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In this work, the two-photon-exchange (TPE) effects in ep — enmt at small —¢ are discussed within a
hadronic model. Under the pion dominance approximation the TPE contribution to the amplitude can be
described by a scalar function in the limit m, — 0. The TPE contributions to the amplitude and the unpolarized
differential cross section are both estimated when only the elastic intermediate state is considered. We find that
the TPE corrections to the unpolarized differential cross section are about from —4% to —20% at Q> = 1-1.6
GeV?. After considering the TPE corrections to the experimental data sets of unpolarized differential cross
section, we analyze the TPE corrections to the separated cross sections o rrrrr. We find that the TPE corrections
(at Q> =1-1.6 GeV?) to oy, are about from —10% to —30%, to o are about 20%, and to orrrr are much
larger. By these analysis, we conclude that the TPE contributions in ep — enzt at small —¢ are important
to extract the separated cross sections o rirrr and the electromagnetic magnetic form factor of 7% in the

experimental analysis.

DOLI: 10.1103/PhysRevC.101.055201

I. INTRODUCTION

In the last two decades, the two-photon-exchange (TPE)
effects in ep — ep have attracted much interest due to their
importance in the extraction of the electromagnetic (EM) form
factor of protons. Many model-dependent methods have been
used to estimate the TPE contributions in ep — ep such as
the hadronic model [1], GPD method [2], perturbative QCD
(pQCD) calculation [3], dispersion-relation approach [4,5],
SCEF method [6], and phenomenological parametrization [7].
Among all these methods, the dispersion-relation approach for
ep scattering gives the most reliable results in the region with
medium momentum transfer, and the cost is that it needs to
continue the physical quantity analytically into the unphysical
region and take some experimental data as input to fix the
subtraction constant [5]. Furthermore, the difference between
the dispersion-relation approach and the hadronic model can
be expressed as a polynomial function on the squared center-
of-mass energy. In some special cases, the two methods give
the same results.

Due to the important contributions of the TPE corrections
in ep — ep, similar TPE corrections in ete™ — pp [8],
er — em [9], ep — eNm [10], up — up [11], and ep —
eA — epm” [12] are studied, aiming at the precise extraction
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from the experimental data of the EM form factor of protons
in the timelike region, the EM form factor of pions in the
spacelike region, and the EM transition form factors of y*N A
in the spacelike region.

Experimentally, the extraction of the EM form factor of
pion via er — e is limited at very small Q? with Q* = —¢?
and with g being the four-momentum transfer because there is
no free pion target. The electromagnetic production of pions
inep — enm ™ is usually used to extract the EM form factor of
pions [13—17]. It is a natural question that how large the TPE
contributions in this process and how large their corrections
to the extracted EM form factor of pion are. In this work,
we estimate the TPE contributions in this process within
the hadronic model and analyze the TPE corrections to the
separated cross sections which are used to determine the EM
form factor of pions.

We organize the paper as follows: In Sec. II we describe the
basic formulas of our calculation under the pion-dominance
approximation, in Sec. III we express the physical amplitude
as a sum of two invariant amplitudes and discuss the infrared
(IR) property of the TPE amplitude, in Sec. IV we express
the unpolarized differential cross section by the coefficients of
the invariant amplitudes, in Sec. V we present the numerical
results for the TPE corrections to the amplitude, to the un-
polarized differential cross section and to the separated cross
sections o, tirr- A detailed discussion on these numerical
results and the conclusion from these numerical results are
also given.

II. BASIC FORMULA FOR ep — enn™

Under the one-photon exchange (OPE) approximation, the
ep — enm process can be separated into two subprocesses,
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FIG. 1. ep — ens™ under the one-photon exchange.

e — ey*and y*p — nx™, shown in Fig. 1 where we label the
momenta of initial electron, initial proton, final electron, final
pion, and final neutron as p;—ps, respectively, and for simplic-
ity we define the following five independent Lorentz-invariant
variables: s = (p; + p2)?, Q> = —¢*> = —(p1 — p3)>, W =
[(ps + ps)*1"/%,t = (pr — ps)*, and p1s = py - pa.

The dynamics of the subprocess e — ey ™ is clear while
the dynamics of the subprocess y*p — nm ™ is very complex.
In this work we limit our discussion on the momenta region
with 0% small, —t ~ 0 and W far away from the resonances.
In this region, one can estimate the subprocess y*p — nz ™ in
the hadronic level as an approximation and can expect that the
m exchange diagram showed in Fig. 2(a) may give the most
important contribution due to the large enhancement from the
pion propagator. In Fig. 2, the s-channel diagram is also pre-
sented to keep the gauge invariance. The sum of the 7-channel
and s-channel is gauge invariant. The contribution from the
u-channel diagram with the neutron as the intermediate state
is also gauge invariant independently and is small at low —¢
since the electric charge of neutron is zero and it couples to
photons via F},,. We neglect this contribution in the following
and only consider the sum of the ¢ channel and s channel.

