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Effects of multichance fission on isotope dependence of fission fragment mass distributions
at high energies
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Fission fragment mass distributions of 234–240U, 236–242Np, and 238–244Pu are studied using the Langevin
approach in the wide excitation energy range as E∗ = 15–55 MeV. In the present calculation, neutron emission
before fission, so-called multichance fission, was introduced. The calculated results well demonstrated the
experimental data, which shows the double-peak structure up to the highest excitation energies and the clear
dependence on the initial fissioning nuclides. The trend is nicely correlated with the neutron binding energy of
the compound nucleus that dominates the neutron emission probability before fission.
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I. INTRODUCTION

Since the discovery of nuclear fission of uranium in 1938
[1,2], the phenomenon has been widely used to generate
energy in atomic power plants. Using the dedicated nuclear
reactors, neutrons from the reactor core are also widely used
for many applications, such as neutron capture therapy and
material science. Understanding of the fission process itself is
important in other fields of science. For example, the existence
of nuclei in the superheavy element region is regulated by
the stability of the nucleus against fission. The role of so-
called fission recycle in the astrophysical nucleosynthesis is
nowadays extensively discussed [3,4], which might impact
the abundance of the chemical elements and also the heaviest
elements produced in neutron-star merger.

Concerning the atomic energy applications, one of the
most important issues is to reduce the already existing and
newly produced nuclear waste, particularly the long-lived
minor actinides (MAs). The use of accelerator-driven systems
(ADS), for example [5], is considered as one of the viable
options for the incineration and/or transmutation of the long-
lived minor actinides into short-lived fission products. In the
ADS approach, energetic spallation neutrons, produced via
high-energy proton impact on a heavy target material such as
lead and/or bismuth, could be used to irradiate the fissionable
MAs. This leads to fission with higher and more broadly
distributed excitation energies in comparison to those in the
thermal-neutron-induced fission in a traditional power reactor.
Thus, understanding of fission at high excitation energy is
important for nuclear-data evaluations related to ADS devel-
opments.

The key phenomena, which does not occur in low-energy
fission but happens in high-energy fissions, is the neutron
evaporation before fission. The effects of the so-called mul-
tichance fission (MCF) on the fission fragment mass distri-
butions (FFMDs) are schematically shown in Fig. 1. The
compound nucleus 238U with an initial excitation energy E∗ =
35 MeV in this example can decay either via first-chance

fission, or via single neutron emission, leading to the less
excited 237U. The latter nucleus can decay again either by
fission (thus, second-chance fission) or by neutron evapora-
tion; the competition between fission and neutron emission
continues until the excitation energy of the corresponding
daughter nucleus (or residual nucleus) drops below the fission
barrier. The shape of the FFMD at each fission chance is
also shown schematically in this figure, with predominantly
symmetric fission for the initial compound nucleus 238U,
and dominant asymmetric fission for subsequent higher-order
fission chances, due to the revival of the shells responsible
for mass asymmetry in fission. In the current experimental
setup, number of neutron emission before fission cannot be
unambiguously determined event by event, thus the experi-
mentally observed FFMDs are usually observed as a mixture
of different fission chances.

Recently, effects of MCF has been discussed using a sta-
tistical model to determine the neutron-fission competition
and the Langevin calculation to describe fission [6]. It was
concluded that the apparent-asymmetric fission in U, Np, and
Pu nuclei observed in experiment [6–8] at high excitation
energies originates from higher fission chances after evapo-
ration of several neutrons. In this paper, we extend the similar
calculation to other nuclei with an updated model with a
higher prediction accuracy. As a result, the experimentally
observed trend of FFMDs, characterized by the peak-to-valley
ratio of its double-humped shape and mass asymmetry, in
terms of neutron and proton number of the initial compound
nucleus, are nicely reproduced. Accordingly, the results un-
veiled the FFMD of for each excitation energy, which cannot
be determined solely by the experiments.

II. MODEL

We use the fluctuation-dissipation model and employ
Langevin equations to calculate the evolution of nuclear shape
with time [9,10]. The nuclear shape is defined by the two-
center shell model parametrization [11,12], which has three
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deformation parameters, z, δ, and α to serve as collective
coordinates, abbreviated as q = {z, δ, α}. The symbol z is
the distance between two potential centers, the δ denotes the
deformation of the fragments, and α = (A1 − A2)/(A1 + A2)
is the mass asymmetry of the two fragments [9], where A1 and
A2 are the mass numbers of heavy and light fragments.

