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High-spin states of the N = 82 isotones 136Xe, 137Cs, and 138Ba: Monopole-driven competition of
neutron core excitations with two-proton excitations to the h11/2 high- j orbit
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It is known that the monopole effect in shell-model calculations can influence single-particle states dynam-
ically, resulting in novel shell evolution near the ground state. We show that a monopole-driven competition
between different excitation modes can occur in the high-lying, high-spin states in nuclei above 132Sn. Stimulated
by the recent high-spin data, we extend large-scale shell-model calculations with the effective interaction
determined in our previous work [Phys. Rev. C 84, 044324 (2011)] to study the heavier N = 82 isotones 136Xe,
137Cs, and 138Ba. With inclusion of configurations for neutron core excitation across the N = 82 shell gap, we
treat simultaneously two kinds of excitation modes for the high-spin states, namely, those from multiproton
coupling within the valence-proton space and from neutron core excitation to the upper orbits above the N = 82
shell gap. Based on a good reproduction of the experimental data, we discuss the competition mechanism by
analyzing the monopole effect in the effective single-particle energies.

DOI: 10.1103/PhysRevC.100.064316

I. INTRODUCTION

The structural evolution of the single-particle states near
the doubly closed-shell nucleus 132Sn has long been a study
focus [1,2], which has motivated a lot of experimental work,
particularly in recent years [3–16]. For this neutron-rich mass
region, investigations have been carried out aiming at under-
standing the magic nature of 132Sn [3,4], the nucleon-nucleon
interactions [5–7], and the shell evolution when particles
and/or holes are added to 132Sn [8–11]. Furthermore, as
the astrophysical rapid neutron-capture process (r process)
proceeds through the 132Sn region, the study is important
also for elucidating questions on the r-process nucleosynthesis
[12–16]. Specifically, the shell evolution below 132Sn has
been extensively investigated from both experimental and
theoretical points of view [8–11,17–20]. Along the N = 82
line, one recent interest is to extend the discussion to the
N = 82 isotones beyond Z = 50.

The N = 82 isotone 136Xe is a candidate in the search for
neutrinoless double-β decay (0νββ ) (see the recent report
in Ref. [21]). Comprehensive structural information provides
crucial tests of the nuclear structure models used in calculating
the nuclear matrix element for 0νββ and in extracting the
neutrino mass, if this exotic decay process is observed. As
136Xe is a closed-neutron-shell nucleus with four protons in

*Corresponding author: sunyang@sjtu.edu.cn

excess of the Z = 50 closed shell, it is usually expected that it
should contain low-lying excitations with (πg7/2)2 or (πd5/2)2

configurations and combinations of them. Indeed, candidates
for such states have been experimentally identified [22,23].

On the other hand, during the past two decades, high-spin
data at high excitations in some N = 82 and 83 isotones
beyond 132Sn have become available from the study of dif-
ferent reaction products by using large γ -ray detector arrays
[24–32]. Of special interest is the core-excited states across
the neutron N = 82 shell gap. Such cross-shell excitations
provide a unique access to the size of the N = 82 shell gap
and can thus enhance our understanding of the shell variation
when particles are added to 132Sn. In Ref. [32], high-spin
states of five heavier N = 82 isotones 136Xe, 137Cs, 138Ba,
139La, and 140Ce have been updated by the experiment of two
fusion-fission reactions.

On the theoretical side, shell models based on the spherical
basis are usually the theoretical tool for the description of
nuclei near the shell closures. In the past, some of these
core-excited states were well reproduced by the empirical
interactions with simple configurations [26–28]. For the new
data [32], the empirical interaction and later the SN100PN in-
teraction [33] were employed to explain the high-spin states at
high excitations. However, these calculations were restricted
within the proton valence-particle space of the 50–82 shell.
Although for some high-spin levels in 136Xe, 137Cs, and
138Ba, the authors in both Refs. [32,33] speculated that their
structures could involve neutron core excitations across the
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N = 82 shell gap, no actual calculations were given due to
the limitation in their shell-model space.