The unpolarized differential cross section at small —¢ is
usually used to determine the EM form factor of pions. Dif-
ferent from ex™ — emr™ process where the EM form factor
of pions can be extracted from the total cross section directly,
the EM form factor cannot be extracted directly from the total
unpolarized cross section of ep — enw™ and should be ex-
tracted via the ¢, dependence of the unpolarized differential
cross section. The TPE contributions may change the angle
dependence of the unpolarized differential cross section and
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FIG. 2. Diagrams for ep — enw™ under the one-photon ex-
change with (a) the pion exchange diagram and (b) the elastic s-
channel diagram.

then effect the extraction of the EM form factor in an indirect
and nontrivial way.

When we discuss the TPE effects, the contributions from
the corresponding TPE diagrams shown in Fig. 3 should be
considered where the TPE contributions from Figs. 3(d)-3(f)
are also included to keep the gauge invariance. In principle,
when 0% ~ 1 GeV? the contributions from the elastic state
and the inelastic states such as 27 (p, o), 37 between the two
photons may both give the vital contributions. In this work, as
a first step we limit our discussion on the contributions from
the elastic state since naively the transition form factors y*m p,
y*mo are much smaller than the EM form factor y*mr when
0? increase.

When taking Feynman gauge and limiting the discussion
on the small —z, the contributions from the diagrams Figs. 2(a)
and 3(a)-3(c) are the most important in the OPE and TPE lev-
els, respectively. Since we are only interested in the property
of the TPE corrections or the ratio of the TPE contributions
to the OPE contributions, in the following discussion we only
consider the contributions from Figs. 2(a) and 3(a)-3(c). Such
simplification has an advantage that the TPE contributions
have a very simple form in the amplitude level.

Under the above approximation, the ratio of the TPE
contributions to the OPE contributions is not dependent on
the interactions between pions, protons, and neutrons since the
relative TPE corrections are only dependent on the subprocess
en™ — em. In the practical calculation we simply take the
interaction between pions, protons, and neutrons as iso-scalar
type. We use the interactions constructed in Ref. [18] to
describe the interactions between the pion and the photon.

Taking the Feynman gauge, one has

1y = —iie(p3)(—iey" ue(p1) in(ps)(—=goys)up(p2)T" (P4, P)Sz (P)Dyuv(p1 — p3),

X Sz (ps — k)T (pa — k2, p)Sz (P Dy (k2)D pes (k1 ),

X Sn (P4 - kl)rv(lM - kla Pr )Sn (pt )D;w (kZ)D,ow(kl)a

d*k
2y = —i/ ﬁﬁe(m)(—iw“)&(m — k) (—iey”Jue(p1) itn(ps)(—8oys)up(p2) A" (ki, k2)Sz (P )Dyy (k2)D pos (k1 ),

d*k
2 = —i/ ﬁb‘te(ps)(—iey")&(pl — ki) (—iey”)ue(p1) itn(ps)(—8oys)up(p2)I" (ps, pa — k2)

d*k
2y = —if @ﬁe(m)(—iw“)b’p(m — k) (—iey?)ue(p1) i (ps)(—&oys)up(p2)T“ (psa, ps — ki)

ey
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FIG. 3. Diagrams for ep — enm™ with two-photon exchange where panels (a)—(c) correspond to the = exchange 7-channel one-photon
exchange diagram and panels (d)—(f) correspond to the s-channel one-photon exchange diagram.

with
i(k+me)
Sr(k s
Pk = k2 —m? +ie
i

Sz (k) = k2 —m2 +ie’

@

—i
Dyp(k) = mgup,

and
T*(py, pi) = ie{[1 + fE1(py + p)*
— f&)(p} — p7)kt},
A (ky ko) = 2i€°[ " + f(k7) (k7™ — ki'kY)
+ £ (k) (k38" — ky'k3) ], 3)

where e = —|e|, k = p; — p;, and f(k®) describes the EM
form factor of pion F, (k?) and has the relation

Fr (k) = 1+ kK f(k*). )

In Ref. [5], the authors discussed and compared the TPE
contributions calculated from the hadronic model and the
dispersion relation in detail in the ep case. Their discussions
hint that the two methods give the same results when the
interaction between the point-like particles is traditionally
renormalized and give different results when the interaction
between the point-like particles is traditionally nonrenormal-
ized, respectively. In ep scattering, the pure electric interaction
belongs to the former, and the pure magnetic interaction
belongs to the latter. This property is natural since a new
contact interaction should be introduced when the interac-
tion leads to a traditional nonrenormalized UV divergence.
Such contact interaction includes an undetermined finite

contribution in polynomial form and should be also consid-
ered in the hadronic model. This reason can also explain
the behavior of the difference between the dispersion-relation
approach and the hadronic model in the ep case. In the
dispersion-relation approach, such finite contribution is fixed
by the experimental data or by the asymptotic behavior in
high energy predicted by other methods. In the e -interaction
case, the situation is different from the ep case since now the
interaction for a point-like charged pseudoscalar particle is
renormalized. On the other hand the gauge invariance results
in a contact term. Such a contact term gives a pure real
contribution and does not appear in the ep case. These two
properties prompts us to use the dynamical hadronic model to
calculate the TPE contribution in ep — enw™ when only the
elastic state is included.

