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Description of the superdeformed rotational band in 40Ca with a shell-model-like approach
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The superdeformed rotational band in 40Ca is investigated in the framework of a shell-model-like approach
based on cranking covariant density functional theory, in which the pairing correlations are treated with
conserved particle number. A superdeformed state is obtained at the deformation (β, γ ) = (0.70, 9◦) even
though the depth of the superdeformation minimum is only about 0.2 MeV. With increasing rotational frequency,
the potential around the superdeformed minimum becomes deeper. This indicates that the superdeformed state
becomes more stable with increasing rotational frequency. Besides, the experimental data are well reproduced
by the theoretical calculations with pairing correlations. Pairing correlations are important for the states with
I � 10h̄ in the superdeformed rotational band of 40Ca in reproducing the experimental energy spectrum and
transition quadrupole moments.
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I. INTRODUCTION

Strong nuclear deformations provide an excellent frame-
work to investigate the fundamental properties of quantum
many-body systems. Experiments have provided evidence in
heavy nuclei for the existence of the so-called superdeforma-
tion, i.e., strong deformation with width-to-length ratio of 1 :
2. Since the first experimental evidence of the superdeformed
rotational band in 152Dy [1], more than 300 superdeformed
rotational bands have been identified in different mass regions
[2], making it a hot topic in nuclear structure.

Nowadays, the interest in the investigation of superde-
formation has transferred to the light mass region. There
are many interesting aspects of the superdeformed nuclei
in the light mass region [3]: (i) There exist spherical and
superdeformed magic numbers with similar particle number.
(ii) There exist strong links between the normal (spherical)
and superdeformed states, therefore the assignments of spin
and parity for the superdeformed rotational band are possible.
(iii) This mass region is accessible for various theoretical
models, including antisymmetrized molecular dynamics, shell
model with large configuration, Monte Carlo shell model, and
various density functional theories. Therefore, these nuclei
have become ideal test ground for these models.

One example with the above mentioned features is 40Ca.
As a double-magic nucleus, the ground-state shape of 40Ca is
spherical. Early experimental work has identified the superde-
formed rotational band in 40Ca [3]. Various theoretical inves-
tigations of the superdeformed rotational band in 40Ca were
performed before [4,5] and after this identification [6–10]. In
Ref. [6], both the energies and the transition rates up to spin 6h̄
for the superdeformed rotational band in 40Ca were correctly
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reproduced by the Skyrme density functional with particle
number and angular momentum projection combined with the
generator coordinate method (GCM). The high spin states in
the superdeformed rotational band of 40Ca were well repro-
duced by the cranking density functional theory (DFT), both
relativistic [3,9] and nonrelativistic [10,11]. Large-scale shell-
model (SM) calculations have also been performed [12–16].
In Ref. [16], with dimension reaching 109, large-scale SM
calculations were carried out to describe the observed de-
formed and superdeformed bands. The large-scale SM cal-
culations not only describe the energy levels and the triple
coexistence observed in this nucleus but also predict fairly
accuracy electromagnetic transition probabilities measured in
the decay out of the superdeformed state. The configuration-
dependent cranked Nilsson-Strutinsky approach was used to
investigated shape coexistence and band structure near the
yrast line of the 40Ca in Ref. [17]. Focusing on the 12C + 28Si
molecular bands, the deformed states in 40Ca were investi-
gated with a method of antisymmetrized molecular dynamics
(AMD) and GCM [18,19]. By means of the random phase
approximation (RPA), calculations based on the deformed
and cranked deformed Woods-Saxon potentials as well as
the Skyrme-Hartree-Fock mean field have been done to study
the octupole excitations built on the superdeformed state in
40Ca [20–22]. Using the P + QQ model based on the cranked
Hartree-Fock-Bogoliubov method, investigations were carried
out particularly for cross-shell excitations in the sd and p f
shells, the roles of the g9/2 and d5/2 orbits, the effects of
nuclear pairing, and the interplay between triaxiality and
band termination in Ref. [23]. Besides the band structure, the
potential barriers governing the evolution of a rotating nucleus
40Ca have been determined using a generalized liquid drop
model [24].

