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Permutation groups are applied to analyze the symmetries of pentaquark states. All possible quark con-
figurations of the color, flavor, spin, and spatial degrees of freedom are worked out in the language of
permutation groups, and the corresponding wave functions are constructed systematically in the form of a
Yamanouchi basis. The pentaquark spatial wave functions of various symmetries, which are derived in the
harmonic-oscillator interaction, are applied as complete bases to evaluate the low-lying light g*g pentaquark
mass of all configurations, where the Cornell-like potential is employed.
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I. INTRODUCTION

In recent decades, hadron physicists have expended great
effort hunting for evidence of the multiquark states. Since the
arguable state of @1 (1540) was proposed as the first observed
pentaquark, tremendous progress on experimental and theo-
retical explorations of the multiquark states has been achieved.
Disregarding the large number of XYZ tetraquark candidates,
in recent years the LHCb Collaboration has reported and con-
firmed the observation of three narrow pentaquark-like states:
P.(4312)", P.(4440)*, and P.(4457)". All three pentaquark-
like states may have the quark content of uudcc [1-3], but
their internal structures as well as quantum numbers are still
unclear.

A group theory approach has been applied to construct the
pentaquark wave functions and study the role of pentaquark
components in baryons [4-11]. However, the construction
of high-order spatial wave functions of pentaquark states
in various permutation symmetries has been a challenge. In
this work we systematically construct in the group theory
approach the pentaquark wave function in the form of a
Yamanouchi basis, including high-order spatial excitations.
All the basic notations have been introduced in previous
studies [9,10], where the ¢* and g*G wave functions have been
derived partly.

The paper is organized as follows. In Sec. II the properties
of the characters of the S4 permutation group are applied
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to work out all the possible configurations of color, flavor,
spin, and spatial degrees of freedom of ¢*g states, and the
explicit forms of pentaquark wave functions are derived in
the form of a Yamanouchi basis for various configurations.
The spatial wave functions of various symmetries are con-
structed to high orders in the harmonic oscillator interaction.
In Sec. III we apply the spatial wave functions constructed in
Sec. II as the complete basis to evaluate the low-lying light
pentaquark mass spectrum in the constituent quark model,
where a Hamiltonian including a Cornell-like potential and
one-gluon exchange contribution as hyperfine interaction is
employed and all model parameters are predetermined by
comparing the theoretical and experimental masses of low-
lying ¢° baryons. A summary is given in Sec. IV.

II. GROUP THEORY METHODS
A. Color-spin-flavor wave function

The construction of ¢*g states follows the rules that a
g*G state must be a color singlet and the ¢*§ wave func-
tion should be antisymmetric under any permutation between
identical quarks. The permutation symmetry of the four-quark
configuration of pentaquark states is characterized by the S4
young tabloids [4], [31], [22], [211], [1111]. Requiring the
pentaquark to be a color singlet demands that the color part of
the pentaquark wave function must be a [222]; singlet. Since
the color part of the antiquark in pentaquark states is a [11]3
antitriplet, the color wave function of the four-quark config-
uration must be a [211]s triplet. Requiring the total wave
function of the four-quark configuration to be antisymmetric
implies that its spatial-spin-flavor part must be a [31] state by
conjugation.

The algebraic structure of a multiquark state consists
of the usual spin-flavor and color algebras SU/(6) ®
SU.(3) with SU,s(6) = SU;(3) ® SU,(2). The four-quark
state |¢1)]¢2)1¢3)|qs) forms an m*-dimensional direct product
basis of SU(m) (m = 3, 3,2 for the color, flavor, and spin),
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TABLE I. Character tables of conjugacy classes of Sy.

[31] [22] [211] [1111]

Ci i X X X X X
(e) 1 1 3 2

(i) 6 1 1 0 - -
(i j)(kD) 3 1 -1 2 -1

(ijk) 8 1 0 -1 0

(ijk) 6 1 -1 0 1 -

which can be decomposed according to the S, permutation
group.

The orthogonal theorem in group theory leads to the fol-
lowing property for the characters of a group [12]:

h
x(@ =Y mgxP (g, 1)
p=1
where g are group elements, x(g) are the characters of a
product (reducible) representation of the group, and x#(g)
are the characters of the irreducible representation labeled by
B. From the above equation, one gets

_1 (@)
Mo = Xg:x @ x©

- Pi *
=> =X ®)
i1 "
Here we have used the fact that the finite group G = {g} of
order n has r conjugacy classes C; (i = 1,2,...,r) and the

numbers of the elements in the conjugacy class C; is p;. For
the S4 group of order n = 24 there are five conjugacy classes:
(e), (ij), (ij)(kD), (ijk), and (ijkl). The character values of all five
C; of the S4 group are presented in Table I for all irreducible
representations.

By applying Eq. (2), one gets all the spatial-spin-flavor
configurations and spin-flavor configurations of the g* cluster
of pentaquarks, as shown in Tables II and III, respectively,

The total wave function of the ¢* configuration may be
written in the general form

osf
Yiorar = Z aij Yo, Vs, » G)
i,j=p.h0
with
osf _ 0 sf
1//[31],7:% - Z bifl/f[x]fw[Y],"
i,j=S.A,p,An
sf_ f
Vi) = Z Cij ¥ Vi, @
1,j=S,A,p,An

TABLE II. Spatial-spin-flavor configurations of ¢*.

[31]osF
[4]o [31]s#
[1111]p [211]sp
[22]o [31]sr, [211]sp
[211]o [31]se, [211]sr, [22]sF, [1111]sp
[31]o [4]se, [Bl1sr, [211]sk, [22]sk

TABLE III. Spin-flavor configurations of g*.

