PHYSICAL REVIEW C 100, 064904 (2019)

Microscopic description for polarization in particle scattering

Jun-jie Zhang,' Ren-hong Fang,” Qun Wang ®,! and Xin-Nian Wang?
' Department of Modern Physics, University of Science and Technology of China, Hefei, Anhui 230026, China
2Key Laboratory of Quark and Lepton Physics (MOE) and Institute of Particle Physics, Central China Normal University,
Wuhan, Hubei 430079, China
3Nuclear Science Division, MS 70R0319, Lawrence Berkeley National Laboratory, Berkeley, California 94720, USA

® (Received 25 April 2019; published 6 December 2019)

We propose a microscopic description for the polarization from the first principle through the spin-orbit
coupling in particle collisions. It is based on scatterings of particles as wave packets, an effective method to
deal with particle scatterings at specified impact parameters. The polarization is then the consequence of particle
collisions in a nonequilibrium state of spins. The spin-vorticity coupling naturally emerges from the spin orbit
one encoded in polarized scattering amplitudes of collisional integrals when one assumes local equilibrium in

momentum but not in spin.
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I. INTRODUCTION

A very large orbital angular momentum (OAM) can be
created in peripheral heavy ion collisions [1-7]. Such a huge
OAM can be transferred to the hot and dense matter produced
in collisions and make particles with spins polarized along the
direction of the OAM [1,6-8]. Recently the STAR collabo-
ration has measured the global polarization of A and A for
the first time in Au+Au collisions at ,/syy = 7.7-200 GeV
[9-11]. The global polarization is the net polarization of local
ones in an event which is aligned in the direction of the event
plane. The results show that the magnitude of the global A
and A polarization is of the order a few percent and decreases
with collisional energies. The difference between the global
polarization of A and A may possibly indicate the effect from
the strong magnetic field formed in high energy heavy ion
collisions.

Several theoretical models have been developed to study
the global polarization. If the spin degree of freedom is
thermalized, one can construct the statistic-hydro model by
including the spin-vorticity coupling S,,, "’ into the thermal
distribution function [12-14]. Here S,, is the spin tensor,
o’ = —(1/2)(0*BY — 3B") is the thermal vorticity, the
macroscopic analog of the local OAM, and B* = Bu" is
the thermal velocity with 8 = 1/T being the inverse of the
temperature and u* being the fluid velocity. It turns out that
the average spin or polarization is proportional to the thermal
vorticity if the spin-vorticity coupling is weak. One can also
derive an ideal spin hydrodynamics from the spin dependent
phase space distribution functions which are 2 x 2 matri-
ces [15-17]. The spin polarization tensor w*’ is no longer
the thermal vorticity but is treated as a set of independent
hydrodynamic variables [15-17]. For a review of the spin-
hydrodynamic approach, see Ref. [18].

Similar to the statistic-hydro model, another approach to
the global polarization assuming local equilibrium is the
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Wigner function (WF) formalism. The WF formalism for
spin-1/2 fermions [19-25] has recently been revived to study
the chiral magnetic effect (CME) [26-29] (for reviews, see,
e.g., Refs. [29-31]) and chiral vortical effect (CVE) [32-37]
for massless fermions [36,38—44]. The Wigner functions for
spin-1/2 fermions are 4 x 4 matrices. The axial vector com-
ponent gives the spin phase space distribution of fermions near
thermal equilibrium [45-48]. It can be shown that when the
thermal vorticity is small, the spin polarization of fermions
from the WF is proportional to the thermal vorticity vector.
So the WF can also be applied to the study of the global
polarization of hyperons.

In order to describe the STAR data on the global A/A
polarization, the hydrodynamic or transport models have been
used to calculate the vorticity fields in heavy ion collisions
[49-55]. Then the polarization of A/A can be obtained from
vorticity fields at the freezeout when the A/A hyperons are
decoupled from the rest of the hot and dense matter [S6-59].

Most of these models are based on the assumption that the
spin degree of freedom has reached local equilibrium. But this
assumption is not justified. The recent disagreement between
some theoretical models and data on the longitudinal polariza-
tion indicates that the spins might not be in local equilibrium
[11,60,61], or the form of the spin-vorticity coupling in local
equilibrium might be different from that in global equilibrium
[62,63], or any other mechanisms. Although one model of
the chiral kinetic theory can explain the sign of the data
[64], it is based on massless fermions and cannot reproduce
the magnitude of the data. To clarify the above situations,
one needs to answer the question: how is the polarization
generated in microscopic collision processes? This is related
to the role of the spin-orbit coupling which is regarded as
the microscopic mechanism for the global polarization. The
need for particle collision processes is also supported by an
observation in the Lagrangian formulation of relativistic hy-
drodynamics for spin fluids: the ideal limit of hydrodynamics
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with spin is generally acausal [65], hence nonequilibrium spin
degrees of freedom are necessary. In one particle scattering
such as a 2-to-2 scattering at fixed impact parameter the
effect of spin-orbit coupling in the polarized cross section
is obvious [1,6], but how does the spin-vorticity coupling
naturally emerge from the spin-orbit one? It is far from easy
and obvious as it involves the treatment of particle scatterings
at different space-time points in a system of particles in ran-
domly distributed momentum. To the best of our knowledge,
this problem has not been seriously investigated due to such
a difficulty. In this paper we will construct a microscopic
model for the global polarization based on the spin-orbit cou-
pling. We will show that the spin-vorticity coupling naturally
emerges from scatterings of particles at different space-time
points incorporating polarized scattering amplitudes with the
spin-orbit coupling. This provides a microscopic mechanism
for the global polarization from the first principle through
particle collisions in nonequilibrium.

The paper is organized as follows. In Sec. II we will
introduce scatterings of two wave packets for spin-0 particles.
The wave packet method is necessary to describe particle
scatterings at different space-time points. In Sec. III we will
study collisions of spin-0 particles as wave packets which
take place at different space-time in a multiparticle system.
In Sec. IV we will derive the polarization rate for spin-1/2
particles from particle collisions. As an example, we will
apply in Sec. V the formalism to derive the quark polar-
ization rate in a quark-gluon plasma in local equilibrium in
momentum. In Sec. VI we will discuss the numerical method
to calculate the quark polarization rate, a challenging task
to deal with collision integrals in very high dimensions. We
will present the numerical results in Sec. VII. Finally we
will give a summary of the work and an outlook for future
studies.

Throughout the paper we use natural units /i =c =
kg = 1. The convention for the metric tensor is gh" =
diag(+1, —1, —1, —1). We also use the notation a*b, =a - b
for the scalar product of two four-vectors a*, b* and a - b for
the corresponding scalar product of two spatial vectors a, b.
The direction of a three-vector a is denoted as 4. Sometimes
we denote the components of a three-vector by indices (1,2,3)
or (x,, 2).

II. SCATTERINGS OF WAVE PACKETS
FOR SPIN-0 PARTICLES

In this section we will consider the scattering process A +
B — 1+ 2.+ n, where the incident particles A and B in the

o= / d*bP(b) =

1—[ / d? pPr
(%4 )32Ef

remote past are localized in some region and can be described
by wave packets. The details of this section can be found in the
textbook by Peskin and Schroeder [66]. The purpose of this
section is to give an idea of how the wave packets displaced
by an impact parameter are treated in the scattering process,
and to provide the basis for the discussion in the next section.
We work in the frame in which the central momenta of two
wave packets are collinear or in the same direction which we
denote as the longitudinal direction. We assume that the wave
packet B is displaced by an impact parameter vector b in the
transverse direction, so the in state can be written as

[ ks dhp paka)pp(kp)e P
batotn = [ 5O Kk,
(H

Here we see that the incident particles are treated as two wave
packets |¢4) and |¢p) defined in Appendix A. The definition
of the single particle states |k4) and |kg) can also be found in
Appendix A. As we have mentioned, the amplitudes ¢;(k;)
center at p; = (0,0, p;;) for i = A, B. We assume that the
out state is a pure momentum state |pip2 . . . Pu)ou in the far
future. This is physically reasonable as long as the detectors
of final-state particles mainly measure momentum or they do
not resolve positions at the level of de Broglie wavelengths.
Taking into account the normalization factors for the in state
and out state, the scattering probability is given by

PAB — 12...n)

ZZ Z |oul PiPp2 - pn|¢A¢B>m|
[1f—i (PrIPs) (Baloa) (B5l0B)

P P2

= H/ Qd’py | low(P1P2 - - - PulBa¢n)inl®
(2m)3 Hle(zEfQ)

= l_[/ A A S Y e
(27T)32E out\P1P2 - - - PnlPAPB/in| »

where the normalization of single particle states and wave
packets is given in Appendix A. Since P(AB — 12...n)
depends on the impact parameter b, we can rewrite it as
‘P(b). This probability gives the differential cross section at
the impact parameter b,

do

—— =P(b). 3

;= P(b) 3)
The total cross section is then an integral over the impact
parameter,

&k} ¢; (k)

I / d*k; ¢i(k;)
imapd QTP V2E ) Qn) \J2E]

X /dzbei(k%*k‘*)'b(out({pf}|{ki}>in)(out({pf}|{kﬁ})in)*
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d’ps Pk ¢iki) [ d°k, ¢r(k]) o
l_[/(27'[)32Ef (iE,[B/(ZNP\/m 2r)3 m)a )8 (kBL kg 1)

x Q) s k) +ky = > pr | @) 6D  ka+ ks =Y py
f=1 f=1

XM({kA, kB} g {pls P2y e pn})M*({kAs k;g} g {pls P2y Pn}), (4)

where Ej; =,/|k;|? +m?, E/, = ,/IK]|>+m? with i =A, B, kg denotes the transverse part of the momentum and M

denotes the invariant amplitude of the scattering process. We can integrate out six delta functions involving k) and kj,
ie., 8P(ky , —Kkp) and 8P (k) +kj — > %—1 ps). By integrating over kj | to remove 8P (ky | —kg 1), we can replace
kj , by kp 1 in the integrand. By integrating over k), | to remove 8 (k) | +kp | — >} p;.1), we can replace k, | by
—kp 1 + Z;zl ky 1 in the integrand. Then we can integrate over kj . to remove §(kj . + kp . — p1.; — pa.;), in which kp _ is
replaced by Z?:] Py.. — kj .. The last variable that can be integrated over is k} _ in the delta function for the energy conservation
S(Ej + Ep — E,) — Epp). We can solve kj _ as the root of the equation Ej + E = E),; + E,. Note that E; and E} are given by

2
EA = _kB,L + Zkf’L +kAZZ +mf‘,
\ =i
2
Ep= |kj, + Zl’fz ky.| +mp. (5)
A\ f=1

The delta function can be rewritten as

S|EA+Ep—) Ef]l =)
=1

J

-1
5Ky, — K. ). ©)

/ /
kA,z,j _ kB,z,j

Ey B

where k) ;are the roots of the equation E; + E; = E,;; + Epz
If we assume that the incident wave packets are narrow in momentum and centered at momenta p4 and pg, i.e., ¢;(k;) are
close to delta functions §(k; — p;), we can approximate (E;,, kK},) & (Exa, ka) ~ (Ea, pa) and (Eg, Kp) ~ (Exp, kp) ~ (Ep, pp).