For a given value of the temperature of a system T , the
potential energy is defined as a sum of the liquid-drop (LD)
part and a microscopic (SH) part:

V (q, T ) =VLD(q) + VSH(q, T ),

VLD(q) = ES(q) + EC(q),

VSH(q, T ) = [�Eshell(q) + �Epair (q)]�(T ),

�(T ) = exp

(
−aT 2

Ed

)
. (1)

Here, the potential energy VLD is calculated with the finite-
range liquid drop model [13], given as a sum of the surface
energy ES and the Coulomb energy EC. The microscopic
energy VSH at T = 0 is calculated as the sum of the shell
correction energy �Eshell, evaluated by the Strutinski method
[14,15], and the pairing correlation correction energy �Epair

[15,16]. The shell correction energy has a temperature depen-
dence expressed by a factor �(T ) in which the shell damping
energy Ed is chosen as 20 MeV [17] and a is the level density
parameter [10,18]. To define the potential of the two-center
shell model [11,12], a neck parameter of ε = 0.35 (0 � ε �
1) [19] has been routinely used [6,7,10,20–22]. However,
this value is not appropriate for heavier actinide nuclides as
pointed out in Refs. [6,23]. We adopt the optimal ε values
following the empirical relation

ε(Ac) = 0.01007Ac − 1.94, (2)

where Ac is the mass of the fissioning nucleus [23].
The multidimensional Langevin equations [9] are given as

dqi

dt
= (m−1)i j p j,

d pi

dt
= − ∂V

∂qi
− 1

2

∂

∂qi
(m−1) jk p j pk

− γi j (m
−1) jk pk + gi jR j (t ), (3)

where qi = {z, δ, α} and pi = mi jdqi/dt is a momentum con-
jugate to coordinate qi. In the Langevin equation, mi j and
γi j are the shape-dependent collective inertia and the friction
tensors, respectively. The wall-and-window one-body dissipa-
tion [24–26] is adopted for the friction tensor. The normalized
random force Ri(t ) is assumed to be that of white noise, i.e.,

〈Ri(t )〉 = 0, 〈Ri(t1)Rj (t2)〉 = 2δi jδ(t1 − t2). (4)

The strength of the random force gi j is related to the friction
tensor γi j by the classical Einstein relation,

∑
k

gi jg jk = γi jT . (5)

The random properties introduced in Eqs. (3)–(5) gives
different trajectories on the potential energy space event by
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FIG. 1. A conceptual view of multichance fission for the case of
238U, see details in the text.

event, creating the fission fragment mass distribution by ac-
cumulating enough number of different trajectories, which
can be directly compared to the experimental data. In each
trajectory, fission is defined as the case that nucleus reaches
the scission point on the potential energy surface.

III. RESULT AND DISCUSSION

Figure 2 shows the potential energy surface for 236U,
plotted on the z-α plane. Figures 2(a) and 2(b) correspond to
the low (E∗ = 15 MeV) and high excitation energies (E∗ =
45 MeV), respectively, where the shell correction energy and
its smearing with the excitation energy [Eq. (1)] can be
comprehended. For the low excitation [Fig. 2(a)], the system
has two saddle points; the inner (first) saddle point located
at the mass symmetry α = 0.0 and the outer (second) saddle
point standing at the mass asymmetry α = 0.2. As shown in
the sample trajectory, calculated by the Langevin equations
[Eq. (3)] and indicated in this figure, the nuclear shape evolves
with time by overcoming these saddle points. For the low-
energy fission, the mass asymmetry is almost fixed at the
second saddle point, without changing it during the descent
from the saddle to scission, giving a clear double-humped
fission-fragment mass distribution [see Fig. 2(a)]. For the
high-energy fission, almost the single-Gaussian-like shape of
the FFMD is given [Fig. 2(b)].

Importance of the neutron-emission before fission (multi-
chance fission: MCF) on the FFMD are explained in Fig. 3,
by showing the results for 238U at the initial excitation energy
of 35 MeV. Figure 3(a) is the calculation without introduc-
ing the concept of MCF, no neutron evaporation from the
compound nucleus. In contrast to the clear double-humped
structure of the experimental data, the calculation shows
significantly smaller peak-to-valley (P/V) ratio in the FFMD.
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FIG. 2. Sample trajectory projected on potential energy surface, which is the z-α plane at δ = 0.2 and an example of calculation results of
FFMDs for 236U at (a) E∗ = 15 MeV and at (b) E∗ = 45 MeV. In (a) the first and second saddle points are marked by the symbols “+” and
“×”, respectively.