[41rs
(415512211225 (415513117 [31]s [41rs141¢ (415
3115
[311xs[3117[22]5 BlssBUABLs  [31ps[31104]5
[311ss[211]4[22]5 Blss2110:310s [B11s[2216[31]
[311rs[41[31s
(2215
(22151221225 (22151221 [4]s (2215141225
(221521114 (3115 (2215311 (3115
[211]rs

[211]Fs[211]7[22]5
[211]r5[22]F[31]s

[211]rs[211]F[31]s
[211]rs[311[22]5

[1111]Fs
[(1111]ps[22]¢[22]5

[211]rs[211]F[4]5
[211]rs[31]1#[31]5

[1111]rs[211]5[31]s

where ¢, wwf s wsf , ¥*, and wf are respectively the color,
spatial-spin-flavor, spin-flavor, spin, and flavor parts of the
q4 cluster. S, A, p, A, and n stand for fully symmetric,
fully antisymmetric, p-type, A-type, and n-type functions. The
coefficients in Egs. (3) and (4) can be determined by enacting
the permutations (12), (23), and (34) of the S4 group on both
sides of the general wave functions. The fully antisymmetric
wave function for the ¢* configuration is worked out as

1 ( c osf wc osf c osf )
y y [211], / [311, [211], ¥ [311, 72111, Y311,/
V3

The detailed configurations of the spatial-spin-flavor as well
as spin-flavor wave functions are worked out in the form
of a Yamanouchi basis, as shown in Appendix A. The ex-
plicit forms of the color, spin, and flavor wave functions
of pentaquarks are specified in the previous studies (see
Refs. [9,10]).

B. Spatial wave function

We construct the spatial wave functions of the ¢*G pen-
taquark systems in the harmonic oscillator potential for the
quark-quark interaction. The relative Jacobi coordinates and
the corresponding momenta may be defined respectively as

o Lt
Vire\mtmt o m )

. dX;

pPi = uid_tl’ (6)

where u; are the reduced quark masses defined as
DX )
- it

iy j=1M;j
where 7; and m; are the coordinate and mass of the jth quark.

We assign xj, xp, x3, and x4 to be p, A, n, and & Jacobi
coordinates, respectively.

, i=1,2,34,...., ()

i
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We start from the ¢* cluster. The ¢* spatial wave function,
coupling among the p, A, and 1 harmonic oscillator wave
functions, may take the general form

q'[X]y
N'L'M

=Y Amp.m.ng. 1y 1)

{ni, li}

X Y1, (B) ® Yy, (1) @ Y1, (71)

E Cnp,Ip,mp,m,lx,mx,nmlmmn

{ni, li,mi}

X wnplpmp (Z’)wn;\lxmk (X)I/fnnl,,m”(ﬁ)s (8)

where 1, are just harmonic oscillator wave functions and
the sum {n;, [;} is over n,, ny, ny, 1,, L, 1,. N', L', and M’ are
respectively the total principle quantum number, total angular
momentum, and magnetic quantum number of the ¢* cluster.
One has N' = (2n, + 1) + 2n, + ) + (2n, + 1,). The [X]
and y in the superscript [X], represent the irreducible repre-
sentation [X] and the y-type symmetry of the representation.
The coupling coefficients A(n,, n;, ny, 1,, 1, I,) as well as
Co, 1y by lym, Shall be determined according to the
[X ]y, where the representation matrices of the permutations of
the S group are applied to both sides of the general form. The
explicit forms of the spatial wave functions for the ¢* cluster
are presented in Appendix B for the permutation symmetries
{[4]s}. To save space, the other possible permutation symme-
tries {[31],., 5, [211],,,, and [22],,} will not be specified
here.

The spatial wave function of pentaquark states is simply the
product of the g* wave function and the harmonic oscillator
wave function for the fourth Jacobi coordinate &, where the
antiquark is assigned the coordinate #s. The permutation sym-
metry of pentaquarks is simply represented by the ¢g* cluster
since ¥, (&) is fully symmetric for any permutation between
quarks. The total spatial wave function of pentaquarks may
take the form

4 -

Wnin = Vs ® Vs, ), ©)

where ¥, 1, (§ ) are the harmonic oscillator functions for the

Jacobi coordinate £ and [X], stand for all possible permu-

tation symmetries of the g* cluster, that is, [X 1y = {[4]s,

(311,555 [211]5 0., [22]5,2}. N, L, and M are respectively the

total principle quantum number, total angular momentum, and
magnetic quantum number of the pentaquark, with

N =2n,+1, +2n; + L +2n, + I, +2nc + 1z (10)

In principle, one can construct the spatial wave functions
of pentaquarks to any order by applying the representation
matrices of the permutations of the S; group to the general
form in Eq. (8). Though we have been dealing with a system
where the quark-quark potential is the harmonic oscillator
interaction, the spatial wave functions grouped in this work
according to the permutation symmetry can be employed as
complete bases to study a system with other interactions.

TABLE V. ¢*G ground state pentaquark masses.

q*q configurations JP M(q*g) MeV)
L RN C/ar)) 1= 3 2537, 2249
‘I"[zlflJC[311,.—S[311,.-[415 ) %7, %_ 2009, 2249
‘I"[Ezvlfn( Bllps[311FB11s (q q) %_, %_ 2105, 2033
\D[C;lfl] [%1]F5[31]F[2z]5(q q) %_ 2009
lp[(ZAljl] [31]FS[22F[31]S(Q q) %7, %7 1673, 2033

III. NUMERICAL CALCULATIONS OF THE
PENTAQUARK MASS SPECTRUM

We apply, as complete bases, the full wave functions of
pentaquarks worked out in the previous section to study the
pentaquark system described by the Hamiltonian

H = Hy+ Hp5F,

N N
Hy =Y (m+ i +> —EACAC Avri— B
k=1 2mk i<j 8 l Y rij ,
P AC

mm;

OGE
H,,~ = COGEE

l<_]

G - 5;, (11)

where A;; and B;; are mass-dependent coupling parameters,
taking the form

Aj=a | Bi=b " (12)
ny mi;

with m;; being the reduced mass of ith and jth quarks, defined

2mimn; OGE
i H,;>", includes

only one-gluon exchange contribution, where Coge = C,, mﬁ,
with m,, being the constituent # quark mass and C,, a constant.
)Lic in the above equations are the generators of the color SU(3)
group.