As shown in Ref. [3], at low rotational frequencies, dis-
crepancies between experiment and cranking covariant DFT
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(CDFT) calculations emerge, indicating the need for pairing.
In Ref. [9], cranking relativistic Hartree-Bogoliubov (CRHB)
calculations were performed. In these calculations the Lipkin-
Nogami method was employed for an approximate particle
number projection and the Gogny D1S force was used in the
pairing channel. The presence of pairing correlations led to
an additional binding for the low-spin area. The shell-model-
like approach (SLAP) [25,26] is a method that treats pairing
correlations with conserved particle number and blocking
effects exactly by diagonalizing the many-body Hamiltonian
in a many-particle configuration (MPC) space. Since being
promoted in 1983, SLAP has been widely used in different
models. For example, based on the phenomenological crank-
ing Nilsson model, extensive applications to the odd-even
differences in moments of inertia [27,28], identical bands
[29,30], the nuclear pairing phase transition [31], antimag-
netic rotation [32,33], and high-K rotational bands in the
rare-earth [34–40] and actinide nuclei [41–44] have been
performed. Based on the microscopic CDFT, SLAP was first
adopted to study the ground-state properties and low-lying
excited states for Ne isotopes [26]. In Ref. [45], an extension
to include the temperature was implemented to study the
heat capacity. Recently, SLAP has been implemented in the
cranking CDFT and applied to the investigations of the band
crossing mechanism and shape evolution in 60Fe [46] and the
antimagnetic rotation band in 101Pd [47].

In the present paper, the superdeformed rotational band
in 40Ca will be investigated in the framework of SLAP
based on the cranking CDFT (referred to as cranking CDFT-
SLAP). The properties of the superdeformed state in 40Ca
with rotation will also be investigated, and the pairing effect
in the superdeformed rotational band will be explored. The
calculated energy spectra, moments of inertia, and transition
quadrupole moments will be compared with the experimental
data.

The paper is organized as follows. In Sec. II, the theoretical
frameworks for the cranking CDFT and SLAP are briefly
presented. The numerical details are given in Sec. III. In
Sec. IV, the potential energy surface, single-particle levels,
energy spectra, moments of inertia, and transition quadrupole
moments calculated by the cranking CDFT-SLAP are pre-
sented and compared with the data. A short summary is given
in Sec. V.

II. THEORETICAL FRAMEWORK

The effective Lagrangian density for the point-coupling
covariant density functional is written as [48,49]

L = Lfree + L4f + Lhot + Lder + Lem

= ψ̄ (iγμ∂μ − m)ψ

− 1

2
αS (ψ̄ψ )(ψ̄ψ ) − 1

2
αV (ψ̄γμψ )(ψ̄γ μψ )

− 1

2
αTV (ψ̄ �τγμψ )(ψ̄ �τγ μψ )

− 1

3
βS (ψ̄ψ )3 − 1

4
γS (ψ̄ψ )4 − 1

4
γV [(ψ̄γμψ )(ψ̄γ μψ )]2

− 1

2
δS∂ν (ψ̄ψ )∂ν (ψ̄ψ ) − 1

2
δV ∂ν (ψ̄γμψ )∂ν (ψ̄γ μψ )

− 1

2
δTV ∂ν (ψ̄ �τγμψ )∂ν (ψ̄ �τγ μψ )

− 1

4
FμνFμν − e

1 − τ3

2
ψ̄γ μψAμ, (1)

which includes the free nucleon term Lfree, the four-fermion
point-coupling terms L4f , the higher-order terms Lhot re-
sponsible for the medium effects, the gradient terms Lder

simulating the effects of finite range, and the electromagnetic
interaction terms Lem.