III. INFRARED DIVERGENCE OF THE AMPLITUDE
Generally, the amplitudes given in Eq. (1) can be expressed
in the following simple form:
Mly = M(u) — Clly)M + C(QIV)M29
sz = M(a+b+c)

2y

(ZV)M + C(zl/)Mz (5)
with

My = ia(ps, me)(2ps + p3 — pOu(pr, me) a(ps, my)
x Usu(pz, mp),
MZ = ”/_t(p?n me)“(pla me) ﬁ(pSa mn)FSM(va mp)ﬂ (6)

with I's = g;nnys being the vertex of the 7NN isoscalar

interaction. The coefficients cﬁl’/) and cgly) can be easily
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gotten and are expressed as

(ly) 47T01an(512)
o = =,
Qz(t — m%)
" =0, (7)

with , = €2 /4.

When taking the approximation m, = 0 one has cézy) =0
due to the symmetry and our numerical results also show this
property. The expressions for c( ") and c(zzy) are complex;
even the form factor f(k?) is taken as a simple monopole
form. A general property is that there is only IR divergence
in ciz”). The detailed analysis shows that the IR divergence
comes from the diagrams in Figs. 3(a) and 3(b), and the
corresponding IR divergence [19] in ng;/) by keeping m, in
the propagator can be expressed as

—a+m
Q2y.a) __ —205@2,Fn(f12) aln[ 2memy ] 1 }‘2
LR = 01 —m2) [a2 — 422 e
ol as — am;m: Me
—202F, (4> me.m A2
~ Z2% I (g )<ln Mx +in>ln—2, 8)
(0% (t — m%) a 2
and
Prata/ ply—mim?
@b _ —202F, (¢%) P14 In | e ] In )»_2
CR -~
Q*(r —m2) pr, — mim2 e
—20%F, (¢* 2 A2
~ Fr(q )ln Pla n’ ©)
Ot —m2)  memg

where a = 2p14 + Q> +1t — m?,, A is the introduced infinites-
imal mass of the photon, p. is an energy scale to keep the
result dimensionless, and the properties that a > 0, pj4 > 0
in the physical region are used in the expansions on .
The results show that the full IR divergence is free from m,.
The above IR divergence should be included in any experi-
mental data analysis when the real radiative corrections are
included.

In ep — ep process, the contribution from the TPE di-
agrams under the soft momentum approximation which in-
cludes the IR divergence is usually estimated via the clas-
sical Mo-Tsai’s soft approximation [20] in the experimental
analysis. In this approximation the soft TPE contribution is
calculated by taking the momentum of one photon as zero
both in the numerator and one of the denominators of the
propagators. In Ref. [21], Maximon and Tjon suggest another
approximation to estimate the soft TPE contribution. In their
estimation, the soft contribution is calculated by taking mo-
mentum of one photon as zero only in the numerator. The
analytical expressions in the latter method can be obtained
in ep— ep or er — em. In the ep — enm™ process, the
intermediate pion is off-shell, which introduces an additional
variable ¢, the analytical expressions under the above soft
approximation are very complex and we do not go to show
them. To show the TPE corrections from the finite momen-
tum transform, we define the IR-free TPE contributions as

follows:

Qy) _ CiZV) ( (2y.a) + C(Zy,b))’

Cifin = CLIR 1,IR
Qy) _ .Q2y) (2y.a) Q2y.b)

cl Tsai — G ( l Tsai +c € ,Tsai )’ (10)
Qy) _ .2y 2y .a) (2y,b)

1 ,Tjon = ¢ (cl ,Tjon + l,Tjon)’

where the indexes Tsai and Tjon refer to the corresponding
contributions by the Mo-Tsai’s method and Maximon-Tjon’s
method, respectively. In the practical calculation with the

experimental momenta as inputs, we find that the results

cﬁsz 13 with u. =1 GeV are close to c%s)ai, while they are

Q2y)
1,Tjon"
discussion we use cizgn) with u. =1 GeV to show the TPE
contributions and analyze the experimental data sets.

much different from ¢ For simplicity, in the following

IV. THE UNPOLARIZED CROSS SECTION

Using the general expression of the amplitudes (5) and (6),
one can get the expressions of the unpolarized differential
scattering cross sections as follows:

d Uun
dE.d.ds, D MM
spin
= 8|c{" P (=0)[8p%, + 4(Q* +1 — m2)
X P14 — 2m72,Q2], (11
dsauz,l/ .
JE.d.da. x Z2Re[/\/l2y/\/lly]

spin
= 2Re{8¢{"" 1) (—1)[8p1,
+4(Q% +1 —m3)pia — 2m3 O’
+8meci VS ) (—mE +Apu+ 0P +1)),
(12)

where E, is the energy of final electron in the laboratory
frame, Q2. is the angle of the final electron in the laboratory
frame, 2, is the angle of the pion in the center frame of the

pion and final proton, and we have taken c(ly) as real. From

Eq. (12) one can also see that the contribution from C;z;/) can
be neglected when making the approximation m, = 0.

