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Second-forbidden nonunique β− decays of 24Na and 36Cl assessed by the nuclear shell model
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We have performed a systematic study of the log f t values, shape factors, and electron spectra for the
second-forbidden nonunique β− decays of 24Na(4+) →24Mg(2+) and 36Cl(2+) →36Ar(0+) transitions under
the framework of the nuclear shell model. We have performed the shell model calculations in the sd model
space, using more recent microscopic effective interactions such as Daejeon16, chiral N3LO, and JISP16. These
interactions are derived from the no-core shell model wave functions using Okubo-Lee-Suzuki transformation.
For comparison, we have also shown the results obtain from the phenomenological USDB interaction. To test the
predictive power of these interactions first we have computed low-lying energy spectra of parent and daughter
nuclei involved in these transitions. The computed results for energy spectra, nuclear matrix elements, log f t
values, shape factors, electron spectra, and decomposition of the integrated shape factor are reported and compare
with the available experimental data.
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I. INTRODUCTION

β decay plays an important role in astrophysics, e.g., for
the r process [1]. In the nuclear chart, there are selected candi-
dates for double-β decays, but on the other hand there are sev-
eral potential candidates known for forbidden β decay. Out of
these, only around 27 possible candidates of second-forbidden
nonunique β decay are observed, as reported in Ref. [2].
Recently, a new candidate was observed corresponding to
second-forbidden nonunique decay of 20F(2+) → 20Ne(0+)
from ground-state-to-ground-state transition [3–5]. This study
could change our understanding of the fate of intermediate-
mass stars. A comprehensive review on the theoretical and ex-
perimental status of single- and double-β decay was recently
reported in Ref. [6].

In β decay, based on the value of angular momentum (l)
we can characterize any decay as allowed or forbidden. The
l = 0 decays are called “allowed” while the l > 0 decays
are called “forbidden.” Further, we can divide decays as
forbidden unique (FU) and forbidden nonunique (FNU). In the
case of FU, the total angular momentum K = l + 1, whereas
in FNU decay K = l . The β decay half-life of the fourth-
forbidden nonunique decay of 50V using the nuclear shell
model is reported in Ref. [7]. The fourth-forbidden nonunique
ground-state-to-ground-state β− decay branches of 113Cd and
115In using the microscopic quasiparticle-phonon model and
the nuclear shell model are reported in Refs. [8,9]. Also in
these references the half-life method [8] and spectrum-shape
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method (SSM) [9] are reported to extract the value of axial-
vector coupling constant gA.

Studies of forbidden β decay using the nuclear shell model
with phenomenological interactions are available in the liter-
ature. With the recent progress in the ab initio approaches for
nuclear structure study, it is highly desirable to see how these
interactions are able to predict nuclear observables such as
forbidden β decay. Recently, shell model results for allowed β

decay properties of sd , f p, and f pg shell nuclei were reported
by us in Refs. [10–13].

In the present work, our aim is to study second-forbidden
nonunique β− transitions of 24Na(4+) → 24Mg(2+) and
36Cl(2+) → 36Ar(0+) using ab initio interactions. β-decay
transitions in these nuclei have been calculated and compared
with the available experimental data to test the quality of the
ab initio interaction wave functions. A theoretical attempt
has been made in the past to calculate the β decay transition
observable of 36Cl [14]. However, no theoretical estimate is
found in the literature for the β decay of 24Na and also no
experimental shape factors and electron spectra are found in
the literature. Thus, our theoretical predictions for the β decay
of 24Na are useful for the future experiments. In this work, we
have computed the log f t values, shape factors, and electron
spectra of these branches. We have constrained the relativistic
nuclear matrix element based on conserved vector current
(CVC) theory and tested the role of this matrix element in
the shape factors and electron spectra. In order to test our
computed wave functions, first we computed the low-lying
energy spectra of 24Na, 24Mg, 36Cl, and 36Ar and compared
them with the available experimental energy spectra [15].