We can also approximate v; = p; . /E; ~ k; _/E] withi = A, B. Then we obtain

1 [ _Lpy ks |pak)l® [ ks |ps(ks)I’ PN - >

H/ @m)2E; | ] @m) 2Eq Qny 2, AT UlGT Pﬁl’ﬂ‘éfl’f IMpi} = {psDI
d’py 4 _ - ‘ 2

4EAEB|UA_vB| 1"[/(271)% @m)'8| pat+ps =Y pr |IMUpit = (prDP. ™

f= f=1

(

Here we have used the normalization condition for the wave where we have rewritten the rate in a Lorentz invariant way by
amplitude (A9). We note that the above formula is derived making use of the fact that 4EsEg|va — vp|, na/Es and ng/Ep
in the frame in which incident particles are collinear in are Lorentz invariant along the collision axis.

momentum. We can boost the frame to the center-of-mass

frame of the incident particles and the cross section is

invariant.
If the number densities of A and B in coordinate space are II COLLISION RATE FOR SPIN-0 PARTICLES
n4 and np respectively, the collision rate, i.e., the number of IN A MULTIPARTICLE SYSTEM

scatterings per unit time and unit volume is given by In this section we will derive the collision rate in a system

of spin-0 particles of multispecies. We will generalize the

result of the previous section by treating the incident particles

nAnp as wave packets. The emphasis is put on the collision of two
4ELEp AEAEg|va — vglo, () particles at two different space-time points.

R = NANB|VA — UB|O' =
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Lab Frame Center of Mass Frame

FIG. 1. A collision or scattering in the laboratory frame (left) and
center-of-mass frame (right).

We will frequently use two frames in this and the next
section: the laboratory frame and the center-of-mass system
(CMS) of one specific collision. In the laboratory frame, the
movement of one species of particles follows their phase space
distribution f(x, p). There are many collisions taking place
in the system. Figure 1 shows one collision of two incident
particles at x4 = (#4, X4) and xp = (g, Xp) in the laboratory
frame and CMS. We see that ps and pp are not aligned in
the same direction in the laboratory frame. When boosted to
the CMS of this collision with the boost velocity determined
by Vot = (pa + P)/(Ea + Ep), we have p.a + pep =0 as
shown in the right panel of Fig. I; see Appendix C for
more details of such a Lorentz transformation. Hereafter we
denote the quantities in the CMS by the index c. There is an
inherent problem in the collision of incident particles located
at different space-time points: the collision time is not well
defined. If we assume that the collision takes place at the same
time in the laboratory frame, i.e., #4 = tp, after being boosted
to the CMS, the time will be mismatched, i.e., t. 4 # f. 5,
since X4 and xp are different. The reverse statement is also
true: if ¢, 4 = 1. p then 14 # tp due to X, 4 # X, p. Such an
ambiguity in the collision time cannot be avoided but can
be constrained by the requirement that the difference Az, =
t..4 — t. p should not be large, otherwise the incident particles
are irrelevant or the collision is uncausal in the CMS. In
the calculation of this paper, we will put a simple constraint
At, = 0. In the right panel of Fig. 1, we also see that the

J

K = (2EA)2Ep)|ow{p1 P21¢a (xa, pa)P5 (x5, PB))in]?
_ 4E4Ep

impact parameter b is given by the distance of x, 4 and X, p in
the transverse direction which is perpendicular to p, 4 or p. 5.
In the longitudinal direction or the direction of p. 4 or p. s,
two space points are also different in general, i.e., P. 4 - Xc.a #
Pc.a - Xcp. In the calculation we also require that the dis-
tance between two space points in the longitudinal direction,
Axcr, = Peca - (X4 — Xc.5), should not be large, otherwise the
incident particles as wave packets lose coherence and cannot
interact in the CMS. In the calculation, we will also put a
simple constraint Ax.; = 0. The CMS constraint Az, =0
and Ax.; = 0 is equivalent to the condition Af = vpy - AX
and (v4 — vp) - Ax = O in the laboratory frame; see Appendix
C for the derivation.

Since we will work in the CMS of incident particles in each
collision, for notational simplicity, we will suppress the index
¢ (standing for the CMS) of all quantities in the rest part of
this section. So all quantities are implied in the CMS if not
explicitly stated here.

We know that the momentum integral of the distribution
function gives the number density in the coordinate space.
Similar to Eq. (8), the collision rate in corresponding momen-
tum and space-time intervals can be written as

d’pa d*pg
R — = ) s - A ’
AB>12 = 3 (27_[)3fA(XA pa)fe(xs, pp)lva — vg|Ac
)
where vy = |pal/E4 and vg = —|pg|/Ep are the longitudinal

velocities with py = —pp in the CMS, fi and fp are the
phase space distributions for the incident particle A and B
respectively, and Ao denotes the infinitesimal element of the
cross section given by
1
Ao = —
Casp
’pi d*p
X K
(27 )32E, (27)32E; (2E4)(2ER)

Here we have assumed that the scattering takes place at the
same time and the same longitudinal position in the CMS, so
we put two delta functions to implement these constraints. The
constant Cyp is to make Ao have the right dimension of the
cross section and will be defined later. In Eq. (10) K is given
by

d*xad*xp8(AH)S(AxL)

(10)

da(ky — pa)op(kp — )@ (K, — pa)oj(ky — pr)

= WGIGZ f dPlad’kpd Ky d K

V16E4 (Ep tEa 1 Ep

x exp(—iky - x4 — ikp - Xp + ik, - X4 + iK}p - X5) 2 )* 8D (K, 4+ kjy — p1 — p2)2)* 8D (kg + kg — p1 — p2)

x M({ka, kgt = {p1, p2 DM ({ky, kgt — {p1, p2}).

where ¢;(k; — p;) and ¢;(k! —p;) for i = A, B denote the
incident wave packet amplitudes centered at p;, E;; =

K2 +m2, Ejo = \JIK|? +m? and E; = /|pi|? + m? are

QY

(
energies for i = A, B. In Eq. (11) G; (i = 1, 2) denote distri-
bution factors depending on particle types in the final state, we

have G; = 1 for the Boltzmann particles and G; = 1 + fi(p;)
for bosons (upper sign) and fermions (lower sign). Note that
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fi(p;) can be in any other form in nonequilibrium cases. In
(11) we have taken the following form for |¢;(x;, p;))in With
i=AB:

d’k; 1

@n) J2Ei.

i (xi, Pi))in = di(k; — Pi)e ™ K;)in.

12)

Here we take the Gaussian form for the wave packet amplitude
¢i(k; — p;) as in (A10),

(87)** (ki — pi)’
¢i(ki —pi) = W [——2

1

}, 13)

i

where «; denote the width parameters of the wave packet A
or B. For simplicity we will set equal width for two incident
particles (even for different species), ¥y = ap = «.

We can also make the approximation of narrow wave
packets, so we have |k;| ~ [Kk]| ~ |p;| for i = A, B and then

EA,kE//U{ ~ E, and EB,kEé,k ~ Ep, and the energy factors

in (11) drop out. By taking the integral over x4 and xp and
then the integral over on-shell momenta p,, pg, pi, and p»,
we obtain the scattering or collision rate per unit volume,

d’ps dpy dPpr Pp
(27 32E, (270 )32Ep (270 )32E,; (27 )32E,

Rap12 =

X_
AB

X fa(xa, pa)fe(xs, pg)G1Galva — vplK.  (14)
|

d*xad*xp8(AH)S(AxL)

d’pa d*pg

d’p d*p>

d*Nap_12 1 /
dx* = Qn)

(27 )32E, (27 \2Ep (27 Y32E; (27 )2E,

Now we use new variables to replace x4 and xp,
X = 3(xs + xp),
Y = X4 — XB. (15)

We can rewrite the integral over x4 and xp in Eq. (14) as
1= [ dtad*ad 8050 s, pa) s, pa)

x exp(—iKy4 - X4 — iKkp - Xp + K} - X4 + iK} - Xp)

~ /d4Xd2bfA<X + %T,pA>fB<X - %T,pg)

x expli(k) — Ks) - b], (16)

where we have used ks + kg — k), —ky =0 and —k,s +
kg + k), — ki = 2(k), — ks) implied by two delta functions
in Eq. (11). In Eq. (16) we have integrated over y° = At =
ta —tg and yp = Axy = Pa - (X4 — Xp) to remove two delta
functions, then we are left with the integral over the transverse
part y7 = (0,b) with b being in the transverse direction.
Because we work in the CMS in which all kinematic variables
depend on the incident momenta in the laboratory frame, the
impact parameter b in the CMS depends on (x4, xg) as well as
(pa, pp) in the laboratory frame through a boost velocity.

Now we define the constant C4p in Egs. (10) and (14) as
Cup = f d*X = tx Qi so that the final results have the right
dimension. Here 7y and i, are the local time and space vol-
ume for the interaction respectively. Note that CXBI fa*x(..)
plays the role of the average over X or ((...))y. If we take
the limit #x i,y — 0, we obtain the local rate per unit volume
from Eq. (14),

lug — v5|G1G> / Plad’kpd®k,d>k;,

x ¢a(ka — Pa)ps (kg — Pp)e; (K, — pa)dj(ky — pg)s W (K, + ky — p1 — p2)8 P (ka + ks — p1 — p2)

X M(lka k) = (1. DM (K3 K5 = (1 paD) [ @bt (X + 2 ) fa(X = 25 i) expliC, = k) - b,

where Njp_.1» is the number of scatterings. We empha-
size again that all quantities in Eq. (17) are defined in
the CMS of two incident particles (we have suppressed the
index c).

IV. POLARIZATION RATE FOR SPIN-1/2 PARTICLES
FROM COLLISIONS

In this section we will generalize the previous section for
spin-0 particles to spin-1/2 ones. Our purpose is to derive the
polarization rate from collisions in a system of particles of
multispecies. We assume that particle distributions in phase
space are independent of spin states, so the spin dependence
comes only from scatterings of particles carrying the spin
degree of freedom.

arn

As a simple example to illustrate the idea of the polar-
ization arising from collisions, we consider a fluid with the
three-vector fluid velocity in the z direction v, that depends
on x, which we denote as v,(x). We assume dv,(x)/dx >
0. In the comoving frame of any fluid cell in the range
[x — Ax/2, x + Ax/2] where Ax is a small distance, the fluid
velocity at x + Ax/2 is +(dv,(x)/dx)Ax, forming a rotation
or local orbital angular momentum (OAM) pointing to the
—y direction. Due to the spin-orbit coupling, the scattering
of two unpolarized particles with velocity +(dv,(x)/dx)Ax
and impact parameter Ax will polarize the particles in the
final state along the direction of the local OAM. It has been
proved that the polarization cross section is proportional to
s -n., where s is the spin quantization (polarization) direc-
tion and n, = f)c X P is the direction of the reaction plane
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(the local OAM) in the CMS of the scattering, where b,
and P, are the direction of the impact parameter and the
incident momentum respectively. This is what happens in
one scattering. In a thermal system with collective motion,
there are many scatterings whose reaction planes point to
almost random directions, but on average the direction of
the reaction plane points to that of the local rotation or
vorticity. To calculate the polarization in a thermal system
with collective motion, we have to take a convolution of dis-
tribution functions and polarized scattering amplitudes similar
to (17).

