )=y (A7)

~
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