In our earlier work [34], shell-model calculations with a
large model space including neutron core-excitation config-
urations were carried out for the energy levels up to high
spins for some A = 133–135 nuclei above 132Sn. The calcu-
lation employed the extended paring-plus-quadrupole interac-
tion with monopole corrections (EPQQM) and systematically
explained both the low-lying and highly-excited states of
the N = 82 isotones 133Sb, 134Te, and 135I and the N = 83
isotones 133Sn, 134Sb, and 135Te. Later, the EPQQM model
with a model space considering both proton and neutron core
excitations was successfully applied to study the structure of
the hole nuclei [35–37], exploring the evolution of the neutron
N = 82 closed shell below 132Sn [19,20]. All these works
have demonstrated that the EPQQM model is a practical
method for the description of core excitations around 132Sn.

The purpose of the present work is to apply the EPQQM
model with the same effective interaction determined in
Ref. [34] to study the structural variation in the heavier N =
82 isotones above 132Sn. Unlike other shell-model studies
[32,33], we emphasize the competition of two excitation
modes at high spins: the proton excitations within the valence-
proton space as discussed in Refs. [32,33] and the neutron
core excitations across the N = 82 shell gap as introduced
in our earlier work. The latter mode was speculated in
Refs. [32,33], but has not been quantitatively demonstrated
so far. We discuss the important role played by the monopole
correction terms in the EPQQM model and show how the
effective single-particle energies (ESPEs) change dynamically
with particle occupations under the influence of the monopole
terms.

The paper is organized as follows. In Sec. II, the EPQQM
interaction and the corresponding model space adopted for
the present shell-model calculation are briefly outlined. In
Sec. III, we discuss the calculated results for the three N = 82
isotones 136Xe, 137Cs, and 138Ba and compare them with the
available experimental data. The high-spin structures with
neutron core excitations are analyzed in detail, and the result-
ing ESPEs in the presence of the monopole correction terms
are discussed in this section. Finally, conclusions are given in
Sec. IV.

II. OUTLINE OF THE THEORY

The EPQQM model was originally developed for shell-
model calculations in lighter N ≈ Z nuclei [38,39]. Later, it
was extended to apply to different mass regions [34,40–42]. In
recent years, the EPQQM has been successfully applied to the
132Sn mass region [19,20,34–37]. For the nuclei near 132Sn, in
which protons and neutrons occupy orbits belonging to differ-
ent major shells, the EPQQM model has the advantage that it
can determine two-body matrix elements (TBMEs) using the
separable forces, supplemented with monopole corrections
[34]. Thus, to compare with other interactions adopted for
the 132Sn region (for example, the realistic effective inter-
actions derived from bare nucleon-nucleon potential [43] or
the empirical ones based on fitting experimental data [44]),

the EPQQM interaction in its simple form can treat both the
low-lying and cross-shell high excitations on an equal footing.

In the present work, we employ the same EPQQM inter-
action and the model space introduced in Ref. [34]. In the
proton-neutron (pn) representation, the Hamiltonian is written
in the separable form as follows:

H = Hsp + HP0 + HP2 + HQQ + HOO + HHH + Hmc

=
∑

α,i

εi
αc†

α,icα,i − 1

2

∑

J=0,2

∑

ii′
gJ,ii′

∑

M

P†
JM,ii′PJM,ii′

− 1

2

∑

λ=2,3,4

∑

ii′

χλ,ii′

b2λ
0

∑

M

: Q†
λM,ii′QλM,ii′ :

+
∑

ja� jb,ii′
kmc(ia, i′b)

∑

JM

A†
JM (i ja, i′ jb)AJM (i ja, i′ jb).