This article is organized as follows. In Sec. II we give a
short overview of the theoretical formalism for the β− decay
and details about microscopic effective interactions. Results
and discussions corresponding to low-lying energy spectra,
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nuclear matrix elements, log f t values, shape factors, electron
spectra, and decomposition of the integrated shape factors
are reported in Sec. III. Finally, in Sec. IV we draw the
conclusions.

II. THEORETICAL FORMALISM

In Sec. II A we discuss the theory of forbidden β− decay
and the shape of the electron spectra. Section II B give the
details about the valence space and microscopic effective
interactions used in the present work.

A. β decay theory

The full details of formalism for both allowed and forbid-
den types of the β decay are available in the literature by
Behrens and Bühring [16] (see also Ref. [17]). The general-
ized framework of the forbidden nonunique β decay theory
is available in Refs. [9,18,19]. When the β decay process is
described as a pointlike interaction vertex with an effective
Fermi coupling constant GF, the probability of the electron
emission in the kinetic energy interval We and We + dWe is
expressed as

P(We)dWe = G2
F

(h̄c)6

1

2π3h̄
C(We)

× pecWe(W0 − We)2F0(Z,We)dWe. (1)

Where the C(We) is the shape factor containing the nuclear
structure information, and W0 is the endpoint energy of the β

spectrum. The factor F0(Z,We) is the Fermi function, which
takes into account Coulombic interaction between the daugh-
ter nucleus and β particle, and Z is the proton number of the
final nucleus. Furthermore, pe and We are the momentum and
energy of the emitted electron, respectively.

The partial half-life of the β decay is expressed as

t1/2 = ln(2)∫ W0

mec2 P(We)dWe

, (2)

where me is the mass of the electron. For convenience, Eq. (2)
can be expressed in the form

t1/2 = κ

C̃
, (3)

where C̃ is the unitless integrated shape factor, and the con-
stant κ has the value

κ = 2π3h̄7 ln(2)

m5
ec4(GF cos θC)2

= 6147 s, (4)

where θC is the Cabibbo angle and the usual dimensionless
kinematics quantities are defined as w0 = W0/mec2, we =
We/mec2, and p = pec/mec2 = √

(w2
e − 1). Then the dimen-

sionless integrated shape factor C̃ can be expressed as

C̃ =
∫ w0

1
C(we)pwe(w0 − we)2F0(Z,we)dwe. (5)

The comparative half-life, or the f t value, is obtained by mul-
tiplying the partial half-life with the following dimensionless

integrated Fermi function:

f0 =
∫ w0

1
pwe(w0 − we)2F0(Z,we)dwe, (6)

but f t values are usually large, so they are normally expressed
in term of “log f t” values [20]. The log f t value is defined as

log f t = log10( f0t1/2[s]). (7)

The shape factor C(we) in Eq. (5) for pure Gamow-Teller
transition is defined as

C(we) = g2
A

2Ji + 1
|MGT|2, (8)

where the Ji is the angular momentum of the initial state,
gA is the axial-vector coupling constant, and the MGT is the
Gamow-Teller nuclear matrix element [20], which is defined
as

MGT ≡ (ξ f J f ‖σ‖ξiJi )

=
∑

pn

MGT(pn)(ξ f J f ‖[c†
pc̃n]1‖ξiJi ), (9)

where MGT(pn) are the single-particle matrix elements
(SPMEs). In case of forbidden nonunique β decay, the form
of the shape factor C(we) in Eq. (5) is defined as

C(we) =
∑

ke,kν ,K

λke

[
MK (ke, kν )2 + mK (ke, kν )2

− 2γke

kewe
MK (ke, kν )mK (ke, kν )

]
, (10)

where the indices ke and kν (ke, kν = 1, 2, 3, . . . ) are positive
integers, which are emerging from the partial-wave expansion
of the lepton wave functions and K is the order of forbid-
denness of the transition. The nuclear structure information is
contained in the quantities MK (ke, kν ) and mK (ke, kν ), which
are complicated combinations of different nuclear matrix el-
ements (NMEs) and leptonic phase-space factors. The factor
λke is the Coulomb function and is expressed as

λke = Fke−1(Z,we)

F0(Z,we)
, (11)

where Fke−1(Z,we) is the generalized Fermi function [9,18],
which is expressed as

Fke−1(Z,we) = 4ke−1(2ke)(ke + γke )[(2ke − 1)!!]2eπy

×
(

2peR

h̄

)2(γke −ke )( |�(γke + iy)|
�(1 + 2γke )

)2

. (12)

The auxiliary quantities are defined as γke = [k2
e −

(αZ )2]1/2 and y = (αZwe/pec), where α = 1/137 is the fine
structure constant.

