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Noncollective nucleon pairs in even-even 124−128Sn
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The effects of possible noncollective pairs in even-even 124–128Sn are studied in the nucleon-pair shell model,
in which a few noncollective neutron pairs originating from the alignment of two neutrons in the νh11/2 orbit
are considered. From the low-lying-level energies, B(E2) ratios, and excited states obtained from the model, it
is shown that the yrast band structure can be explained as the evolution from vibrational to rotational type as a
function of spin. The mechanism of the yrast band can be explained as band crossing between the ground-state
band and the S band constructed from the neutron alignment in the νh11/2 orbit. The noncollective configurations
may be crucial for describing the yrast states in even-even 124,126,128Sn in the SD-pair shell model.
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I. INTRODUCTION

Based on the generalized Wick theorem for coupled op-
erators [1,2], the nucleon-pair shell model (NPSM) has been
proposed [3], in which collective nucleon pairs with various
angular momenta serve as basic building blocks [4]. One
advantage of the NPSM is that the Hamiltonian can be di-
agonalized in a fermion-pair subspace directly, and it also
allows for various truncation schemes ranging from an S-pair
subspace up to the full paired subspace. However, because the
CPU time needed for the computation increases dramatically
with the increasing of the number of pairs and orbitals, guided
by the success of the interacting boson model (IBM), one
normally truncates the model space for medium- and heavy-
mass nuclei to a collective S- and D-pair subspace, for which it
is called the SD-pair shell model (SDPSM) [4,5]. The NPSM
has also been generalized to the case with isospin degrees of
freedom [6].

Our previous work shows that with only one kind of S-pair
and D-pair considered, the SDPSM can reproduce the main
properties of the U (5), the SU (3), the O(6), and the SU ∗(3)
limiting cases of the IBM, which correspond to the vibra-
tional, rotational, γ -unstable, and triaxial cases described by
the collective model, respectively [7,8]. The quantum phase
transitional patterns and the associated critical-point symme-
tries can also be well reproduced in the SDPSM [9,10].

In Refs. [11,12], in order to describe the backbending
phenomena in 132Ba and 132,134,136Ce, one noncollective pair
occupying the h11/2 orbit was considered in the SDPSM, and
it was found that two neutrons in the h11/2 orbit coupled to
angular momentum I = 10 noncollective pair may play an
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important role in the first backbending for those nuclei. The
B(E2) feature of a sudden drop in the backbending region
can also be well simulated in those works. These results
demonstrate that subspace spanned by the truncated collective
SD pairs and one noncollective pair with I = 10 seems an
effective and minimal shell-model subspace to elucidate the
phenomena. In this work, effects of the number of noncollec-
tive pairs and their contribution to excited states described in
the SDPSM will be studied.

It is known that, for heavy tin isotopes, the 6+, 8+, and
10+ states in the yrast band are almost degenerate and non-
collective. But the 2+, 4+, and the states with I > 10 are not
degenerate and collective. Because of the special structure
of the spectra, the Sn isotopes have been studied extensively
[13–27]. Reference [28] shows that the excited states of heavy
Sn for mass number A � 120 are expected to be described
by considering valence neutrons moving in a spherical well,
while the excited levels above 3 MeV are ascribed to several
broken pairs of valence neutrons occupying the νh11/2 orbit.
Therefore, in order to study the effect of noncollective pairs,
the yrast band of 124,126,128Sn will be considered as examples
with noncollective pairs in the SDPSM, in which at most two
noncollective pairs with I = 0, 2, 4, 6, 8, and 10 occupying
the h11/2 orbit are possible.