(1)

In Eq. (1), the indices i and i′ stand for proton (π ) and
neutron (ν), respectively, and b0 is the harmonic-oscillator
range parameter. The Hamiltonian includes the J = 0 and
J = 2 pairing (P0 and P2) terms, the multipole-multipole
terms (with multipolarity λ = 2, 3, 4), and the monopole
corrections (Hmc). The corresponding interaction strengths
gJ,ii′ , χ2,ii′ , χ3,ii′ , χ4,ii′ , and kmc(ia, i′b) were determined
(see Ref. [34]) for the nuclei with Z � 50 beyond 132Sn.
For the adopted monopole corrections in the calculation,
the two attractive terms kmc(πg7/2, πh11/2) = −0.15 and
kmc(πg7/2, νh9/2) = −0.6 (both in MeV) are the most relevant
ones to the present study, and their effects will be emphasized
below.

The 116Sn (Z = 50 and N = 66) is chosen as the core [34].
The valence nucleons are included in the following model
space outside 116Sn: five proton orbits (0g7/2, 1d5/2, 2s1/2,
1d3/2, and 0h11/2), five upper neutron orbits (1 f7/2, 2p3/2,
0h9/2, 2p1/2, and 1 f5/2), and two lower neutron orbits (0h11/2

and 1d3/2). As 116Sn is not a doubly magic nucleus, the single-
particle energies for the present model space, εi

α in Eq. (1),
cannot be directly obtained from experiment. They should be
determined by modifying the experimental single-particle and
single-hole energies around 132Sn by considering particle-hole
interactions (for details, see Ref. [34]).

Calculations are performed with the J-scheme shell-model
code NUSHELLX [45]. For the neutron valence space, only one
particle-hole excitation is allowed from each lower orbit to
the upper ones across the N = 82 shell gap. Except for this
restriction in neutron core excitations, no other truncations are
necessary with respect to the proton valence space for the N =
82 isotones 136Xe and 137Cs. For 138Ba, we fix at least two
valence protons to occupy the lowest πg7/2 orbit. However,
for the even heavier isotones 139La and 140Ce, calculations
with NUSHELLX in the same model space are not feasible
because of the computational limit of the code.

In order to investigate the shell evolution of the N = 82
isotones with varying proton numbers, we evaluate ESPEs
from the monopole Hamiltonian in the pn representation [46],

Hm =
∑

a,i

εi
an̂ai +

∑

ab,ii′
V ii′

ab

n̂ai(n̂bi′ − δabδii′ )

1 + δabδii′
. (2)
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FIG. 1. Calculated energy levels for the N = 82 isotones: (a) 136Xe, (b) 137Cs, and (c) 138Ba. The available experimental data, taken from
Ref. [32], are shown for comparison. Lines with black (red) color are for positive-parity (negative-parity) states.

In Eq. (2), n̂ai is the particle-number operator and V ii′
ab is the

monopole component of the two-body interaction [46],

V ii′
ab =

∑
J 〈i ja, i′ jb|V |i ja, i′ jb〉J (2J + 1)[1 + ( − 1)Jδii′δab]

(2 ja + 1)(2 jb + 1 − δii′δab)
,

(3)

where 〈i ja, i′ jb|V |i ja, i′ jb〉J represents the TBMEs. The ES-
PEs are defined as energy differences of the monopole Hamil-
tonian caused by removing one nucleon from an occupied
orbital or adding one nucleon to an unoccupied orbital [46]. It
is known that the monopole interaction plays a significant role
for the shell evolution because of the monopole shift when
valence nucleons occupy certain orbits [47]. It should be noted
that the monopole corrections represent the main ingredients
of the monopole interaction in our model. Therefore, some
monopole corrections, especially those involving the πg7/2

orbit, will strongly influence the ESPEs and lead to the
structural evolution when the occupations on the πg7/2 orbit
are enhanced in the N = 82 isotones.