The unpolarized cross sections above can be written as

dSoX d2cX
= =NJW ¢ > Q) (13)

dE dQyd2, dtdp,
where X refers to 1y or 2y, J(¢, ¢ — Q) = W’ and
r, = 25 Wiom 1 is the virtual photon flux factor with

27?2 E, 2m,Q* 1—€

E, belng the enegrzgy of initial electron in the laboratory frame,
m,, the mass of the proton, and € the longitudinal polarization
of the virtual photon, whose definition can be found in the
Appendix. According to the dependence on ¢, and €, the OPE

Cross section dza,m /dtd ¢, can be separated into four terms
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FIG. 4. Numeric results for Re[c{70;/c{'”"] vs —t at fixed 0%, W, ,

panel is the result with 0% = 1.6 GeV>.

as follows:
do)Y dol?  dolv dolr

2 un — L T 2 1 LT .
ndtdqbﬂ € + o ++2e(e+1) .7 cos ¢

doy)
+e Z:T coS 2

= eo'Lly + GTIV + +/2¢(e + l)o*Ll%’ COS ¢

+ eoT'% cos 2¢, (14)

where the four separated cross sections d GLI,;{",LT,TT /dt shortly
written as ULI,)/T,LT,TT only depend on Q?, W, and 6,.
When one takes m, =0 in Eq. (12), one can see that

2 2 .
th(;”y has the same form with OPE

cross section. After using the variables 0%, W, €, 6,,and ¢,
to express the cross section one can see that dzauz,f /dtd o,
has the same ¢, dependence with d2au1,1/ /dtd¢, and can
also be separated into the same form as Eq. (14) but now
the four corresponding separated cross sections aﬁ?’nmw are
dependent on Q%, W, 6, and €.

the TPE cross section

V. THE NUMERICAL RESULTS AND DISCUSSION

In the practical calculation, we take the input form factor
F.(q%) as the monopole from which is used in Refs. [22]
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007 ’=1 GeVZW=1.95 GeV
<
& 50072 3
2 S
E NSl
R ——— e A
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and ¢. The left panel is the result with Q> = 1 GeV? and the right

and [18],

2

T (15)

Fr(q*) =
with A = 0.77GeV. We use the packages FEYNCALC [23]
and LOOPTOOLS [24] to carry out the analytical and numer-
ical calculations, respectively. For comparison, we take the
experiment kinematics from the Thomas Jefferson National
Accelerator Facility (JLab) F, [16] with Q> =1 GeV? and
Q> =1.6GeV? at W = 1.95 GeV as examples to show the
TPE contributions.

A. Two-photon-exchange contributions

to the amplitude ¢’} /c{'”

The — dependence of the TPE correction Re[c| 7., /c{'”’]

is presented in Fig. 4 where the left and right panels are corre-
sponding to 0% = 1 GeV? and Q? = 1.6 GeV?, respectively.
The (blue) dashed curves and the (olive) dash-dotted curves
refer to the results at ¢, = 7 /6 and ¢,, = 7 /3 with € = 0.65
or 0.63, the (black) solid curves and the (red) dotted curves are
associated with € = 0.33 or 0.27. The results clearly show that
the absolute magnitude of TPE corrections Re[c{7}),. /c{""] at
¢, = 7 /6 increase when —t increases while the corrections
at ¢, = /3 are not sensitive to —t. Another interesting
property is that the TPE corrections at very small —¢ are

0.074 T T T T T T T T T T 1T
— *=1.6 GeVZ,W=1.95 GeV
:Qﬁ — .- .
§ R s
550073 F o -
o RS - -
E SlI-----7 _
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0072 L =027, 0=md 7
- - - 6027, ¢ =1/3
= = &=0.63, ¢ =n/6 (b)
— - —e=0.63, ¢ =13
0.071 ’ O
0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.30
-t (GeV?)

FIG. 5. Numeric results for Im[cf{s)Eli / c(lly)] vs —t at fixed 0>, W, ¢, and ¢,,. The left panel is the result with Q> = 1 GeV? and the right

panel is the result with 0% = 1.6 GeV>.
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FIG. 6. Numeric results for cﬁz") /cﬁl”) vs € at fixed Q%, W, 0,, and ¢,. The left panel is the result for the real part and the right panel is

,Tsai

the result for the imaginary part.

not sensitive to ¢, while the TPE corrections at large —t are
sensitive to ¢ .