The model parameters are determined by fitting the the-
oretical results to the experimental data of the masses of
the eight baryon isospin states, namely, N(938), A(1115),
2(1190), E(1320), A(1232), ¥*(1385), E*(1530), and
Q7(1672), as well as the first radial excitation state N(1440)
(Roper resonance) and a number of orbital excitation / =1

as mj; = The hyperfine interaction,

TABLE V. ¢*s5 ground state pentaquark masses.

q*g configuration Jr M(g*g)(MeV)
\y211]c[31]F5[4]F 31l (q’ss) %_, %_ 2756, 2580
\.112“ 1c31FsB311F[]s (q7s5) %_, %7 2415, 2542
Vil icson o (@°55) 5.5 2444, 2410
\I}[ZIIJC[31JFq[3IJp[22Jg(q s5) %7 2389
‘IJ[21f1]C[311F5[2111Fm]s(q s5) %7, %7 2030, 2242
“IJ[szifl] Bllps[211]F (‘] 55) %_ 2164
‘I’fzjlju Btz 3115 (4°55) 503 2132,2352
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and [ = 2 baryons. All these baryons are believed to be mainly
3q states whose masses were taken from the Particle Data
Group [13]. The model parameters are predetermined as

m, = myg = 350 MeV,
C, = 18 MeV, a = 42000 MeV?,

ms = 525MeV,
b=0.72. (13)

The Schrodinger equation for the pentaquark systems de-
scribed by the Hamiltonian in Eq. (11) is solved numerically
by expanding the pentaquark wave functions in the completed
bases presented in Appendices B and C. For the ground state
pentaquarks, one may not expect any orbital excitation, and
hence the spatial wave functions should be fully symmetric.
Therefore, the spatial wave functions of pentaquarks states
may be expanded in the [4]s complete basis:

4— 4 o 4 o
Vi =a Wgooms Yo,0(6) + azlﬂgoows Vo,0(8)
4 - 4 -
+a3 1//300[4]5 Y10) +ag 1#200[4]5 Yo,0(6)
4 - 4 -
+as wzqooms Y1,06) + a6¢g00[4]s Y2,0(8)

4 - 4 -
+a; Wgo()ms woo(é) + ag WZOQMS Yi.0(8)

4 > 4 >
+ a491ﬁf’60014js wXO(";:) + asolﬁﬂm% 1#4,0(5 ). (14)

The mass spectra of the ground state g*§ and ¢°s5 pentaquarks
are presented in Tables IV and V.
It is noted that the state with the [31]7s[22]r[31]s config-

uration and quantum numbers 1(J¥) = %(%7) is predicted to
be the lowest pentaquark state. All nucleon resonances below
1.8 GeV are more or less clear in experiment except for an
isospin-1/2 narrow resonance, N*(1685), which was first an-
nounced in the photoproduction of an n meson off a quasifree
neutron [14] and confirmed in 2017 [15], and also observed in
the yd — nn(p) excitation by two other groups [16,17]. One
may expect that the [31]rs[22]r[31]s pentaquark predicted in
the work may be related to the N(1685) since it is excluded
from the normal nucleon resonances [18,19].

In the wave of the observation of ®*(1540), a number of
studies have tried to interpret the resonance as a uudds state
and explain its mass at 1.4—1.6 GeV [20-24]. Therefore, those
works have predicted lower pentaquark masses than this work.
In this work a potential model based on the Cornell-like poten-
tial shown in Eq. (11) is employed to estimate the pentaquark
mass spectra with the model parameters predetermined by
comparing the theoretical and experimental masses of low-
lying baryons which are believed to be mainly 3¢ states. Ex-
cept for the quark masses, three model parameters including
the hyperfine interaction coupling constant are applied in this
model to derive the baryon and pentaquark mass spectra with
the complete pentaquark wave functions. Comparing to other
works [4,5,25] for g4, hidden charm, and hidden strange

pentaquark states separately, this model employs many fewer
model parameters.

IV. SUMMARY

In the work we have worked out all the spatial-spin-
flavor as well as spin-flavor configurations of pentaquark
systems, and derived explicitly the spatial-spin-flavor as well
as spin-flavor wave functions. Spatial wave functions of var-
ious permutation symmetries have been constructed for the
pentaquark systems where the quark-quark interactions are
of the harmonic oscillator type. The constructed spatial wave
functions can serve as complete bases for studying systems in
other interactions.

As a simple application, the ¢g*G and ¢*s5 pentaquarks are
studied in more realistic potentials, and the masses of the
ground state pentaquarks are accurately evaluated. It is found
that the ground state pentaquark masses are predicted, in the
Cornell-like potential in this work, to be relatively higher
than the masses from other theoretical works. However, it
is interesting to note that the work predicts that the pen-
taquark state with the [31]rs[22]r[31]s configuration and the
quantum numbers I(J¥) = %(%_) has the lowest mass, about
1670 MeV, which is quite close the mass of the isospin-1/2
narrow resonance N1 (1685).
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APPENDIX A: EXPLICIT SPATIAL-SPIN-FLAVOR WAVE
FUNCTION OF THE PENTAQUARK

In this Appendix we list explicitly the spatial-spin-flavor as
well as spin-flavor wave functions for all the configurations
in Tables II and III. O[X], F[X]v S[X], FS[X], and OFS[X] in
the content below stand respectively for the spatial, flavor,
spin, spin-flavor, and spatial-spin-flavor symmetries. OF S}31;
and F' Sy, F Sy, FS2111, FSi21, FSpii11; wave functions are
listed separately in Tables VI, VII, VIII, IX, X and XI.