III. RESULTS AND DISCUSSIONS

Large-scale shell-model calculations based on our EPQQM
model are performed to describe the overall spectroscopy
observed in three N = 82 isotones, 136Xe, 137Cs, and 138Ba.
In Fig. 1, we show the calculated energy levels and compare
them with the updated experimental data of Astier et al.
[32]. We analyze in detail the structure of the energy lev-
els for both low-lying and high excitation levels. Moreover,
we focus the discussion on the monopole-driven effect on
the high-spin states and reveal the competition between the

neutron core excitation across the N = 82 closed shell and
two-proton excitation to the πh11/2 orbit. Other shell-model
calculations [32,33,48] were successfully carried out for the
N = 82 isotones beyond 132Sn. However, with their limited
neutron valence space, the authors could not discuss the
neutron core-excited states.

A. Positive-parity states

In this section, we discuss the positive-parity states of these
nuclei. The discussion is divided into two subsections, for
low-lying states and high-spin states at high excitations.

1. Low-lying states

In the N = 82 isotones, the low-lying states correspond
to proton excitations, for which the configurations are built
within the proton shells (0g7/2, 1d5/2, 2s1/2, and 1d3/2).
Among the above four orbits, only 0g7/2 and 1d5/2 are relevant
to the low-lying states. The experimentally observed states
have been successfully described by different effective inter-
actions [32,33,48–51]. In our previous work [34], the EPQQM
model studied such states of the lighter N = 82 isotones 134Te
and 135I.

As one can see in Figs. 1(a)–1(c), the experimentally
known levels below 5 MeV for the two proton-even isotones
136Xe and 138Ba, and those below 4 MeV for the proton-
odd isotone 137Cs, are described reasonably well. The anal-
ysis of wave functions suggests that for all the low-lying
positive-parity states presented in Fig. 1, the valence pro-
tons basically occupy the two orbits, πg7/2 and πd5/2. The
main configurations of those states correspond to (πg7/2)n,
(πg7/2)n−1(πd5/2)1, and (πg7/2)n−2(πd5/2)2, or combinations
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of them, where n is the number of valence protons. We can
simply denote these configurations as (πg7/2πd5/2)n.

γ -ray cascades down to the ground state were observed in
the three isotones (see Figs. 1, 6, and 7 in Ref. [32]). Our
calculation indicates that these low-lying states are charac-
terized by a mixed nature with different configurations. We
take the yrast states, i.e., the assemble of the lowest state for
each spin, as examples. For 136Xe, the calculation suggests
that the 8+

1 state has a relatively pure (πg7/2)4 configuration.
The 0+

1 , 2+
1 , 4+

1 , and 6+
1 states contain some components

from (πg7/2)2(πd5/2)2, but have a considerable component
of (πg7/2)4. For 138Ba, all the yrast states up to 12+

1 have
the component of (πg7/2)4(πd5/2)2 except the 10+

1 state,
whose leading configuration is (πg7/2)5(πd5/2)1. However,
the (πg7/2)6 component is also not small in the 0+

1 , 2+
1 , 4+

1 ,
and 6+

1 states. Our suggested configurations for 136Xe and
138Ba are basically consistent with the results reported in
Ref. [33]. For 137Cs, the calculated yrast states with 7/2+

1
to 23/2+

1 do not assume any predominant configurations.
The 7/2+

1 , 11/2+
1 , and 15/2+

1 states have a leading config-
uration of (πg7/2)5, but with some differences. The 7/2+

1
and 11/2+

1 states are mixed with a considerable amount of
(πg7/2)3(πd5/2)2 component, while this component is small
in 15/2+

1 . The 17/2+
1 , 19/2+

1 , and 21/2+
1 states belong to

the (πg7/2)4(πd5/2)1 multiplet, and 23/2+
1 is a member of

the (πg7/2)3(πd5/2)2 one. These configurations are consistent
with the analysis for the yrast states of 137Cs in Refs. [25,30].

