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Two-proton radioactivity within a generalized liquid drop model
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The generalized liquid drop model (GLDM) is first extended to study the two-proton (2p) radioactivity
half-lives of the ground state of nuclei. According to the comparison between the calculated half-lives and
the experimental data, it is shown that the GLDM describes the 2p radioactivity half-lives well. In addition,
by comparing its accuracy with other models, it is found that the GLDM has a comparable accuracy with them.
Finally, the 2p radioactivity half-lives of some of the most probable candidates are predicted with the GLDM
by inputting the Q2p values (the released energy of the 2p radioactivity) from the updated 2016 Atomic Mass
Evaluation mass table, which may be useful for future experiments.
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I. INTRODUCTION

The two-proton (2p) radioactivity of nuclei was predicted
for the first time by Zel’dovich [1] and Goldansky [2,3]
in the 1960s. It was treated as a new exotic decay mode
with the simultaneous emission of the two protons from the
unbound even-Z nuclei near or beyond the proton drip line.
In subsequent studies, theoreticians made great efforts to
predict the potential candidates of 2p radioactivity. However,
2p radioactivity was not observed for a long time due to the
limitations in experiment. With the development of detection
technologies and radioactive beam facilities, the ground-state
true 2p radioactivity (Q2p > 0 and Qp < 0, where the Qp is
the released energy of the one-proton radioactivity) [4] was
first observed from 45Fe at GSI [5] and at GANIL [6] in 2002,
respectively. Then, it was discovered in 54Zn [7], 48Ni [8],
19Mg [9], and 67Kr [10]. In fact, before 2002, the extremely
short-lived ground-state 2p radioactivity was observed from
6Be [11], 12O [12], and 16Ne [12]. The decaying states have
large widths so that the 2p emitter states and the 1p daugh-
ter states overlap, which was interpreted as the “democratic
decay” in later studies [4,13,14]. The above-mentioned two
kinds of ground-state 2p emissions have become a hot subject
in the field of modern nuclear physics.

To estimate the half-lives of the 2p radioactivity, many
theoretical approaches have been proposed by researchers
[2,3,15–31]. In general, these approaches can be mainly
divided into two kinds. One is the simplified theoretical
models, which include the direct decay model [15–20], the
simultaneous versus sequential decay model [2,21], and the
diproton model [3,19,20,22–24]. For the diproton model,
it is an extreme picture that the two emitted protons are
correlated strongly. So the two protons are emitted as a 2He
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cluster from a parent nucleus. The other is the three-body
models [25–30]. Among the three-body models, the model
with the asymptotic three-body potential is a representative
one that treats the spatial and momentum correlations in
detail [25–27]. Within these approaches, the experimental
half-lives are reproduced more or less satisfactorily, but these
approaches need further improvement. On the one hand, more
and detailed nuclear structure information should be included
in these models [4,14,32,33]. On the other hand, all different
decay paths and the interference between them should be
taken into account [4,14,32,33]. However, the improvement
task is very difficult. Very recently, Gonçalves et al. calculated
the half-lives of the 2p radioactivity using the effective liquid
drop model (ELDM) in the spherical nuclear approximation
[34]. Within the ELDM, the 2p emission process was treated
as the 2He-cluster radioactivity and the calculated half-life
values are in good agreement with the experimental data.
It is well known that the generalized liquid drop model
(GLDM) is a successful model to investigate various charged
particle radioactivities [35–39]. Motivated by the work of the
Gonçalves et al., we try extending the GLDM to the study of
the 2p radioactivity of some proton-rich nuclei. This article is
organized as follows. In Sec. II, the framework of the GLDM
is presented. The calculated half-lives of the 2p radioactivity
are shown and discussed in Sec. III. In the last section, some
conclusions are drawn.

II. GLDM

In the GLDM, the process of the shape evolution from
one body to two separated fragments can be described in
a unified way. Many important factors, such as the precise
nuclear radius, mass and charge asymmetry, and proximate
effect, are included. It has been successfully used to calcu-
late the half-lives of the α-decay, the cluster radioactivity,
the spontaneous fission, and the one-proton emission [35–39].
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For the 2p radioactivity in the framework of the GLDM,
we consider it as a two-body problem. It is assumed that
a preformed 2p pair penetrates the Coulomb barrier of the
parent nuclei and decays outside the barrier. The 2p pair
preformed near the surface of the parent nuclei has zero
binding energy and the two protons separate quickly due to the
dominance of the Coulomb repulsion after they escape from
the parent nuclei.