Also the mass-asymmetry of the peak position, AL/AH ≈
108u/130u, is apparently smaller than the measurement
(AL/AH ≈ 98u/140u). On the other hand, the experimental
data are nicely reproduced by including the MCF concept as
shown in Fig. 3(b) in terms P/V ratio and location of the
peaks. The calculated FFMDs for individual fission chances
are also shown by the dashed curves with different colors,
where the fraction (probability) of each fission chance is deter-
mined using a statistical model code GEF [27]. The reduction
of the excitation energy of the compound nucleus for each
neutron emission was calculated using neutron binding ener-
gies [28] and an average neutron kinetic energy, ≈ 1.9 MeV,
obtained by the PACE2 code [29]. The finally obtained FFMD,
which can be compared to the experimental data is given by
summing up all the possible fission chance curves. It is evident
that the mass-asymmetric shape is largely created by the
third-, fourth-, and fifth-chance fissions (236,235,234U), having
dominant yield in total, than the first- and second-chance
fissions (238,237U).

The same calculation procedure was performed for the
21 compound nuclides (234–240U, 236–242Np, and 238–244Pu) as
well as their dependence on the average-excitation energy,
ranging from E∗ = 15–55 MeV, as shown in Fig. 4. Here,
the results are compared to the experimental data taken using

the multinucleon transfer (MNT) reactions of 18O + 238U [6]
for 237–240U, 239–242Np, 242–244Pu, and 18O + 237Np [8] for
234–236U, 236–238Np, 238–241Pu, carried out at the JAEA Tokai
tandem facility. For nuclides available from both reactions,
we cite the one with the smaller statistical error. Note that
experimental data for 244Pu at E∗ = 15 MeV are not avail-
able due to the limited number of accumulated events. In
contrast to the calculation without MCF (blue curves), the
results with MCF (red curves) well reproduce the exper-
imental data for all the studied nuclides as well as their
excitation-energy dependence within the experimental uncer-
tainties, especially the double-humped shape of the FFMD
remaining up to the highest energies are noteworthy. Fur-
thermore, growing P/V ratio toward heavier-mass isotopes
in each element (U, Np, Pu), most clearly showing up at
E∗ � 35 MeV, are well described. In addition, for a certain
number of neutrons N contained in the initial compound
nucleus, the heavier element shows the smaller P/V ratio
when one compare the spectra at a certain excitation en-
ergy (see the fissioning nuclei with N = 144–148). These
systematic trends, found clearly by the MNT fission mea-
surements, are strongly correlated with the neutron-emission
probability from the compound nucleus, rather than the dif-
ference of the fission process between the studied nuclides, as
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FIG. 3. Calculated results for fission fragment mass distribution of 238U∗ at the initial excitation energy E∗ = 35 MeV without and with
taking into account the MCF, black thin curve shown in (a) and (b), respectively. The results are compared with the experimental data [6]
(solid circles). In (b), the calculated FFMDs for all the fission chances (dashed curves with different colors) are shown. For comparison with
the experimental data, the calculated results are broadened with the experimental mass resolution, as shown by the blue/red thick curve.
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FIG. 4. Comparison of the measured FFMDs for uranium, neptunium and plutonium isotopes (solid circles) [6,8] with the Langevin
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respectively. The average excitation-energy for each 10-MeV excitation-energy bin is shown on the right-hand side. Panels for uranium,
neptunium and plutonium are arranged so that the fissioning nuclides with the same neutron number (N) are aligned in the same column.

evidenced by the FFMDs with blue curves that show almost
the similar shapes over the nuclides at a certain excitation
energy.

Table I shows neutron binding energy [28] and the mean
number of neutron emission before fission calculated by the
GEF code [27] for 21 nuclides studied in this work. As
shown in Table I, for a certain element isotopes, it is evi-
dent that prescission neutron multiplicity 〈νpre〉 increases with
the compound-nucleus mass due to decrease of the neutron
binding energy. This effect is also reported in Ref. [30] that
multiple neutron emission increase with the mass number
A for 233–239U (see Fig. 14 in Ref. [30]). The competition
between neutron emission and fission also depends largely

on the fission barrier height. For the studied nuclei in this
paper, however, the fission barrier heights do not change very
much with each other as follows. The semiempirical GEF