To describe the nuclear rotation, the effective Lagrangian
(1) is transformed into a rotating frame with a constant rota-
tional frequency ωx around the x axis [50–52]. The equation of
motion for the nucleons derived from the rotating Lagrangian
is written as

ĥ0ψμ = (ĥs.p. + ĥc)ψμ = εμψμ, (2)

with

ĥs.p. = α · (−i∇ − V ) + β(m + S) + V 0, ĥc = −ωx · ĵx,

(3)

where ĵx = l̂x + 1
2�x is x component of the total angular

momentum of the nucleon spinors, and εμ represents the
single-particle Routhians for nucleons. S(r) and V μ(r) are the
relativistic fields.

The pairing correlations are treated by the shell-model-like
approach. The cranking many-body Hamiltonian with pairing
correlations reads

Ĥ = Ĥ0 + Ĥpair. (4)

The one-body Hamiltonian is written as Ĥ0 = ∑
ĥ0 with ĥ0

given in Eq. (2). The monopole pairing Hamiltonian Ĥpair is
used,

Ĥpair = −G
ξ �=η∑

ξ,η>0

β̂
†
ξ β̂

†
ξ̄
β̂η̄β̂η, (5)

where G is the effective pairing strength, ξ̄ (η̄) labels the time-
reversal state of ξ (η), and ξ �= η means that the self-scattering
for the nucleon pairs is forbidden [26].

The idea of cranking CDFT-SLAP is to diagonalize the
many-body Hamiltonian in a properly truncated MPC space,
which is constructed from the single-particle Routhians from
the cranking CDFT. The MPC |i〉 for an n-particle system can
be constructed as [53]

|i〉 = |μ1μ2 · · · μn〉 = b̂†
μ1

b̂†
μ2

· · · b̂†
μn

|0〉. (6)

|μ〉 denotes the occupied single-particle Routhians obtained
from cranking CDFT. The parity π , signature α, and the cor-
responding configuration energy for each MPC are obtained
from the occupied single-particle Routhians.

The eigenstates for the cranking many-body Hamiltonian
are obtained by diagonalization in the MPC space,

|�〉 =
∑

i

Ci|i〉, (7)
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FIG. 1. The potential energy surface calculated by cranking
CDFT-SLAP at h̄ω = 0.0 MeV for 40Ca. The dot and star denote
the locations of global and superdeformed minima, respectively.
The energy difference between the neighboring contour lines is 0.5
MeV. The red solid line is determined by searching for the energy
minimum in the γ direction.

with Ci the expanding coefficients. The detailed formalisms of
cranking CDFT-SLAP can be found in Ref. [46].

III. NUMERICAL DETAILS

In the present cranking CDFT-SLAP calculations for 40Ca,
the point-coupling density functional PC-PK1 [48] is used in
the particle-hole channel and the monopole pairing interaction
is adopted in the particle-particle channel. The equation of
motion (2) is solved by expanding the Dirac spinor in terms
of the three-dimensional harmonic oscillator basis with 14
major shells. For both neutron and proton, the dimensions
of the MPC space are chosen as 1000, which correspond to
the energy cutoffs Ec ≈ 22 and ≈23 MeV, respectively. The
effective pairing strengths are 1.0 MeV for both neutron and
proton by reproducing the experimental odd-even mass differ-
ences. Increasing the number of major shells from 14 to 16,
the change of the total energy is within 0.1%. Increasing the
dimension of the MPC space from 1000 to 1500 and adjusting
the effective pairing strength accordingly, the change of the
total energy is within 0.1%. In the present calculation, there is
no free parameter.

IV. RESULTS AND DISCUSSION

A. Potential energy surface

To confirm the existence of the superdeformed state in
40Ca, the potential energy surface calculated by the cranking
CDFT-SLAP at h̄ω = 0.0 MeV is plotted in Fig. 1. The red
solid line in the potential energy surface is the adiabatic
energy curve that determined by searching for the energy
minimum in the γ direction.