II. THE MODEL

In the SDPSM, the collective S and D pairs are defined as

Ar†
μ =

∑
ab

y(abr)Ar†
μ (ab), r = 0, 2,

Ar†
μ (ab) = (C†

a × C†
b )r

μ,
(1)

y(abr) = −θ (abr)y(bar),

θ (abr) = (−1)a+b+r,
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where Ar†
μ (ab) denotes noncollective pairs with angular mo-

mentum r, y(abr) is the structure coefficient, and C†
a is the

creation operator for a single nucleon with angular momentum
ja. As an approximation, in this work the S-pair structure
coefficient is chosen to be y(aa0) = ĵa

νa
μa

, where νa and μa are
occupied and empty amplitudes obtained by solving the BCS
equation, while the D-pair structure coefficients are obtained
from the commutator

A2†
μ = D†

μ = 1
2

[
Q(2)

μ , S†], (2)

where S† = A0†
μ , and Q(2) is quadrupole operator with

Q(2)
μ =

∑
cd

q(cd2)P2
μ(cd ),

q(cd2) = (−1) jc− 1
2

ĵc ĵd√
20π

C20
jc

1
2 , jd − 1

2
�cd2〈Nlc|r2|Nld〉,

�cd2 = 1

2
[1 + (−1)lc+ld +2],

P2
μ(cd ) = (C†

c × C̃d )2
μ,

ĵa =
√

2 ja + 1. (3)

Here N is the principal quantum number of the spherical
harmonic oscillator with the energy (N + 3

2 )h̄ω0, while lc
and ld are orbital angular-momentum quantum number of
the single particle at level c and d , respectively, C20

jc
1
2 , jd − 1

2
is

the Clebsch-Gordan (CG) coefficient, and the time-reversal
operator C̃a is denoted as C̃ jama = (−) ja−maCja−ma . The matrix
element 〈Nlc|r2|Nld〉 is given by

〈Nlc|r2|Nld〉

=
{(

N + 3
2

)
r2

0 , lc = ld

ϕ
√

(N + ld + 2 ± 1)(N − ld + 1 ∓ 1)r2
0 , lc = ld ± 2,

where the phase factor ϕ can be taken as ±1, r2
0 = h̄

MN ω0
=

1.012A
1
3 fm2, MN is the mass of a nucleon, and ω0 is the

frequency of the harmonic oscillator.
As in Refs. [11,12], to study the effects of the noncollective

pairs in 124,126,128Sn, we consider at most two noncollective
pairs occupying the νh11/2 orbit,

Ar†
μ

(
11

2

− 11

2

−)
= (C†

11/2 × C†
11/2)r

μ, (4)

where the angular momentum r of the noncollective pair can
be taken as 0, 2, 4, 6, 8, or 10.

The creation operator for N pairs with angular momenta
r1, . . . , rN coupled successively to the total angular momen-
tum JN and with Ji as the angular momentum for the first i
pairs is designated by

AJN †
MN

(ri, Ji ) = AJN †
MN

= (· · · ((Ar1† × Ar2†)J2 × Ar3†)J3 × · · · × ArN †)JN
MN

≡ A(r1r2 · · · rN ; J1J2 · · · JN )†, (5)

in which the pairs can be collective or noncollective.

FIG. 1. The calculated spectrum for 128,126,124Sn. Experimental
values are taken from Refs. [28,30].

The many-pair basis is defined as

|τ, JN , MN 〉 = |r1r2 · · ·N ; J1J2J3 · · · JN 〉 = AJN †
MN

(ri, Ji )|0〉,
τ ≡ (r1r2 · · · rN ; J1J2J3 · · · JN−1). (6)

where the number of pairs with given angular momentum
or type (collective or noncollective pair) can be counted out
clearly.

To study the effects of the noncollective pairs, a simple
Hamiltonian composed of the monopole pairing, quadrupole
pairing, and quadrupole-quadrupole interaction for like
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FIG. 2. γ -ray energies Eγ (I ) against the angular momentum I .

valence nucleons is adopted, which can be written as

H = H0 − G0P(0)P(0)† − G2P(2)P(2)† − κQ2 · Q2,

H0 =
∑

a

εaC
†
aCa,

(7)
P(0)† =

∑
a

â

2
(C†

a × C†
a )0,

P(2)† =
∑

a

q(ab2)(C†
a × C†

a )2,

where H0 is the single-particle energy term, and G0, G2, and
κ are the monopole pairing, the quadrupole pairing, and the
quadrupole-quadrupole interaction strength, respectively.

The E2 transition operator is simply given by

T (E2) = eνQ(2), (8)

where eν represents the effective charge of the valence
neutron-holes, which is taken to be eν = −1.0e for simplicity,
where the minus sign is due to the hole-type valence neutrons.
More details of the model can be found in Ref. [4].