In the GLDM, the macroscopic energy E (r) is written as

E (r) = EV + ES + EC + EProx(r) + Ecen(r), (1)

which contains the volume, surface, Coulomb, proximity, and
centrifugal potential energies.

For one-body shapes, the volume, surface, and Coulomb
energies (all in MeV) are defined as

EV = −15.494(1 − 1.8I2)A, (2)

ES = 17.9439(1 − 2.6I2)A2/3
(
S/4πR2

0

)
, (3)

EC = 0.6e2(Z2/R0)0.5
∫

(V (θ )/V0)(R(θ )/R0)3 sin θ dθ,

(4)

where A, Z , S, and I are the mass number, charge number,
surface, and relative neutron excess of the parent nucleus,
respectively. V (θ ) is the electrostatic potential at the surface
and V0 is the surface potential of the sphere. The radius (in
femtometers) of the parent nucleus is given by

R0 = (1.28A1/3 − 0.76 + 0.8A−1/3). (5)

When the two fragments are separated,

EV = −15.494
[(

1 − 1.8I2
1

)
A1 + (

1 − 1.8I2
2

)
A2

]
, (6)

ES = 17.9439
[(

1 − 2.6I2
1

)
A2/3

1 + (
1 − 2.6I2

2

)
A2/3

2

]
, (7)

EC = 0.6e2Z2
1 /R1 + 0.6e2Z2

2 /R2 + e2Z1Z2/r, (8)

where Ai, Zi, Ri, and Ii are the mass numbers, charge numbers,
radii, and relative neutron excesses of the two fragments. r is
the distance between the two fragments.

The surface energy results from the effects of the surface
tension forces in a half space. When there are nucleons in
a neck or a gap between separated fragments an additional
term, called the proximity energy, must be added to take into
account the effects of the nuclear forces between the close
surfaces. This term is essential to describe smoothly the one-
body to two-body transition and to obtain reasonable fusion
barrier heights. It moves the barrier top to an external position
and strongly decreases the pure Coulomb barrier,

EProx(r) = 2γ

∫ hmax

hmin

�[D(r, h)/b]2πh dh, (9)

where h is the distance varying from the neck radius or zero
to the height of the neck border. D is the distance between the
surfaces in regard and b = 0.99 fm is the surface width. � is
the Feldmeier proximity function. The surface parameter γ is
the geometric mean between the surface parameters of the two
fragments.

The centrifugal potential energy Ecen(r) is adopted by the
following form:

Ecen(r) = h̄2

2μ

l (l + 1)

r2
, (10)

where l is the orbital angular momentum carried by the 2p
pair. μ stands for the reduced mass of the 2p pair and the
residual daughter nucleus.

The penetrability factor P is calculated by the
Wentzel-Kramers-Brillouin (WKB) approximation, which is
expressed as

P = exp

[
−2

h̄

∫ Rout

Rin

√
2B(r)[E (r) − Esph]dr

]
, (11)

where Rin and Rout are the two turning points of the WKB
action integral. The two following approximations may be
used: Rin = Rd + R2p and B(r) = μ. Because of the influence
of centrifugal potential energy, Rout is of the following form:

Rout = Z1Z2e2

2Q2p
+

√(
Z1Z2e2

2Q2p

)2

+ l (l + 1)h̄2

2μQ2p
. (12)

The decay constant λ is defined as

λ = S2pν0P, (13)

where S2p denotes the spectroscopic factor of the 2p radioac-
tivity. It can be estimated in the cluster overlap approximation
[23], S2p = G2[A/(A − 2)]2nχ2. Here, G2 = (2n)!/[22n(n!)2]
[40], and n is the average principal proton oscillator quantum
number given by n ≈ (3Z )1/3 − 1 [41]. χ2 = 0.0143, which
is determined by fitting the experimental half-lives of 19Mg,
45Fe, 48Ni, and 54Zn.

ν0 is the assault frequency of the 2p pair on the barrier of
the parent nucleus and is estimated by the classical method

ν0 = 1

2R0

√
2E2p

M2p
, (14)

where E2p and M2p represent the kinetic energy and the mass
of the emitted 2p pair, respectively.