It should be pointed out that there are several low-lying
positive-parity states in Fig. 1 that are not reproduced in the
correct energy as compared to the experiment. For example,
the calculated 19/2+

1 , 21/2+
1 and 23/2+

1 states of 137Cs, and
the 12+

1 state of 138Ba, are higher than the observed ones.
There are also low-lying states that should be there but have
not be experimentally identified. In Fig. 1(b), we predict the
missing 9/2+

1 and 13/2+
1 states at excitation energies of 1.363

and 1.863 MeV, respectively. Their wave functions indicate
that they are members of the (πg7/2)4(πd5/2)1 multiplet.

In Table I, we show the calculated electric quadrupole
transition probabilities, B(E2), for low-lying states of the
three isotones, and compare them, if possible, with the ex-
perimental data from Ref. [52]. In the calculation, the stan-
dard effective charges eπ = 1.5e and eν = 0.5e are employed.
Most of the resulting B(E2) values among these low-lying
states range from a few W.u. to a few percents of W.u..
In 136Xe, for example, stronger B(E2) transitions following
the yrast cascades up to 4+

1 , but at 6+, the B(E2) strength
becomes fragmented due to the existence of two 6+ states with
mixed structures. This feature is experimentally suggested,
and supported by the calculation. In 138Ba, The first two
B(E2) transitions, B(E2, 2+

1 → 0+
1 ) and B(E2, 4+

1 → 2+
1 ),

exhibit a difference in nearly two orders of magnitude, which
is correctly described by the calculation. A similar situation is
seen also in the odd-mass 137Cs. Significant differences are
seen for the first two B(E2) transitions in the yrast states.
While the large value for B(E2, 11/2+

1 → 7/2+
1 ) suggests

that the structures of the 7/2+
1 and 11/2+

1 states are similar,
the small B(E2, 15/2+

1 → 11/2+
1 ) means that the structure

of 15/2+
1 must be different from them. The differences in

structure for these three states were discussed before.

TABLE I. Comparison of the calculated and experimental B(E2)
values for 136Xe, 137Cs, and 138Ba. The experimental data are taken
from Ref. [52].

B(E2) in (W.u.)

Nucleus Transition Expt. Theory

136Xe 2+
1 → 0+

1 9.7(4) 10.32
4+

1 → 2+
1 1.281(17) 3.00

6+
1 → 4+

1 0.0132(8) 0.17
6+

2 → 4+
1 >0.26 0.89

8+
1 → 6+

1 4.32
8+

1 → 6+
2 0.02

8+
2 → 6+

1 0.29
8+

2 → 6+
2 6.43

10+
1 → 8+

1 0.05
10+

1 → 8+
2 6.86

137Cs 11/2+
1 → 7/2+

1 9.12
15/2+

1 → 11/2+
1 0.27

17/2+
1 → 15/2+

1 0.002
21/2+

1 → 17/2+
1 5.62

23/2+
1 → 21/2+

1 0.18
138Ba 2+

1 → 0+
1 11.0(4) 12.75

4+
1 → 2+

1 0.2878(15) 0.41

6+
1 → 4+

1 0.053
(+8

−6

)
0.67

6+
2 → 4+

1 − 0.62

8+
1 → 6+

1 0.32
(+79

−17

)
5.17

8+
1 → 6+

2 0.18
(+47

−10

)
3.99

10+
1 → 8+

1 1.59
(+26

−20

)
4.34

10+
2 → 8+

1 >4.1 3.81
12+

1 → 10+
1 − 1.79

12+
1 → 10+

2 >3.3 6.77

2. High-spin states

While the positive-parity states at low excitations are cou-
pled by the proton 0g7/2 and 1d5/2 orbits, proton excitations to
the upper πh11/2 orbit can lead to states with high excitation
energies. Because of the coupling to the high- j orbit, these
highly excited states are usually also high-spin states. What
we want to emphasize is that for the N = 82 isotones under
discussion, neutron core excitations from the lower νh11/2

orbit across the N = 82 shell gap can also form high-spin,
high-energy, positive-parity states. As we now discuss, the
two kinds of excitation modes, the neutron cross-shell ex-
citation and the proton excitation to the upper πh11/2 orbit,
may create states at the same energy range that thus compete
with each other. The competition picture does not exist in the
previous shell-model calculations [32,33] as they dealt with
one excitation mode only.