As can be seen in the potential energy surface, the
ground state of 40Ca is spherical. Apart from that, a superde-
formed minimum is found around the deformation (β, γ ) =
(0.7, 9◦), which is in agreement with the upper limit of the

(a) (b)

FIG. 2. The neutron single-particle energy levels of 40Ca as
functions of the quadrupole deformation β (a) and γ (b). The positive
(negative) parity levels are denoted by red (blue) lines.

experimental data for the superdeformed state in 40Ca, β =
0.59+0.11

−0.07 [3].

B. Single-particle levels

To understand the microscopic mechanism of the shape
evolution better, in Fig. 2, the neutron single-particle energy
levels of 40Ca as functions of the quadrupole deformation β

and γ for the adiabatic potential energy curve are shown.
As can be seen from Fig. 2(a), with the increase of

quadrupole deformation β, the last occupied twofold degen-
erate orbit changes from 1d3/2 at the spherical ground state to
1 f7/2 at the normal deformed state around β ≈ 0.4, and a clear
energy gap can be seen. Therefore, the neutron configuration
for the normal deformed state is 1 f 2

7/21d−2
3/2. With increasing

β, from the normal deformed state to the superdeformed state,
another occupied 1d3/2 orbit changes to 1 f7/2. Hence, the
neutron configuration for the superdeformed state in 40Ca is
1 f 4

7/21d−4
3/2.

As shown in Fig. 2(b), the neutron single-particle energy
levels change smoothly with γ , indicating that the superde-
formed state is soft with γ .

Apart from the Coulomb shift in energy, the proton single-
particle energy levels are similar to those of neutron shown in
Fig. 2. Therefore, the configurations for the normal deformed
and superdeformed states are ν(1 f 2

7/21d−2
3/2) ⊗ π (1 f 2

7/21d−2
3/2)

and ν(1 f 4
7/21d−4

3/2) ⊗ π (1 f 4
7/21d−4

3/2). These are consistent with
famous four-particle–four-hole (4p4h) and eight-particle–
eight-hole (8p8h) configurations [3].

C. Potential energy curve

Next, we take rotation into account. The rotational prop-
erties for the spherical (0p0h), normal deformed (4p4h), and
superdeformed (8p8h) configurations have been investigated
at the rotational frequencies h̄ω = 0.0, 0., 5, 1.0, 1.5, and
2.0 MeV, as functions of the quadrupole deformation β, as
shown in Fig. 3.

At the rotational frequencies h̄ω = 0.0, 0.5, and 1.0 MeV,
the energy differences between the global and local minima

014321-3



F. WANG, Z. SHI, AND X. W. XIA PHYSICAL REVIEW C 102, 014321 (2020)

FIG. 3. The potential energy curve for the spherical (0p0h),
normal deformed (4p4h), and superdeformed (8p8h) configurations
at rotational frequencies h̄ω = 0.0, 0.5, 1.0, 1.5, and 2.0 MeV, as
functions of quadrupole deformation β.

are 10.2, 12.0, and 16.6 MeV, respectively. At the rotational
frequencies h̄ω = 1.5 and 2.0 MeV, the energy differences
between the global and local minima are 4.3 and 9.5 MeV,
respectively. With increasing rotational frequency, the global
minimum changes from spherical to normal deformed. For
the superdeformed state, the depth of the superdeformed
minimum is only about 0.2 MeV at h̄ω = 0.0 MeV. With
increasing rotational frequency, the potential around the su-
perdeformed minimum will become deeper, indicating that the
superdeformed state will become more stable.

D. Single-particle Routhian

In order to analyze the superdeformed state under rotation,
the neutron single-particle Routhians for the superdeformed
state in 40Ca as functions of the rotational frequency are
shown in Fig. 4.

As shown in Fig. 4, the superdeformation configuration
remains unchanged with increasing rotational frequency. A
clear energy gap above N = 20 is seen. With increasing
rotational frequency, the energy gap increases from about
2.9 MeV at h̄ω = 0.0 MeV to about 3.5 MeV at h̄ω =
2.0 MeV. This indicates that, in the present frequency region,
the superdeformed state will become more stable with increas-
ing rotational frequency. This is consistent with the potential
energy curve of the superdeformed state shown in Fig. 3.

