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Correlations between azimuthal anisotropy Fourier harmonics vn (n = 2, 3, 4) are studied using the events
from PbPb collisions at

√
sNN = 2.76 TeV generated by the HYDJET++ and multiphase transport (AMPT)

models, and compared to the corresponding experimental results obtained by the ATLAS Collaboration. The
Fourier harmonics vn are measured over a wide centrality range using the two-particle azimuthal correlation
method. The slopes of the v2-v3 correlation from both models are in a good agreement with the ATLAS data. The
HYDJET++ model predicts a stronger slope for the v2-v4 and v3-v4 correlations than the ones experimentally
measured, while the results from the AMPT model are in a rather good agreement with the experimental results.
In contrast to the HYDJET++ predictions, the AMPT model predicts a boomeranglike shape in the structure of
the correlations as found in the experimental data.
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I. INTRODUCTION

Quantum chromodynamics predicts that at sufficiently high
energy density partons can no longer be confined inside
the nucleons. Indeed, a new state of matter with deconfined
partons, called quark gluon plasma (QGP), is formed in
ultrarelativistic nucleus-nucleus collisions [1,2]. The QGP
undergoes a collective expansion, which can be described
by relativistic hydrodynamics. The initial geometry of the
colliding nuclei creates anisotropic pressure gradients in the
transverse plane perpendicular to the beam direction. As a
consequence, such initial spatial anisotropy is converted into
momentum anisotropy observable in the final state as a pref-
erential emission of particles in a certain azimuthal direction.
The anisotropic flow can be studied by Fourier decomposition
of the emitted hadron yield distribution in azimuthal angle φ

[3–5]

dN

dφ
∝ 1 + 2

∑

n

vn cos[n(φ − �n)]. (1)

Here, Fourier coefficient vn represents the magnitude of the
azimuthal anisotropy measured with respect to the nth-order
harmonic plane angle �n. The angle �n can be reconstructed
from the emitted particle distribution itself. The elliptic flow
v2 is the most studied anisotropy. The �2, which corresponds
to the v2, is correlated with the participant plane spanned
by the beam direction and the shorter axis of the roughly
lenticular shape of the nuclear overlap region. The initial-state
fluctuations in the positions of nucleons induce higher-order
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deformations, and thus higher-order Fourier harmonics [vn,
n � 3 in Eq. (1)] are present. Higher-order Fourier harmonics
are measured with respect to the corresponding harmonic
plane angles �n [6]. The collective behavior of the QGP
has been studied using the azimuthal anisotropy of emitted
particles detected in experiments at the Relativistic Heavy Ion
Collider (RHIC) [7–9] and the Large Hadron Collider (LHC)
[10–21].

One of the experimental methods used to determine the
vn coefficients is based on two-particle azimuthal correlations
[22]. These correlations can also be Fourier decomposed into

dNpair

d�φ
∝ 1 + 2

∑

n

Vn� cos(n�φ), (2)

where �φ is the relative azimuthal angle of the particle pair.
Assuming the factorization, the two-particle Fourier coeffi-
cient Vn� is a product of the single-particle anisotropies of the
particle pair. The vn anisotropy can then be extracted by

vn = √
Vn�, (3)

with the two particles in the pair correlation belonging to
the same particle group. For each event from a given cen-
trality1 class a two-dimensional two-particle correlation is
constructed as a function of �φ and relative pseudorapidity
�η. Typically, particles with 0.5 < pT < 2 GeV/c and |η| <

2.5 are used as we adopt in this study. In order to remove

1The centrality of a nucleus-nucleus collision is defined as a
fraction of the total inelastic nucleus-nucleus cross section, with 0%
denoting the most central collisions.
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short-range correlations only pairs with |�η| � 2 are taken
into account. One-dimensional correlation function in �φ is
built by projecting the two-dimensional correlation function
onto the �φ axis and then decomposed using Eq. (2).

This paper is organized as follows. The basic features of
the HYDJET++ model [23] and the multiphase transport
(AMPT) model [24] are described in Sec. II. Approximately
106 PbPb collision events at

√
sNN = 2.76 TeV each are

simulated using the HYDJET++ (ver. 2.3) and AMPT (ver.
1.25-2.25) models. The results and discussions are given in
Sec. III. The results are presented over a wide range of central-
ities going from ultracentral (0–5% centrality) to peripheral
(65–70% centrality) PbPb collisions. A summary is given in
Sec. IV.