The nuclear matrix elements (NMEs) are given by
V/AM(N )

KLS (pn)(ke, m, n, ρ)

= 1√
2Ji + 1

∑
pn

V/Am(N )
KLS (pn)(ke, m, n, ρ)(ψ f ‖[c†

pc̃n]‖ψi ).

(13)
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FIG. 1. Comparison of calculated and experimental [15] low-lying energy spectra for positive parity states of 24Na and 24Mg from
microscopic and USDB interactions.

The nuclear matrix elements are divided in two parts:
the first part V/Am(N )

KLS (pn)(ke, m, n, ρ) is called the single-
particle matrix element and the second part (ψ f ‖[c†

pc̃n]‖ψi )
is the reduced one-body transition density (OBTD) between
the initial (i) and final ( f ) nuclear states. The single-particle
matrix elements characterize the properties of the transition
operators, so they are the same for all nuclear models. But
the OBTDs are nuclear model dependent. In the present work
the SPMEs are calculated using harmonic-oscillator wave
functions (see Refs. [9,18]). The summation of Eq. (13) runs
over the proton (p) and neutron (n) single-particle states.

The shape factor C(we) (10) can be decomposed into vec-
tor, axial-vector, and mixed vector–axial-vector components
[8,9,21–23] in the form

C(we) = g2
V CV (we) + g2

ACA(we) + gV gACVA(we). (14)

After the integration of Eq. (14) with respect to electron
kinetic energy, we get an expression analogous to Eq. (5) for
the integrated shape function C̃:

C̃ = g2
V C̃V + g2

AC̃A + gV gAC̃VA. (15)

In Eq. (14) the shape factors Ci are functions of the electron
kinetic energy, while the integrated shape factors C̃i in Eq. (15)
are just constant numbers.

B. ADOPTED MODEL SPACE AND HAMILTONIANS

In the present work shell model calculations for the low-
lying energy spectra, log f t values, shape factors, and electron
spectra of the β− decay branches of 24Na and 36Cl were
performed in the sd model space. In this framework we have
calculated the OBTDs related to the NMEs of the shape factor.
For the sd model space, we have used the three microscopic
effective interactions DJ16A [24], JISP16 [25], and N3LO
[25]. These interactions are obtained from the no-core shell
model (NCSM) wave functions via the Okubo-Lee-Suzuki
(OLS) unitary transformation [26–28]. We have also com-
pared our results with the phenomenological USDB effective
interaction [29]. The interaction “DJ16” [24] is obtained from

the Daejeon16 NN potential [30]. After the monopole modi-
fication of DJ16, the interaction is labeled as “DJ16A” [24].
In this work, we have used the DJ16A interaction for further
calculations. The OBTDs for NMEs were computed by the
shell model code NUSHELLX [31]. For the evaluation of the
many-body matrix elements, we have used the single-particle
matrix element expression given in Ref. [16]. In our shell
model calculations, we have used the single-particle matrix
elements in the Condon-Shortley [32] phase convention.

III. RESULTS AND DISCUSSION

In this section we present our calculated results of low-
lying energy spectra, nuclear matrix elements, log f t values,
shape factors, electron spectra, and decomposition of the
integrated shape factors for the second-forbidden nonunique
β− transitions of 24Na(4+) → 24Mg(2+) and 36Cl(2+) →
36Ar(0+).

Previously, the log f t values and shape factors of the
second-forbidden β decay of 36Cl [14] have been reported
by applying two different nuclear models: with pure 1d3/2 →
1d3/2 transitions and using the shell model with sd shell
configuration space.