As one can see in Fig. 1(a), the calculated positive-parity
levels above 5 MeV in 136Xe are in good agreement with the
experimental ones [32], both in energy and in their orders. We
thus suggest that the observed high-spin states from (10+

2 ) up
to (17+

1 ) in 136Xe correspond to our calculated 10+
3 , 12+

1 , 13+
1 ,

14+
1 , 14+

2 , 15+
1 , 16+

1 , and 17+
1 states, respectively. In addition,
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FIG. 2. The occupation numbers of the main orbits involved in configuration for the calculated high-spin states with positive parity in the
nuclei (a) 136Xe, (b) 137Cs, and (c) 138Ba. For neutrons, negative occupations mean the hole numbers in the νh11/2 orbit below the N = 82 shell
gap. These theoretical states correspond to the calculated energy levels drawn in Figs. 1(a)–1(c).

we predict an unobserved 11+
1 state at 6.052 MeV. The calcu-

lated second 10+
2 state is a member of the (πg7/2)2(πd5/2)2

multiplet and is lower in energy than the observed (10+
2 )

state.
We can further propose structure for these high-spin states.

In Fig. 2, we present the theoretical occupation numbers in
various orbits for the calculated high-spin states starting from
10+

3 in Fig. 1(a) for 136Xe, 19/2+
3 in Fig. 1(b) for 137Cs, and

11+
1 in Fig. 1(c) for 138Ba.
In Fig. 2(a) for 136Xe, we find that all the presented

nine states contain significant components of neutron exci-
tations across the N = 82 shell, while components of pro-
ton excitations to the upper πh11/2 orbit are small. Specif-
ically, most of these states are found to have a lead-
ing configuration of (πg7/2πd5/2)4(νh11/2)−1(ν f7/2)1, except
the 10+

3 and 16+
1 states, which take the configuration of

(πg7/2πd5/2)4(νh11/2)−1(νh9/2)1. It is interesting to note that
these two high-spin states involve the configuration with a
neutron cross-shell excitation to the νh9/2 orbit. As νh9/2 is the
l = 5 partner of the h11/2 intruder orbit, the energy separation
of the two orbits measures directly the size of the neutron N =
82 shell gap. We point out that the neutron h9/2 occupation
is influenced by the monopole correction kmc(πg7/2, νh9/2)
in the present EPQQM model [34]. This large attractive term
(with the strength of −0.6 Mev) greatly pushes the νh9/2 orbit

down to be close to ν f7/2, which facilitates neutron cross-shell
excitations to νh9/2. The monopole correction modifies the
single-particle states as seen in the calculated ESPEs, which
will be discussed later.

Astier et al. discussed [32] how their shell-model cal-
culation with the configuration of (πg7/2πd5/2)2(πh11/2)2

could not reproduce the experimental data for the high-spin
positive-parity states in 136Xe (see Fig. 14(a) of Ref. [32]).
This configuration describes the high-energy states as two
proton excitations to the upper πh11/2 orbit. In order to
compare excitation energies calculated with different config-
urations, we plot in Fig. 3(a) the lowest excitation energies
calculated with each of the configurations. For comparison,
the experimentally observed corresponding states are also
shown. As one can see, the calculated energies of the two-
proton configuration (πg7/2πd5/2)2(πh11/2)2 are too high in
energy as compared to the data (except for 16+, which agrees
with experiment). On the other hand, the energies calculated
with the neutron core-excited configurations can describe
the data much better. This indicates that the inclusion of
neutron core-excited configurations is indispensable in shell-
model calculations for these N = 82 isotones. Among the
two neutron core-excited configurations, the energy levels cal-
culated with (πg7/2πd5/2)4(νh11/2)−1(ν f7/2)1 generally agree
with the data. But for the 10+ and 16+ states, those of the
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FIG. 3. The theoretical lowest excitation energies as a function
of spin for the high-spin positive-parity states corresponding to a
leading configuration in the N = 82 isotones 136Xe (a), 137Cs (b),
and 138Ba (c). The observed experimental data [32] are drawn with
asterisks for comparison.