J

dPagn(X) 1 d*pea d*pep d’pe.i

In this section we will distinguish quantities in the CMS
and laboratory frame, i.e., we will resume the subscript ¢ for
all CMS quantities, while quantities in the laboratory frame
do not have the subscript c.

Now we consider a scattering process A+ B — 1 +2
where the incident and outgoing particles are in the spin
state labeled by s4, sg, 51, and s (s; = £1/2,i =A, B, 1, 2)
respectively. The quantization direction of the spin state is
chosen to be along the direction of the reaction plane in the
CMS of the scattering. The polarization rate per unit volume
for particle 2 in the final state is given by

d3p6,2

dx* Q)

(27 )32E. o 27)32E. 3 27)32E, | (27 )32E,»

|Ven — Ve.8|G1G / ke ad’ke gd k. 4d K. g

X ¢A (kc,A — Peca )¢B(kc.B - Pc,B)(])X (ké,A —Pca )(p;(k;B - pc,B)

x 8V (K. y + k. g — pet — Pe2)8P ket + ke — Pet — Pe.2)

x [ @uta(Xe+ 25 o) f (X = 255 pen) expliChy — ko) bl

2

x> 25 M{sa. keas sp. kest = (51, e 2. Pea DM ({54, KLy 55, kL g} = {51, peti s, pea)).

SA5SB,51,52

where P4p_. 1> denotes the polarization vector and n, = ﬁc X
Pca is the direction of the reaction plane in the CMS of
the scattering which is also the quantization direction of the
spin. In the second to the last line of Eq. (18), the summa-
tion of 25, M(..., s5)M*(..., s;) over s, = +1/2 gives the
polarized amplitude squared for particle 2 in the final state,
and the factor 2 arises from the normalization convention for
the polarization that makes it in the range [—1, 1] instead of
[—1/2, 1/2]. Equation (18) is one of our main results.

V. QUARK/ANTIQUARK POLARIZATION RATE IN A
QUARK-GLUON PLASMA OF LOCAL EQUILIBRIUM
IN MOMENTUM

In this section we will calculate the quark/antiquark po-
larization rate from all 2-to-2 parton (quark or gluon) col-
lisions in a quark-gluon plasma (QGP) of local equilibrium
in momentum but not in spin. We assume that the QGP is
a multicomponent fluid with the same fluid velocity u(x)
as a function of space-time for all partons. The partons in
a fluid cell follow a thermal distribution in momentum in
its comoving frame with the local temperature 7 (x). We
assume that the phase space distribution f(x, p) depends
on x* = (¢, x) through the fluid velocity u*(x) in the form
S, p) = fIB(x)p - u(x)] where p* = (E,, p) is an on-shell
four-momentum of the parton and B(x) = 1/T (x).

We consider the scattering, A + B — 1 + 2, where A and
B denote two incident partons in the wave packet form local-
ized at x4 and xp respectively, and “1” and “2” denote two
outgoing partons in momentum states. In order to calculate

(18)

(

the polarization rate from the collision of two wave packets
displaced by an impact parameter by Eq. (18), we must work
in the CMS of the incident partons for each collision. Note that
many collisions take place in the system at different space-
time; the CMS of each collision depends on the momenta of
incident partons which vary from collision to collision. In one
collision, the phase space distributions for incident partons
(denoted as i = A, B) can be written in the form

fi(-xcs pc) = ﬁ[ﬁ(xc)pc “uc(xe)]
= filB(X)p - ux)]

= filx, p), 19)

where x, p are the space-time and momentum in the laboratory
frame respectively, while x., p. are their corresponding values
in the CMS of A and B in this collision which depend on p4
and pp in the heat bath (laboratory frame) through the boost
velocity, and u”(x.) denotes the fluid velocity in the CMS as
a function of the space-time in the CMS.

A. Polarization rate

We now apply Eq. (18) to 2-to-2 parton scatterings.
For simplicity we assume that the phase space distributions
of incident partons follow the Boltzmann distribution, i.e.,
f(x, p) =exp[—Bx)p - u(x)], so we have GG, = 1 in (18).
Also we assume that y.r is small compared with X, so
that we can make an expansion in y. r for the distributions,
the details are given in Appendix B. The relevant contri-
bution in the linear or first order in y.r involves the term
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yer[0(Buc ) /30X 1p} , which can be rewritten as

d(Bu,)
YerPea ax%f

(Bucp) | (Bucy)

_ 1P ) (©) P o

= _EL(C) + 4yc TpCA|: BXL“ ach , (20)
where Lif = y£"T pf]A is the OAM tensor, a)l(f,g =

—(1/2)[% (B, ) — 3% (Butc, )]
tensor, and y'4p?)y =y, p, + Y0Pl all in the CMS.
The derivation of Eq. (20) is given in Eq. (B2). Note that

the OAM-vorticity coupling L{ (") shows up in the y.r

is the thermal vorticity

J

expansion, which can be converted to the spin-vorticity
coupling through polarized parton scattering amplitudes
encoding the spin-orbit coupling effect, as we will show
shortly. The second term in Eq. (20) involves the symmetric
part of the thermal velocity derivatives in space-time, which
is assumed to vanish in thermal equilibrium for the spin,
known as the Killing condition [12-14,17]. In this paper,
however, we do not assume the thermal equilibrium for the
spin degree of freedom, so we keep this symmetric term in
the calculation.

Keeping the first order term in the y.r expansion and
neglecting the zeroth order term, which is irrelevant, Eq. (18)
can be simplified as

d*Pap12(X) 1 d*pa d’pg d*pey d*pe
- : : —vegl | dhend’kepd k. d*K
ax* Gy | @n)2E, an)2E, Gr)2E., @r)y2E., v Y ’B|f AG e b@ Fead Rep
X ¢A (kc,A — Pc,A )¢B(kC,B - pcB)qbX(k:A — Pca )¢Z’(k/cb’ - pc,B)
x VK. 4+ k. g — pen — Pe2)8P (kes + ke — Pet — Pe.2)

1
X3 / d*b expli(K, 4 —kca) - bbe j[AT']Y;

d(Bup)
axv

(Ph — PR) L X, pa) (X, pp) AL~ 0., (21)

where we have used d*p,.;/E.; = d°p;/E; fori = A, B, the Lorentz transformation matrix is defined by 0X"/0X# = [A*I]"# =

u’
AB—12 _
Aly =

S4,58,51,52 color

the minus sign in the right-hand side comes from df;(X, p;)/d(Bu - p;) fori = A, B, and AI{#~ 2 is defined by

> D 209 M{sa. keniss. ket = (s10 e 2. pead)

x M ({4, ki g3 58, ki g} = {51, Pe,1352, Pe2})s (22)

where the factor 2 arises from the normalization convention for the polarization. Note that in the above formula there is a sum
over color degrees of freedom of all incident and outgoing partons. We may write Al;?~!%n, as

AIAB_)IZ“C = AIAB_)IZ(BC X f)c,A) = l(f)c . Ic)ec,ieikhf)c,kf)?,,q = iec,ieikhf’?,AIc,lf)c,lBc,ka (23)

where e, ; (i = x, p2 z) are the basis vectors in the CMS, and AIA

B—12

can be put into the form ib, - I.;; in this way we can single

out the direction b, out of AI{{#~'2 [see Eq. (40) for an example of what I looks like].
Substituting Eq. (23) into Eq. (21), completing the integration over b, and removing delta functions by integration, we obtain

d*PapnX) 7 3(,314;;)/ d*pa dps
dX* @n)y ox® | (n)2E, 2n)2E,

Ve = Ve sllAT'1eci€inb? 4 fa (X, pa) f(X, ps)(ph — D)

d3p 1 d Pc.2 ) 1 1
> “~—d°k] J A7k, :
Qr)Y2E., Quy2E. " eA? Kea jl'j;z PJafkEoGD]| - [Ta[kZ, G2)]]
X pa(Kea — Pea)P8Ke g — Pes)Py (K, 4 — Pe.a)Pp(K, g — Pe.p)
1
X Ic,za—3{ b =2+ 2J0(wo) 4 wody (wo) + wga (wo) ] + Q%12 — 2Jo(wo) — wodi (wo)]}. (24)

Here we have used

QL _alajak
Jk 3

1
Q,TH = a—3(023k51j + a*a;8j + a*a;dy — 3aaay), (25)
with a = k;,A —k.a and a = |a|, wy = aby with by be-

ing the upper limit or cutoff of b, J; for i=0,1,2
are Bessel functions, K. g = pe.1 + P2 — Kea, K, g = Pe.1 +

(

pe2 — K. 4, Ja(kl ;) and Ja(k/", ) are Jacobians for the longitu-
dinal momenta kCL 4 and k", and are given by

Ly _ L ! L W ) L
Ja(kt,) = K-, (EQA + EC,B) £, Pertrea).
Ja(kt) = K2 (o o | = == (ph, + L), 26)
“ “N\Ea Elg Elp© “
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i j e
A
1 —

? ] B'B'

1

FIG. 2. The Feynman diagrams of all 2-to-2 parton scatter-
ings at the tree level with at least one quark in the final state.
We calculate the polarization of the quark (the second parton) in
the final state. Here a and b denote the quark flavor, s; = +1/2
(i=A, B, 1, 2) denote the spin states, k; (i = A, B, 1, 2) denote the
momenta, ¢, g1, 42, g3 denote the momenta in propagators. The
processes for antiquark polarization can be obtained by making a
particle-antiparticle transformation.

and k%, (j1) and k%, (j2) with ji, j» = 1,2 are two roots of
the energy conservation equation E. 4 + E.p — E.| — E.» =
Oand E/ , + E/  — E..1 — E.» = 0 respectively. In (24) and
(25) latin indices label spatial components in the CMS. The
derivation of (24) is given in Appendix D.

In a system of gluons and quarks with multiflavors, there
are many 2-to-2 parton scatterings with at least one quark in
the final state. The quark polarization rate for a specific flavor
reads

d4PAB—> lq(X)

d*P,(X)
s 2 dax*

dx4 @7

A,B,1={qa,qa.8}
where d*Pyp_.14(X)/dX* is given by Eq. (24), and 2-to-2 par-
ton scatterings are listed in Fig. 2. The antiquark polarization
rate can be similarly obtained.

B. Polarized amplitudes for quarks/antiquarks
in 2-to-2 parton scatterings

In this subsection we will derive the polarized amplitudes
for quarks in 2-to-2 parton scatterings. The Feynman diagrams
of all 2-to-2 parton scatterings at the tree level with at least
one quark in the final state are shown in Fig. 2. For antiquark
polarization, we can make particle-antiparticle transformation
in all processes listed in Fig. 2, for example, q.q» = 9.9
becomes aqb = Gaqbs Gaqp = 4aqb becomes qaqp = qaqb,
g8 — Ju.q. becomes gg — ¢.q,, etc. In this subsection, we
discuss polarized amplitudes for quarks; those for antiquarks
can be easily obtained.