Recently, much progress has been achieved in developing
modern effective interactions for the shell model calculations.
Thus we have revisited the calculation for 36Cl and also for
the first time for 24Na with recently developed microscopic
(DJ16A, N3LO, and JISP16) and phenomenological (USDB)
interactions in the sd model space. Our results for 24Na will
be useful when compared with upcoming experimental data.

Below we have presented low-lying energy spectra (Figs. 1
and 2), nuclear matrix elements (Tables I and III), log f t
values (Table II and IV), shape factors, and electron spectra
(Figs. 3 and 4). The low-lying energy spectra are discussed
in Sec. III A. The β decay nuclear matrix elements and
log f t values are discussed in Sec. III B. Results of the shape
factors and electron spectra are presented in Sec. III C. De-
composition of the integrated shape factor are discussed in
Sec. III D.
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FIG. 2. Comparison of calculated and experimental [15] low-lying energy spectra for positive parity states of 36Cl and 36Ar from
microscopic and USDB interactions.

A. Low-lying energy spectra

In Fig. 1, we show the low-lying energy spectra of 24Na
and 24Mg. In the case of 24Na, the ground state (g.s.) 4+ is
correctly reproduced by USDB interaction, while the other
microscopic effective interactions N3LO and JISP16 give 2+
as a g.s., and DJ16A predicts the g.s. as 1+. The low-energy
spectrum of the well known sd-shell rotor nucleus 24Mg is
already shown in Ref. [24] for all the interactions that we
have used in the present work. For 24Mg, the 0+

g.s. and 2+
1 are

relatively well described by all the interactions. The computed
2+

1 state is obtained at 1.213, 1.310, 1.231, and 1.502 MeV
corresponding to DJ16A, JISP16, N3LO, and USDB, respec-
tively, while the corresponding experimental value is 1.369
MeV. The theoretical low-lying energy spectra of 36Cl and
36Ar are shown in Fig. 2 in comparison with the experimental
data. The g.s. is correctly reproduced by the microscopic
(DJ16A, JISP16, and N3LO) and USDB interactions for 36Cl
and 36Ar. For 36Cl, the order of 3+

1 and 1+
1 states is correctly

reproduced from the JISP16, N3LO, and USDB interactions
as in the experimental data, while the DJ16A interaction
inverts the order of these states. In the case of 36Ar, the
calculated 2+

1 state values from the DJ16A, JISP16, N3LO,
and USDB interactions are close to the experimental data. So,
in general, the comparison of the computed low-lying energy
levels shows good agreement with the experimental data for
24Na, 36Cl, and 36Ar. In the present work we have taken Q
values from the experimental data [15] for further calculations
listed in Tables II and IV.

TABLE I. Calculated Gamow-Teller matrix elements of the al-
lowed β− decays from the g.s. (4+) of 24Na to the excited states in
24Mg from microscopic and USDB effective interactions.

|MGT|
Transitions USDB DJ16A N3LO JISP16 Expt.

4+ → 3+
1 0.1859 0.1982 0.2274 0.2108 0.1179

4+ → 4+
1 0.2663 0.0441 0.1069 0.0839 0.2072

B. Nuclear matrix elements and log f t values

The nuclear matrix elements contain the nuclear-structure
information. The Gamow-Teller matrix elements MGT cal-
culated from the microscopic and USDB interactions for the
allowed β− decays of 24Na(4+) → 24Mg(3+

1 , 4+
1 ) transitions

are presented in Table I with comparison to the experimental
data. The experimental MGT value is obtained from the
log f t [15] values corresponding to the axial-vector coupling
constant gA = 1.00. In the present work, we have calculated
these matrix elements by using OBTDs corresponding to all
microscopic and USDB interactions. After that, we compare
the calculated MGT with the experimental data. For both
allowed transitions, the calculated MGT values from USDB
are close to the experimental data as compared to the micro-
scopic interactions. In the case of the 24Na(4+) → 24Mg(4+

1 )
transition, our calculated value of MGT (0.0441) from DJ16A
is very small in comparison with the experimental data.