E. Comparison with the experimental data

To show the importance of pairing correlations, the cal-
culated energy spectrum, moments of inertia, and transition
quadrupole moments by cranking CDFT-SLAP with and with-
out pairing correlations are compared with the available data
and results from other methods.

FIG. 4. The neutron single-particle Routhians for the superde-
formed state in 40Ca as functions of rotational frequency h̄ω. The
positive (negative) parity levels are denoted by red (blue) lines. The
signature α = +1/2 (−1/2) levels are denoted by solid (dashed)
lines.

1. Energy spectrum and pairing energy

In Fig. 5(a), the energy spectra as functions of spin for
the superdeformed rotational band in 40Ca calculated by
cranking CDFT-SLAP with and without pairing are com-
pared with the available data [3] and the cranking relativistic
mean-field (CRMF) results with the NL3 effective interac-
tion [3]. It is noted that the I = 16h̄ state is taken as a
reference.

Clearly, the calculations with pairing correlations repro-
duce the experimental data well. When the pairing corre-
lations are switched off, the deviations between the data
and theoretical results emerge. The bandhead energy for the
superdeformed (SD) band from the calculations with pair-
ing correlations is about −335 MeV, 10 MeV higher than
the ground state. This may be because the ground state of
40Ca calculated by cranking CDFT-SLAP is overbounded.
The calculations without pairing correlations overestimate the
experimental data by about 3 MeV at I = 0h̄. The calculations
without pairing correlations are consistent with the CRMF
results [3]. It is seen that pairing correlations are important
for the states with I � 10h̄ in reproducing the data. With in-
creasing rotational frequency, the results with pairing become
closer to those without pairing. Therefore, pairing correlations
are important in reproducing the experimental energy spectra,
especially for the low-spin regions.

To show the pairing effects more directly, the neutron and
proton pairing energies as functions of spin are shown in
Fig. 5(b). As can be seen, both the neutron and proton pairing
energies change smoothly from about −4 MeV at I = 0h̄ to
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(a)

(b)

FIG. 5. The energy spectra calculated by the cranking CDFT-
SLAP with and without pairing (a) and pairing energies (b) as
functions of spin for the SD band in 40Ca. The available data [3] and
cranking relativistic mean-field (CRMF) results [3] are also shown
for comparison. The I = 16h̄ state is taken as a reference.

−0.5 MeV at I = 17h̄. The behaviors of the pairing energies
as functions of spin for the neutron and proton are similar,
since the neutron and proton configurations are the same and
the single-particle levels around neutron and proton Fermi
levels are similar.

2. Moments of inertia

The effects of pairing correlations can be seen more clearly
from the moment of inertia (MOI). The kinematic MOI �(1)

and dynamic MOI �(2) are calculated through the following
forms:

�(1) = 〈�|Ĵx|�〉
ω

, �(2) = d

dω
〈�|Ĵx|�〉. (8)

The calculated kinematic MOI �(1) and dynamic MOI �(2)

with and without pairing correlations are compared with
the experimental data and CRMF results in Fig. 6. The
experimental �(1) and �(2) can be extracted from the ob-
served energies of the γ transitions with the following
relations [54]:

�(1)(I ) = 2I − 1

Eγ (I → I − 2)
h̄2 MeV−1,

defined at h̄ω = 1

2
Eγ (I → (I − 2)) MeV (9)

(a)

(b)

FIG. 6. The kinematic moment of inertia �(1) (a) and dynamic
moment of inertia �(2) (b) as functions of the rotational frequency
for the SD band in 40Ca calculated by cranking CDFT-SLAP with
and without pairing, in comparison with the available data [3] and
cranking relativistic mean-field (CRMF) results [3].

and

�(2)(I )= 4

Eγ ((I + 2)→ I )−Eγ (I → (I−2))
h̄2 MeV−1;

defined at h̄ω = 1

4
[Eγ ((I+2) → I )

+ Eγ (I → (I − 2))] MeV. (10)

Eγ is in units of MeV.
For �(1), as shown in Fig. 6(a), the experimental data

are well reproduced by the calculations with pairing corre-
lations. For the calculations without pairing correlations, the
calculated �(1) are higher than the data, especially in the
low-frequency regions. With increasing rotational frequency,
the discrepancies between the calculations with and without
pairing correlations are decreased because of the antipairing
effect of the Coriolis interaction. The CRMF results are about
5% smaller than the �(1) without pairing correlations.