In order to obtain the quark polarization, we sum over the
spin states of all partons in the scattering except one quark in
the final state. For simplicity of the calculation, we assume
that the quark masses are equal for all flavors and the external
gluon is massless. We introduce a small mass in the gluon
propagator in the ¢ channel to regulate the possible divergence.

In this subsection, all variables are defined in the CMS.
For notational simplicity we will suppress the subscript ¢; for
example, ps actually means p,4.

We take the quark-quark scattering g,g, — q.q» With a #
b (different flavor) as an example to demonstrate how to derive
the polarized scattering amplitude which depends on the spin
state of the quark in the final state. The Feynman diagram
of this process is shown in Fig. 2. The spin-momentum
configurations are shown in the diagram. We can then write
down the corresponding amplitudes following the Feynman
rule,

I = —iM({sa, ka; sg, kg} — {s1, p1; 52, p2})

. 2.c.c 1 - -
lgitjitlk;[u(slv POV u(sa, ko)llia(sy, p2)yuu(ss, kp)l,

L = —iM({sa, ky; sg, kgt = {s1, p1352, p2})

. 1 , _ /
zgir;’,-r;zﬁ[u(sl, Y ulsa, K)I[acsa, pa2)you(ss, kp)l,
(28)

where g, is the strong coupling constant, i, j, k,[ =1,2,3
denote the fundamental colors of quarks, c,d =1, ..., 8 de-
note the adjoint colors of gluons, ¢ and t¢ are generators
of SU(N,) in fundamental representation satisfying [¢¢, P =
if*t°,q = ko — p1,and ¢ = k, — p;. We obtain the product
LI} as

Iz[“qb_)qaqb(SZ)
= Z Z M({sa, ka; sp, kg} = {s1, p1552, p2})
SA,S8,81 1, j,k,1

X M*({SA, kA;SBv k;}} - {slv P1552, pZ})

1

4 2

=C gm
4aqb—>9aqbS s 2.2
q-q

X Tr[(p1 -y +m)y* Mijp(=ka)(vo + DA (=K )y "]
x Tr[M(s2, n)(p2 - ¥ +m)yu A1 2(—kp)(vo + 1)
X Al_/lz(_kﬁi)yv]- (29)
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TABLE I. Color factors for all 2-to-2 processes with at least one
final quark. The constants which appear in color factors are dr = N,,
dy =N?*—1,Cr = (N> = 1)/(2N,), and C4 = 3 with N, = 3.

Color factors Color factors in scattering processes

d%C% /da C‘Ia‘Ib‘”laqb’ C‘?a‘lh‘“?aﬂb’
C‘;zllzia_’ququ > C;i;u"‘[a‘]a s Chaga—aoar

dr C; CLELI')"‘?M‘M ’ C}E’Sz):"gq.u

(Cr = Ca/2)drC C‘;?:Iu"‘?aq:z’ sz{fﬁqa%’ g)ﬂtha’ zgzt)ﬁgqa

%dACA Cg(';z*gqa > Cé(';)_)‘ia‘h

drCrCy ch c

84a—>84a’ 88~ qada

In Eq. (29) we have used the notation p -y = p,y”, a sum
over all spins except s, and over all colors of quarks and
gluons have been taken, and C; 4, 4,4, 15 the color factor for
this process given in Table I. In the last two lines of Eq. (29),
Ay and A1_lz are the Lorentz transformation matrices for
spinors defined in Eq. (E10), I1(sy, n) = (1 + s2y5n° y,)/2 is
the spin projector where n° = (0, n) is the spin quantization
four-vector in the CMS with n = b x 4, and we have applied
Egs. (E13) and (E18). From Eq. (29), we obtain the difference

of [k %% between the spin state s; = 1/2 and s, = —1/2
for gy,
AI;\];l]b‘)q:z‘Ih
— Iﬁ‘l/[zxﬂbﬁqaqb(SZ — 1/2) _ I/\(i[aqb_)qﬂqb(SZ — _1/2)
1

— 4.2
- Ctiaqb—ﬂlafibgsm 2.2
q°q

X T[(pi -y +m)y  Mijp(=ka)(vo + DAL (=Ky)y "]
X Tr[ys(n-y)(p2 -y +m)yuip(—ks)(yo + 1)
X AL (=K ] (30)

The expansion of A" %% gives about 200 terms. In ac-
cordance with Eq. (E10), A;,2(p) depends on the rapidity 7,
and the momentum direction p, where 7, is related to the
energy momentum by £, = m cosh(#,) and |p| = m sinh(n,).
So the contracted trace part of AL %% can be expressed as
a function of (K, 12;1, kg, lA(jg) and (ga, Mes» kB> Nip)-

The polarized amplitudes for quarks in all 2-to-2 parton
scatterings listed in Fig. 2 are given in Appendix F, which
results in more than 5000 terms. Here we give an estimate of
how many terms there are in each process: Al %% gives
136 terms, Alj*7%% gives 2442 terms, ALf% %% gives
874 terms, AL 47" gives 40 terms, AL %" gives 210
terms, AL 79" gives 210 terms, AL% %% gives 1156
terms. It is hard to see the physics behind such huge number
of terms unless we make an appropriate approximation.

C. Evaluation of polarized amplitudes for quarks/antiquarks

The evaluation of contracted traces of quark polarized
amplitudes are very complicated. This has been done with the
help of FeynCalc [67,68]. There are about 10* terms in the
expansion of contracted traces for 2-to-2 parton scatterings.

In this subsection, all variables are defined in the CMS; for
notational simplicity we will suppress the subscript ¢ if not
explicitly specified—for example, p4 actually means p.4.

In order to show the physics in the midst of the huge num-
ber of terms, we have to make an appropriate approximation.
As we know that the incident particles are treated as wave
packets in order to describe scatterings displaced by impact
parameters, a realistic approximation is that the wave packets
are assumed to be narrow, i.e., the width is much smaller
than the center momenta of the wave packet in Eq. (13).
In the extreme case that the width of the wave packet is
zero, we recover the normal scattering of plane waves. Since
the positions of incident particles can be anywhere in plane
waves, on average the relative OAM of two incident particles
is zero, leading to the vanishing polarization of final state
particles. This fact can be verified by setting

ki =K, =ps, kg=Kkj=—pa,
PI=—P M=np=1n,="1p (31

in the trace part in Eq. (30); then we have AIs% ™ %% = (),

The above result is of the zeroth order; now we turn
to the first order in the deviation from momenta in
(31). We expand (l:{A,lA(A,l:{B, lA(};) about their central val-
ues (Pa, Pa, —Pa, —Pa) and (mxa, myy, Mis, M) about their
central values (17,4, Npa, Npa, Npa) to the first order in the
differences,

ks = —pa + Ap,
lA(% —> —f)A + A%,

ky — pa+ A,
K, > pa+ A},
A = Npa + Anga,
Mea = Npa + Ay,
B = Npa + Angs,
Mg = Npa + Anp, (32)

where the first order quantities are denoted with A (for
example, Aj, Anga). We also expand (Ey, pi, E2, p2) at
(E07 Po, E(), _pO)’

Ey = Ey+ A, Ey— Ey+ Ay,
Pi—~>pot+ A, pp—> —pot+ A (33)
The delta functions in Eq. (21) lead to
ki + ks =k + ki =pi +p. (34)
So A in (33) can be determined by
A; = 3(ks +Kp), (35)
and po determined by
po = 5(p1 — P2)- (36)

Note that once pp and A are given, Ey, A, A, satisfy
(Eo + A1)* = (po + A1) +mi,
(Eo+ A2)” = (=po + A1)’ + m3. 37

So we have a freedom to choose the value of Ej. Then we
use (32) and (33) in the contracted trace part in Eq. (30) and
expand it to the first order in A quantities. Still, the final
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result has many terms but all terms of A;, A,, and A; cancel
out.

In order to further simplify the contracted trace part in
Eq. (30), we use the property that the first order contributions
do not have terms of A, A, A by setting

which leads to k4 + kg = k; + k; = 0 and then

ki = kg, Kk, =Kk,
NkA = MkB, 77/ch = 771;13- (39)

Using (38) and (39) in the contracted trace part in

P1 = Po, Eq. (30) for g,q» — q.q», we obtain a shorter series of 31
P2 = —Po, (38)  terms,
|
Trciqb_)qmqb = 16i(n x py) - lA(A[ScAsAcAsgpl . lA(;‘ + 7ElsicgsAlA(A . lA(A + 2measacl — 2measasy + 4Ejcasacy

—i—EchsAs;x2 — sf‘sfpl . ﬁA] + 16i(n x py) - lA(;‘ [4chsAsflA(A ~lA(f4 — SEICASASEIA(A . lA(;‘ — 2mc/24c;‘s;‘

2 0 rJ i 2 0 2.0 2.2 i/ 2.2 i i i/
—4Ec e85, — ScasacySaP1 - ka — 2msycy sy — 3E153Cy Sy — SasaP1 - Ky + 25355 (p1 - Ka)(Ka -kA)]

+16i(n x ky) - lA(A[4msic;s:4p] kg + SmZCASAc;s; + 4E1msis§lA(A lA(;x - sis;\z(p] p)(K, - lA(I'q)

2 i/ 2.0 N o 2 o
—3E1casasyPi - Ky — E1syc,sup1 - Ka —3casacys,p1 - p1 — 8E] CASACASA]

+16i(py x ka) - K} [s357 (1 - ko) - K) — s3s5m - ka)(p1 - K))

+ 5357 (n - p; (K, - lA(A) + 4meysasim - 1:1;, + Ejsic,sin - k4 +3E casasin - lA(A + 3casacysyn - pl], (40)

where we denote the contracted trace part for q,q» = quqs
as Trfluqhﬁquqh, ca = cosh(nra/2), ¢ = cosh(n;,/2), sa =
sinh(#;,/2), and s, = sinh(;,/2). We see in (40) that there
are four typical terms proportional to (n x py) - ks, (n x
p1)-K,, (n x ky)-K,, and (p; x kys) -k}, in which the first
three terms are from the spin-orbit coupling and the last one
corresponds to the noncoplanar part of p;, k4, and lA(;,. We will
show in the next section that (40) is a good approximation for
the contracted trace part to the exact result.

It can be proved that AZi#~12 for all 2-to-2 parton scatter-
ings in Fig. 2 have the same structure as in (40) for q,q) —
q.qp under the approximation in (38) and (39).

Note that AZ{#~!2 depends linearly on the direction of
the scattering plane n = b x p4, we can write the contracted
trace part in the form of b - I, as is done in Eq. (23). We take
the term (n x py) - l:iA in (40) as an example, which can be
rewritten as

[(b x Pa) x pil-ka =D - [(Pa - ka)p1 — (Pa - p)Kal. (41)

Therefore I contains the term inside the square brackets on
the right-hand side of Eq. (41). Another example is the term
proportional to (p; x K4) - lA(A: we see that all terms have
factors of the form n-V (V = ﬁA, RA, pi) inside the square
brackets; these terms can be rewrittenasn - V = b- Pa x V),
so I contains the term P4 x V.