II. HYDJET++ AND AMPT MODEL

The Monte Carlo HYDJET++ and AMPT models simu-
late relativistic nucleus-nucleus collisions. HYDJET++ con-
sists of two components, which simulate soft and hard pro-
cesses. The soft part governs the ideal hydrodynamical evolu-
tion of the system while the hard part provides multiparton
fragmentation. The hard part of the HYDJET++ consists
of PYTHIA [25] and PYQUEN [26] event generators, which
simulate initial parton-parton collisions, radiative energy loss
of partons, and parton hadronization. It also takes into account
jet quenching effects within the formed medium. The mini-
mum transverse momentum transfer pmin

T of a parton-parton
scattering determines whether it contributes to the soft or the
hard part. In the soft part of the HYDJET++ model, the
elliptic flow magnitude is governed by the spatial anisotropy
ε(b), which, at a given impact parameter b, represents the
elliptic anisotropy of the hydrodynamics hypersurface at the
freeze out, and by the momentum anisotropy δ(b), which
is the modulation of flow velocity profile (see Eq. (34) in
Ref. [23]). In the low-pT range (�2 GeV/c), the elliptic flow
is mainly determined by the internal pressure gradients de-
veloped within the expanding fireball during the initial phase
of the collision, and is sensitive to the ε and δ parameters.
As each fluid cell carries a certain momentum, at the freeze
out the spatial anisotropy is transformed into the momentum
anisotropy. In order to extend the HYDJET++ model to the
triangular v3 flow, additionally the third-order spatial [ε3(b)]
and momentum [ρ(b)] anisotropy parameters are introduced.
Simulation of the events can be performed under several
configurations. The most realistic one, flow+quenched jets,
which includes both hydrodynamics expansion and quenched
jets, is used in this analysis. The details of the model can be
found in the HYDJET++ manual [23].

A multiphase transport (AMPT) model [24] consists of
several parts: the HIJING model [27], which generates semi-
hard minijet partons and soft strings; string melting, which
converts strings into partons; Zhang’s parton cascade (ZPC)
[28], which simulates the interactions among partons; the
Lund string fragmentation [29,30] as implemented in JET-
SET/PYTHIA [31] to convert the excited strings into hadrons
or a simple quark coalescence model to convert partons into
hadrons in the case of string melting. Interactions among
hadrons are described by the extended relativistic transport

Centrality (%)
10 20 30 40 50 60 70

2v

0.02
0.04
0.06
0.08

0.1
0.12
0.14
0.16

 < 2.0 GeV/c
T

0.5 < p

 = 2.76 TeVNNsPbPb

(a)

Centrality (%)
10 20 30 40 50 60 70

3v

0.01

0.02

0.03

0.04

0.05

(b)

Centrality (%)
0 10 20 30 40 50 60 70

4v

0
0.005

0.01
0.015
0.02

0.025
0.03

0.035 HYDJET++
AMPT
ATLAS

(c)

FIG. 1. The centrality dependence of the v2 (top), v3 (middle),
and v4 (bottom) from the 0.5 < pT < 2 GeV/c interval in PbPb
collisions at 2.76 TeV [34]. The experimental data from ATLAS are
shown by the closed circles. The results simulated by AMPT and
HYDJET++ models are shown by the open red triangles and blue
squares, respectively. The shadow boxes represent the systematic un-
certainties of the experimental data, while the statistical uncertainties
are smaller than the symbol size.

model. In this analysis, the default value of the parton cross
section of 3 mb is used in ZPC. The running coupling αs

and the screen mass μ values of 0.4714 and 3.2264 fm−1 are
used, respectively [32]. This, together with the assumed initial
temperature of 468 MeV, gives an effective specific shear
viscosity η/s of 0.137 based on Eq. (4) in Ref. [32]. Within the
model, the anisotropies of different orders are developed due
to the initial-state eccentricities. It was shown in Ref. [33] that
in peripheral collisions the efficiency of converting the ini-
tial eccentricities into final momentum anisotropies decreases
because of the reduced amount of interactions in the small
system. More details about the AMPT model can be found in
Ref. [24].

