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We present a feasibility study of a simultaneous subpercent extraction of the weak charge and the weak radius
of the '2C nucleus using parity-violating electron scattering, based on a largely model-independent assessment of
the uncertainties. The corresponding measurement is considered to be carried out at the future MESA facility in
Mainz with Eye,y,, = 155 MeV. We find that a combination of a 0.3% precise measurement of the parity-violating
asymmetry at forward angles with a 10% measurement at backward angles will allow to determine the weak
charge and the weak radius of '>C with 0.4% and 0.5% precision, respectively. These values could be improved
to 0.3% and 0.2% for a 3% backward measurement. This experimental program will have impact on precision
low-energy tests in the electroweak sector and nuclear structure.
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Precise measurements of the parameters of the standard
model (SM) are among the main tools to search for or con-
strain hypothetical contributions from physics beyond the SM.
The central parameter of the electroweak sector of the SM is
the weak mixing angle 6y describing the mixing of the SU(2)
and U(1) gauge boson fields, which results in the emergence
of the physical fields, the massless photon, and the massive
70, Tts sine squared sin® @y is related to the vector charge
of SM fermions with respect to the weak neutral current and
can be accessed in various processes and at different energy
scales: from Z-pole measurements at colliders [1,2], including
the LHCb [3], ATLAS [4], and CMS [5] experiments, to
deep inelastic scattering with electrons [6,7] and neutrinos
[8], to parity violation in atoms [9,10] and to parity-violating
electron scattering (PVES) off protons [11] and electrons [12].
To connect these measurements across the relevant energy
scales, the SM running at the one-loop level needs to be taken
into account [13,14]. Currently, this running is theoretically
known at the relative level of ~8 x 10~>, which provides the
basis for an ambitious experimental program at low energies:
An ongoing effort in atomic parity violation [15,16] has the
goal to measure the weak charges of heavy nuclei and chains
of nuclear isotopes at the per mille precision. The Qweak ex-
periment [11] has recently extracted sin? Oy from low-energy
PVES to 0.5% accuracy. P2Z@MESA [17] and the MOLLER
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Collaboration [18] aim at improving that result by factors
of 4 and 6, respectively. Further plans involve deep-inelastic
electron scattering with SOLID [19].

Apart from tests of the SM, PVES has also been used to ad-
dress aspects of nucleon and nuclear structure that are elusive
to photons. PVES off heavy nuclei with a neutron excess is
used to determine the neutron skin [20]—the difference in the
radii of the neutron and proton distributions—with the goal
of constraining the equation of state (EOS) of neutron-rich
matter [21]. The lead (Pb) radius experiment (PREX) [22] has
provided the first model-independent evidence in favor of a
neutron-rich skin in 2*®Pb [23]. Further experiments with an
improved precision are presently being analyzed [24], running
[25], or planned [17]. PVES off the proton and light nuclei has
been extensively used to determine the strange quark content
of the nucleon [26].

In this Rapid Communication, we consider the parity-
violating asymmetry which is defined as the difference be-
tween the cross sections for elastic scattering of longitudinally
polarized electrons off an unpolarized target,

APV — M, (1)

OR + o
where og (o) stands for the cross section with right-handed
(left-handed) electron polarization. The asymmetry arises
from the interference between the amplitudes due to the
exchange of a virtual photon and the corresponding one for a
virtual Z° boson as shown in Fig. 1. By conveniently factoring
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FIG. 1. (a) One-photon exchange and (b) Z° exchange diagrams.

out the Fermi constant Gg, the fine-structure constant o,
the four-momentum transfer squared 0?, and the ratio of
the weak, Qw, to the electric, Z, nuclear charge, the PV
asymmetry for a spinless nucleus consisting of Z protons and
N neutrons takes the following form:
2
AV = Gr9 Qv Ay )
427 Z

where a plane-wave Born (“tree-level”) approximation was
assumed. The weak nuclear charge is given by Qw(Z, N) =
Z(1-4 sin® ) — N, so, in the case of '>C, it becomes pro-
portional to the sine squared of the weak mixing angle:'
Ow (6, 6) = —24 sin® Oy.

Given that the interaction of the electron with the nu-
cleus involves only the conserved hadronic vector current, the
“correction” term A in Eq. (2) vanishes at 0?=0. However,
nuclear and hadronic structures contribute to A at nonzero Q2.
Indeed, to leading order in «,

A = F(Q%)/Fan(Q) — 1 A3)

is given by the ratio of the weak F,x to the charge form
factor Fyy,. Both form factors are normalized to unity at Q%> =
0. Each of the form factors is related to the corresponding
spatial distributions of charge by a three-dimensional Fourier
transform,

F(Q%) = / p(1e T d?r,  with |q| = v/Q2. 4)

Note that the normalization of the form factor at Q% =0
implies that f p(r)d*r = 1. At low Q2 the form factors may
be expanded in terms of various moments of their spatial
distribution,

2 4

F(Q) =1 Z0(r) + 20 + 00", (5)
where the second term defines the root-mean-square radius of
the spatial distribution, namely,

R’ = (*) = / rro(r)d>r. (6)

I'The discussion of electroweak radiative corrections is deferred to
a future work.

