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Three-nucleon force effects in inclusive spectra of the neutron-deuteron breakup reaction
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We investigate the sensitivity of the nonexclusive nucleon induced deuteron breakup reaction to the three-
nucleon interaction and distributions of three-nucleon force effects in inclusive spectra. To this end we solve
the three-nucleon Faddeev equation at a number of incoming nucleon laboratory energies using the CD Bonn
nucleon-nucleon interaction alone or combined with the 2π -exchange Tucson-Melbourne three-nucleon force.
Based on these solutions, energy spectra of an outgoing nucleon, at a specified detection angle as well as
spectra integrated over that angle, are calculated. By integrating the spectra at a given angle over the energy
of the outgoing nucleon the angular distributions of three-nucleon force effects in the breakup process are
additionally obtained. Contrary to elastic nucleon-deuteron scattering, where at higher energies significant
three-nucleon force effects were encountered for scattering angles around the minimum of the cross section,
for the breakup process only moderate effects are found and they are restricted to forward angles. Results of the
present investigation show that the large three-nucleon force effects found for some specific complete breakup
configurations are reduced substantially in the incomplete spectra when averaging over contributing complete
geometries is performed.
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I. INTRODUCTION

Studies of the three-nucleon (3N) continuum revealed
significant three-nucleon force (3NF) effects in the elastic
nucleon-deuteron (Nd) scattering and the deuteron breakup
reactions. Namely, for laboratory energies of the incom-
ing nucleon above ≈60 MeV large discrepancies between
theoretical predictions and data were found in the an-
gular distributions of the elastic Nd scattering observ-
ables [1–3] as well as in the total cross section for neutron-
deuteron (nd) scattering [4,5]. Also in some kinemati-
cally complete breakup configurations large changes of the
cross section caused by 3NF’s were predicted [6]. Gen-
erally the detected 3NF effects grow with the increas-
ing energy of the incoming nucleon. The commonly used
(semi)phenomenological long-range 2π -exchange 3NF’s,
such as the Tucson-Melbourne (TM) [7] or the Urbana
IX [8] when combined with (semi)phenomenological, high-
precision nucleon-nucleon (NN) potentials, such as the
AV18 [9], the CD Bonn [10], the Nijm1 or the Nijm2 [11]
forces are able to explain the dominant part of the discrepancy
for the incoming nucleon energies up to about 135 MeV. How-
ever, at still higher energies a significant part of the deviation
from data remains unexplained [2,5]. Since the relativistic 3N
Faddeev calculations [12,13] showed only negligible effects
of relativity for the elastic scattering observables and the total
nd cross section at energies up to the π production threshold,
therefore those remaining discrepancies indicate the action
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of short-range components of the 3NF absent in the above-
mentioned models.

Since the total cross section for nd scattering is a sum
of the total elastic scattering and breakup cross sections,
interesting questions arise about importance of 3NF effects in
incomplete spectra of the breakup process as well as on their
distribution and dependence on the incoming neutron energy.
To answer them we investigated, at a number of incoming
neutron energies, in the range 14–294 MeV, the energy spectra
of the outgoing nucleon, taken as a proton or a neutron, in the
incomplete breakup. We examined energy spectra at a specific
laboratory angle of the outgoing nucleon as well as the energy
spectra arising from integrations over this angle. Integrating
the energy spectra at a specific angle of the outgoing nucleon
over the allowed nucleon energy enabled us to determine
angular distributions of the single-nucleon inclusive breakup
cross sections. It permitted us to determine how 3NF effects
are spread over the angular domain in incomplete breakup and
to compare it to the angular distribution of 3NF effects in the
elastic nd scattering.

The paper is organized as follows. In Sec. II we describe
briefly the underlying theoretical formalism leading to pre-
dictions for different energy spectra. We present and discuss
our results in Sec. III. Finally, we summarize and conclude in
Sec. IV.