VI. NUMERICAL METHOD TO CALCULATE
QUARK/ANTIQUARK POLARIZATION RATE

In this section we will calculate the polarization rate for
quarks in a QGP from Eq. (24). Here we assume a local
equilibrium in particle momentum but not in spin. We will
consider two cases: the approximation as in (38) and (39) and

(

the exact result without any approximation. The main param-
eters are set to following values: the quark mass m, = 0.2
GeV for quarks of all flavors (u, d, s, i, d,5), the gluon mass
mg, = 0 for the external gluon, the internal gluon mass (Debye
screening mass) m, = mp = 0.2 GeV in gluon propagators in
the + and u channel to regulate the possible divergence, the
width o« = 0.28 GeV of the Gaussian wave packet, and the
temperature 7 = 0.3 GeV.

Although the 2-to-2 processes for antiqaurk polariza-
tion are different from those for quarks, it can be shown
that the polarization rate for antiquarks is the same as
that for quarks, because all 2-to-2 scatterings for anti-
quark polarization can be obtained from those in Fig. 2
by making a particle-antiparticle transformation. In the
following we discuss only the quark polarization. The
same discussion can also be applied to the antiquark
polarization.

The local polarization rate in Eq. (24) for quarks in-
volves a 16-dimensional integration, which is a major chal-
lenge in the numerical calculation. In the Monte Carlo in-
tegration, the number of sample points grows exponentially
with the dimension, so even a very rough calculation in
high dimensions would need a huge number of sample
points.

To overcome this difficulty, we split the integration
into two parts: a ten-dimension (10D) integration over
(Pc.1. Pe2- k!4 K,) and a six-dimension (6D) integration
over (pa, pp)- We carry out the 10D integration and store the
result as a function of p. 4 (and p. 5 = —pc.4). Then we carry
out the 6D integration using the precalculated 10D integral.

The 10D integral, the last five lines of Eq. (24), depends
on p.4 and p.p = —p..4 Which appear in the wave packet
function ¢4 and ¢p respectively. So we denote the 10D
integral as ® jz(pc,4), from Eq. (27) the polarization rate per
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unit volume for one quark flavor can be rewritten as

d*P,(X)

I 8(ﬁup)2/ d’ps d’pp
dx* T @uyt axr ) @n)2E, Qn )2k

- Ah
lec,A - Uc,B|[A ]Ujec,ieikhpc,A

x faX, pa) f3(X, pp)(Ph — P
0
T 42)
oxv
where the second equality defines W*" and the sum of A, B, 1
is over all 2-to-2 processes in Fig. 2.

)© jk(Pe.a)

A. 10D integration

The 10D integral ® ]k(p(Z) ) is calculated in the CMS
by assuming p) = (0,0, [pcal) and py = (0,0, —[pc.l),
where |p. 4l is determined by the momenta of two incident
particles in the laboratory frame as in Eq. (C1). We can obtain
O jk(pc,a) by carrying out the rotation operation on the tensor

O i (p(Z) ) in accordance with the rotation matrix from p(”) to
pc,A

For the Monte Carlo integration we have to sample ch, A0
k., pc.1, and pc. First we sample k!, and k[, where
the main contribution comes from the Gaussian distribution
(13). Here we draw samples of kCTA = (kea,x, kea,y, 0) and

k;TA = (k/ A ¢Ay’ 0) inside the 30 (0 = a/«/—) region of

the Gaussian distribution around the center point p(Zz\ The
longitudinal momentum k. 4 ; and k. , _ can be determined by
the energy conservation once p.; and p.» are given.

Then we sample p.; and p.,. In order to increase the
efficiency of the sampling, we should determine the range of
Pc.1 and p.». We can first determine the ranges of lengths
|Pc.1| and |p.2| by a numerical search. Then we determine
the ranges of directions P, ; and P, . For a given p, |, which
can be randomly chosen, we find that the largest value of
0 = arccos(—Pe.1 - Pc2) between P, » and —p, ; occurs when

[keal = [Kepl = el = P2l = /P74 + B0 ). (43)

Hence we obtain the range of 6 as

0 = arccos(—Pe.1 - Pe.2)

30
—2arccos| ———— | |. 44)

JPia+ Bo)

The azimuthal angle ¢ of p., around —p,; is in the range
[0, 27].

With the given values of p.; and p.», the values of k. 4 .
and k; , . can be obtained by solving Eq. (D9). Then k. p
and k. ; can be determined by k. g = pc1 + pc,2 — k.4 and
K. 3 = Pc.1 + Pe2 — K| 4 respectively.

The 10D integral is done by ZMCintegral-3.0, a Monte
Carlo integration package, that we have newly developed and
runs on multi-GPUs [69]. The ZMCintegral package is able
to evaluate 15'° sample points within a couple of hours de-
pending on the complexity of the integrand. For our integrand
with all 2-to-2 processes for quarks of all flavors and gluons, it

e |0,

takes about 5 h on one Tesla v100 card. We scan the values of
[Pc.al from 0.1 to 2.2 GeV and those of by from 0.1 to 3.5 fm,
then we store the integration results of ® j (p A) for later use.
It takes a couple of days to finish the calculation. We find that
when |pc.a| > 2.5 GeV, the 10D integral is almost zero. This
is due to the fact that if « < |p. 4/, the incident wave packets
can be almost regarded as plane waves which give vanishing
polarization.

B. 6D integration

Now we carry out the remaining 6D integration over
pa and pp in (42). As we have mentioned in Sec. V that
we assume partons with ply = (Ea, pa) and pj = (Eg, ps)

150; (@
q@+q~>q@+q é
T 100
[0}
& 50 8
oﬁ—diagiryhlements
(0] ri? N A
0 0.5 1.5 2.
P4 (GeV)
(b) w
150 o
g+q-»g+q
T 100
[0}
Q B
® S0 off—diag?al elements
o B I 4]
0 0.5 1.5 2.

P;4 (GeV)

FIG. 3. Comparison of the results of the symmetric tensor
® (YY) for (a) ¢(§) + ¢ — q(g) + gand (b) g+ g — g+ g intwo
cases, with the approximation in (38) and (39) and exact calculation
of the integral without any approximation. The unit of ©® j (p(&) is
GeV~!. The results for g+ g — ¢ + G are not shown because they
are negligibly small (almost zero). Here we choose by = 0.5 fm and
Ip%1 =0, 0.5, 1.0, 1.5, 2.0 GeV. The solid symbols are the exact
results without any approximation, while the dashed symbols are
the results with approximation in (38) and (39). All off-diagonal
elements are around zero and bounded inside two dashed lines:
®1,, O3 and O,; are represented by circles, squares, and triangles
in dark red, respectively. All diagonal elements are nonvanishing:
®11, Oy, and B33 are represented by circles, squares, and triangles
in dark blue, respectively.
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1.2x107°
o~ —6
% 1%x10
& 8x10”
g§ 6x 1077
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|pA | max/T

FIG. 4. The dependence of the results of W' on the integral
ranges |Palmax = |PBlmax for q9(q) +q —> q(q) + q. We choose by =
2.2fm,z=0fm, T = 0.3 GeV.

in the laboratory frame follow the Boltzmann distribution,
filX, pi) = exp[—=B(X)p; - u(X)] fori = A, B.

The energy-momentum p, = (E. 4, pca) and pip =
(E¢.B, Pc.p) in the CMS of two séattering particles are giveh by
Eq. (C1), where the boost velocity and the Lorentz contraction
factor are given by Eqs. (C2) and (C3) respectively. The
impact parameter b, in the CMS is given by Eq. (C7).

In the preceding subsection, we calculated the 10D inte-
gral © jk(pﬁfﬁ) where pg‘ is in the z direction. We have to

transform the tensor © ;x(p{)) to © j(p.4) so that p is

rotated to the real direction of p. 4 determined by Eq. (Cl1).
The rotation matrix R;; is defined by p.4,; = R; jpS}L 7 with
which we define the transformation for the tensor © j;(p. 1) =
Ry R ® jp (Pf/);)

Our numerical results show that the tensor W*" has the
form

WY = Wwelvie;, 45)

where we see that p and v should be spatial indices or W% =
Wr0 = 0. The form of (45) will be verified in the numerical
results in Sec. VII. Then from (42) we obtain the polarization
rate per unit volume for one quark flavor,

d*P,(X) _ 0o 2(Btp)
dx* aX"
= 2WVy x (Bu), (46)

where w,, = —(1/2)[3X (Bu,) — 3} (Bu,)], and for spatial in-
dices we have the 3D form wy; = (1/2)[V{ (Bw;) — V¥ (Buy)]
with u being the spatial part of the four-velocity u”.

Wej = 26jk1a)k1Wej

VII. NUMERICAL RESULTS

In this section we will present our numerical results. The
approximation in (38) and (39) is inspired by the first order
contribution in the narrow wave packet approximation. In
order to see how effective the approximation is, we compare
in Fig. 3 the results of the 10D integral ® jk(pff)‘) for the
scattering processes q(g) + g — q(g) + g and g + q— g+
g in two cases: with and without the approximation. Here
the process q(g) + g — q(g) + g stands for a sum over five

2x 1078}
£9%9~9+q 89@+q->9@+q

~ 1x1078leg+g-q+q

05 10 15 20 25 3.0
bo (fm)

(b)
9x107° A 9+q-2g+q 2 9 @+q9->q(Q)+q
©gtg-q+q

bo (fm)

o—B—a—B—Bao ‘v

» g+tq=g+q 89(@)+q-q(Q)+q
N_4 % 10—9 99+Q—)a+q

05 10 15 20 25 3.0
bo (fm)

FIG. 5. Results for (a) W', (b) W}', and (c) W} as functions
of the cutoff by in fm. There are large fluctuations in W3' and W?!
above by = 1.5 fm due to the strong oscillation of Bessel functions.

different processes in Fig. 2. Note that we do not show the
results for g + ¢ — g + ¢ for which all elements of ® j; (pﬁzz

are almost zero in contrast to processes with at least one
incident quark. We see in the figure that the results with the
approximation are in agreement with the exact ones in 20%
precision. In the figure we see that all elements of ®(p§2

fluctuate around zero for |p£z/)4 = 0, which leads to vanishing

polarization. When |pff/)4
ements of @(pﬁfz\) are still zero within errors, but all diagonal
elements take positive values which are almost equal to each
other.

We then work out the rest 6D integral and obtain W*”
in Eq. (45). In the 6D integration we have to determine the

maximum value of |p4| and |pp| or the integration range of

| is nonvanishing, the off-diagonal el-
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|pal and |pp|. In Fig. 4, as an example, we show the depen-
dence of W31 on [Palmax = |PBlmax for Q(‘?) +q— Q(Q) +4,
where we choose by = 2.2 fm, z =0 fm, and T = 0.3 GeV.
We see in the figure that the value of W}' is very stable when
|pA|max = |pB|max > 8T.