Thus, to lowest order in Q%, A is proportional to the weak
skin of the nucleus,

QZ
A= _?Rwskichh + O(QZR\zyskin)~ (7)
The weak-skin Ryskin = Rwk — Rcn, o1, equivalently,
Ryx — R
A= k ch (8)
Rch

coincides with the neutron skin in the idealized nonrelativistic
picture but is distinct from it once the small weak charge
of the proton, relativistic effects, including strangeness, and
radiative corrections are taken into account.

Two terms in Eq. (2) are of great interest: The weak
mixing angle 6y encoded in the weak charge [11,17] and the
ratio of nuclear form factors appearing in A; to access the
former, one must constrain the latter. Conversely, to extract
nucleon- or nuclear-structure information from PVES, such
as the strange quark content of the nucleon [26] or the weak
skin of heavy nuclei [23], one assumes that Qw is precisely
known, so the measurement provides a constraint on A. In this
Rapid Communication, we explore the possibility of a precise
determination of both—the weak charge and the weak skin of
12Cc—within one single experiment.

The P2 experimental program at the MESA facility in
Mainz [17] includes a plan aiming for a 0.3% determination
of the weak charge of '>C. Given this ambitious goal, the tree-
level formula of Eq. (7)—even when including higher-order
terms in the Q° expansion—is not accurate enough. Order-o
radiative corrections, particularly, Coulomb distortions which
scale as Za, should be included. To properly account for
Coulomb distortions, we follow the formalism developed by
one of us in Ref. [27]. The electron wave-function W satisfies
the Dirac equation,

le-p+Bm+V(r)+ ysA()W(r) = E¥(r),  (9)

where m is the electron mass, ¢, 8, and y5 are Dirac matrices,
and V (r) and A(r) are the vector (Coulomb) and axial-vector
components of the potential, respectively [27]. Here, E stands
for the electron energy in the center-of-mass frame® which is
related (neglecting the electron mass) to the laboratory energy
Eveam bY Epeam/E = /1 + 2Epeam /M with M the nuclear
mass.

The Coulomb potential is computed from the experimen-
tally known nuclear charge distribution via

pch(r,) d3}"/.

V(r)= —Za
Ir —r|

(10)
The axial-vector potential for a pointlike weak charge is short-
range A(r) 83(r) but acquires a finite range due to the finite
size of the nuclear weak charge distribution. That is,

M (11)

A(r) = WG Pwk ().

2Qther choices of the reference frame would introduce corrections
depending on the nuclear recoil. Up to now, no fully consistent way
of accounting for recoil corrections in the Dirac formalism is known.
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FIG. 2. The PV asymmetry for elastic electron scattering off '>C
at Epe,m = 155 MeV as a function of the scattering angle 6 (lower
x axis) and of the momentum transfer g = \/@ (upper x axis). We
show the plane-wave (tree-level) result with py = po (red dotted
curve) and the Coulomb distorted (CD) predictions with pyx = pen
(blue dotted curve) and with py = psg (1, c = 2.07, a = 0.494 fm)
(solid orange curve).

The Dirac equation displayed in Eq. (9) is solved numerically
using the ELSEPA package [28], properly modified to include
the axial-vector potential [29,30]. The intrinsic relative preci-
sion of the computation of A”Y is on the order of 10741072,
and in a calculation at the per mille level, there are only
genuine uncertainties of pyy itself.

For the nuclear charge distribution of '>C, we use the
parametrization of the world data on elastic electron-carbon
scattering in the form of a sum of Gaussians [31]. The fact
that the charge density of '>C and its charge radius Ry, =
2.4702(22) fm [32] are known with high precision serves as
the basis for an accurate extraction of sin’ 6y and of Ry from
a measured AYY. A possible avenue is to rely on models to
produce a range of predictions for pyx which is then used to
directly fit the PV asymmetry to determine the value of the
weak radius as was performed in the case of the PREX. One
choice for parametrizing the weak charge distribution is the
two-parameter symmetrized Fermi distribution,

sinh(c/a)
cosh (r/a) + cosh(c/a)’

pwk(r) = pse(r, ¢, a) = po

3
T dwe(c? + n2a?)’

£0 12)
with ¢ and a as the half-density radius and surface diffuseness,
respectively, and pgg is normalized to unity. The advantage
of the symmetrized Fermi parametrization, apart from its
simplicity, is that its form factor, and all of its moments are
known analytically [33]. In particular, the mean-square radius
of the distribution is