II. SINGLE-NUCLEON ENERGY SPECTRA AND
ANGULAR DISTRIBUTIONS IN THE DEUTERON

BREAKUP REACTION

Neutron-deuteron scattering with the nucleons interacting
through a nucleon-nucleon potential vNN and a three-nucleon
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FIG. 1. Regions in the (q-p) plane (see text) which contribute to the breakup reaction (red solid line) and to the 〈φ′|PT |φ〉 term of the
elastic scattering amplitude (gray highlighted region) at the incoming nucleon laboratory energy E = 10 (a) and 200 MeV (b).

force V4 = V (1)
4 + V (2)

4 + V (3)
4 is described in terms of the

breakup operator T satisfying the Faddeev-type integral equa-
tion [14–17]

T |φ〉 = t P |φ〉 + (1 + tG0)V (1)
4 (1 + P) |φ〉 + t P G0 T |φ〉

+ (1 + tG0)V (1)
4 (1 + P) G0 T |φ〉. (1)

The two-nucleon t-matrix t is the solution of the Lippmann-
Schwinger equation with the interaction vNN . The permuta-
tion operator P = P12P23 + P13P23 is given in terms of the
transposition operators, Pi j , which interchange nucleons i
and j. The incoming state |φ〉 = |�q0〉|ϕd〉 describes the free
nucleon-deuteron motion with relative momentum �q0 and the
deuteron wave function |ϕd〉. Finally, G0 is the resolvent of
the three-body center of mass kinetic energy. Each V (i)

4 part of
3NF is symmetric under the exchange of the nucleons j and k
(i, j, k = 1, 2, 3 and j �= i �= k �= j).

The transition amplitudes for the elastic nd scattering,
〈φ′|U |φ〉, and breakup reactions, 〈φ0|U0|φ〉, are given in terms
of T by [14–17]

〈φ′|U |φ〉 = 〈φ′|PG−1
0 + V (1)

4 (1 + P) + PT

+ V (1)
4 (1 + P) G0 T |φ〉 ,

〈φ0|U0|φ〉 = 〈φ0|(1 + P)T |φ〉 . (2)

In the latter case the transition amplitude comprises a final
breakup state |φ0〉 = | �p1 �q1m1m2m3〉 of three outgoing nucle-
ons defined by individual nucleon spin projections mi and
by two relative Jacobi momenta �p1 and �q1, which are linear
combinations of the individual nucleon momenta �ki:

�pi = 1
2 (�k j − �kk ),

(3)
�qi = 2

3

[�ki − 1
2 (�k j + �kk )

]
,

for {i, j, k} = {1, 2, 3} and cyclic permutations. The center-of-
mass energy of the 3N system Ec.m. is specified by incoming
relative nucleon-deuteron momentum �q0 and the deuteron

binding energy Ed :

Ec.m. = 3

4m
q2

0 + Ed ≡ 3

4m
q2

max = 3

4m
q2

i + 1

m
p2

i , (4)

where m is the nucleon mass.
It follows from Eq. (2) that contributions to a particular

kinematically complete breakup configuration, specified by
momenta of three outgoing nucleons, are given by three ma-
trix elements 〈 �pi �qim1m2m3|T |φ〉 determined at three pairs of
momentum magnitudes (pi, qi) lying on an ellipse in the (q-p)
plane, given by Eq. (4) (see Fig. 1). Performing exclusive or
inclusive breakup measurements one is restricted to points
lying on that ellipse. While the exclusive breakup is very
selective, being restricted to only three (pi, qi) points, in the
incomplete breakup one integrates over contributing complete
geometries along that curve. Thus the incomplete breakup
delivers information on the underlying dynamics averaged
over configurations which are taken into account. In contrast
to the breakup reaction, the elastic Nd scattering receives
contributions from practically all regions of the (q-p) plane,
due to the integration over the relative momentum of the two
nucleons forming the deuteron. It is interesting to note that
the region of the (q-p) plane which contributes to the elastic
scattering transition amplitude by the dominant 〈φ′|PT |φ〉
term does not overlap with the ellipse of contributions to
the breakup reaction. Namely, contributions of that term to
elastic nd scattering come from the region of (q, p) values
with p ∈ (|q0 − 1

2 q|, q0 + 1
2 q) (see the Appendix). In Fig. 1

we exemplify that separation of breakup and elastic scattering
regions of the (q-p) plane for two laboratory energies of the
incoming neutron: E = 10 and 200 MeV.