The calculated log f t values of allowed β− decays of
24Na(4+) → 24Mg(3+

1 , 4+
1 ) transitions are presented in Ta-

ble II in comparison to the experimental data. For the cal-
culation, we have used the axial-vector coupling constants
gA = 1.00 and gA = 1.27. For the transition 4+ → 3+

1 , the
calculated log f t values for gA = 1.00 are in nice agreement
with the experimental values corresponding to USDB, also all
other microscopic effective interactions are in a reasonable
agreement. However, in the case of the 4+ → 4+

1 transition,
the calculated log f t value from DJ16A is larger in com-
parison with the experimental data, but those from other
interactions are close to the experimental data with both gA

values.
For the second-forbidden nonunique β− decays of

24Na(4+) → 24Mg(2+) and 36Cl(2+) → 36Ar(0+), the com-
puted NMEs from different microscopic and USDB effec-
tive interactions are presented in Table III. The relativistic
matrix element VM(0)

211 is becoming identically zero due to
the limitation of our 0h̄ω sd-shell calculations for harmonic-
oscillator wave functions. To get the value of the VM(0)

211
matrix element nonzero we need to perform shell model
calculations in the multi-h̄ω excitations. However, here we
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FIG. 3. Theoretical shape factors (left panels) and electron spectra (right panels) for second-forbidden β− decay of 36Cl(2+) → 36Ar(0+)
as functions of electron kinetic energy for different cases. The dashed vertical lines indicate the end-point energy for forbidden (Qforbidden)
decay. The areas under each curve is normalized to unity.
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FIG. 4. Theoretical shape factors (left panels) and electron spectra (right panels) for second-forbidden β− decay of 24Na(4+) → 24Mg(2+)
as functions of electron kinetic energy for different cases. The dashed vertical lines indicate the end-point energy for forbidden (Qforbidden)
decay. The area under each curve is normalized to unity.
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TABLE II. Calculated log f t values of the allowed β− decays from g.s. (4+) of 24Na to the excited states in 24Mg from the microscopic
and USDB effective interactions.

log f t (gA = 1.00) log f t (gA = 1.27)

Transitions Q (MeV) BR (%) USDB DJ16A N3LO JISP16 USDB DJ16A N3LO JISP16 Expt.

4+ → 3+
1 0.280 0.076 6.205 6.149 6.029 6.095 5.997 5.941 5.822 5.888 6.60(2)

4+ → 4+
1 1.392 99.855 5.892 7.454 6.685 6.896 5.685 7.247 6.478 6.688 6.11(1)

follow a different approach to calculate the VM(0)
211 matrix

element. We have used an approach based on CVC theory,
since we have an experimental partial half-life, so we keep
the value of coupling constants gV = gA = 1.0 and try to re-
produce the value of the experimental partial half-life by vary-
ing the matrix element VM(0)

211. The VM(0)
211 matrix element

obtained with this approach is labeled as “VM(0)
211(CVC)” in

Table III.
The axial-vector matrix elements AM(0)

221,
AM(0)

221(1, 1, 1, 1), AM(0)
221(2, 1, 1, 1), and AM(0)

321 could be
affected by the quenching of axial-vector coupling constant
gA. The affected value of the Gamow-Teller transition matrix
element by the quenching of the axial coupling constant was
observed in [33]. From a recent study of the second-forbidden
nonunique β decay of 20F, the effect of the quenching of the
axial-vector coupling constant in axial-vector matrix elements
is reported in Refs. [3,4]. Here, we will use the value of the
axial-vector coupling constant for the two different cases:

either the bare value of gA = 1.27 or the quenched value of
gA = 1.00.

In Table IV, we presented the log f t values for the second-
forbidden nonunique β− decays of 24Na and 36Cl calculated
with different microscopic and phenomenological interactions
in comparison with the experimental data, and the values of
coupling constants are taken as gA = 1.27 and gV = 1.00 for
the calculations. The results with the pure shell model are
labeled as “SM,” and those constrained by experimental infor-
mation are labeled as “SM + CVC.” The prediction of log f t
values with SM is far from the experimental data. However,
the agreement between the calculation with “SM+CVC” and
the experimental value came out to be very satisfactory.