(πg7/2πd5/2)4(νh11/2)−1(νh9/2)1 configuration are lower in
energy and describe the data better.

For the odd-mass isotone 137Cs, the experimental high-
spin states above 4 MeV starting from (19/2+

3 ) are well
reproduced by the calculation [see Fig. 1(b)]. Unlike the
even-even isotone 136Xe, the high-spin structure of 137Cs is
much more complicated. As plotted in Fig. 1(b), the calcu-
lated 19/2+

3 and 21/2+
2 states belong to the (πg7/2)3(πd5/2)2

multiplet. The 25/2+
2 , 27/2+

1 , 31/2+
1 , and 35/2+

1 states have
a predominant component with two-proton excitation to
the upper h11/2 orbit, forming the (πg7/2πd5/2)3(πh11/2)2

configuration. For the rest six states in Fig. 1(b), 23/2+
2 ,

25/2+
1 , 27/2+

2 , 29/2+
1 , 33/2+

1 , and 37/2+
1 , our calcula-

tion suggests the configuration of neutron core excita-
tions. Among them, 23/2+

2 , 25/2+
1 and 33/2+

1 have a lead-
ing (πg7/2πd5/2)5(νh11/2)−1(ν f7/2)1 configuration while the
other three have (πg7/2πd5/2)5(νh11/2)−1(νh9/2)1. The occu-
pation numbers for these states are shown in Fig. 2(b).

We are aware that the above configuration assignments
may contain uncertainties as in this nucleus, states built by
two-proton excitations to the πh11/2 orbit and neutron core
excitations are very close in energy. In Fig. 3(b), we show
the calculated energies of three configurations, all which may
contribute to form the discussed high-spin states in 137Cs. It
can be seen that the states with two-proton excitations are
bundled together with those of neutron core-excited configu-
ration. This is quite different from what we have seen in 136Xe
[Fig. 3(a)]. This may cause ambiguities when configurations
are assigned to the high-spin states of 137Cs in Fig. 1(b). In
Ref. [32], a band in 137Cs with band-head spin (25/2+

2 ) has
been detected above 5.452 MeV (see band (d) in Fig. 1 of
Ref. [32]). It could correspond to one of these three excitation
configurations shown in Fig. 3(b), or could have a mixed
structure from them. For the observed band (c) between 4.350
and 5.481 Mev (see Fig. 1 of Ref. [32]), the authors speculated
that neutron core excitation should be considered. According
to our calculation, this band also has a mixed structure.

We present in Fig. 1(c) the results for high-spin positive-
parity states above 5 MeV in 138Ba. For this isotone, the
calculation compares with the experimental levels qualita-
tively. The predicted 11+

1 state lies below the 12+
1 state while

a reversed order is suggested by experiment. The obtained
level spacings of the calculated states between 11+

1 and 18+
1

(roughly from 5 to 8 MeV of excitation) show differences
from the observation. Nevertheless, the two highest-spin states
(19+

1 ) and (20+
1 ) around 9 MeV in excitation are correctly

reproduced. From the occupation numbers shown in Fig. 2(c),
we find that most of the high-spin positive-parity states, except
11+

1 , 19+
1 , and 20+

1 , are due to the two-proton excitation to the
πh11/2 orbit with the (πg7/2πd5/2)4(πh11/2)2 configuration.
The 11+

1 state has mainly the (πg7/2)4(πd5/2)2 configuration.
The 19+

1 and 20+
1 states belong to the (πg7/2πd5/2)4(πh11/2)2

(νh11/2)−1(ν f7/2)1 multiplet. This latter configuration con-
tributes to the creation of the largest angular momentum states
in the study. Obviously, the high-spin structure of 138Ba are
qualitatively different from that of 136Xe or 137Cs.