It follows that the sensitivity of breakup observables to
the underlying dynamics, in particular their sensitivity to
3NF effects, will be different from the sensitivity of the
elastic Nd scattering observables. Also the averaging over
many contributing kinematically complete geometries, should
reduce sensitivity of the incomplete breakup to the underlying
dynamics.
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FIG. 2. The threefold differential cross section d3σ

d�1dE1
of the outgoing nucleon detected at the laboratory angle θ lab

1 = 10◦ in the
d (n, N1)N2N3 breakup reaction for the laboratory energy of the incoming neutron E = 14 (a), 70 (b), 135 (c), and 200 (d) MeV. The spectra of
the outgoing neutron in the d (n, n)np reaction are shown with the (blue) solid line, marked with circles when nucleons interact with the CD
Bonn potential only. Combining the CD Bonn with the TM99 3NF gives the (orange) dashed-dotted line, marked with an “x”. The spectra of the
outgoing proton are given by the (red) dashed line, marked with squares, (the CD Bonn only) and the (black) double-dashed-dotted line, marked
with pluses, (the CD Bonn +TM99). The position of QFS(1-2) and QFS(1-3) is given by the (blue) dotted vertical line. The position of FSI(1-2)
and FSI(1-3) is given by the (red) dashed vertical line. In inserts the magnitudes of 3NF effects defined by � ≡ σ (NN+3NF)−σ (NN )

σ (NN ) × 100% are
shown with the (blue) dotted line for the outgoing neutron and with the (red) long-dashed line for the outgoing proton.

The reduction of sensitivity will depend on the complete
configurations over which the averaging is done. Performing
a standard incomplete breakup measurement one outgoing
nucleon is detected at a specific laboratory angle and its
energy spectrum is measured. In other conceivable incom-
plete measurements the energy spectrum of the outgoing
nucleon stemming from some angular range can be deter-
mined. Both types of energy spectra can be predicted the-
oretically by performing proper integrations over the Jacobi
momenta of the contributing complete configurations. Integra-
tion of the energy spectra at a specific angle over an energy
of the outgoing nucleon provides the angular distribution
of the incomplete breakup.

In order to investigate the sensitivity of such various
spectra to the 3NF and to compare them with elastic nd
scattering we solved the 3N Faddeev equation in a partial
wave momentum-space basis for a number of the incoming
nucleon laboratory energies E = 14, 70, 100, 135, 200, 250,

and 294 MeV. As a NN interaction we used the high precision
semiphenomenological CD Bonn potential [10]. We took that
interaction alone or together with the TM99 3NF [7] whose
cut-off parameter 	 was adjusted so that this particular com-
bination of a NN and 3N force reproduced the experimental
triton binding energy [2]. When solving the 3N Faddeev
equation we included all 3N partial wave states with the
total two-nucleon angular momentum j � 5 and the total 3N
angular momentum J � 25/2.

III. RESULTS AND DISCUSSION

In Fig. 2 we show the threefold differential cross section
d3σ

d�1dE1
as a function of the energy E1. Specifically, in Fig. 2

the energy spectra of the outgoing nucleon (neutron or pro-
ton) from incomplete breakup d (n, N1)N2N3, detected at a
laboratory angle θ lab

1 = 10◦ are exemplified at four incoming
neutron laboratory energies E = 14, 70, 135, and 200 MeV.
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FIG. 3. The energy spectra d3σ

d�1dE1
of the outgoing nucleon at the laboratory angles θ lab

1 = 20◦ (a), 40◦ (b), 60◦ (c), and 70◦ (d) in the
d (n, N1)N2N3 breakup reaction for the laboratory energy of the incoming neutron E = 200 MeV. For description of lines and inserts see Fig. 2.