APPENDIX B: SPATIAL WAVE FUNCTION OF
THE ¢* SUBSYSTEM

In this Appendix the spatial wave functions of the ¢*
subsystem of pentaquarks with the permutation symmetries
[4]s are listed in Table XII up to N' = 22, where [,, [, I,
and are L' are limited to O and 1 only. Note that we have set
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TABLE VI. Explicit OF Sj3;; wave functions.

Oy FSix; OF S35 type Explicit wave function
OwF S Iy ¢fﬂqs¢sf
A bl ¢[3m
n ¢[4J5¢[3l]n
OpnnF Spiny P ¢f’1111]A¢F{n]p
2 Ol P,
n ¢f}1111] ¢’f{11],7
OpF'Span P z¢[zzh¢’[31]ﬂ z¢’[221p¢:fh - ﬁd’fﬁﬂp‘f’gmn
A — 380, By, T 300, Bty — T3P0, S,
n f¢ 2], ¢Blh f¢ 22] ¢[31]p
O F S P 2¢ 22] ¢l211h zd’ 22] ¢[2111,, f¢ 22] ¢[2111,,
A 2¢[22h¢32/“h 2¢[22]p¢szfll]p - T¢[221p¢[211]q
n f¢[22],\¢ 211]; f‘/’[zsz‘f’ [211],
OpinFSpn 0 ﬁ‘ﬁlzlun‘f’nm 7¢1211Jp¢[311,,
A 590,90, — 50, P,
n f¢211 ¢3lh f¢211 ¢3f1]p
O[ZII]FS[ZII] 4 %¢[0211]A¢E{11]p ﬁ‘b{zn]pd’[zfuh - T¢[211],,¢’[211 - %[‘l’[ozm,\d’f{u
A — 80, i, + 7, S, + 5P, i, + Jei, S,
n —%g‘bf’zuh‘l’gnh f‘qu]p‘P[zm,, 7¢ 211 ¢[zn1,,
OpinF Sz o %d’[”zuhd’f{z]p §¢[211]p¢[22h fd) 211],7‘1"’[221A
A =390, 9, + 3900, 813, — J590u, 9,
n f¢[211]h¢ 2fz f‘/’[zn]p‘p[zz
OpyF S o B, D
X ¢[3m¢[4ls
n ‘75103””"’%5
OpnF Span o f¢[31]A¢ 3, T 76,9 i [(b[}l]nd) ﬁ@?n,ﬁ[s{un
A f¢[31h¢[3l],\ f¢’1311p¢[31 f¢1311q¢[%1h %‘pfaux‘f’vf
n %¢[311A¢[31h 7¢[311p¢[3”ﬂ - %¢[311n¢[:3]:]n
OpnF S P f¢ 31] ¢[2111,, %Wzl]”ﬁ{mp
A ﬁd’m],,‘f’[zuh - ﬁqsf’mﬂd’[szfn]n
n _Lf‘f’fmh‘p[{zfu - L\/’(p{)ﬂ]pq&féfll
OinF S 0 2¢ 31]A¢’[2z1p 2¢[31]p¢[22h f¢ 31) ¢[22]p
A _§¢[31 ‘15122]A 2¢[31],,¢[221,, f¢ 31) ‘f’[zzh
n fd) 31) ¢[2zh ﬁ¢’[31]p¢[22],,
TABLE VII. Explicit F S wave functions.
Fix; Six F Sy type Explicit wave function
Fia)Sia S Brats Xials
FianSpn N %dbthnm \lfd)[%l]ﬂXBup }¢[311,]X[311r,
FronSpa N f¢ 1221, X[221;, f¢[22 221,
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TABLE VIII. Explicit F Sj3;; wave functions.

Fix1 Six F 81 type Explicit wave function
FaSisn o brais X311,
A Prags X3,
n s X311,
Fi311Sa) P Pran, Xt
A 1311, X141
n P31, X141
FianSpn P %‘ﬁmhmup + %¢[311,,X[311A + ﬁfﬁmlnmup + ﬁ%upmﬂn
A — e, Xen, + 5060, X1, + 060, X6, T Z50un, Xen,
n ﬁ‘l’BthBlh + ﬁd’[sl]p)([sl]p - %¢[31]WX[31],,
F3nF S P %¢[31],\X[22]p + %¢[31]p X221 — %¢[31],,X[22],,
A =31, X2, + 3061, X2, — T3P0, X,
n — b6, X2, — 5000, X2,
FoinSpen o %d’[zu]nX[slh + %24?[211]‘, X511,
A %‘P[znh)([aun - %¢[211]UX[311,,
n — 5%, X, — e, Xoi,
Fa1138p22) Iy 1P, X2y, + 3911, X221, + %(b[zu]nX[zzh
A _%¢[211h X2z, + %‘f’[zn]p X221, — %¢[211],,X[22]p
U P, Xz, + 5P, X,
Fioo)Sia1 P 12y, X311, + 3921, X531, — %qﬁlzsz X311,
A — 12, xp1, + 0021, X311, — 5Pz, X3,
n —%ff)[zzh X311, — %(15[22]9 X311,
TABLE IX. Explicit FSp,11; wave functions.
Fix) Six FSpi type Explicit wave function
FanSisy P %(PBN,,XBH/, - %45[311,,)([311”
A %6, X1, — J3961, X6,
n i, X6, — 3P0, X6,
FanSpa P Lo, X2, + 21, X2, + ﬁfﬁm]nX[zz],,
A — 361, X2, + 3961, X0, + 50, X2,
n %d’[supxlzzh - %4’[311;)([221,)
FoinSu P D111, X141
A D211, X4l
n ¢l211],7 Xi4ls
Fiai1S) P %d’[znthp + %ﬂzlupmmh + ﬁ@zmnmslh - ﬁ@szpX[mn
A —%dnznh)ﬂslh + %d’[zu]p XBu, — ﬁd’[zu]nX[zl]p - ﬁd’[znh)([sl]q
n %‘P[zuh X311, — %(ﬁ[zn]p X, + %<]5[211],7X[31],7
FoinF S P %¢[211]«AX[22],, + %¢[211],, X221, — %‘ﬁ[zmn X[22);,
A — 5, Xe2y, + 50, X2, + %d’lzmn)([zsz
n —ﬁdﬁzu]p X2, + %fb[zll]lX[zz]p
FoSpan P %¢[22],\ X1, + %¢[22],, X, + %fﬁ[zz]p X311,
A — 32, X1, + 36021, Xo1, + T3P0, X,
n —%¢[221p)([311k + ﬁ(b[zthBup
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TABLE X. Explicit FSp;, wave functions.