model estimate the fission barrier height as the sum of the
macroscopic fission barrier and the shell-correction energy
in the ground state, making use of the topographic theorem
[31,32]. This model well reproduces isotopic dependence of
the measured fission barriers, both for the inner and the outer
barriers, EA and EB, as shown in Ref. [27], Fig. 7 and Fig. 8.
For the nuclides studied in the present analysis, the inner and
the outer barriers are nearly the same for uranium isotopes
(234–240U) with values EA = 5.44–6.04 MeV. The neptunium
and plutonium isotopes (236–242Np, 238–244Pu) have EA values
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TABLE I. Two-neutron binding energy (S2n in MeV) [28], fission barriers used in GEF (Bf in MeV) [27], and mean number of neutron
emission before fission 〈νpre〉 calculated by GEF are tabulated for each fissionig nucleus AZN and initial excitation energy E∗(MeV). For Bf ,
the only the higher barrier is listed (1: inner, 2: outer).

Z A(N) S2n Bf E∗ 〈νpre〉 Z A(N) S2n Bf E∗ 〈νpre〉 Z A(N) S2n Bf E∗ 〈νpre〉
92 234(142) 12.60 5.691 15 0.16 93 236(143) 12.66 6.081 15 0.16 94 238(144) 12.88 5.651 15 0.09

25 0.69 25 0.57 25 0.45
35 1.22 35 1.04 35 0.90
45 1.72 45 1.51 45 1.35
55 2.20 55 1.96 55 1.81

235(143) 12.14 5.951 15 0.29 237(144) 12.30 5.701 15 0.14 239(145) 12.65 6.081 15 0.17
25 0.87 25 0.65 25 0.61
35 1.47 35 1.19 35 1.10
45 2.00 45 1.69 45 1.60
55 2.52 55 2.20 55 2.08

236(144) 11.84 5.761 15 0.26 238(145) 12.11 6.191 15 0.29 240(146) 12.18 5.701 15 0.12
25 0.92 25 0.83 25 0.61
35 1.61 35 1.42 35 1.19
45 2.21 45 1.97 45 1.74
55 2.75 55 2.48 55 2.26

237(145) 11.67 6.062 15 0.41 239(146) 11.70 5.681 15 0.14 241(147) 11.77 5.971 15 0.22
25 1.14 25 0.78 25 0.75
35 1.85 35 1.51 35 1.37
45 2.49 45 2.10 45 1.96
55 3.06 55 2.66 55 2.51

238(146) 11.28 5.712 15 0.26 240(147) 11.38 5.971 15 0.25 242(148) 11.55 5.611 15 0.14
25 0.99 25 0.94 25 0.73
35 1.97 35 1.62 35 1.43
45 2.61 45 2.30 45 2.06
55 3.25 55 2.90 55 2.65

239(147) 10.96 5.942 15 0.35 241(148) 11.19 5.631 15 0.22 243(149) 11.34 5.891 15 0.24
25 1.29 25 0.88 25 0.92
35 1.97 35 1.71 35 1.57
45 2.80 45 2.37 45 2.24
55 3.48 55 3.03 55 2.87

240(148) 10.73 5.592 15 0.25 242(149) 10.94 5.981 15 0.35 244(150) 11.05 5.491 15 0.14
25 0.79 25 1.27 25 0.80
35 1.95 35 1.80 35 1.61
45 2.69 45 2.53 45 2.27
55 3.53 55 3.23 55 2.94

larger than EB, and the EA = 5.63–6.19 MeV (Np) and EA =
5.49–6.08 MeV (Pu) are close to those for 234–240U.

The calculation results without the MCF (blue curves in
Fig. 4) show predominantly symmetric fission due to the
washing out of the shell structure already at the excitation
energy ≈45 MeV for all the studied nuclides. We also note
that the shell damping energy Ed = 20 MeV, which has been
routinely used to describe heavy-ion reaction and fission
process, and thus used in this model, can account for the
experimental data, without introducing unexpectedly large
values.

IV. SUMMARY

To conclude, even though multichance fission (MCF) is
a well-established concept to explain the stepwise structure
of the fission probability (fission cross section) appearing
periodically in the excitation function, so far its effects on

fission-fragment mass distributions has not been fully in-
vestigated. This is mainly due to the absence of systematic
data and proper fission model, which can generate FFMDs
with enough accuracy. This difficulty was overcome/solved
by exploiting the novel approach of multinucleon transfer
(MNT) reactions in experiment and Langevin approach in
calculation. In this study, calculation which takes into account
the MCF explained the large set of experimental data from
the MNT-induced fissions. Our results also suggest that the
consideration of MCF is essential to interpret other fission
observables.
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