These spectra unveil a characteristic structure, with a peak
at the highest energy of the outgoing nucleon, which is
due to a strong final state interaction of nucleons 2 and
3 [FSI(2-3)], having a small relative energy, in a nucleon-
nucleon partial wave state 1S0. The enhancement of the
cross section in the region of vanishing energy of nucleon
1 results from approaching the quasifree scattering (QFS)
complete breakup geometry defined by the condition �p1 = 0.
That QFS configuration corresponds to quasifree scattering
of nucleons 2 and 3 [QFS(2-3)]. In the spectra one can see
also two additional dominating contributions coming from
specific kinematically complete breakup configurations with
large cross sections, whose positions are indicated by vertical
dotted and dashed lines. One of them is QFS(1-2) ( �p3 = 0)
and QFS(1-3) ( �p2 = 0) occurring at E1 indicated by the (blue)
dotted vertical line, and appearing in the energy spectrum at
laboratory angles of nucleon 1 below some angle θmax

1 given
in terms of the incoming neutron laboratory energy E and

the deuteron binding energy Ed by θmax
1 = arcsin(

√
− 2Ed

E ). The
second dominating contribution comes from the kinematically
complete breakup geometry FSI(1-2) (kinematical condition
�p1 = �p2) and FSI(1-3) ( �p1 = �p3), which occurs at E1 indi-
cated by a (red) vertical dashed line, and appears in the energy

spectrum up to a laboratory angle θmax
1 = arcsin(

√
− 3Ed

2E ).
These positions move when changing the angle of the out-
going nucleon, what is exemplified in Fig. 3 at the incoming
energy E = 200 MeV and four angles θ lab

1 = 20◦, 40◦, 60◦,
and 70◦.

While the structure of the threefold differential cross sec-
tion for the outgoing neutron at given θ1 is similar to that of the
outgoing proton, the behavior of the incomplete cross section
with respect to the energy and detection angle depends on
the isospin projection of the detected particle. For example at
E = 200 MeV (see Figs. 2 and 3) the neutron energy spectrum
at forward angles lies below the proton one but with the
increasing angle it overshoots the proton spectrum. The 3NF
effects start to appear at E = 70 MeV (see Fig. 2), similarly
as in the elastic Nd scattering process. At forward angles
(10◦) they are concentrated at the lower part of the spectrum
where they enhance the cross section predicted with NN
potential only. At 70 MeV they change the cross section by
up to 10%, strengthening this effect to ≈20% at 200 MeV.
With the increasing detection angle the region of significant
changes of the cross section extends to higher energies E1. At
larger angles and energies the magnitude of the cross section
is however reduced by a factor of about 10.
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FIG. 4. The angle-integrated energy spectra dσ

dE1
of the outgoing nucleon in the d (n, N1)N2N3 breakup reaction for the laboratory energy of

the incoming neutron E = 14 (a), 70 (b), 135 (c), and 200 (d) MeV. The spectra of the outgoing neutron in the d (n, n)np reaction are given
with the (blue) solid line, marked with circles when nucleons interact with the CD Bonn potential only. Combining the CD Bonn with the
TM99 3NF gives the (orange) dashed-double-dotted line, marked with an “x”. The spectra of the outgoing proton are given by the (red) dashed
line, marked with squares (the CD Bonn only), and the (black) double-dashed-dotted line, marked with pluses, (the CD Bonn + TM99). For
explanation of inserts see Fig. 2.

This behavior of the cross section together with the distri-
butions of the 3NF effects are reflected in the angle-integrated
energy spectra, dσ

dE1
, shown in Fig. 4. The angular integration

reduces contributions from the threefold differential cross
section at forward angles with large 3NF effects, leading to the
angle-integrated energy spectra with 3NF effects distributed
more or less uniformly along the spectrum with the magnitude
of effects changing from ≈2– 3% at 70 MeV to ≈4–6 % at
200 MeV. A reduction of 3NF effects when going from the
spectra at given angle to angle integrated spectra exemplifies
a reduction of sensitivity of the incomplete breakup due to
averaging over contributing complete geometries. While for
complete breakup in specific configurations 3NF effects of a
magnitude up to ≈90% were found at 200 MeV [6], in the
energy spectra at a specific angle of the outgoing nucleon
they diminish to ≈20% and reduce further to ≈6% when
additional integration over the angle is performed. One can
expect that further averaging by performing integrations over

the energy of the outgoing nucleon would lead to even smaller
3NF effects in the total breakup cross section.