III. RESULTS AND DISCUSSIONS

To study the effect of the noncollective pairs
for 124,126,128Sn, three cases are considered in this paper,
i.e., the case without the noncollective pairs denoted as
SDP, the case with one noncollective pair denoted as

ONP, and the case with two noncollective pairs denoted
as TNP. The single-particle energies of the model are
obtained from the first a few excited level energies with
the corresponding spin and parity of nucleus 131

50 Sn81, which
is 0.332, 0.242, 0.0, 1.655, and 2.434 MeV for the 2s1/2,
0h11/2, 1d3/2, 1d5/2, and 0g7/2 orbits, respectively, taken from
Ref. [29]. By the best fit to the experimental level energies
of 130Sn in the collective SD-pair subspace, the model
parameters with G0 = 0.15 MeV, G2 = 0.017 MeV/r4

0 , and
κ = 0.045 MeV/r4

0 are obtained, which will be fixed in the
model calculations for 124,126,128Sn in the following.

A. Spectra

The low-lying-energy spectra of 124,126,128Sn calculated
from the model with the SDP, ONP, and TNP cases are shown
Fig. 1. As shown in Fig. 1, in the SDP case, except for the
2+

1 level energy, which is always close to the experimental
value, the other calculated level energies are all higher than
the experimental ones. Furthermore, there is staggering in the
6+

1 , 8+
1 , and 10+

1 levels; namely, these levels do not distribute
as uniformly as 0+

1 , 2+
1 , 4+

1 levels in the yrast band of the three
nuclei, which, however, cannot be reproduced in the SDP case.

In the ONP case, one can see that, except for the level
ordering of 6+

1 , 8+
1 , and 10+

1 , which is 10+
1 , 6+

1 , and 8+
1

obtained from the model calculation, is different from that
of the experiments [28,30], a general agreement between the

014324-3



B. C. HE et al. PHYSICAL REVIEW C 101, 014324 (2020)

FIG. 3. Energies against angular momentum I for 124,126,128Sn. The vibrational [U(5)] and rotational [SU(3)] limits are also provided for
comparison.

calculated results and experimental results is achieved for the
three nuclei considered. The staggering in the yrast states of
the three nuclei can also be well reproduced. Moreover, one
can see that the TNP results are close to the ONP results
for I � 12. The small level spacing between 14+ and 16+
in 124,126Sn can also be satisfactorily produced in the TNP
case.

It is clearly shown from the overall fitting shown in Fig. 1
that, for 124,126,128Sn, the noncollective pair should be consid-
ered in the SD-pair shell model, and the second noncollective
pair is necessary for the higher-lying states.

From the above analysis, it is shown that the yrast states
in 124,126,128Sn can be fit very well in the ONP and TNP cases.
Since the backbending phenomena were proposed [31] in
1971 for the first time, irregular yrast sequences have been
observed in many even-even nuclei. Similar phenomena have
also been observed in odd-A nucleus [32,33] and light nuclei
[34]. The second backbending phenomena have also been
observed [35]. Many theoretical methods have been used to
study the backbending phenomena [36–41]. The mechanism
of backbending is interpreted as a band-crossing between the
ground band and the superband (S band), which is constructed
from the alignment of two neutrons in high- j orbit [42]. To
see the effects of the noncollective pairs more clearly, Eγ (I ) =
E (I ) − E (I − 2) against the angular momentum I is presented
in Fig. 2, from which one can see that the experimental results
for I � 12 can be reproduced very well in both the ONP and
TNP cases, but the second backbending phenomena can only

be reproduced in the TNP case, which may imply the second
noncollective pair gradually aligning in νh11/2 orbit.

The yrast states of the heavy Sn isotopes are expected to be
only due to excitations of neutrons moving in a spherical well,
particularly due to several broken pairs in the νh11/2 orbit [28].
Therefore, to reveal the effect of the noncollective pairs, the
excitation energies against angular momentum I are presented
in Fig. 3, in which the results in the vibrational and rotational
limits [42,43] are also provided. As can be observed, our cal-
culated results can describe the tendency of the transition from
vibrational to rotational pattern satisfactorily. The distribution
of 0+

1 , 2+
1 , and 4+

1 levels of the three nuclei indicate that
they are close to the vibrational pattern, i.e., the shape of the
three nuclei are almost spherical in the low-lying states. Due
to the small deformation caused by neutron alignment in the
νh11/2 orbit, the yrast line gradually approaches the rotational
limit. It can also be seen that the results of I = 16, 18 levels
in 124,126Sn can also be reproduced by including the second
noncollective pair.