The numerical results for W*" show the structure of (45).
We can write W*” in an explicit matrix form,

0 0 0 0

0 0 We, —We,
0 —We, 0 We,
0 We, —We, 0

WP = 47)

As an example, we show in Fig. 5 the results for all com-
ponents of W3! as functions of the cutoff b, for the quark
polarization. We see in the figure that W3! and qu are two or
three orders of magnitude smaller than the positive values of
W', which gives the polarization in the y direction. As we can

see in the figure, Wil increases with the cutoff by. The reason
for such a rising behavior is due to the Taylor expansion of
fA (xc,Aa Pe.A )fB(xc,Bs pc,B) to the linear order in Ye,r = (O, bC)
as in Appendix B. There should exist an upper limit for by
above which the coherence of the incident wave packets is
broken and the results are not physical. Such an upper limit
can be set to be the order of the hydrodynamical length scale
~ 1/95u” and should be larger than the interaction length
scale 1/myp.

It can be proved that W3! for the antiquark polarization is
the same as that for the quark one. The numerical results show
that the magnitude of all elements W*" are equal so we denote
itas W.

VIII. DISCUSSIONS

We have constructed a microscopic model for the global
polarization from particle scatterings in a many body system.
The core of the idea is the scattering of particles as wave
packets so that the orbital angular momentum is present in
scatterings and can be converted to spin polarization. As an
illustrative example, we have calculated the quark/antiquark
polarization in a QGP. The quarks and gluons are assumed to
obey the Boltzmann distribution which simplifies the heavy
numerical calculation. There is no essential difficulty to treat
quarks and gluons as fermions and bosons respectively.

To simplify the calculation, we also assume that the quark
distributions are the same for all flavors and spin states. As a
consequence, the inverse processes that one polarized quark
is scattered by a parton to two final state partons as wave
packets are absent. So the relaxation of polarization cannot
be described without inverse processes and polarized distri-
butions. We will extend our model by including the inverse
processes in the future.

IX. SUMMARY AND CONCLUSIONS

The global polarization in heavy ion collisions arises from
scattering processes of partons or hadrons with spin-orbit
couplings. However, it is hard to implement this microscopic
picture consistently to describe particle scatterings at specified
impact parameters in a thermal medium with a shear flow. On

the other hand the statistic-hydro model or Wigner function
method are widely used to calculate the global polarization
in heavy ion collisions. These models are based on the as-
sumption that the spin degrees of freedom have reached a
local equilibrium. So there should be a spin-vorticity coupling
term in the distribution function to give the global polarization
proportional to the vorticity when it is small. However it is
unknown if particle spins are really in a local equilibrium.
In this paper we aim to construct a microscopic model for
the global polarization from particle collisions without the
assumption of local equilibrium for spins. The polarization
effect is incorporated into particle scatterings at specified im-
pact parameters with spin-orbit couplings encoded. The spin-
vorticity coupling naturally emerges from particle collisions
if we assume a local equilibrium in particle momenta instead
of particle spins. This provides a microscopic mechanism for
the global polarization from the first principle through particle
collisions in nonequilibrium.

As an illustrative example, we have calculated the quark
polarization rate per unit volume from all 2-to-2 parton (quark
or gluon) scatterings in a locally thermalized quark-gluon
plasma in momentum. Although the processes for antiquark
polarization are different from those for quarks, it can be
shown that the polarization rate for antiquarks is the same
as that for quarks because they are connected by the charge
conjugate transformation. This is consistent with the fact that
the rotation does not distinguish particles and antiparticles.
The spin-orbit coupling is hidden in the polarized scattering
amplitude at specified impact parameters. The polarization
rate involves an integral of 16 dimensions, which is far beyond
the capability of the current numerical algorithm. We have
developed a new Monte Carlo integration algorithm ZMCin-
tegral on multi-GPUs to make such a heavy task feasible. We
have shown that the polarization rate per unit volume is pro-
portional to the vorticity as the result of particle scatterings, a
nonequilibrium scenario for the global polarization. So we can
see in this example how the spin-vorticity coupling emerges
naturally from particle scatterings.
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APPENDIX A: SINGLE PARTICLE STATE AS A WAVE
PACKET IN RELATIVISTIC QUANTUM MECHANICS

In this Appendix, we will give definitions and conventions
for the single particle state in coordinate and momentum space
and those for the wave packet.
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1. Single particle state in coordinate and momentum space

For simplicity we first consider the single particle state of
spin-0 particles, then we generalize it to spin-1/2 particles.

A position eigenstate is denoted as |x) and satisfies the
following orthogonality and completeness conditions:

Xx) =89 —x), 1= /d3x|x><x|. (A1)
The normalization of the state |x) is then
N E)) — —

(x[x) =8P (x —x) = (zﬂ)3 == Z (A2)

where €2 is the space volume.
A momentum eigenstate is denoted as |p) and satisfies the
following orthogonality and completeness conditions:

(p'Ip) = 2E,(27)*s¥(p — p)),

d*p 1
1—/m2—Ep|P><P|,

where E, = /|p|?> + m? is the energy of the particle. Note that
(p’|p) is Lorentz invariant. The normalization of |p) is then

(plp) = 2E,(27)*8®(p — p) = 2E,Q. (A4)

(A3)

From Eqgs. (A1) and (A3) we can define the inner product
(x|p) as

(x|p) = \/2E,e®* (A5)
With the above relation we can check that
3) _ ’
Y (x —x) = (X'|x) = /(27r)3 2E, x'|p){pIx)
a’ P ip(x—x)
= | ——=¢ , A6
/ )¢ (A0)

where we have inserted the completeness relation in (A3). We
can express |X) in terms of |p) and vice versa,

Ix) = e"PX|p),

dp 1 / 1
any 28, PPN = | oy g
)= [ @0 xip) = VI, [ der .

(A7)

2. Single particle state as a wave packet

In the real world a particle is always localized in some finite
region, so its state can be represented by a wave packet |¢)
which is a superposition of plane wave states,

—==0K)lk), (A8)

Id))—/ Pk 1
] @n) 2E;

and ¢ (k) is the amplitude and can be normalized to unity,

019 = [ ok jp0or =1
#10) = [ 516008 = 1

(A9)

The energy dimension of |¢) is 0. A typical form for ¢ (p)
satisfying Eq. (A9) is the Gaussian wave packet,

(87)** (P —Po)’

o —Po) =~ exp[— = } (A10)

which is centered at pg. The wave-packet function in coordi-
nate space is

d?

(2 )3¢(k) lkX

p(x) = (x|¢) = (ALD)

where we have used Eq. (AS).
If we displace the particle state by b in coordinate space,
the new wave-packet function is given by

PP = (x|¢"), (A12)

o b [ 4k
$'(x) = p(x — >—/(2n)3

where the new wave-packet state is

A’k 1 _ikb
s A0 k)

For spin-1/2 particles, the single particle state |k, 1) has a
spin index A which is the spin along a quantization direction.
The orthogonality and completeness conditions in (A3) now
become

l¢) = (A13)

(K, Mk, 1) = 2Ek(27t )35<3>(k — k)8,

1
= (2;1)%25 len\) p. Al (Al4)

The wave packet has the form

Prk1
) \/—_qb( )k, A),

and satisfies the normalization condition (¢, A|¢, L) = 1 sim-
ilar to Eq. (A9).

lp, 1) = (A15)

APPENDIX B: EXPANSION OF f; AND f5 IN
IMPACT PARAMETER

We can make an expansion of fi(X. 4+ yer1/2, pca)
fB(Xc - yc,T/zv pc.B) in Ye,T = (0, b.) if [b.| is small com-
pared with the range in which f; and fg change slowly.
The variables with the subscript ¢ are defined in the CMS
of the scattering, while those without ¢ are defined in the
laboratory frame. We assume that the system has reached local
equilibrium in momentum and the phase space distributions
depend on the space-time through the fluid velocity «*(x) and
temperature 7 (x) in the form f(x, p) = f[B(x)p - u(x)].
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To the linear order in y, 7, we have

fA(X + — 2 7p(‘A>fB(X _y;TvpC,B)

3 fa(Xe, pe.
~ faXe, pea)fsXe. pes) + ycT[M

fB(Xe, pe.) — faXe, Pea)

dfp(Xe, Pc,B)}

axt axe
1 8(,3ML p) 0 de(Xc’ pc,A) P de(Xc’ pc',B)
- fA(Xcv pcA)fB(XCv Pe, B) + yc T 8XCV |: C,AfB(Xu pC,B)d(ﬁuC A pc,A) pchfA(Xu pc,A)d(’BuC ) PC,B)
B 1, 09X 8(Bu,) A& dfs(X, ps)
= faX, pA)fs(X, pp) + 2T 3xE ax [ WX, p d(ﬂ o) BfA(X,pA)—d(ﬂu : pB)]’ B1)

where in the second equality we have boosted to the laboratory frame using fi1(X, pa) = fa(X¢, pc.a) and fp(X, pp) =

f8(Xe, pe.g). We look closely at the term y‘CfT[B(ﬂuc,p)/BXc"]pf’A,
Y d(Buy,) _ Lo o1 [0Buc,) — 3(Bucu) +l w o | 9Buc,p)  9(Bucy)
eTPed gx/t greTled|  Hxh Xy, greTled|  Hxh Xy,
1 1 0(Buc,p)  9(Bucy)
_ e ol (¢ .p y
= e PeaTin + 3 Tp”‘[ ox” ox?
1 1 9(Buc,,)  9(Buc,)
np (c) P iYad
_EL(C) + 4yCT cA|: anl- aXCp > (B2)

where [up] and {up} denote the antisymmetrization and symmetrization of two indices respectively, Lfé’)’ = yE"T pf]A is the

OAM tensor, and wfj/)) =

—(1/ 2)[83} (Bue,p) — 8;(((,3146, )] is the thermal vorticity. We see that the coupling term of the OAM

and vorticity appear in Eq. (B1). The second term in the last line of Eq. (B2) is related to the Killing condition required by the

thermal equilibrium of the spin.

Using X = A“X" and X* = [A7']* X", we have X" /dX}* = [A~

vete 0

Ye,T
) Pe, A)fB(X - ) Pe, B)

fA(X +— N

2

1 3
= fa(X, pa)fe(X, pp) + EyZT[ 1]1)“ (af;vp)

In Appendix C we give the exact form of A% and [A~']~.