To investigate that issue we studied the angular distribu-
tions of the incomplete breakup cross sections and compared
them to the ones in elastic nd scattering. The spectra at a
specific angle integrated over energy of the outgoing nucleon
are shown in Fig. 5 as functions of the laboratory angle of
the detected nucleon. In this figure also the laboratory angular
distributions of the cross section for elastic nd scattering are
presented together with magnitudes of 3NF effects for both
elastic scattering and the breakup reaction shown in inserts
of that figure. The 3NF effects in the breakup, contrary to
elastic scattering, are restricted to the angles below ≈120◦
and are similar in magnitude for the detected neutron or
proton. At 70 MeV effects are ≈2– 3% up to about θ lab

1 ≈
100◦, at 135 MeV ≈3–4 % up to θ lab

1 ≈ 120◦, and at 200 MeV
≈4–5 % up to θ lab

1 ≈ 110◦. With the increasing energy they
extend to bigger angles and at 200 MeV they reach ≈2%
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FIG. 5. The energy spectra from Fig. 2 integrated over the energy of the outgoing nucleon shown as a function of the laboratory angle
of that nucleon. The incoming nucleon kinetic energy in the laboratory system is E = 14 (a), 70 (b), 135 (c), and 200 (d) MeV. The angular
distribution of the outgoing neutron in the d (n, n)np reaction is given with the (blue) dashed line, marked with circles when nucleons interact
with the CD Bonn potential only. Combining the CD Bonn with the TM99 3NF gives the (orange) dashed-double-dotted line, marked with
“x”. The angular distribution of the outgoing proton is given by the (red) dashed line, marked with squares, (the CD Bonn only) and the (black)
double-dashed-dotted line, marked with pluses, (the CD Bonn + TM99). The laboratory angular distributions for the elastic nd scattering is
given by the (orange) solid line (the CD Bonn only) and the (maroon) dotted line (te CD Bonn + TM99). For explanation of inserts see Fig. 2.
In inserts shown here the additional (orange) short-dashed line represents the magnitude of 3NF effects for elastic nd scattering as defined in
caption to Fig. 2.

for θ lab
1 ≈ 150◦. The 3NF effects in the angular distributions

of the breakup process are significantly smaller than those
in elastic Nd scattering, where at 200 MeV they amount
to ≈50% in the region of the cross section minimum (see
Fig. 5).

In Fig. 6(a) we show, as functions of the laboratory energy
E of the incoming neutron, the total nd cross section data
from Ref. [4] together with the CD Bonn and the CD Bonn
+ TM99 based theoretical predictions. Similarly to the elastic
scattering angular distributions of the cross sections, 3NF
effects start to appear in the total nd cross section at about
60 MeV. Standard models of 3NF such as the TM99 or the
UrbanaIX are able to explain the difference between the total
nd cross section data and theoretical predictions based on NN
potentials up to ≈135 MeV [4,5]. At higher energies, however,
they fail to reproduce the total cross section data, leaving a
significant deviation to data which is rapidly growing with

the energy, as exemplified in Fig. 6(a) for the CD Bonn NN
potential and the TM99 3NF model.

The elastic scattering and breakup total cross sections
predicted by the CD Bonn potential alone or combined with
the TM99 3NF force are shown in Fig. 6(b). Since the angular
distributions of the cross sections for breakup and elastic
scattering are peaked at forward angles (see Fig. 5), the
magnitude of 3NF effects as given by the TM99 model for the
total nd breakup and total elastic scattering cross sections can
be traced back to the angular distributions of 3NF effects in
these processes. A uniform distribution of 3NF effects in the
region of angles with large breakup cross sections leads to a
magnitude of 3NF effects of ≈2–3 % for the total nd breakup
cross section (see Fig. 6(c)). The main region of large 3NF
effects for elastic scattering is located around the minimum
of the cross section, therefore the magnitude of 3NF effects in
the total elastic scattering cross section is reduced to ≈6–10 %
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FIG. 6. The total cross section for nd scattering (a) and the total
nd elastic scattering and the total breakup cross sections (b) as
functions of the laboratory energy E of the incoming neutron. In
(a) (black) dots demote experimental total cross section data from
Ref. [4] and (red) squares and (orange) exes represent the CD Bonn
and the CD Bonn + TM99 based total nd cross section predictions,
respectively. In (b) the corresponding predictions for the total elastic
scattering cross sections are given by (indigo) diamonds and (blue)
pluses, while for the total breakup cross section by (black) triangles
and (grey) dots. In (c) the contributions from the elastic scattering
and breakup reactions provided by the TM99 3NF to the difference
between the experimental total nd cross section and its prediction