For �(2), as shown in Fig. 6(b), the calculations with and
without pairing correlations as well as the CRMF results [3]
change smoothly with rotational frequency. The experimental
data are oscillating with rotational frequency; this may come
from the configuration mixing with the normal deformed
band [3].

3. Transition quadrupole moments

Another important aspect is the transition characters. In
Fig 7, the calculated transition quadrupole moment Qt (a)
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(a)

(b)

FIG. 7. The transition quadrupole moment Qt (a) and B(E2)
transition probabilities as functions of spin for the SD band in 40Ca
calculated by cranking CDFT-SLAP with and without pairing, in
comparison with the available data [3,55,56] and the large-scale SM
[16] results. The SM (full) in the legend means the SM calculations
in the full r2 p f space, while SM (fixed) means the SM calculations
in the r2 p f valence space at fixed 8p8h configuration.

and B(E2) (b) transition probabilities are compared with the
available data [3,55,56] and large-scale SM calculations [16].

In Fig. 7(a), it can be seen that the cranking CDFT-SLAP
calculations without pairing predict a nearly constant Qt ,
around 2.0 eb, with increasing spin. The cranking CDFT-
SLAP reproduces the available data well within the large
experimental error bars. When taking pairing correlations into
account, the Qt values at low spin are decreased, since the
pairing correlations reduce the quadrupole deformation. The
agreement between the calculations with pairing correlations
and the experimental data is improved, especially the increas-
ing behavior from I = 4h̄ to I = 6h̄. However, both results
are higher than the center values of experimental data. This

indicates that the cranking CDFT-SLAP calculations predict
larger deformation. Unlike the results from cranking CDFT-
SLAP, a quickly decreasing behavior is seen in the large-scale
SM calculations with a fixed nh̄ω, i.e., SM (fixed), while a
large reduction of the transition quadrupole moments of the
three upper transitions is seen in the SM (full) calculations.
The agreement between the measured data and results from
cranking CDFT-SLAP and SM (fixed) calculations suggests
that the SD band is of rather pure 8p8h character.

In Fig. 7(b), the B(E2) transition probabilities of the
SD band in 40Ca calculated by cranking CDFT-SLAP are
compared with the large-scale SM calculations. The cranking
CDFT-SLAP calculations predict gradual decreasing trends
for the B(E2) values as functions of spin. While trends are
much different in the large-scale SM calculation. The B(E2)
values increase until 8h̄, then decrease. To verify such differ-
ences, more experimental data are needed.

V. SUMMARY

In summary, the superdeformed rotational band in the
doubly-magic nucleus 40Ca has been investigated in the
framework of a shell-model-like approach based on cranking
covariant density functional theory, in which the pairing cor-
relations are treated with conserved particle number.

A superdeformed minimum is obtained at the deformation
(β, γ ) = (0.70, 9◦) even though the depth of the superde-
formed minimum is only about 0.2 MeV. With increasing
rotational frequency, the potential around the superdeformed
minimum becomes deeper, therefore the superdeformed state
becomes more stable. The experimental energy spectra, mo-
ments of inertia, as well as the transition quadrupole moments
of the superdeformed rotational band in 40Ca are well repro-
duced by microscopic and self-consistent calculations with
pairing correlations. Pairing correlations are important for the
states with I � 10h̄ in the superdeformed rotational band of
40Ca in reproducing the experimental energy spectrum and
transition quadrupole moments.
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