Finally, the 2p radioactivity half-life is calculated by

T1/2 = ln 2

λ
. (15)

III. RESULTS AND DISCUSSIONS

We performed calculations on the 2p radioactivity half-
lives of the ground-state to ground-state transitions with the
GLDM by inputting the experimental Q2p values. The calcu-
lated results are listed in Table I. The first column of Table I
denotes the parent nuclei. In columns 2 and 3, the experimen-
tal Q2p values and the experimental logarithm half-lives are
shown, respectively. The logarithm half-lives calculated by the
GLDM, the ELDM [34], and an empirical formula of Ref. [51]
are listed in columns 4, 5, and 6, respectively. In calculations
the orbital angular momenta carried by the 2p pair are all
zero, which is determined by the spin-parity selection rule.
To analyze the deviation between the experimental half-lives
and the calculated ones, the values of the logarithm hindrance
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TABLE I. The experimental and calculated 2p radioactivity half-lives of the ground-state to ground-state transitions. The Qexpt
2p and log10T1/2

values are measured in MeV and seconds, respectively.

Nuclei Qexpt
2p (MeV) log10T expt

1/2 (s) log10T GLDM
1/2 (s) log10T ELDM

1/2 (s) [34] log10T for
1/2 (s) [51] log10HF

6
4Be 1.371(5) [11] −19.51+0.03

−0.03 [11] −19.37+0.01
−0.01 −19.97 −21.95 −0.14

12
8 O 1.638(24) [42] >−19.40 [42] −19.17+0.13

−0.08 −18.27 −18.47 >−0.23

1.820(120) [12] −20.14+0.43
−0.21 [12] −19.46+0.13

−0.07 −0.69

1.790(40) [43] −20.31+0.18
−0.13 [43] −19.43+0.04

−0.03 −0.87

1.800(400) [44] −20.32+0.78
−0.26 [44] −19.44+0.30

−0.20 −0.88
16
10Ne 1.330(80) [12] −19.84+0.30

−0.18 [12] −16.45+0.23
−0.21 −15.94 −3.40

1.400(20) [45] −19.58+0.20
−0.13 [45] −16.63+0.05

−0.05 −16.60 −16.16 −2.95
19
12Mg 0.750(50) [9] −11.40+0.14

−0.20 [9] −11.79+0.47
−0.42 −11.72 −10.66 0.57

45
26Fe 1.100(100) [5] −2.40+0.26

−0.26 [5] −2.23+1.34
−1.17 −0.17

1.140(50) [6] −2.07+0.24
−0.21 [6] −2.71+0.61

−0.57 −1.66 0.38

1.154(16) [8] −2.55+0.13
−0.12 [8] −2.87+0.19

−0.18 −2.43 −1.81 0.35

1.210(50) [46] −2.42+0.03
−0.03 [46] −3.50+0.56

−0.52 −2.34 1.08
48
28Ni 1.290(40) [47] −2.52+0.24

−0.22 [47] −2.62+0.44
−0.42 −1.61 0.10

1.350(20) [8] −2.08+0.40
−0.78 [8] −3.24+0.20

−0.20 −2.13 1.16

1.310(40) [48] −2.52+0.24
−0.22 [49] −2.83+0.43

−0.41 −2.36 0.31
54
30Zn 1.280(210) [50] −2.76+0.15

−0.14 [50] −0.87+0.25
−0.24 −0.10 −1.89

1.480(20) [7] −2.43+0.20
−0.14 [7] −2.95+0.19

−0.19 −2.52 −1.83 0.51
67
36Kr 1.690(17) [10] −1.70+0.02

−0.02 [10] −1.25+0.16
−0.16 −0.06 0.31 −0.45

factor log10 HF (log10 HF = log10 T expt
1/2 − log10 T GLDM

1/2 ) are
listed in the last column of Table I. From Table I, it can be
seen that the 2p decay half-lives calculated by the GLDM
are in agreement with the experimental data except for the
case of 16Ne. In addition, by comparing the half-lives within
the ELDM [34] and an empirical formula of Ref. [51] with the
experimental ones, the same conclusion can be obtained. So, it
can be determined that the GLDM has a comparable accuracy
with the two other methods.

For 16Ne, the deviations between the experimental half-
lives and the ones calculated with the three models could be up
to about three orders of magnitude. Since the 2p decay half-
lives of 16Ne were measured in 1978 [12] and in 1983 [45]
and the half-lives were as short as 10−21 s, the experimental
data might not be so accurate and the experimental uncertainty
could be large owing to the old measurement method and
detection technology. So it is suggested that the 2p decay
half-life of 16Ne should be measured again with the current
detection facilities.