APPENDIX C: LORENTZ TRANSFORMATION

In the laboratory frame two colliding particles have
on-shell momenta py = (E4, pa) and pp = (Ep, pg). The
Lorentz transformation for the energy momentum from the
laboratory frame to the CMS of two colliding particles is

Pe,i = Pi + Vost — DVost (Vost - Pi) — VostVostEi»
Eci = Yost(Ei — Vost * Pi), (C1)

where i = A, B, vy is the boost velocity or the velocity of
CMS in the laboratory frame and is given by

Pa + P3
=——, c2
Vbst EA +EB ( )
and
Yost = (1 — [Vpse|H) ™/ (C3)

is the Lorentz contraction factor corresponding to vy,s. Equa-
tion (C1) defines the Lorentz transformation matrix A . The
reverse transformation to (C1) from the CMS to the laboratory

|: hfsX. p

'1", = A} and then Eq. (B1) becomes

de(X pa) PfAX, p fB(X PB)i|

B3
d(ﬂ pa) d(ﬂ ) B9

(

frame can be obtained by flipping the sign of Vg,

Pi = Pe.i + (Most = D¥bst (Vost * Pe.i) + VostVostEe i
Ei = ybst(Ec,i + Vst - pc,i)- (C4)
The above defines the Lorentz transformation matrix [A ™! Lo
The Lorentz transformation for x4 = (t4,X4) and xp =
(8, Xp) is
Xei = X; + (Vost — D)Vost (Vost - Xi) — Vost Vostlis
Tei = Vost(ti — Vost * X;). (C5)
The difference of two space-time points in the CMS are

expressed in laboratory frame variables,

Atc = tc,A - tc,B = Vbst(At — Vst * AX)’

AXC = Ax + (Vbst - 1)€'bst(€7bst . AX) - VbstvbstAta (C6)

where At =1t4 —tp and AX = x4 — Xp. We then express the
impact parameter as

bc - Axc . (1 - f’c,Af’c,A)~ (C7)
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Let us look at the CMS constraint §( At )6(Ax, 1) in Eq. (10)
(we have recovered the subscript ¢). The condition Az, =0
leads to

At = Vpg - AX, (C8)
while the condition P, 4 - Ax, = 0 leads to
(v4a —vp) - Ax =0, (&%)
where we have used
AXe = AX 4 (Vs — 1) Vo5t (Vo - AX), (C10)

which is the result of Egs. (C6) and (C8). The condition in
Eq. (C9) means that (x4 — xg) L (v4 — vp). Equations (C8)
and (C9) are the laboratory frame version of the constraint
S(A)8(Axc,L).

APPENDIX D: INTEGRATION OVER IMPACT
PARAMETER AND DELTA FUNCTIONS IN EQ. (21)

We carry out the integration over the impact parameter
and show how to remove the delta functions by integration
in Eq. (21).

Substituting Eq. (23) into Eq. (21), we have the integration
of b, in the following form:

1
Iby) =i / dbeexp(ia-bo)be b b,

5 9 a 1
=22 % [ #b.expia-b.)—
da; 9a; day exp ia - bo) s

d a9 0 bo 1
dbc_JO(abc)a
da; 0a; da; Jo b,

where b, = |b.|, by is the cutoff of b., a = k[ 4, —

(D)

k. 4, and

2
Jo(ab.) = % /o d¢ exp (iab. cos ¢). (D2)

Then we carry out the derivatives on a;, a;, and ay,

Wo

1
I(b.) = —Zna—3Q§k, dww?J{ (w)
0

1 wO
— 27— 0y i dwlwl(w) +J(w)], (D3)
where we have used wy = aby with by being the upper limit
or cutoff of b, J; (i = 0, 1, 2) are Bessel functions, and
Q;a;a;
QJL'kz = —],

a3

Q= a%(azak& i+ dasj +atady — 3aaa).  (D4)
Note that the overall minus sign of Eq. (D3) cancels the one
in Eq. (21).

We carry out the integration to remove the delta functions.
First we integrate over k. and k[ ; to remove six delta
functions in three momenta; the result is to make the following
replacement in the integrand,

kc,B = Pc.1 + Pc2 — kc,Aa

K.z =Dc1+Pe2— K 4 (D5)

We are left with two delta functions for energy conservation
which can be removed by the integration over kf,j 4 and kiL ,
where L means the longitudinal direction along p. 4. To this
purpose, we express the energies in terms of longitudinal and
transverse momenta

E.p = \/(kf_A) + (kZ, ) + m2,

E.p= \/(le +p, - kZ,A)Z + (b +phs - kf.A)2 +m?,

ELy =\ (K5 + (KT 4,

Ely = (B, + 0y — k) + (bl + ply — k) 4 m?
(D6)

So two delta functions for energy conservation become

I(SE) = 8(EC,A + EC,B - Ec,l - EC,Z)

1
= ma[kcL,A — kg a(1)]

1

+ ——8[kE, —
|Ta[kL ,(2)]] (ke

I(E') = 8(E., + E. 5 —

_ 1 /Lo
[k (D] olke

kEA(2)]
EL',l - EL',Z)

kea(D]

—ka@] @7

1
+ [k
Pa[kz,2)]] [ke

where the Jacobians of two delta functions are given by

Ja(k,) = —7—(Eca + Ecp — Eci — Ec)

aka

_ < L ) 1
oA ECA EC,B EC,B

Ja(k%,) = 8k’L (E.4+E.g—Eci—Ecp)
c,A

1 1 1
=kt —+ — | - — (@t L),
c,A(Eé’A + Eé,B) E, (p(,,l ‘|‘P¢,2)

(D8)

(Pﬁ,l + I’ﬁz)’

and kLA(z =1,2) and k 4(i=1,2) are two roots of the
energy conservation equatlon Eca+Ep—E.1—E»=0
and E/ , + E 3 — E.1 — E.2 = 0, respectively. The explicit
forms of kLA(l =1,2)and k(i = 1,2) are

kb, (1,2) =C £ G,

ka(l, 2) = kcL,A(lv 2)[ch.,A - k,c,TA]’ (D9)
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where C; and C, are given by

1 phy+rk,

G = o p
(Eci + Ec2)* — (Ph, + phs)
< [(Eer + Eea) — (phy + p1a)
+2(PCT,1 + PcT,z) 'ch,A - (ch,l + ch,Z)z]’
C, = 1 E.i.+E. VH. (DI10)

2 (B4 E? =+ 0h)
with H being defined by
H = (Eey + Ecn)* +4m*(phy + pho)” + (Pet + pe)’?
+4(kD,) (Pet + Pe2)? — 4Pt + )’
x [kl - ey +P02)] = 2(Ee + Ec2)’
x [2’"2 + 2(ch,A)z - 2ch,A (pi + ch,z)

+ (Pt + P2 (D11)

APPENDIX E: SOME FORMULA FOR DIRAC SPINORS

The Hamiltonian for a Dirac fermion with the mass m is
given by

— - _(m o-Pp
H=a p+7/0m—(a.p _m>, (E1)
where y* = (yy, y) are Dirac gamma matrices, & = yyy, and
o = (o1, 02, 03) are Pauli matrices. The energy eigenstate can
be found from the equation

H(é) - iE,,@), (E2)

where E, = ,/p?> + m?, the sign £ on the right-hand side
corresponds to the positive/negative energy state, x and ¢
are Pauli spinors which form a Dirac spinor (x, ¢). We can
express x in terms of ¢ and vice versa,

o' .
- 7P 4

nk, —m
g-p

= E

X (E3)

where n = =1 correspond to the positive and negative energy
state respectively. So the positive energy solution becomes

Xs
u(s, p):,/Ep—i—m( op ), (E4)

E,4+m /S

where s = =£1 is the spin orientation of the Pauli spinor and
n = (sin 6 cos ¢, sin O sin ¢, cos 0) is the spin quantization di-
rection. The spin eigenstates along n are given by

_ (e cost
=\ sing )

i qin @
x_=( ¢ 53“2), (ES)

COS 2

which satisfy

—cos6

o.n— cos 6
~ \e?sin0

e % sin 9)
(0 -m)x; = sXs. (E6)

The negative energy solution can be put into the form

__9P
f}(s, p) fd /Ep + m( Ep+m XS) . (E7)

Xs

The Dirac spinor for antiparticles can be defined by

_op_
v(s, p) = 0(—s, —p) = VE, + m(Ev;mXS), (E8)

§

or defined in terms of the positive energy solution,

agp *
v(s. p) = iy’ (s, p) = —i/E, + m(Eﬁmain). (E9)
02 X
The two Dirac spinors in (E8) and (E9) are actually the same
up to a sign.

Now we rewrite the Dirac spinor of a moving particle in the
way of a Lorentz transformation of the one in the particle’s
rest frame. The Lorentz transformation matrix for the Dirac
spinor is given by

A1 (p) = exp (—3mpe - P)
= cosh (37,) — (a - p)sinh (17,,),
Al_/lz(P) = A12(—p) = exp (30, - P), (E10)

where p = p/|p| is the momentum direction, 1, is the rapidity
satisfying £, = mcosh(n,), |p| = msinh(n,), v, = tanh(n,),
E,+m = 2mcosh® (n,), E,—m=2msinh?(in,). So
u(s, p) can be expressed by a Lorentz boost of u(s, 0) for the
particle at rest,

u(s.p) = VE, + m( o

E,+m Xs

cosh (4n,) 1 )

(o - p) sinh (37,) xs

) = A12(—=pu(s, 0)

= M( (E11)

In the same way we can rewrite v(s, p) as

s B
v(s,p) = W(“’"’( ) = A1 (—p)v(s, 0)

s

_ Jom <(a - p)sinh (%np)x—x).

cosh (41, 1
With Egs. (E11) and (E12) we have following formula:

D uls, plias, @) = Ay p(—p)| Y uls, 0)i(s, 0) [A}h(—q)

s s

=mApp(—p) + VO)AI_/IZ(—Q)

> (s, (s, Q) = Aya(—p)| D (s, 0)0(s, 0) | A7 (—q)

s N

= mA1(=p)(yo — DA (=),

(E12)

(E13)
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where we have used ii(s, q) = u(s, O)Al_/lz(—q), (s, q) =
(s, AL (—q), Yo uls, 0)i(s, 0) = m(1 +yp),  and

> (s, 0)u(s, 0) = m(—1 4+ p).
The spin projector is defined by
(s, n) = 3(1 + sysn o), (E14)

where n° is the Lorentz boost of the polarization vector (0, n)
in the particle’s rest frame satisfying n - p = 0 and n*> = —1.
In the particle’s rest frame, we have

1
Mgt (s, n) = 5(1 +sn-X)

1/1+sn-0 0
— . (E15)
2 0 l—sn-o

We have the following properties for the spin projector:
(s, n)u(s, p) = u(s, p),
(s, mu(s, p) = vis, p),
(s, n)u(—s, p) = 0,
I(s, n)v(—s, p) = 0. (E16)
As an example, we can explicitly verify the first one as
TI(s, mu(s, p) = 3 A12(—pluls, 0) + 350 ysA12(—p)
X Af/lg(—P)VaAl/z(—P)u(S, 0)
= 1A1p(—p)uis, 0)
+ LA 1 (—p)ysn” AL (—p)yuu(s, 0)
= A1 2(—pu(s, 0)

+ %SAl/z(—P)Vo(n - Xu(s, 0)
J

= A1 p(=p) et (s, n)u(s, 0)

= u(s, p), (E17)

where we have used Af/lz(—p)yoAl/z(—p) = A/(—p)y, and
AJ(—p) = A” (p). Using the spin projector, we have the
following relation:

M(so, n) Y u(s, pYi(s, p)

=I(so,n)(p-y + m)|pu:(E,,,p)

= u(so, P)it(so, P), (E18)

where p -y = p,y".