by the CD Bonn potential only, defined by � ≡ σ
tot,NN+3NF
el,br −σ

tot,NN
el,br

σ tot
exp−σ tot,NN ×

100%, are shown by (indigo) diamonds for elastic scattering and by
(black) triangles for breakup contribution. The (magenta) dots, (red)
pluses, and (orange) exes show the magnitude of the TM99 3NF

effects, defined by � ≡ σ
tot,NN+3NF
tot,el,br −σ

tot,NN
tot,el,br

σ
tot,NN
tot,el,br

× 100%, for the total nd

cross section, as well as for the elastic scattering and breakup total
cross sections, respectively.

(see Fig. 6(c)). For energies above ≈70 MeV the dominating
contribution to the total cross section comes from the breakup
reaction as shown in Fig. 6(b) (see also Ref. [6]), which results
in the magnitude of 3NF effects in the total nd cross section
being of the order of ≈4% for energies above 70 MeV.

It is also interesting to study contributions to the difference
between the total nd cross section data and the CD Bonn

potential prediction which are induced by the TM99 3NF and
which come from elastic scattering and breakup processes
separately. They are shown in Fig. 6(c) by diamonds for the
elastic scattering and by triangles for the breakup contribu-
tions. At 200 MeV the TM99 3NF explains ≈60% of that
difference with approximately equal contributions from the
elastic scattering and breakup reactions. At 250 MeV only
≈45% is explained with ≈25% and ≈20% contributions from
the elastic scattering and breakup processes, respectively. At
294 MeV the explained part reduces further to only ≈30%
with contributions of ≈20% from the elastic scattering and
≈10% from the breakup reaction.

It is clear that in order to explain the total nd cross section
data at energies around ≈200 MeV a 3NF model containing
only long-range 2π -exchange mechanism is not sufficient.
The rapid growth of the unexplained part of the total cross
section with increasing energy indicates that the mechanism
responsible for it must provide contributions that also quickly
increase with the energy. Among possible mechanisms one
could consider short-range components of the 3NF modelled
by the π -ρ or ρ-ρ 3NF’s [18] exchanges or the corresponding
short-range components of 3NF as provided in the framework
of the chiral perturbation theory [19–23]. The unexplained
part of the total cross section shows that, in spite of the
substantial reduction of the 3NF effects due to averaging
over contributing exclusive geometries in incomplete breakup,
the experimental data for such averaged breakup observables,
comprising in addition to incomplete spectra also information
about the total breakup cross section, are desirable. Due to
the dominating contribution of the breakup reaction to the
total cross section at higher energies such data would help
to resolve the total cross section discrepancy by exhibit-
ing the role played by 3NF, specifically by its short-range
components. The well-established 3NF effects in the region
of the minimum of the elastic nd scattering cross section
contribute only slightly to that discrepancy. Namely, at E =
250 MeV, where elastic nd scattering data are available, the
part of the elastic scattering cross section data in the region
of c.m. angles 60◦ � θc.m. � 180◦ unexplained by inclusion
of the 2π -exchange 3NF, provides only ≈7% contribution to
the unexplained by the 2π -exchange 3NF part of the total
cross section at that energy. This demonstrates the importance
of the breakup studies for resolving the total cross section
discrepancy and makes it plausible that the magnitude of
contributions from short-range components of the 3NF should
be at higher energies at least as large as the ones stemming
from the 2π -exchange mechanism.