At ¢, = 7 /6, one can see that the TPE corrections at small
€ range about from —4% to —6% at small —¢ and reach about
from —7% to —10% at large —¢ at 0*=1.0and 1.6 GeV?,
respectively. The magnitude at small —¢ and small € is similar
to the TPE corrections in er — emr. These properties suggest
that the —¢ dependence of the TPE corrections at small ¢, is
relatively important.

The —t dependence of the imaginary parts of the TPE
corrections, Im[cﬁ?%s)ai/ c(lly)], is presented in Fig. 5 where the
same definitions as in Fig. 4 are used for the curves. The
results show an interesting and important property: the TPE
corrections to the imaginary part are not sensitive to 02, ¢,
—t,and € at W = 1.95 GeV and are almost about 7%.

The € dependence of the TPE corrections ¢\7%). /c\'" is
presented in Fig. 6 where 6, is taken as /18, 7 /12 and
—t is limited within the experimental data sets. The (black)
solid curves and the (red) dotted curves refer to the results
with 6, = /18 at Q> = 1 and 1.6 GeV?, respectively. The
(blue) dashed curves and the (olive) dash-dotted curves are
associated with 6, = w/12. The results clearly show that
the absolute magnitude of Re[c\*) . /c!'”'] decreases when e
increases. This is a general propérty of the TPE corrections.
At € = 0.1 the TPE corrections Re[cf%s)ai /c(lly)] reach about

—9% and —12% at Q> = 1 GeV? and 1.6 GeV?, respectively.
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=
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2y)

The results in the right panel clearly show that the TPE
corrections to the imaginary part are not sensitive to €.

B. Comparison between cf}i'l)1 e}, el lel”, and cf{)i(m /e

In this section, we compare the results c(lz)}? /c(lly) where
the subindex X refers to fin, Tsai, and Tjon, respectively. In
Figs. 7 and 8 we present the results for c%?/cily) vs —t
at fixed 0%, W, €, and ¢,. In Figs. 9 and 10 we present

the results for c(lz))?/c(lly) vs € at fixed Q?, W, 0, and ¢.

2y) 2y)
Lo are close to ¢, 1., but
2y)

different from c, Tion* Experimentally, the soft contributions

by Mo-Tsai’s method are usually used to analysis the data sets.

. 2 2
In our calculation, because the results ci gg are close to ci %S)ai

- @y ,a+b)
and the expression of ¢ 1p

These results clearly show that ¢

is simple and can be used in the
further data analysis directly, we use cﬁzgrf /c\1” to analysis the

experimental data sets in the following.
C. Two-photon-exchange corrections to unpolarized
differential cross section

To show the TPE corrections to the unpolarized differential
scattering cross section, we define

2 1 (1y) .2y) 2y)
527 — doy, [ dow, _2Re[cl €1t _ 9 Re| SLfin
T dtdgy, [ dtdos |c(1‘”|2 cj”) ’
(16)
0.00 ——————————————
— P Q*=1.6GeV’, £=027 |
:\o— -0.02 | XVil.95 GeV, ¢,=7n/6]. . . C(lz,%)saf
&% S~ - = )
5 004t =~ < B Cifiod]
[}
~
-0.06
-0.08
-0.1

0.16 0.18 0.20 0.22 0.24 0.26 0.28 0.30
-t (GeV?)

FIG. 7. Comparison between Re[cLX 1/ cﬁly) vs —t at fixed Q%, W, €, and ¢, where the index X refers to fin, Tsai, and Tjon, respectively.
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20.02 T ’cfjl/‘)sai 4
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003 L 11
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FIG. 8. Comparison between Im[cf?] /cﬁl’”) vs —t at fixed Q%, W, €, and ¢, where the index X refers to fin, Tsai, and Tjon, respectively.

where we have used the property that cgly) is real. Equa-

tion (16) means that the TPE corrections to the unpolarized
cross sections are just twice the real part of the TPE correc-
tions to the coefficient c;. After considering this factor of two,
one can see that the TPE corrections to the unpolarized cross
section at small €, small ¢,, and Q = 1 GeV? can reach about
—10%, which is not small. Furthermore, the TPE corrections
are sensitive to €, ¢, and —t or 6, when Q% and W are fixed.
Generally one can expect that these two properties may result
in nontrivial effects when extracting some physical quantities
from the angle dependence of the differential cross section.
When comparing with the TPE corrections in ete™ —
pp (8], emr — em [9], up — up[11],and ep — eA — epm®
at W = 1.232 GeV [12], we can see that the absolute magni-
tude of the TPE corrections in ep — enmt are much larger.
This property can be understood by the fact that the inter-
mediate pion with four-momentum p, = ps — p» is off-shell
which is different from the other processes. Naively, if p? = ¢
goes to mi, the TPE corrections to the coefficients should be
same as the TPE corrections in the physical process er — ex.
From Fig. 4, one can see that the absolute magnitude of TPE

. 2 1 . )
corrections Re[ci glf /cﬁ V)] decreases when ¢ increases in the

region t C [—0.2, —0.08] GeV?>.