Fix1 Six F S type Explicit wave function
FlaSi P Prats X122,
A Brats X221,
FianSpn p %¢[311AX[311P + %db[supmm - ﬁdbmﬂ)ﬂmp - ﬁ%l]ﬂ)(m,,
A — i, X1, + J3061, X611, — JePun, Xs, — 7P, Xen,
FoinSian o %d’[znhxlmp + %d’[zm,,)(mh - ﬁ(b[zm,])([slh + ﬁ@znjpxlaun
A —%mnh)(mh + %ﬁznjpmsup + ﬁd’[zmn)ﬁaup + ﬁ@znh)ﬂsuq
Fi21Si) P P21, Xl
A P2y, Xias
FroSpay P 5%, X2, + 50, X2,
A —%4’[221”([221A + %4’[22],1 X221,
TABLE XI. Explicit FSj;111) wave function.
Fix1 Six FSpnn type Explicit wave function
FoinSpn A —%4)[211],) X1, + ﬁd’[zuh Xpu, + %¢[211],,X[31],,
F[zz]S[zz] A —%lﬁ[zzh X221, + %tﬁ[zzh X221,
TABLE XII. Normalized ¢* spatial wave functions with quantum number, N' = 2nand L' = M’ = 0.
N/L,Ml/x]y Cnp,lp,nA,l)L,nn.lﬂ \[’(npa lp7 n;, l)u ny, ln)
000, (0,0,0,0,0,0)
2001415 (1,0,0,0,0,0), %(0.0,1,0,0,0), 5(0,0,0,0, 1,0)
40047, V5(2,0,0,0,0,0),,/2(0,0,2,0,0,0), ,/=(0,0,0,0,2,0),
V£(1,0,1,0,0,0),,/%(1,0,0,0,1,0),,/Z(0,0,1,0,1,0),
600141, V55(3.0,0,0,0,0), /55(0,0,3,0,0,0), ,/25(0,0,0,0,3,0),
V15(2,0,1,0,0,0), ,/£3(2,0,0,0,1,0), /1 (1,0,2,0,0,0),
V150,0,2,0,1,0), ,/£3(1,0,0,0,2,0), /15 (0,0,1,0,2,0),
18
135(1,0,1,0,1,0)
80041, V155(4,0,0,0,0,0), ,/725(0,0,4,0,0,0), ,/ 5=(0,0,0,0, 4,0),

\/g(s,o, 1,0,0,0), /55(3,0,0,0,1,0), ,/2(1,0,3,0,0,0),
\/%(0, 0,3,0,1,0),,/:2(1,0,0,0,3,0), ,/ 2(0,0,1,0,3,0),
\/%(0, 0,2,0,2,0),,/15(2,0,0,0,2,0), ,/$%(2,0,2,0,0,0),
Ji22.0.1,0.1,0), [12(1.0.2,0.1,0). /{£(1,0.1,0.2.0)
10004, \/g (5,0,0,0,0,0), \/; (0,0,5,0,0,0),,/55(0,0,0,0,5,0),
\/%(4, 0,1,0,0,0), \/2%(4,0,0,0, 1,0), ,/52.(1,0,4,0,0,0),

/22.(0,0,4,0,1,0), /22(1,0,0,0,4,0), ,/1%.(0,0, 1,0, 4,0),
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TABLE XII. (Continued.)

N/L/M[,X]y Cnp‘l/,,n;h,l;\,nn,lr,w(npa lps ny, l}u ny, lr/)

ﬁﬁc&zaam 2%0.(3,0,0,0,2,0),,/29(2,0,3,0,0,0),
ﬁﬁm&aazm 25(2,0,0,0,3,0), ,/232(0,0,2,0,3,0),
V.1,0.2,0.2,0). /1.2.0,1,0,2.0). ,/£.2.0.2.0.1.0),
%%C&LQLM 35-(1,0,3,0,1,0), ,/52(1,0,1,0,3,0)
12001415 J/5(6.0.0.0,0,0). ,/1.(0.0.6.0,0,0). ,/(0.0.0.0,6,0),
ﬁ%@ﬂh&&m 15(5.0,0,0,1,0), \/752(1,0,5,0,0,0),
ﬂ%@&iQLm 1(1,0,0,0,5,0), \/752(0,0, 1,0,5,0),
5 4,0,2,0,0,0), |/ 275.4.0,0,0,2,0), |/ 13552.0.4.0.0,0),
/%%mamazm 2713.(2,0,0,0,4,0), ./ £2(0,0,2,0,4,0),
—2—(0,0.3,0.3,0), x2-(3,0.0,0,3,0), 722—(3.0,3,0,0,0),
/%%;QLQLW 29.(3,0,2,0,1,0),,/25(1,0,3,0,2,0),
/%%lQlQLm 21%(1,0,2,0,3,0), ,/ 2%.(2,0,1,0,3,0),
/%%%QLQLM 230.(1,0,4,0,1,0), ,/ 229.(1,0, 1,0,4,0),
2%(2,0,2,0,2,0)