In Ref. [44], a simple method, E-gamma over spin (E-
GOS), has been used to discern the level pattern evolution
from the vibrational to the rotational type. In this method,
the microscopic explanation of the backbending and the shape
phase transition are due to the alignment of nucleons in a
high- j orbit. Many nuclei with similar properties have been
studied with this method [45–47]. To see if the SDPSM can
reproduce the level pattern evolution from the vibrational to
the rotational type more clearly, the E-GOS plots for these
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FIG. 4. The E-GOS (keV/h̄) vs angular momentum plot. The vibrational [U(5)] and rotational [SU(3)] limit results are also presented.

three nuclei are shown in Fig. 4, from which one can clearly
see the level pattern evolution from vibrational to rotational
type [44] described by the model results, which track the
experimental data very well. One may also notice that the
experimental results can be described very well up to I = 14
in both the ONP and TNP cases, but for the levels with I = 16
and I = 18, the experimental results can only be fit in the TNP
case, i.e., the second noncollective pair is needed.

B. B(E2) ratios

To further reveal the effect of the noncollective pairs, the
calculated B(E2) ratios [B(E2, I → I − 2)/B(E2, 2 → 0)]
of 124,126,128Sn along the yrast states are presented in Fig. 5,
in which the results calculated in the shell model, the pair
truncated shell model (PTSM) [25], and some available ex-
perimental values are also shown. It is shown from Fig. 5 that,
for 128Sn, the available experimental values can be fit very
well in the shell model and the in PTSM. The results obtained
from the ONP and TNP cases are close to each other, which
are slightly larger than the corresponding experimental values.
Figure 5 also shows that the behavior of the B(E2) ratios in
the shell model, the PTSM, the ONP, and the TNP cases are
similar to one another for 128Sn.

For 126Sn, one can see that the available experimental val-
ues can be produced satisfactorily in all these four cases. The
B(E2) ratios in the shell model and PTSM are close to each
other. The B(E2) ratios calculated in the ONP and TNP cases

are also close to each other. One can also see that the ONP
and TNP results are different from those of the shell model
and PTSM for I = 8 and I � 14.

For 124Sn, the experimental value for I = 4 cannot be pro-
duced satisfactorily in all the four cases, i.e., the results in
shell model, ONP, and TNP are all larger than the experimen-
tal one, but that of the PTSM is smaller than the experimental
one. While the experimental value for I = 10 can be fit very
well in the four cases. It is also seen that the results in ONP
and TNP cases are still close to each other when I � 14.
Except for I = 8, 14, our results are close to the shell-model
results, while the results in the PTSM are all smaller than the
other three cases. One can also see that, for I = 16, the result
in the TNP case is close to that of the shell model, which
may suggest that the second noncollective pair is necessary
for higher-lying states.

From the above analysis, one can see that, without adjusted
parameters for the three nuclei, the experimental B(E2) ratios
can be fit approximately. The B(E2) ratios obtained in the
ONP and TNP cases are close to each other for I � 12. Due
to the lack of the experimental data, it is hard to determine the
effect of the second noncollective pair to the B(E2) ratios for
the states with I � 14 in the SDPSM.

C. Occupation number of noncollective pairs

To further reveal the effects of the noncollective pairs,
the occupation number of the noncollective pairs in the yrast
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FIG. 5. B(E2) ratios, B(E2, I → I − 2)/B(E2, 2 → 0), against spin I . The PTSM results and the shell-model calculations are taken from
Ref. [25]. Experimental data are taken from Refs. [21,22,48–51].

states of 128,126,124Sn is calculated. First, the occupation num-
ber of the noncollective pairs in each state with spin I is
calculated, with the results given in Fig. 6. It is seen that
the occupation number of noncollective pairs in the 0+