C. Shape factors and electron spectra

In Figs. 3 and 4, we have shown the shape factors (left
panels) and β spectra (right panels) of the second forbidden

TABLE III. Calculated leading-order nuclear matrix elements (NMEs) of the second-forbidden nonunique β− decays of 24Na and 36Cl are
from microscopic and USDB interactions. The Coulomb-corrected NMEs are indicated by (ke, m, n, ρ), when such elements exist.

Nuclear
24Na(4+) → 24Mg(2+)

matrix elements USDB DJ16A N3LO JISP16

VM(0)
211(CVC) 0.023790±0.0001 −0.018446±0.0002 −0.020217±0.0001 −0.019636±0.0001

VM(0)
220 0.431273 −0.131891 −0.237936 −0.187614

VM(0)
220(1, 1, 1, 1) 0.530979 −0.123441 −0.264185 −0.203108

VM(0)
220(2, 1, 1, 1) 0.509588 −0.110404 −0.247587 −0.189152

AM(0)
221 −0.430287 −0.482638 −0.219655 −0.294803

AM(0)
221(1, 1, 1, 1) −0.524687 −0.577264 −0.287289 −0.370261

AM(0)
221(2, 1, 1, 1) −0.502493 −0.550486 −0.279212 −0.356859

AM(0)
321 −1.459626 −0.758772 −0.067127 −0.050213

Nuclear
36Cl(2+) → 36Ar(0+)

matrix elements USDB DJ16A N3LO JISP16

VM(0)
211(CVC) −0.029375±0.0005 −0.015943±0.0010 −0.022497±0.0008 −0.007451±0.0009

VM(0)
220 −5.892542 −3.483430 −4.705624 −5.057782

VM(0)
220(1, 1, 1, 1) −7.250832 −4.357072 −5.796787 −6.225284

VM(0)
220(2, 1, 1, 1) −6.955989 −4.195245 −5.562475 −5.972497

AM(0)
221 −1.249043 −2.025348 −1.716437 −1.644994

AM(0)
221(1, 1, 1, 1) −1.496326 −2.412741 −2.062063 −1.979877

AM(0)
221(2, 1, 1, 1) −1.426626 −2.297321 −1.967308 −1.889710
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TABLE IV. Calculated log f t values of the second-forbidden nonunique β− decays of 24Na and 36Cl from the shell model and after
constraining the matrix element VM(0)

211 from experimental data. For the log f t calculations we have used the values of coupling constants
gV = 1.00 and gA = 1.27. The experimental data have been taken from [15].

log f t(SM)

Transitions Type Q (MeV) BR (%) USDB DJ16A N3LO JISP16 Expt.

24Na(4+) → 24Mg(2+) 2nd nonunique forbidden 4.147 0.064 12.237 12.881 14.227 13.958 11.340(4)
36Cl(2+) → 36Ar(0+) 2nd nonunique forbidden 0.710 98.1 12.635 13.978 13.120 12.976 13.321(3)

log f t(SM+CVC)

Transitions Type Q (MeV) BR (%) USDB DJ16A N3LO JISP16 Expt.
24Na(4+) → 24Mg(2+) 2nd nonunique forbidden 4.147 0.064 11.367 11.331 11.346 11.342 11.340(4)
36Cl(2+) → 36Ar(0+) 2nd nonunique forbidden 0.710 98.1 13.221 13.108 13.153 13.555 13.321(3)

nonunique β− decays of 36Cl and 24Na. The second-forbidden
nonunique β decay of 36Cl is predicted with a strong
branching ratio of 98.1%, while that of 24Na is predicted with
a weak branching ratio less than 1%. These figures represent
the shape factor of Eq. (10) and β spectrum corresponding to
the integrand of Eq. (5) as a function of electron kinetic energy
for different microscopic and USDB effective interactions.
For all these calculations of second-forbidden nonunique β

decay of 24Na and 36Cl, we have used the experimentally

measured Q values 4147 and 709.547 keV, respectively.
We have calculated the shape factor by including only the
leading-order terms, and the value of vector coupling constant
gV = 1.00 was adopted from the CVC hypothesis. We present
in the figures the purely theoretical results from the shell
model interactions, labeled with the name of the interaction,
and those constrained from experimental information labeled
with the name of the interaction and “+CVC,” for quenched
(gA = 1.00) and bare (gA = 1.27) cases. The areas under both

TABLE V. The dimensionless integrated shape factors C̃ for the studied transitions, and their decompositions to vector C̃V , axial-vector C̃A,
and vector–axial-vector C̃VA parts. For the calculation of total integrated shape factor C̃ we have taken gV = gA = 1.0.