Note that Mukha et al. measured the 2p decay half-life of
the 21+ isomer state of 94Ag [52]. The measured half-life
is 80 s. However, the half-life calculated with the GLDM
is as long as 5.0 × 104 s. Previous studies suggested that
the 21+ isomer of 94Ag is assumed to be a very strongly
deformed nucleus [4,34,51,52]. A recent work of Goigoux
et al. suggested that the deformation of a nucleus played a
crucial role in the 2p decay half-life [10]. However, in the
GLDM and ELDM, the deformation of the ground state is not
taken into account. For the empirical formula of Ref. [51],
the parameters are fitted by the predicted 2p decay half-lives
of the ELDM. This may be the reason why the experimental
half-lives of the 21+ isomer of 94Ag are not reproduced

by the three models. In addition, some researchers pointed
out that the three-body asymptotic behavior and configu-
ration mixing are the key factors for the 2p radioactivity
[10,32,33]. Therefore, it is important to improve the GLDM
and ELDM by considering the nuclear deformation, three-
body asymptotic behavior, and configuration mixing to make
reliable predictions for the 2p decay half-lives in the fu-
ture. Nevertheless, as a whole the GLDM is a successful
model to study the 2p decay half-lives of the ground-state
nuclei.

Encouraged by the above discussions, we attempt to pre-
dict the half-lives of the most probable 2p decay candidates
with the GLDM. Since the decay energy plays a crucial role
in charged particle radioactivities [53,54], the Q2p and Qp

values in the calculation are extracted from the updated 2016
Atomic Mass Evaluation (AME) mass table [48], and they are
listed in columns 2 and 3 of Table II. Since the ground-state
2p radioactivity is usually found in the even-Z nuclei due to
the proton-proton paring effect, we only select the even-Z
candidates of Q2p > 0 from Ref. [48]. In calculations, the
orbital angular momenta are all used as zero by the spin-parity
selection rule. By using the GLDM, the predicted 2p decay
half-lives of the light and medium mass nuclei are presented
in the last column of Table II. The nuclei in Table II are
divided into the following two categories: the nuclei of the
true 2p radioactivity (Q2p > 0, Qp < 0) and the ones not of
the true 2p radioactivity (Q2p > 0, Qp > 0). For the case of
the true 2p radioactivity, 22

14Si, 34
20Ca, 39

22Ti, and 42
24Cr should

be paid attention to by experimental researchers, because the
predicted half-lives of the four candidates are located in the
range of the measured 2p radioactivity half-lives. However,
for the other four 2p candidates (49

28Ni, 55
30Zn, 60

32Ge, and 64
34Se),
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TABLE II. The predicted 2p decay half-lives (in seconds) of the
proton-rich nuclei with the GLDM by inputting the Q2p values (in
MeV) extracted from Ref. [48]. The Qp values are also measured in
MeV.

Nuclei Q2p (MeV) Qp (MeV) T GLDM
1/2 (s)

True 2p radioactivity
22
14Si 1.28 −0.94 5.06 × 10−14

34
20Ca 1.47 −0.48 1.95 × 10−11

39
22Ti 0.76 −0.84 4.56 × 10−2

42
24Cr 1.00 −0.88 1.33 × 10−3

49
28Ni 0.49 −0.59 2.90 × 1014

55
30Zn 0.48 −0.45 8.73 × 1017

60
32Ge 0.63 −0.62 3.52 × 1013

64
34Se 0.46 −0.49 2.76 × 1024

Not true 2p radioactivity
26
16S 1.76 0.05 2.55 × 10−15

38
22Ti 2.74 0.06 5.36 × 10−15

58
32Ge 3.73 0.64 8.02 × 10−14

59
32Ge 2.10 0.38 1.06 × 10−7

their half-lives are very long, which would be difficult to
observe in measurement.

For the case of the not true 2p radioactivity, 26
16S, 38

22Ti,
58
32Ge, and 59

32Ge should also attract the attention of researchers

because each of their Q2p values is much larger than the
corresponding Qp value. Thus, the 2p radioactivity may be
the dominant decay mode for them.

IV. CONCLUSIONS

In this article, the 2p-decay half-lives of the known proton-
rich nuclei were calculated with the GLDM. According to
the comparison between the experimental half-lives and the
calculated ones, it is found that the experimental half-lives
can be reproduced well within the GLDM. Then, the GLDM
was used to predict the most probable 2p-decay half-lives
of the light and medium mass nuclei by inputting the Q2p

values from the updated 2016 AME mass table. By analyzing
the predicted results, the candidates of 22Si, 34Ca, 39Ti, and
42Cr were suggested and they should be paid attention to by
experimental researchers because the four nuclei prefer the
true 2p radioactivity. We hope this prediction is helpful for
future measurements.
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