D. Two-photon-exchange corrections to separated
cross sections oy, o1, o1, and oy

Experimentally, the separated cross sections oy, or, orT,
and oy are usually extracted from the original experimental

0.02 ———r——F——r—— 11—
— F Q' =1GeV?, 0, =n/6 b 1
=
= [ _ _ RN m
= 0.00 - W =195 GeV, ¢, =n/6 o
= r - - @ A
Qf’ cg,T?io
2, -0.02 - -
[}
K,

0.04

-0.06

-0.08 P i S S R AR N SRR R

01 02 03 04 05 06 07 08 09
€

Q2y)

data do£*/dtd¢, via Eq. (14) and are then used to deter-
mine the EM form factor of =*. Since the TPE corrections
to the unpolarized cross section are not small and sensitive
on the angles, one should be careful in the separation. In this
section, we analyze the TPE corrections to the separated cross
sections.

When considering the TPE contribution, one has

Bl
dok> _ dob"

dtdg, — dtde,

(14 8pm2), (17)

where doZ*

/dtdg, refers to the experimentally observed

cross section, dofi'” /dtd ¢, refers to the physical cross sec-
tion via OPE, and 82" refers to the physical TPE correction
to the cross section. Since actually we do not known all the
dynamics of QCD, the physical do"'" /dtd ¢, and 82" are
difficult to calculate precisely. It is a good approximation to
assume 822 a §27 since the most important contributions
in the OPE and TPE levels are considered in our calculation,
respectively. We can expect that the model dependence of
their ratio is much weaker than the absolute magnitude, like
the ep — ep case where the relative TPE corrections are not
sensitive to the input form factors. By this approximation,
we have

d—Ex d Mpr{hl)/ d Ex
Tun L0 Down () _ 527y, (18)

didé,  dide,  didp,

The current experimental analysis is based the exper-
imental cross section dof,f/dtdd)n and Eq. (14). After

0.04 ——— 11T
— 002 LQ*=16GeV?, 6, =6 Ly
z_ F W= S R W
% 000 [ W=1.95GeV, ¢, =6 c(li%;a_
=% S - v) |4
% cyH
< 002 | A
5 2
R -0.04
-0.06
-0.08
-0.10 R (b)
-0.12 L -A -l N TR Y N S S Y N Y S N
0.1 02 03 04 05 06 07 08 09
€

FIG. 9. Comparison between Re[c,yX 1/ cgly) vs € at fixed 0%, W, 6, and ¢, where the index X refers to fin, Tsai, and Tjon, respectively.

055201-7



HUI-YUN CAO AND HAI-QING ZHOU

PHYSICAL REVIEW C 101, 055201 (2020)

0.08 —T—TTT T T
? | (2y)
z_ i "ml
2 000FQI=1Gev?, 6, =6 Cl.tin
S | ce e |
S5 W=195GeV, ¢,=n/6 i Rai
= 2
é 0'04 B - - C(l,"l,"}()n 7
0.02 -
I @
000 = - - e e e = - - — - —
1 1 1 1 1 1 1 1 1 1 1 1 1 1 1
0.1 02 03 04 05 06 0.7 08 09

€

0.08 ——————————1—————
5 ’ al
Eo i 51|
2 006 FQ2=16GeV?, 0, =n/6 Clfin
&5 | e |
) W=1.95 GBV, 4)7[ =1/6 1,Tsai
= 2
.g 0.04 - - - C(l,:{"}on 7

0.02 F i

I (®) 1

000 = - o o e e e e mm = =]

NN IS S T T S T T T T N S T N
0. 02 03 04 05 06 07 08 09

€

FIG. 10. Comparison between Im[cf;()] / c(lly) vs € at fixed Q%, W, 6., and ¢, where the index X refers to fin, Tsai, and Tjon, respectively.

considering the TPE contributions, in principle the analysis
should be based on the corrected experimental cross section
dEff,f /dtd¢, and Eq. (14). The comparison between the re-
sults from these two analyses can tell us how large are the

TPE corrections to the separated cross sections o1, or, orT,
and OTT.
In the practical analysis, we take two data sets named

ExA and ExB as inputs to do the analysis. In the data sets

ExA, we take the experimental extracted ULEXA, a%:"A, ULET"A,

and oE* by JLab F, [16] as inputs to get do2A/dtdp, at

specific € and ¢, via Eq. (14). The corresponding values are

listed in Table I. We take € as 0.33, 0.65 at low QZ, take €
as 0.27, 0.63 at high 07, and take ¢, from 5° to 355° with
A¢, = 25°. In the data sets ExB, we use the experimentally

fitted formula [16] to produce do.2*® /dtd ¢, . For comparison,

the corresponding 0%, o:f*B, oXB, and 0B are listed in

Table II. In this data sets, we take € from 0.33 to 0.65 with
Ae = 0.03 at low Q?, take € from 0.27 to 0.63 with Ae =
0.035 at high Q? to produce more data points, and take ¢,
from 5° to 355° with A¢,, = 25°.