14004, V55(7.0,0,0,0,0), /55(0,0,7,0,0,0), /5 (0,0,0,0,7,0),

J5(6.0.1,0,0,0). /::(6.0.0,0.1.0). \/1:(1.0.6.0.0,0),

J%@@aQLm 75(1,0,0,0,6,0), ,/5(0,0,1,0,6,0),

Vs (5.0.2,0,0,0). |/ 295(5.0,0.0,2,0). |/ 2%52.0.5.0.0.0),
Vi (0.0.5.0.2.0). /[ 2%2.0,0,0.5.0). ,/1%(0.0.2.0.5.0),
Ji(5.0.1,0.1,0), /[ 21.0.5,0.1.0), \/125(1.0.1.0.5.0),
55(0,0,4,0,3,0), —25(0,0,3,0,4,0), 25(4.0,0,0,3,0),
55(3,0,0,0,4,0), 7235(4,0,3,0,0,0), 75(3.0,4,0,0,0),

VB (4,0,1,0,2,0), /475.(4,0,2,0,1,0), ,/£25.(1,0, 4,0,2,0),

VEE(2,0,4,0,1,0, /475(1,0,2,0,4,0), /52,0, 1,0,4,0),

Tae=(1,0,3,0,3,0), =2=(3,0,1,0,3,0), 7=2=(3,0,3,0, 1,0),
V 36155 (3, 0,2,0,2,0), / 3552, 0,3,0,2,0), |/ 5755 (2, 0,2,0,3,0)
160014, V3 (8:0,0,0,0,0),,/33(0,0,8,0,0,0), \/53(0,0,0,0,8, 0),

ﬁ%@QLaam 22.(7,0,0,0,1,0), \/225(1,0,7,0,0,0),
%%@ﬂIQLm 22.(1,0,0,0,7,0), \/255(0,0, 1,0,7,0),
ﬁ%&azaam 22.(6,0,0,0,2,0), \/24(2,0,6,0,0,0),
ﬁ%@ﬂaazm 22.(2,0,0,0,6,0), \/24(0,0,2,0,6,0),
ﬁ%@QLQMMA%U&@QLM 2%.(1,0,1,0,6,0),
J29.(0,0,5,0,3,0), ,/£5(0,0,3,0,5.0), ,/#22.(5,0,0,0,.3,0),
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TABLE XII. (Continued.)

1T AL
N'L M[X]y Cnp,lp,n;”l,\,n”,lnw(np, lp, n, l)m nnv lr])

J58.(3,0,0,0.5.0). /420 (5.0.3,0,0.0). ,/22.(3.0.5.0.0,0),
JE2(5.0.1,0.2,0), [228(5.0.2,0.1,0), \/22(1.0.5.0.2.0),
JE2(2.0.5.0.1,0). [2281.0.2,0.5.0), \/22(2.0.1.0.5.0),
J22.(0.0.4.0.4,0), /[ 250.(4,0.0.0,4,0). /22 4.0.4.0,0.0),

t557(4,0,1,0,3,0), \/ 323555 (4,0,3,0, 1,0), /7555 (1,0,4,0,3,0),

1062347 1062347 1062347
[ 29400 29400 29400
Toe517 (3: 0, 4,0, 1,0), \/ 156557 (1, 0,3, 0,4, 0), \/ 1565557 (3, 0, 1, 0,4, 0),

31500 31500 31500
a0 (4,0,2,0,2,0), /259 (2,0,4,0,2,0), / 229(2,0,2,0,4,0),

To0a (2,0,3,0,3,0), / 5555:(3, 0,2, 0,3,0), / 515908 (3, 0, 3,0, 2, 0)

3187041 3187041 2000,
18004, 75(9,0,0,0,0,0), 7=(0,0,9,0,0,0), =(0,0,0,0,9,0),
\/%(8, 0.1,0,0,0), ,/5(8,0,0,0, 1,0), ,/52(1,0,8,0,0,0),
\/%(o, 0,8,0,1,0), \/%(1, 0,0,0,8,0), ,/5%(0,0,1,0,8,0),
\/% (7,0,2,0,0,0), ,/25(7,0,0,0,2,0), ,/ 25,2,0,7,0,0,0),
\/%(o, 0,7.0,2,0), \/%(2, 0,0,0,7,0), ,/4%0,0,2,0,7,0),
V5 7.0.1,0,1,00./585:(1.0.7,0.1,0). |/ $55:(1.0.1,0.7.0),
\/%(0, 0,6,0,3,0), ,/35(0,0,3,0,6,0), ./ 2%-(6,0,0,0, 3, 0),
\/%(3, 0,0,0,6,0),,/35(6,0,3,0,0,0), ,/2%.(3,0,6,0,0,0),
\/%(6, 0,1,0,2,0), ,/535(6,0,2,0,1,0), ,/525(1,0,6,0,2,0),
\/%(2,0, 6,0,1,0), ,/75(1,0,2,0,6,0), ,/55(2,0,1,0,6,0),
\/g(o, 0,5,0,4,0), \/ 7:25=(0,0,4,0.,5,0), ,/ 752(5. 0, 0,0, 4, 0),
\/%(4, 0,0,0,5,0), \/ 7:5=(5.0,4,0,0,0), ,/ 752(4,0,5,0,0, 0),
41&58835 (,0,1,0,3,0), 41802588;5 (,0,3,0,1,0), 412?2588;5 (1,0,5,0,3,0),
s (3050, 1,00, 35 (1,.0.3.0.5,0), 355553, 0. 1,05, 0)
J255,0,2,0,2,0), /2%2,0,5,0,2,0), /2£2.0.2,0,5,0)
\/%(1,0,4,0,4,0), o317 (4,0,1,0,4,0), /538254, 0,4,0,1,0),
o 4.0.2,0,3,0), [ 255.4.0.3,0,2,0), [ 25.2,0.4.0,3,0),
\/%(3, 0,4,0,2,0), \/ 1059-(2,0,3,0,4,0), / 75%-(3,0,2,0, 4,0),
o (3,0,3,0,3,0)
20004 Ji55(10.0,0,0,0,0), /3700, 10.0.0.0). ,/Z:(0.0.0.0, 10,0,