III. RESULTS

Centrality dependencies of the Fourier harmonics v2, v3,
and v4 from PbPb collisions at

√
sNN = 2.76 TeV simulated

by the HYDJET++ and AMPT models are shown in Fig. 1
together with the experimental data from the ATLAS Collab-
oration [34]. In both models, the elliptic v2 harmonic exhibits
a strong centrality dependence, while the v3 and v4 have
a weak centrality dependence. The v2 in the HYDJET++

014908-2



CORRELATIONS BETWEEN AZIMUTHAL ANISOTROPY … PHYSICAL REVIEW C 101, 014908 (2020)

2v
0.02 0.04 0.06 0.08 0.1 0.12 0.14

3v

0.01

0.015

0.02

0.025

0.03

0.035

0.04

0.045
HYDJET++
AMPT
ATLAS

 < 2.0 GeV/c
T

0.5 < p

 = 2.76 TeVNNsPbPb

FIG. 2. The correlation between v2 and v3 from the 0.5 < pT <

2 GeV/c interval for fourteen 5%-wide centrality classes over the
centrality range 0–70% in PbPb collisions at 2.76 TeV [34]. The
results simulated by the AMPT and HYDJET++ models are shown
by the open red triangles and blue squares, respectively. The shadow
boxes represent the systematic uncertainties of the experimental data,
while the statistical uncertainties are smaller than the symbol size.

model continuously increases up to 70% centrality, while in
the AMPT model it reaches its maximum at 50–60% centrality
and than starts to decrease similarly to the experimental
data. Except for the most central collisions where predictions
from both models agree with the experimentally measured
v2, the models predict smaller elliptic flow than the data for
centralities up to 50%. For centralities above 50%, the v2 from
the HYDJET++ model continues to increase and becomes
greater than the experimental one. The v3 extracted from
both models is, up to 50% centrality, in a mutual agreement
and in a good agreement with the experimentally measured
v3. For centralities above 50%, both models give v3 greater
than the experimentally measured one. The AMPT model
prediction for v4 Fourier harmonic is in a very good agreement
with the experimentally measured v4 for practically the whole
centrality range, while the corresponding prediction from the
HYDJET++ model disagrees with the experimental data. We
note that the fourth-order spatial and momentum anisotropies
are not implemented in the HYDJET++ model so the failure
of the model in v4 is expected. Based on these calculations, the
correlations between Fourier harmonics of different orders are
presented in the rest of the paper.

The correlation between the average v2 and v3 Fourier
harmonics, where each point represents one centrality class,
is shown in Fig. 2. In contrast to the v2, higher-order Fourier
harmonics vn (n = 3, 4) have a weak centrality dependence
and in peripheral collisions they decrease faster than in central
collisions as measured by ATLAS [34]. This introduces the
appearance of a boomeranglike structure. The ideal hydro-
dynamics in the HYDJET++ model predicts nearly linear
centrality dependence of the vn harmonics, and thus does
not produce the boomerang structure. The same behavior has
been found in Ref. [35] with specific shear viscosity η/s = 0,
while in the viscous hydrodynamics with positive η/s values,
the vn harmonics reach maxima and then decrease going to
peripheral collisions. As a consequence, the boomeranglike
shape appears in vn-vm correlations. The slopes of the v2-v3
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FIG. 3. The correlation between v2 and v4 from the 0.5 < pT <

2 GeV/c interval for 13 (14) 5%-wide centrality classes over the
centrality ranges 0–65% (0–70%) in PbPb collisions at 2.76 TeV
[34]. The results simulated by the AMPT and HYDJET++ models
are shown by the open red triangles and blue squares, respectively.
The error bars represent the statistical uncertainties. The shadow
boxes represent the systematic uncertainties of the experimental data.

dependence agree between the experimental data and the
HYDJET++ model up to about 50% centrality. Going to
more peripheral collisions, the difference starts to increase and
show qualitatively different behavior. Up to 50% centrality,
the magnitudes of the v2 coefficients in the experimental data
are greater than the ones predicted in the HYDJET++ model.
For centralities above 50%, HYDJET++ predicts further
increases of the v2 and v3 coefficients, while the experimental
data show a decrease.

Unlike HYDJET++, the AMPT model predicts the slope
as well as the boomeranglike shape of the correlation. How-
ever, the boomerang turn is much sharper than the one seen
in the ATLAS data [34] (see the zoomed plot in Fig. 2). The
experimental data from peripheral collisions shows a much
faster decrease of the v3 coefficient than the AMPT prediction
where the decrease of the v3 coefficient going to the peripheral
collisions is the same as the decrease going to central col-
lisions. For centralities above 35%, the v3 coefficients from
the AMPT model are greater than the ones measured by
ATLAS, while for centralities below 20% the model results
are somewhat smaller than the data. The relatively small
partonic cross section used for this analysis of the AMPT
model induces a significant effective specific shear viscosity
[36], which produces maxima in the vn distributions and then
a decrease of the vn going towards peripheral collisions.