Ry = 37 + In’a’. (13)

In Fig. 2, we show results for the PV asymmetry at
a fixed electron-beam energy of Epeym = 155 MeV as a

function of the laboratory scattering angle 6 and momen-
tum transfer g. Results are displayed in both a plane-wave
(tree-level) approximation and with Coulomb distortions.
The two distorted-wave calculations use pwx = pcn (no skin)
and pwx = psg (1, ¢ = 2.07 fm, a = 0.494 fm) with Ry =
2.44 fm which falls within the range of values of a represen-
tative set of nuclear-structure models [34-37]. We observe a
strong dependence of the PV asymmetry on the value of the
weak skin, especially at backward angles. We also find that
it is important to include effects due to Coulomb distortions.
Our results displayed in Fig. 2 are qualitatively similar to
those obtained in Ref. [38], but a quantitative comparison
is difficult because of different perspectives adopted in the
calculation of the weak charge density, and several kinematic
approximations used in that paper.

Unfortunately, the choice of a particular form for the weak
charge distribution introduces model dependence that may be
difficult to quantify when extracting weak charge and radius
from a measurement of APY: Models that predict different
values for the weak radius would generally differ in all the
higher moments of the weak charge distribution as well. To
unambiguously disentangle the effect of the weak skin, we
propose a different method. Given the N = Z character of '>C,
its weak charge distribution is expected to follow closely the
electric charge distribution. We introduce the small difference
between the two, the weak-skin distribution,

Pwskin (1) = Pwk (1) — pen (7). (14)

Note that pysin 1S the spatial analog of the weak-skin form
factor depicted in Figs. 3 and 6 of Ref. [20]. powskin(7) is
normalized to zero, and its second moment can be fixed to

/ Puskin(FFPdPr = B2, — RY, = 2AR%, + 0()%).  (15)

This allows us to write

Pwskin(r) = Ap(r; ), (16)

where ¢ is representative of the model dependence. This
parametrization is advantageous because it allows to explicitly
separate the dependence on XA from the effects of the higher
moments of the weak charge density encapsulated in a (set
of) model parameter(s) {. For example, assuming the sym-
metrized Fermi parametrization of pwx as in Eq. (13), one
would find

Pwskin(r) = (A/Asp)losk(7, ¢, @) — pen(r)],  with
Ask = Asp(c, a) = Rsp(c, a)/Re, — 1. (17)

This parametrization corresponds to rewriting A in Eq. (3) as

A Fyx A
A=—Z0Ry+|—=— -1+ -0°R}

3Q ch (FCh +3Q ch

A 2 p2 A FSF A 2 p2

and the low-Q? expansion of the term in the square brackets
starts at the order Q* by construction. The nuclear models [34]
are used here—not to predict the distribution of weak charge
in 12, but rather—to determine the range of values that need
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FIG. 3. The PV asymmetry at P2 with Epe,y = 155 MeV for the
(a) forward (6 = 29°) and (b) backward measurement (§ = 145°)
as a function of the skin parameter A. The pink-shaded band in
the 6 = 29° (6 = 145°) plot indicates the anticipated (suggested)
0.3% (7%) precision in A?Y. The blue band describes the residual
model dependence as explained in the text. The vertical and hor-
izontal dashed lines correspond to A = Ay and ATV (L) = APV (%),
respectively.

to be explored to quantify the uncertainty in A. These models,
all informed by the charge radii and binding energies of a
variety of nuclei including '>C, predict |Asg| < 2% with the
central value of 1y = —0.90%.

To address the possibility to determine the weak charge of
12 with a precision of 0.3% in the P2 experiment, we study
the sensitivity of the PV asymmetry to nuclear-structure un-
certainties. In Fig. 3, we display results for APV as a function
of A for an incident electron energy of Epean = 155 MeV and
two fixed scattering angles: 6 = 29° (upper panel) and 6 =
145° (lower panel). The blue band corresponds to A varying
in the range suggested by the models. Its width indicates the
spread of model predictions for Fyy, and the central line is
the bisector of the predictions for the extreme choices of the
models. The pink-shaded band in the 6 = 29° plot indicates
the anticipated 0.3% precision in APY. From the sensitivity

of the forward angle measurement to A shown in Fig. 3, one
concludes that A should be known with a precision of 0.6%
or better to constrain the weak charge of '>C to about 0.3%.
Given that the nuclear models suggest a larger uncertainty in
X, we conclude that with a single measurement and theory
input alone this task is not feasible.