2 2 2
/55(9.0,1,0,0,0), ,/52(9,0,0,0,1,0), /5% (1,0,9,0,0,0),
2 2 2
/55(0,0,9,0,1,0),/52(1,0,0,0,9,0),,/5%(0,0,1,0,9,0),
5 5 5
25(8,0,2,0,0,0), \/25(8,0,0,0,2,0), \/2(2,0,8,0,0,0),

V 57(0,0,8,0,2,0),,/73(2,0,0,0,8,0),,/33(0,0,2,0,8,0),
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TABLE XII. (Continued.)

N'L'My, oyt by W s Ly 13 Ly, 1)
2(8,0,1,0,1,0), ,/7%(1,0,8,0,1,0), /%(1,0, 1,0,8,0),
5532-(0,0,7,0,3,0), \/ 75x(0,0,3,0,7,0), ,/552-(7,0, 0,0, 3, 0),

\/%(3,0,0,0,7,0), 338-(7,0,3,0,0,0), \/72%(3,0,7,0,0,0),
222(7,0,1,0,2,0), ,/42(7,0,2,0, 1,0), ,/42:(1,0,7,0,2,0),
222(2,0,7,0,1,0), /42(1,0,2,0,7,0), ,/45(2,0,1,0,7,0),
255(0,0,6,0,4,0), ,/525:(0,0,4,0,6,0), ,/ 755(6,0,0,0, 4, 0),
255(4,0,0,0,6,0), ,/55:(6,0,4,0,0,0), ,/ 75(4,0,6,0,0,0),
52.(6,0,1,0,3,0), \/$22-(6,0,3,0,1,0), ,/52%(1,0,6,0, 3, 0),
22.(3,0,6,0,1,0), ,/ 522-(1,0,3,0,6,0), ,/ £22-(3,0, 1,0, 6,0),
25.6,0,2,0,2,0), ,/42(2,0,6,0,2,0), ,/ 49(2,0,2,0,6,0),
Jgi‘gis 0,0,5,0,5,0), /355555 (5, 0,0,0,5,0), /585555 (5, 0, 5, 0,0, 0),
%57 T507(5,0,1,0,4,0), 758-(5,0,4,0,1,0), 55-(1,0,5,0,4,0),
To2—(4,0,5,0,1,0), 22-(1,0,4,0,5,0), z2-(4,0,1,0,5,0),
320.(5,0,2,0,3,0), \/5e2.(5,0,3,0,2,0), ,/ 5e(2,0,5,0,3,0),
\/91;;@(3,0,5,0,2,0), 3e20.(2,0,3,0,5,0), \/5e2-(3,0,2,0,5,0),

o (2 0,4, 0,4,0), \/ 56755 (4,0,2,0,4,0), |/ 5635 (4, 0,4, 0,2, 0),
stwroar (4 0,3,0,3,0), /5150573, 0,4,0,3,0), /515653, 0, 3,0,4,0)

2200, \/%(11,0, 0,0,0,0), /15:(0,0,11,0,0,0), ,/ 5=(0,0,0,0, 11, 0),

77
22(10,0,1,0,0,0), / 12(10,0,0,0, 1,0), /72=(1,0, 10,0, 0, 0),
77
12(0,0, 10,0, 1,0, / 72(1,0,0,0, 10, 0), \/122=(0,0, 1, 0, 10, 0),
5
5(9,0,2,0,0,0),,/2:(9,0,0,0,2,0), / 23(2,0,9,0,0,0),

J2(0,0,9,0,2,0), \/ £3:(2,0,0,0,9,0),,/2(0,0,2,0,9,0),

2.(9,0,1,0,1,0),

V5535(0,0,8,0,3,0), ,/ 5555(0,0,3,0,8,0), /555558, 0,0, 0,3,0),

3#5-(3,0,0,0,8,0), ,/:23:(8,0,3,0,0,0), ,/:2-(3,0,8,0,0,0),

38019 38019 38019
165 165 165
V 725(8,0,1,0,2,0), /135-(8,0,2,0,1,0), \/45:(1,0,8,0,2,0),

19-(2,0,8,0,1,0),,/22-(1,0,2,0,8,0), ,/ 22-(2,0, 1,0, 8, 0),

52.(1,0,9,0, 1,0), /52 (1,0, 1,0,9,0),

12673 12673 12673

5329-(0,0,7,0,4,0), ,/5219-(0,0,4,0,7,0), ,/ 5222-(7,0,0,0, 4, 0),
5319-(4,0,0,0,7,0), ,/5219-(7,0,4,0,0,0), ,/ 53212-(4,0,7,0, 0, 0),
sisar (750, 1,0,3,0), /5185 (7,0,3,0, 1,0, /51855 (1,0, 7,0, 3, 0),
S80.(3,0,7,0,1,0), / 280(1,0,3,0,7,0), ,/ £89.(3,0,1,0,7,0),
gz (7:0,2,0,2,0), /5155 (2,0,7,0,2,0), /51557 (2,0, 2,0, 7, 0),
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TABLE XII. (Continued.)