Figure 3 shows centrality dependence of the correla-
tion between v2 and v4 harmonics. Again, the experimental
data [34] for very peripheral collisions show a boomerang
shape, while the HYDJET++ model does not predict it. The
HYDJET++ model predicts a much stronger slope than the
one seen in the experimental data. Also, in central collisions,
the HYDJET++ model predicts smaller v4 values, while
in peripheral collisions HYDJET++ gives greater v4 values
than the ones seen in the experimental data. Experimental v2

values are greater than those extracted from the HYDJET++
simulation except for centralities above 50% where v2 val-
ues continue to increase, while experimental ones start to
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FIG. 4. The correlation between v3 and v4 from the 0.5 < pT <

2 GeV/c interval for 13 (14) 5%-wide centrality classes over the
centrality range 0–65% (0–70%) in PbPb collisions at 2.76 TeV [34].
The results simulated by the AMPT and HYDJET++ are shown by
the open red triangles and blue squares, respectively. The error bars
represent the statistical uncertainties. The shadow boxes represent
the systematic uncertainties of the experimental data.

decrease. In contrast to the v3 anisotropy, the v4 anisotropy is
not introduced in the model via the corresponding eccentricity.
Appearance of the higher-order harmonics vn (n > 3) is a
consequence of the interference of the v2 and v3 harmonics
[37]. As there is a larger disagreement between HYDJET++
v4 predictions and the data, this model does not describe the
data well also in the v2-v4 correlation analysis.

Figure 3 also shows prediction of the AMPT model. The
AMPT model reproduces the slope and the boomeranglike
shape of the v2-v4 correlation (see the zoomed plot in Fig. 3).
In contrast to the v2-v3 correlation, the AMPT model predicts
the experimentally observed slope of the v2-v4 correlation
even for peripheral collisions. The model reproduces rather
well the experimentally measured v4 values, while the v2

values from AMPT are smaller than the measured ones except
for the most central 0–5% collisions.

The correlation between v3 and v4 Fourier harmonics is
shown in Fig. 4. Again, due to a larger disagreement between
HYDJET++ v4 predictions and the data, the HYDJET++
model predicts a steeper slope of v3-v4 correlation than the
experimental data [34]. Similarly to the case of the v2-v4

correlation, the AMPT model reproduces the v3-v4 correlation
observed in the experiment. For the peripheral collisions
the AMPT model predicts the boomeranglike shape of the
correlations with an opening angle similar to the one seen
in the experimental data. However, it is worthwhile to note

that there seems a subtle difference, namely, the data show a
boomeranglike shape with a left turn, while the AMPT model
predicts a right turn. Except for the most peripheral collisions,
the AMPT model reproduces the magnitudes of the v4 Fourier
harmonic very well. For central collisions, the v3 magnitudes
are somewhat smaller than the experimentally measured ones,
while for peripheral collisions the situation is opposite.

IV. SUMMARY

Centrality dependence of the correlations between v2 and
v3, v2 and v4, and v3 and v4 are studied using two-particle cor-
relation technique within 0.5 < pT < 2.0 GeV/c and |η| <

2.5 in PbPb collisions at
√

sNN = 2.76 TeV simulated by the
HYDJET++ and AMPT models. The results are compared
to the corresponding experimental measurements obtained by
the ATLAS Collaboration. In general, both models reproduce
rather well the experimentally measured magnitudes of the
Fourier harmonics vn in central collisions. Going to more
peripheral collisions, discrepancy between data and models
becomes more pronounced. In the case of the correlations
between v2 and v3, both the HYDJET++ and AMPT models
reproduce rather well the slope. Because of a weak centrality
dependence of the higher-order v3 and v4 Fourier harmonics,
and a faster decrease of their magnitudes in peripheral rather
than in central collisions, the experimental data exhibit a
boomeranglike shape. This structure is not observed in the
HYDJET++ model, but is reproduced by the AMPT model.
Due to the disagreement between HYDJET++ v4 predictions
and the data, the HYDJET++ model does not reproduce the
slopes in the correlations between v2 and v4 and between
v3 and v4, while the AMPT model reproduces them well. In
conclusion, the AMPT model reproduces the experimentally
observed features of the correlations between Fourier harmon-
ics of different orders better than the HYDJET++ model.
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