After getting the data sets do=*AFB /dtd ¢, , we use the

un
estimated TPE corrections in the corresponding kinematics

region to get d7AE*B /dtd ¢, . Then we use Eq. (14) to fit the

un
corrected data sets to get the corrected separated cross sections
—ExA,ExB —ExA ExB —ExA ExB —ExA,ExB
oy ,Op O ,and o7 . .
In Tables III-VI, we present the relative TPE corrections

oA Jo XA and 6B /o B where X refers to L, T, LT, and TT,

TABLE I. Numerical results for the separated cross sections

respectively. The numerical results show a general property
that both data sets give similar relative TPE corrections to

ivr and give very different relative TPE corrections to
o XMEB at some special points. The latter can be understood
in a simple way since, in these points, the input data sets

UETXA’EXB are much smaller than the others. This means that

the relative uncertainty to the extracted UETXA’EXB actually is
much larger than others.

At 0>~ 1 GeV 2 and —t ~ 0.1 GeV?, the relative TPE

corrections to UE *AEXB are about —10% and the corrections
to ofXA’EXB are about 20%. When Q? and —¢ increase, the

relative TPE corrections to ;- ****® reach about from —20%

to —30%, while are still about 20% to o.f****®. The relative

TPE corrections to U%A’EXB are small at small —¢ and are
large and sensitive to the input data sets at large —¢. the TPE
corrections to UETXA’EXB are always large and even become
unreliable and very sensitive to the input data sets at large —z.
The experimentally extracted oy, is usually used to determine
the pion form factor F;; through the Chew-Low method (based
on the Born term model [25]) or the Regge model [26]. Our

results show that the relative TPE corrections to UEXA’E"B

reach about from —10% to —30% at Q% = 1-1.6 GeV>. This
means that the relative TPE corrections to the EM form factor
of pions are about on the order of —5% to —15% and should
be considered carefully. At high Q?, one can expect that the

TABLE II. Numerical results for the separated cross sections

o8B, oBB BB GEXB produced by the fitted formulas given in

oA, gB A GExA GEXA directly taken from JLab F, [16]. Ref. [16].

Q? w Q? 4

(GeV?) (GeV) 1(GeV?) of** ofA  offr oft (GeV?) (GeV) 1(GeV?) of®  ofF  offf ofB
0945 1970 —0.080 11.840 6526 1339 —1.584 0945 1970 —0.080 11.8344 6.8054 1.0266 —0.8270
1010 1943  —0.100 9732 5656 0719 —0582 1010 1943 —0.100 84637 59616 05703 —0.8978
1050 1926 —0.120  7.116 5926 0331 —1277 1050 1926 —0.120 6.0577 53624 0.0985 —1.0413
1067 1921  —0.140 4207 5802  0.087 —0458  1.067 1921 —0.140 42969 4.9353 —0.0427 —1.2690
1532 1975 —0.165 4378 3.507 0356 —0.268 1532 1975 —0.165 4.6398 3.7839 03938 —0.1479
1610 1944 —0.195  3.191 3.528  0.143 —0.126 1610 1944 —0.195 33657 3.3617 0.1901 —0.1395
1664 1924 —0225 2357 2354 —0.028 —0241  1.664 1924 —0.225 24370 3.0447  0.0299 —0.1460
1702 1911  —0255 2563 2542 —0.100 —0.083 1702 1911 —0255 17574 27978 —0.0997 —0.1569
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TABLE III. Numerical results for the ratios 624/ and
5B /oE*B The experimental data sets for o4 and oF® are also

listed.

TABLE V. Numerical results for the ratios 65 /ofA and
G5B /oExB_ The experimental data sets for 054 and o5® are also

listed.

Q? w

(GeV?) (GeV) 1 (GeV?) of** &FA/gPr offB GPB jgfB
0945 1.970 —0.080 11.840 0.9209 11.8344 0.9191
1010 1943 —0.100 9.732 09137 84637 0.8967
1050  1.926 —0.120 7.116 0.8726  6.0577 0.8664
1067 1921 —0.140 4207 0.7820  4.2969 0.8243
1532 1975 —0.165 4378 08518  4.6398 0.8510
1610 1.944 —0.195 3.191 0.7839  3.3657 0.8083
1664 1924 —0.225 2357 0.7095 24370  0.7490
1702 1911 —0255 2563 07946 17574 0.6669

0 w

(GeV?) (GeV) 1 (GeV?) off* A jofxr ofi® 658 /0P
0945 1970 —0.080 1339 12046 10266 12730
1010 1.943 —0.100 0719  1.3394 05703 14263
1050 1926 —0.120 0331 17029  0.0985  3.0947
1.067 1921 —0.140 0.087 35629 —0.0427  0.5850
1532 1975 —0.165 0356 14101 03938  1.4284
1610 1944 —0.195 0.143 19492  0.1901  1.7674
1.664 1924 —0225 —0.028 —35338 0.0299 54036
1702 1911 —0255 —0.100 —0.1846 —0.0997 —0.2142

TPE corrections should be much more important and should
be considered seriously to extract the EM form factor of pions
reliably.