N/L/M[’X]y Cop sy by ¥ (s Lyyny, bony, L)
o5 (0: 0 5,0,6. 0). /57565 (0, 0.6,.0,5, 0), /73505 (5. 0, 0, 0,6, 0),
w05 (6: 0,0, 0.5, 0), /35555 (5, 0, 6,0, 0, 0), / 755355 (6, 0. 5,0, 0, 0),
atsair (60, 1,0.4,0), 1/ 57557(6, 0, 4,0, 1,0, |/ 5155571, 0,6, 0,4, 0),
stsair (40,6,0,1,0), /57557(1,0, 4,0, 6,0, \/ 51557 (4,0, 1,0, 6, 0),
d080.(6, 0,2, 0, 3,0), /22806, 0, 3,0, 2,0, ,/ 22802, 0, 6,0, 3, 0),
J9780.(3,0,6,0,2,0), / 228.(2,0,3,0,6,0), ,/ 22.(3,0,2,0,6,0),
\/%(1, 0,5,0,5,0), \/%(5, 0,1,0,5,0), %(5, 0,5,0,1,0),
00753 (5 02,0, 4,0), /555755 (5, 0.4, 0,2, 0), /5557552, 0,5, 0, 4, 0),
00753 (4 0:5,0,2,0), /555755 (2, 0.4, 0,5, 0), /565755 (4, 0,2, 0, 5, 0),
L50920.(5,0,3,0,3,0), ,/ 592 (3,0,5,0,3,0), / £2220.(3, 0, 3,0, 5, 0),
00753 (31 0:4, 0,4, 0), /5355755 (4, 0.3, 0,4, 0), 5355755 (4, 0,4,0,3,0)
M’ = 0 and used the abbreviation APPENDIX C: SPATIAL WAVE FUNCTION OF
THE ¢*g SYSTEM
Z Cop ol my iy by iy by iy Vgl ym, B )V, 1ym, (X YWaytym, (1) In this Appendix the spatial wave functions of pentaquarks

with the ¢* symmetry [4]g are shown in Table XIII, where

{ni, li,m;}
4 -
Uiy L'=M' =0) and ¥, ;. (§ ) (I = 0) are the spatial
= G ; oy, by, L N'LM . 6o . .
{;} pdpasdindy Y (s Lo Mo T 1y By) wave functions of the ¢* subsystem and the harmonic oscilla-
o tor wave function for the £ coordinate, respectively. With the
= Co i mtmt (ny, ly,my, b,ng, L), (B1) limitation ng < 4, one may have up to five degenerate states
pilpsTs b,y ly prEp ns'n & X y p g
(ni. ) for each pentaquark energy level.
TABLE XIII. Pentaquark spatial wave functions of symmetric type.
4 -
\D{)’Ogm Vo004, V0.0 )
Wi S0, V0.0 ). Wi, V10
200p4)¢ 1”200[4]3 Vo.0(§), 000435 ¥ 1.0
w7 q* z q* £ q* z
4001414 W400[4]S I/f(),()(‘g ), Wzooms WI,O(E ), 1//000[415 ‘/’2,0(%- )
Wi oo, V0.0 ), Yoy V10E), Wiy, V20 ), Wiy W3.0(E)
600141 V600,45 Y0.0(8)s Yagoy ¥1.0(8): Yoo ¥2.0(8); Yooy, V3.0
\Ijq‘t? q4 - q4 - q4 - q4 - q4 -
800p4)¢ wgooms W0,0(E), ‘/’600[413 ‘//'1,0(5;- ), 1//40()[415 %,o(&), 1//200[418 1;[’3,0(5 ), ‘//'000[415 1/’40(5)
i3 4 - 7 N 4 - 4 - 4 -
"IlIOOOwS \Z’moo ‘//0,0(5), lz’g()()l4J WI,O(S)y 1#600[4] 1//2.0(5), 1//400141 w3,0(‘£ )’ 1//200141 ¢4,0(§)
\Ij;];goms wlzoo 1;1/'0 O(S) wlooo 1;[/'1 0(5) ‘//'300[4] wZ 0("3) 1//600[4] ‘/’3 O(E) 1»[’400[4 ‘/f4 0(5)
"I’?:gows wlq400 ‘//0,0(S), !01200 1/’1.0(5), 1//10()()14J W2,0(§), ‘/’30()[4] w30($)» wﬁOOHJ ¢4,0(§)
Vi, Wi, Y0.0E): oy, ¥1.0E), ooy, ¥2.0E), ooy, ¥3.0E), Yoy ¥4.08)
Yo Wi, V00 &) Voo, ¥1.0E), Wioy, ¥20E), Yiaogyy ¥3.0E), Wiogay Va0 )
"Ijg(:goms 102000 ‘/fO 0(5) 1[/1300 1/’1 0(5) 17[/'1600[4] I/f2 O(S) ‘/’1400[4] 1//3 O(E) ‘//1200[4] l//4 O(E)
4
\Il2q2(‘)10[4js 11’2200 l//0 0(5) 1;1’2()()() 1//1 0(5) 1//130()[41 ‘//2 0(5) 1//1600[41 ¢3 O(E) ‘//]400141 ¢4 0(5)
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