IV. SUMMARY AND CONCLUSIONS

We investigated the magnitudes and the distributions of
3NF effects in incomplete nd breakup based on solutions
of the 3N Faddeev equation with the CD Bonn potential
alone or augmented with the TM99 3NF. Energy spectra
of the outgoing neutron or proton were calculated either at
a specific laboratory angle of the outgoing nucleon or by
integrating over some angular range. The spectra at a specific
angle (the threefold differential cross sections) reveal struc-
tures caused by dominant contributing kinematically complete
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configurations such as FSI or QFS. The 3NF effects start
to appear at ≈60 MeV of the incoming neutron laboratory
energy. At forward angles large 3NF effects are located in the
lower parts of the spectra, shifting to larger outgoing nucleon
energies with increasing angle. Integration of the threefold
differential cross section given at a specific angle over the
outgoing nucleon energy leads to the angular distributions of
the breakup cross section for single-nucleon detection, which
is different from the angular distribution of the corresponding
elastic scattering cross section. In contrast to elastic scattering,
where the interference between the direct PT and exchange
PG−1

0 terms leads to a characteristic minimum of the cross
section, the angular distribution of the breakup reaction is
peaked at forward angles and recedes with the increasing
angle. Additionally, the largest 3NF effects are localized being
uniformly spread at forward angles, as opposed to elastic
scattering, where they are dominant in the region of the
minimum of the elastic scattering cross section. The long-
ranged 2π -exchange TM99 3NF is unable to explain the
angular distributions of the elastic scattering cross section as
well as the total nd cross section data at higher energies. The
difference between the nd total cross section data and the
theoretical predictions which include the 2π -exchange TM99
3NF grows rapidly with the increasing energy of the incoming
nucleon, which indicates that the short-range components of
the 3NF can be responsible for this discrepancy. Such short-
range forces could probably provide contributions quickly
increasing with the energy and dominating at higher energies.

It will be interesting to examine if short-range components of
the 3NF which are consistently derived in the framework of
chiral effective field theory are able to describe the total nd
cross section data.

The presented inclusive spectra for the deuteron breakup
process reveal smaller 3N force effects than those observed in
some exclusive geometries. Thus, to determine the structure
and importance of 3N interaction exclusive measurements
would seem to be preferable. However, the complete breakup
cross sections in configurations with large 3N force effects
become hardly measurable at increasing beam energies, so the
inclusive experiments, which provide supplementary informa-
tion, are necessary to study properties of the 3N potential.
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APPENDIX: ELASTIC SCATTERING TRANSITION
AMPLITUDE—PT TERM

The contribution to the elastic scattering transition ampli-
tude 〈φ′|PT |φ〉 is given by [15,17]

〈φ′|PT |φ〉 =
∑
JM

∑
α′l0λ0I0

〈
1m′

s0
I0M − m′

s0

∣∣JM
〉〈

λ0M − m′
s0

− μ′ 1
2
μ′

∣∣∣∣I0M − m′
s0

〉

×Y ∗
λ0M−m′

s0
−μ′ ( ˆ̄q)

∫
q′2dq′

∫ 1

−1
dxϕl0 (π1)

Gα0,α′ (q0q′x)

π
l0
1 π

lα′
2

〈π2q′α′|T |φ〉 , (A1)

where m′
s0

and μ′ are spin projections of the outgoing deuteron
and neutron in the final nd state φ′ with relative momentum
�̄q (| �̄q| = q0). The quantum numbers of the partial waves for
given total angular momentum J (with projection M on the
z axis defined by the incoming neutron momentum) and
parity π = (−1)l+λ of the 3N system are given by α =
[(ls) j(λ 1

2 )I ( jI )J (t 1
2 T )]. The angular momentum l and spin s

of the two-nucleon subsystem are coupled to its total angular

momentum j and the total isospin is t = 0 or t = 1. The spec-
tator nucleon orbital angular momentum λ coupled with its
spin 1

2 gives its total angular momentum I . The total isospin of
the 3N system T results from coupling of t with spectator nu-
cleon isospin 1

2 . The momentum π1 in the deuteron wave func-

tion ϕl0 is given by π1 =
√

q′2 + 1
4 q2

0 + q′q0x while momentum

π2 =
√

q2
0 + 1

4 q′2 + q′q0x. The quantity Gα0,α′ (q0q′x)/π l0
1 π

lα′
2

comes from the permutation operator P.
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