24Na(4+) → 24Mg(2+)(SM)

Interactions C̃V C̃A C̃VA C̃

USDB 1.3982 × 10−6 3.6829 × 10−6 1.7841 × 10−6 6.8653 × 10−6

DJ16A 9.8078 × 10−8 1.6952 × 10−6 −5.1005 × 10−7 1.2833 × 10−6

N3LO 3.7996 × 10−7 2.2572 × 10−7 −5.0839 × 10−7 9.7291 × 10−8

JISP16 2.2998 × 10−7 3.7051 × 10−7 −5.0759 × 10−7 9.2903 × 10−8

24Na(4+) → 24Mg(2+)(SM+CVC)

Interactions C̃V C̃A C̃VA C̃

USDB 8.3097 × 10−5 3.6829 × 10−6 −1.3924 × 10−5 7.2856 × 10−5

DJ16A 5.8298 × 10−5 1.6952 × 10−6 1.2868 × 10−5 7.2861 × 10−5

N3LO 6.5792 × 10−5 2.2572 × 10−7 6.8432 × 10−6 7.2861 × 10−5

JISP16 6.3828 × 10−5 3.7051 × 10−7 8.6647 × 10−6 7.2864 × 10−5

36Cl(2+) → 36Ar(0+)(SM)

Interactions C̃V C̃A C̃VA C̃

USDB 6.0691 × 10−9 3.1198 × 10−10 −2.7292 × 10−9 3.6519 × 10−9

DJ16A 2.1890 × 10−9 8.1048 × 10−10 −2.6419 × 10−9 3.5761 × 10−10

N3LO 3.8787 × 10−9 5.9273 × 10−10 −3.0074 × 10−9 1.4641 × 10−9

JISP16 4.4736 × 10−9 5.4657 × 10−10 −3.1016 × 10−9 1.9186 × 10−9

36Cl(2+) → 36Ar(0+)(SM+CVC)

Interactions C̃V C̃A C̃VA C̃

USDB 4.0126 × 10−10 3.1198 × 10−10 −7.7968 × 10−11 6.3528 × 10−10

DJ16A 1.4791 × 10−10 8.1048 × 10−10 −3.2311 × 10−10 6.3528 × 10−10

N3LO 2.5097 × 10−10 5.9273 × 10−10 −2.0843 × 10−10 6.3527 × 10−10

JISP16 2.2999 × 10−9 5.4657 × 10−10 −2.2112 × 10−9 6.3528 × 10−10
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the theoretical and experimental curves are normalized to
unity.

For the shape factor and β spectrum of 36Cl, we have
done a comparison with the available experimental data due
to Rotzinger et al. [34] and with the theoretical results of
Sadler et al. [14]. In the case of 36Cl, the shape factor
calculated with the matrix element VM(0)

211 = 0 yields a poor
agreement in comparison to the experimental shape factor.
After constraining this matrix element with the experimental
half-life, the shape factor and electron spectra are consis-
tent with the experimental data. The electron spectra from
“DJ16A+CVC+Quenched” are perfectly matched with the
experimental electron spectra. This means that the shape
factor and electron spectra strongly depend on the matrix
element VM(0)

211. But in the case of the JISP16 interaction,
we have not obtained a good number of this matrix element
from the experimental half-life method. We have obtained the
value of the matrix element VM(0)

211 = −0.007451 ± 0.0009
for the JISP16 interaction; it is too small as compared to other
interactions.