Another option is to employ a second measurement of APV
at 145° (the lower panel of Fig. 3) to constrain the value of A to
a narrower range. It is seen that varying A in the adopted range
translates into a +24% variation in the asymmetry. Hence,
a measurement at this backward kinematical setting with a
higher precision will reduce the range of values of A and
ultimately guarantee a precise extraction of the weak mixing
angle from a combination of the two measurements. To a very
good approximation the A dependence of A”Y seen in Fig. 3 is
linear, and we can write

PV GF Q2 QW

AT = iona Z [1+ po + (p1 + p20AL 19)
so that the effect of varying ¢ is depicted by the blue bands
in Fig. 3. The parameter ¢ can be chosen in such a way that
¢ = &y = 0 corresponds to the central prediction and { = +1
to the upper and lower limits of the error band. Results of the
distorted-wave calculation of the coefficients pg, p;, and p;

are provided in the Supplemental Material [34].
We perform a x? fit of the combined forward (A?V) and

backward (Abpv) measurements with respect to the three free
parameters sin? Gy, A, and ¢. That is,

A% — APV (sin2 0y, 1, £))
SA,

X2(Sin2 9W1 )‘*7 {) = Z

i=f.b

¢ =%\’
i ( 8¢ ) ’

We assume that the experimental values of A" agree with
the SM prediction for which we choose the central value
of A = A¢. The experimental uncertainties are given by JA;.
The last term in Eq. (20) encodes our biases for the ex-
pected range of values of ¢, and we have chosen §¢ = 1.
The lo-allowed range for sin’6y and A is obtained by
solving x2(sin’ 6@y, A, ¢) = 1. In Fig. 4, we show the pro-
jection of the x> = 1 solution onto the sin® Gy -A plane for
three different choices of the precision of the backward-angle
measurement. The accuracy of the forward measurement
remains fixed at 0.3%. The covariance ellipses in Fig. 4
suggest that sin’6@y and A are correlated and their corre-
lation decreases with increasing accuracy of the backward
measurement. Moreover, fractional uncertainties are given
by §sin’ 6y /sin’ Oy = £0.39% for 8A,/AYY =10% and
8 sin® Oy / sin? Oy = £0.35% for 8A,/ALY =7%. An even
higher precision of the backward measurement, 3%, results
in a reduction in the uncertainty of the weak mixing angle
to & sin® @y /sin? Oy = £0.32%. At this point, the uncer-
tainty starts being dominated by the forward measurement,
so further improvement to the backward measurement has no
impact on the precision of sin” 6y .

To summarize, we presented an ambitious proposal for a si-
multaneous subpercent determination of the weak charge and
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FIG. 4. The lo-error regions from a fit of two expected measure-
ments at forward and backward angles to the weak mixing angle,
the skin parameter A, and the model parameter ¢. The plot shows
the projection onto the sin® B -A plane. The green, orange, and blue
ellipses correspond to three assumptions for the precision €, of the
backward measurement (10%, 7%, and 3%) whereas the precision of
the forward measurement was always assumed to be 0.3%.

weak radius of '>C using parity-violating electron scattering
at the upcoming MESA facility in Mainz. We demonstrated
that to take full advantage of an unprecedented 0.3% precision
aimed for in the forward kinematical setting of P2 [17], an ad-
ditional 3-7% measurement at a backward angle of 145° will
ensure a largely model-independent extraction of sin” 6 with
a relative precision of 0.32-0.35% and determination of Ryx
within 0.19-0.35% of R.;,. Note that a similar combination of

forward and backward measurements on the proton is planned
as part of the P2 experiment [17], which makes the proposal
presented in this Rapid Communication a viable and attractive
possibility.

Whereas the weak skin of '>C and other symmetric nuclei
does not constrain the nuclear EOS, its exact value will help
quantifying generic isospin symmetry-breaking (ISB) effects.
Coulomb repulsion among the protons inside a nucleus and
other ISB mechanisms lead to a mismatch in the distribution
of neutrons and protons therein. Along with generating the
proton (and weak) skin of symmetric nuclei, ISB contributions
play a major role in the analysis of superallowed nuclear
B decays and the extraction of V,,; [39]. Importantly, in all
pairs of nuclei involved in the known superallowed § transi-
tions, either the parent or the daughter nucleus is symmetric.
Therefore, precise information on weak skins of the (nearly)
symmetric parent and daughter nuclei will have an impact
on the tests of unitarity of the Cabibbo-Kobayashi-Maskawa
matrix and new physics searches with superallowed nuclear
decays.
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