1 states
is close to zero for the three nuclei, i.e., the ground states
are pure collective states for the three nuclei. The 2+

1 states
for the three nuclei can still be considered collective states
since the occupation numbers of the noncollective pairs are all
smaller than 0.2. For the states with 4 � I � 12, the occu-
pation number of the noncollective pairs in each state ap-
proaches 1, which implies that these states are all a mixture
of the collective degrees of freedom with the noncollective
degrees of freedom. For the states with I � 14, the occupation
number of the noncollective pairs in the TNP case increases,
which suggests that the second noncollective pair begin to
play important role for the second backbending, as shown in
Fig. 2. Figure 6 also shows that the occupation number of the
noncollective pairs in each state obtained from the ONP and
TNP cases is almost the same for I � 12.

To see the structure of the excited states more clearly,
the occupation number of noncollective pairs with definite
angular momentum for a given state with spin I is also
calculated. The results of the ONP and TNP cases for 124Sn
are presented in Fig. 7, in which the occupation number of
the noncollective pairs with angular momentum 0, 2, 4, 6, 8,
and 10 are denoted S, D, G, I, K , and M, respectively. From

Fig. 7(a), it is seen that the occupation number of the S pair is
about 0.1 for the 0+

1 , and it is zero for the other states, i.e., the S
pair does not contribute to the excited states in the ONP case;
the occupation number of the D pair is about 0.05 and 0.2
for the 2+

1 and 4+
1 states, respectively; the occupation number

of the G pairs is about 0.4 for the 4+
1 state; the occupation

number of the I or K pairs is about 1.0 for both the 6+
1 and

8+
1 states. From I � 10, the occupation number of the M pairs

is about 1.0, which implies that two neutrons gradually align
in the νh11/2 orbit with increasing I . Similar results can also
been found in the explanation of the backbending phenomena
in Refs. [11,12].

Figure 7(b) shows that the distributions of the S, D, G, I ,
K , and M pairs in each state are similar to those in the ONP
case for the states with I � 12, but for the state with I � 14,
the second noncollective pair in the νh11/2 orbit begins to
align and play an important role for higher-lying states. The
occupation number of the noncollective pairs for state with
I = 14 is about 1.6 in total, and it is about 2.0 for the states
with I = 16 and I = 18.

IV. SUMMARY AND DISCUSSIONS

In this work, the effects of the noncollective pairs are
analyzed in the SD-pair shell-model framework. 128,126,124Sn
are investigated as examples with at most two noncollective
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FIG. 6. Number of noncollective pairs calculated from the ONP and TNP cases.

pairs originating from neutron alignment in the νh11/2 orbit.
It is found that, by introducing the noncollective pairs, the
yrast levels can be fit satisfactorily, and the backbending and
the shape phase transition from vibration to the rotation in
the yrast levels can also be described very well in the case
with one noncollective pair or two noncollective pairs. The
second backbending can even be well fit in the case with
two noncollective pairs. From the analysis of the occupation
number of the noncollective pairs in excited states, it is

found that the mechanism of the backbending or the shape
phase transition is the band crossing between the ground
band and S band or the neutron alignment. It is also found
that, for higher-lying states, the second noncollective pair
begin to align in the νh11/2 orbit, which seems necessary
in order to reproduce the second backbending in the yrast
band.

From Ref. [52] it is known that the results obtained in the
exact shell model (SM) can be reproduced in the SDPSM.

FIG. 7. Number of noncollective pairs with definite angular momentum.
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FIG. 8. The calculated spectrum for 126Sn, where SM represents
for the results we got in the exact shell-model case. Experimental
values are taken from Refs. [28,30].

It is interesting to see if the results we report in this paper
can be produced in the SM. To this end, the properties of
the three-nuclei 128,126,124Sn are studied with the OSLO-FCI

code [53]. The Hamiltonian and the parameters used in the
SM are same as those in the SDPSM. As an example, the
calculated results for 126Sn are presented in Fig. 8, from which
one can see that the SM results are close to those of the
TNP and experiments. These results may suggest that the
conclusion we have drawn in this work has a solid shell-model
foundation and the backbending phenomenon is rooted in the
noncollective pair or the neutron alignment in the h11/2 orbit.
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