In summary, in this work the TPE corrections to the
amplitude and the unpolarized differential cross section of
ep — enmt are estimated in a hadronic model. The TPE
corrections to the extracted four separated cross sections are
also analyzed based on the experimental data sets. Our results
show that, at Q2 = 1-1.6 GeV?, the TPE correction to oy is
about from —10% to —30% and about 20% to or.
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APPENDIX: THE MOMENTA IN THE LABORATORY
FRAME AND CENTER FRAME OF na*

In this Appendix, we list the manifest expressions of the
momenta used in our calculation in the laboratory frame and

TABLE IV. Numerical results for the ratios 54 /oE** and

558 /o BB The experimental data sets for oE** and o2 are also

the center frame of nzr . In the center frame of pions (p4) and
neutrons (ps), the momenta labeled as p;c are taken as

pic = (Eic, Eicsinfy, 0, Eiccos ),
pac = (Exc. 0, 0, —/E3- — M?),

Pasc = pac + psc = (W, 0, 0, 0),

gc = pasc — poc = (W — Exc, 0, 0, \/E3- — M?),

P3c = Pic — 4c,
pac = (Enc, Prcsinfy cos @y, prc sinby sin ¢y,
X Prc €08 0r),

DP5C = P4sc — P4c- (A1)

In the laboratory frame the momenta labeled as p;; are
taken as

piL = (EEﬂ 07 Ov Ee)a
sz = (mp’ 07 O’ O)’
p3L = (Ee, Eysinf,, 0, E, cosb,).

(A2)

TABLE VI. Numerical results for the ratios 65 /of" and

5B /o ExB The experimental data sets for B4 and 058 are also

listed. listed.

0’ w 0’ w

(GeV?) (GeV) 1 (GeV?) ofA GPAjoBxA BB BB /BB (GeV?) (GeV) 1 (GeV?) oBA GEAjoBA  olB BB /ohb
0945 1970 —0.080 6526 12064 68504  1.2027 0945 1970 —0.080 —1584 10024 —0.8270 0.9470
1.010  1.943 —0.100 5.656 1.2104 59616 1.1990 1010 1943 —0.100 —0.582 0.8963 —0.8978 0.9554
1050 1.926 —0.120 5926  1.1977 53624  1.1932 1050 1.926 —0.120 —1277 09777 —1.0413 09711
1.067 1921 —0.140 5802 1.1858 49353 1.1853 1067 1921 —0.140 —0458 0.7903 —1.2690 0.9917
1532 1975 —0.165 3507 1.2312 37839  1.2278 1532 1.975 —0.165 —0.268 0.8833 —0.1479 0.6491
1610 1944 —0.195 3528 12273 33617 12275 1610 1.944 —0.195 —0.126 0.6490 —0.1395 0.6349
1664 1924 —0225 2354 12269 3.0447 12271 1.664 1924 —0225 —0241 0.8344 —0.1460 0.6333
1702 1911 —0.255 2542 1.2453 27978  1.2267 1702 1.911 —0.255 —0.083 03141 —0.1569 0.6378
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From these expressions, we have the following relations:

Jlm? + Q) +2(=m + )W £ W41 — &)

1 2 2 2
s=g| O W e

1
t

[—m) + (m —W?)(Q° + W?) +m)(m% — Q° +2W?) + to\/mj, +2m2(Q% — W2) + (Q* + W2)? cos 0 |,

~ w2
1 tol—(m% + Q*)t; + W2t ] cos 6
Pia = . 0[ ( 14 Q)l 2] T +l1(m12,—m72,—W2)
WL Jmh+2m2(02 — W) + (@2 + W2
—Q%15 + Q% (m?% — s)W2
—2Wt Q21 Q(m — ) sin 6 cos ¢y ¢, (A3)
[(m2+ 02)" +2(—m2 4+ Q*)W?2 + W*]
with
th = \/(m,, —my — W)Ym, +my — W)Y(m, —m; +W)(m, +m; +W),
tH = mi + 0% -, (Ad)
th = mé — Q2 -,
and
m4+2m2 2_W2 4 2+W22 o’
e=|1+-2L »Q 2) @ )tanz—e (A5)
2m2 0> 2

The expressions of the kinematics are consistent with those used in the JLab F}; experiment [16].
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Correction: Errors in the subscripts to ¢ appeared in the y-axis
labels of Figs. 4-6, in the first sentences of the affiliated cap-
tions, and in sentences 1 and 3, sentence 1, and sentences 1, 4,
and 6 of the first, third, and fourth paragraphs, respectively, of
Sec. V A. An error in the last term of Eq. (A3) also appeared.
All errors have been fixed.
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