APPENDIX F: POLARIZED AMPLITUDES FOR QUARKS
IN 2-TO-2 PARTON SCATTERINGS

In this Appendix, we give polarized amplitudes for quarks
in all 2-to-2 parton scatterings listed in Fig. 2. We assume the
same quark mass m for all flavors and that the external gluon
is massless. We introduce a mass into internal gluons or gluon
propagators in the ¢ and u channels to regulate the possible
divergence.

All kinematic variables are defined in the CMS in this
Appendix; for notational simplicity we will suppress the
subscript ¢ for all variables—for example, p,4 actually means
Pea. The values of color factors, denoted as Cap_.cp for the
process A + B — C + D, are given in Table I.

1. guqp — qaq» Witha #b

Following the Feynman diagram in Fig. 2, we obtain the
difference in the squared amplitude between the spin state
s» = 1/2 and s, = —1/2 for g, in the final state,

AII?;%_)%% — I/?;qb_)qaqb(SZ — 1/2) _ I;‘];%—Niafib(SZ — _1/2)

=C g“mzLTr[(p ¥ +m)y  Arp(—ka) (o + DATL (=K'
Gaqv—>qadpS s qzq,z 1 1/2 AJ\VO 1/2 A

X Te[ys(n - y)(p2 -y +m)yuhip(=Ke)(vo + DAL (=Kp)y, ], (F1)

where g = k4 — p; and ¢’ = k), — p| are momenta in the propagators.

2. Guqy — Guqp witha # b

For the polarization of g;,, we obtain

; ; 1
9aqb—>Gaqb __ (_ _ 4.2
Aly = Cluar—a.0:8"M 51
q

Te[y"(p1 -y — m)y" Aip (=K (0 — DAL, (—Ka)]

X Tr[ys(n- y)(p2 -y +m)yuhip(=Kp)(vo + DAL (=kp)n ], (F2)

where g = k4 — p; and ¢’ = k; — p| are momenta in the propagators.

064904-18



MICROSCOPIC DESCRIPTION FOR POLARIZATION IN ... PHYSICAL REVIEW C 100, 064904 (2019)

3. 4u9a = 4a4a
For the polarization of g, in the final state, we obtain
AIZ?:IH‘ZH"@:% — Cgl) 4 2

1 - ! vV
G095 WTr[ys(n Y)p2- v +my* Arp(—ks)(vo + DAL (—kp)y "]
171

X Tr[(p1 -y — m)ysAp (=K (0 — DAL (—Ka)y,]
)

1
Co o e’ aiq5 Tr[ys(n- ¥)(p2 - v +m)y" Aijp(—ks)(vo + DAL (—Kp)y”

X Aa (=K (0 — DAY (=k)yu(pr - v — m)y,]

—_Cc? 42 1 Tr[ n-v)p2-y +my(p-y —m)
quqa_)qa‘lags q%q112 7/5 y p2 y y[J. pl V Vv

x A2 (=K (0 — DATS (k)Y A a(—kp)(vo + DAL (—Kp)y ']

1 , _ - N
+C g e s Tr[ A2 (=K (0 — DA (k)Y Arp(—ks) (v + DAL (—Kp)y ']
x Trlys(n-y)(p2 -y +m)yu(pr -y —m)n ], (F3)

where g1 = ka — p1, g2 = ka + kg, ¢ = k), — p1, and ¢} = k, + kj are momenta in the propagators.

4. 4494 = 9a9a
For the polarization of g, in the final state, we obtain

- 1 AN
AI;];% 9aqa _ C(;j()h_)qaq“g;‘mz qzq/z Tr[(pl % + m)]/MAl/Z(_kA)(V() =+ I)Al/lz(—kA)'}/ ]
171

X Tr[ys(n - y)(p2 -y +m)yubijn(=ke)(vo + DAL (=kp)y ]

1
~Cheaua 8 Ty )y A (k)00 + DA AR
112

X ys(n-y)(p2 -y +myudip(—Kke)(vo + DAL (—Kp)y |
1 — v
- Céféﬁquqag‘s‘mzﬁTr[y“A1/z<—kA)(yo + DAY (=K)Y (pr -y +m)

X Yulh12(=Kp)(yo + 1)1\1_/12(—1(23)%)/5(” Y)p2 -y +m)]

1 - I Na Y
+C) g 8o’ o STe[ys(n-y)(p2 -y +m)y™ Arp(—ka) (o + DAL =Ky "]
212

X Tr[ A1 2(=kp)(vo + DAL (=kp)yvu(p1 - v + m)y,], (F4)

where g1 = ks — p1, g2 = ka — p2, ¢} =k — pi1, and ¢, = k), — p, are momenta in propagators.

5. 88 = quq.

In principle, the ghost diagrams should also contribute. However, its contribution is canceled when we calculate AI,ﬁ,g_)q“q“.
For the polarization of ¢, in the final state, we obtain

Alfflg_)q“qa = C;anqag‘sl (q% _ mz)l(quz _ m2) L+ Cgit?uqag‘s‘ (q% _ mz)l(q/zz _ mz)l2
—CY g0l 7t Cotaia,8s = mz)l L
B e LR Tl
- Cgiqaqagﬁmh + Céziqaqaé’?mls + Céglqaqagiq;—qu’% (F3)
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where g1 = ka — p1, g2 = p2 — ka, g3 = ka + ks, q) =k, — p1, ¢, = p» — kj, and ¢} = k) + kj are momenta in propagators,
and the terms [; fori = 1, 2, ..., 9 are given by

I =Telys(n-y)(p2 -y +m)y"(q1 -y +m)y™(pr-y —m)y" (g} -y +m)y" 18w, (F6)
L =Tilys(n-y)(pa-y +my*(qr- v +my" (pr-y —my" (dy -y +m)y* 188w (F7)
L =Trlys(n-y)(p2-y +my"(qi -y + myy"(pr -y — m)Vor18uuw g

XU =K+ ¢ = Ky ¢+ g i
I = Telys(n-y)(pa -y +my™(qa -y +m)y" (1 -y —my" () - v +m)y" 18w g (F9)
Is = Telys(u-y)(pa-y +my™qa-y +my (pi-y —m)y’ (g5 -y +m)y* 18w g, (F10)
Io = Trlys(n-y)(p2-y +my" (g2 -y +m)y"(p1 -y — m)Vo18uuw uv

X187 (—qs — k) + 8V (k) — k)™ + 8" (K + 4", (1D
L ="Trlys(n-y)pa-y +m)ye(pr-y —my" (qy -y +m)y 18w g

X [g7H(—q3 — ka)" + &' (ka — kp)” + g (kg + q3)"], (F12)
Iy =Trlys(n-y)pa-y +m)ye(pr-y —m)y" (gh -y +m)y" 18w g

X [g7H(—q3 — ka)" + &' (ka — kp)” + g (kg + q3)"], (F13)
Iy =Tr[ys(n-y)(p2-y +m)Ye(pr-y —m)yol[&7" (=3 — ka)’ + &' (ka — kp)” + & (kp + ¢3)"]

X [ (=g — k)" + 8" (ks — ki)™ + 8" (kpy + g5)" 18y 8ov- (F14)

6. 84, — 84.

In principle, the ghost diagram should also contribute. However, its contribution is canceled when we calculate ALy %,
For the polarization of g, in the final state, we obtain

N 1 1 1
AII{’I/I% 840 _ C(l) g‘;m I + C(2) g‘;m 5 L — C(Z) 4 L

m—
89a—>84a 2 .72 89a—>84a 72 2 gqa%gqags 2(,2 2
914, ‘11(‘12 —m ) ‘11(% —m )

1
@) 4 3) 4
+C gMm—r—~—1a +Cy

1
I 4 C® 4
840—> 84 4 (q% _ mz) o 84a8s™" (q% _ m2) (qzzz _ mz) 5T Cy

1

— gsm Vi

0> 89a (q% _ mz) (q32 _ m2)
1
(

! E+CY_  glm
q’22 — mz)(q% _ mz) 8 840—> 848 s

1
_ 2 4 “4) 4
nga%gqagsmquz (@ —m?) L+ ngﬁgqagsm(

(F15)

where g1 = ka — p1, g2 = p» — ka, g3 = ka + ks, g} =k, — p1, ¢, = p» — kj, and ¢} = kj + kj are momenta in propagators,
and the terms /; fori = 1,2, ..., 9 are given by

L =Ti[ys(n-y)(p2 -y +m)e Aip(=Kp)(vo + DA 5 (—kp)yo]
X guw &uv (8" (ka + p1)” + 87 (q1 — p)* + &7 (—q1 — ka)"]

x [ (ky + p0)” 4877 (dh — p)* + & (=g — kDY, (F16)
L = Tr[y5(n Yy )2y +m)ys A (—Kkp)(yo + 1)Af/12(—k£;)yv/(q/2 Y+ m))/ﬂl]gwugw’

x [g"(ka + p1)” + &7 (q1 — p)" + & (—q1 — ka)"], (F17)
Lo=Te[ys(n-y)(p2 -y +mvo Mijp(—ke)(vo + DATL(—Kp)y™ (g5 - v +m)y" |2 guw

x [g"(ka + p1)” + &7 (q1 — p)" + &7 (—q1 — ka)"], (F18)
Iy = Tr[)’s(” V) p2-y +m)y*(gr -y +m)y" Ap(—kp)(vo + 1)Af/lz(—k%)ya']g;m’gw

x [ Ky + p1)” 4877 (g) — p)" + &7 (=g, — k", (F19)
Is = Tr[ys(n-y)(p2 -y +my"(qa- v +m)y" Aip(—ks)(vo + DALY (=Kp)y" (g5 + m)y™ |guw g (F20)

Is = Trfys(n-y)(p2 -y + m)y™(q2 - v + m)y" A p(—kp)(vo + DA A=KV (g5 - v +m)y” Jguwgw.  (F21)
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L=Trlys(n-y)(p2-y +m)y (s - v +my" Arjp(—ke)(vo + DAL (—Kp)Yor | gu

< [8" Ky + p1)” +8"7 (dy — p)* + &7 (—d — k.
Iy =Tr[ys(n-y)(p2-y +m)y"(qs - v + my* A1 p(=kg)(vo + DA A=Ky (g5 - v +m)y* |guwgu

Iy = Ti[ys(n-y)(p2 -y +m)y"(qs - v +my" Aujp(—Kp)(vo + DATL(—KpY"™ (ds - v +m)y* 8w g

(F22)
(F23)
(F24)

7. Gaqa = 4bqp with a # b

For the polarization of g, in the final state, we obtain

— —g 1 ’ — —_ ! v
ALy ™ = Cq-aqﬁq-hqhgimzWTr[Auz(—kA)(yo — DAL (k)Y Ara(—Ke)(vo + DA (—Kp)y" ]

xTrlys(n-y)(p2 -y —m)yu(pr-y —mnl,

where ¢ = ks + kg and ¢’ = k), + kj are momenta in propagators.

(F25)
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