In Fig. 4, we have presented the shape factor and β

spectrum of 24Na from a pure shell model calculation with
quenched and unquenched cases. In the pure shell model
calculations, the shape-factor and β-spectrum curves depend
strongly on the quenching value of gA. After CVC constrain-
ing the matrix element VM(0)

211, we find that the shape factor
and β spectrum are independent of the value of gA. So, we
have presented the curve for “SM+CVC” only for the bare gA

value.
For comparison, there are no experimental data available

for shape factor and electron spectra corresponding to the
second-forbidden nonunique β− decay of 24Na. Thus, our
theoretical results might be quite useful to compare with a
future experimental measurement.

D. Decomposition of the integrated shape factor

In Table V, we present the integrated shape factor C̃
and its decomposition to vector C̃V , axial-vector C̃A, and
mixed vector–axial-vector C̃VA components, for the involved
transitions using different effective interactions. Hence, we
have calculated the value of C̃ and its components with
the pure shell model, labeled “SM,” and after constraining
the matrix element VM(0)

211 from experimental information,
labeled “SM+CVC.” For all the studied decays transition,
the sign of vector C̃V and axial-vector C̃A components is
positive from SM and SM+CVC, but the sign of the mixed
axial-vector C̃VA component varies. From the pure SM for
24Na, the axial-vector component C̃A is dominant in the USDB
and DJ16A interactions. For N3LO and JISP16 interactions,
the mixed component C̃VA is roughly the sum of vector and
axial-vector components and negative in sign. In SM+CVC,
the vector component C̃V is dominant for all interactions. The
mixed component C̃VA is negative for USDB, while positive
for other interactions. In case of 36Cl, the vector component
C̃V is dominant for all the interactions in the case of the pure
SM. After applying CVC theory, the vector part is dominant
only in USDB and JISP16 interactions and for the other two
interactions the axial-vector part is large as compared to the

other two components. The signs of the mixed components
C̃VA are negative in both cases SM and SM+CVC for all
interactions.

IV. CONCLUSIONS

In this article we have calculated log f t values, shape fac-
tors, and electron spectra for the second-forbidden nonunique
β− transitions of 24Na(4+) → 24Mg(2+) and 36Cl(2+) →
36Ar(0+) using the three microscopic effective interactions
(DJ16A, N3LO, and JISP16) obtained from the NCSM wave
functions via the OLS transformation. Also, for comparison,
we have used the more popular phenomenological effective
USDB interaction.

The low-lying energy spectra of the involved mother
and daughter nuclei in β− decay corresponding to different
ab initio and phenomenological effective interactions are com-
pared with the available experimental data. The obtained wave
functions have been used for further calculations. To calculate
the log f t values, shape factors and electron spectra, we have
constrained the relativistic matrix element VM(0)

211 in the sd
model space using experimental information. This matrix
element plays an important role in the shape factors and
electron spectra. The calculated log f t values are compared
with experimental data. In the case of the JISP16 interaction,
we could not obtain a proper value of this matrix element.
In our calculation, we have used two different values of gA,
either the bare value of gA = 1.27 or the quenched value
of gA = 1.00. For the allowed β decay of 24Na, the log f t
values are in reasonable agreement with the experimental
data. In the case of second-forbidden nonunique β decay, we
have calculated log f t values corresponding to gA = 1.27 and
compared them with the experimental data. Before applying
CVC theory the electron spectra of 24Na depend significantly
on the effective value of gA, while after applying CVC they
have become independent. In the case of 36Cl, the dependency
of electron spectra on gA is opposite from the case of 24Na
for USDB, N3LO, and JISP16 interactions, but in the case
of the DJ16A interaction the electron spectra strongly depend
on gA before and after applying CVC theory. In the case of
36Cl, the experimental data are available for shape factors and
electron spectra. So we have compared our theoretical results
with the experimental data to check the role of matrix element
VM(0)

211. But in the case of 24Na, there are no experimental
data available for shape factors and electron spectra. Thus,
our calculated results could be quite useful for comparison
with future experimental data. Also, we have decomposed the
integrated shape function C̃ into vector C̃V , axial-vector C̃A,
and vector–axial-vector C̃VA components to see the individual
effects of these components.
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