To further discuss the high-spin structure in 138Ba, the
calculated energies for the 11+ to 20+ states from four
configurations are drawn in Fig. 3(c). As one can see,
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among the four different configurations, those belonging
to (πg7/2πd5/2)4(πh11/2)2 are the lowest (except for the
highest spin states 19+ and 20+), which favors the two-
proton excitation to the πh11/2 orbit. Two regular γ -ray
cascades were observed in the high-spin states of 138Ba
(see Fig. 7 of Ref. [32]). One consists of four states
from (11+

1 ) to (14+
1 ), and the other has a band-head spin

(14+
2 ) at 6.987 MeV. As seen in Fig. 3(c), these two

bands must belong to different structures. The one with
the (πg7/2πd5/2)4(πh11/2)2 configuration exhibits staggerings
with spin, which well describes the experimental (12+

2 ) and
(13+

1 ) states. From J = 14 to 18, the neutron core-excited
configurations can better describe the data. Two such configu-
rations from the calculation, (πg7/2πd5/2)6(νh11/2)−1(ν f7/2)1

and (πg7/2πd5/2)6(νh11/2)−1(νh9/2)1, coincide at J = 14. In
fact, two closely lying J = 14 states have been observed
experimentally. Above J = 14, the calculated energy lev-
els with the neutron core-excited configurations can well
describe the trend of the observation. In addition, the
(πg7/2πd5/2)4(πh11/2)2 (νh11/2)−1(ν f7/2)1 configuration can
well describe the highest spin states from J = 17 to 20, as
seen in Fig. 3(c). We note that the calculated yrast states from
12+ to 18+ with the (πg7/2πd5/2)4(πh11/2)2 configuration by
the empirical interaction has the similar staggering trend as in
our calculation (see Fig. 14(b) of Ref. [32]).

B. Negative-parity states

The main structure of negative-parity states in the N =
82 isotones above 132Sn is simply built by removing one
proton from the gd shell to the h11/2 orbit. This leads
to (πg7/2πd5/2)n−1(πh11/2)1 as the lowest negative-parity
configuration. As one can see in Figs. 1(a)–1(c), the
adopted EPQQM interaction reproduces well the experimen-
tal negative-parity states in 136Xe, 137Cs, and 138Ba, both in
excitation energies and their orders.

In Fig. 1(a), we confirm that the observed (9−
1 ), (11−

1 ),
(13−

1 ), and (14−
1 ) states in 136Xe correspond to the calculated

9−
1 , 11−

1 , 13−
1 , and 14−

1 ones. In addition, we predict a 10−
1

and a 12−
1 state, which are degenerate with the 11−

1 and 13−
1

states, respectively, and locate just above the respective ones.
The calculation shows that the states from 9−

1 to 13−
1 all are

members of the (πg7/2)3(πh11/2)1 multiplet. Only the highest
one, the 14−

1 state, has a pure (πg7/2)2(πd5/2)1(πh11/2)1

configuration.
Similarly, the group of observed high-spin negative-parity

states from (19/2−) to (31/2−) in 137Cs [see Fig. 1(b)]
correspond to the calculated yrast states for these angular
momenta. We predict a 25/2−

1 state which is nearly degenerate
with the known 27/2−

1 one. The calculation suggests that the
states from 19/2−

1 to 27/2−
1 all have a leading configuration

of (πg7/2)4(πh11/2)1, and the highest 29/2−
1 and 31/2−

1 ones
belong to the (πg7/2)3(πd5/2)1(πh11/2)1 multiplet.

For 138Ba, with the reasonably good agreement between
theory and experiment, the tentatively assigned spin and parity
for the negative-parity states shown in Fig. 1(c) are confirmed
by the calculation. The missing 10−

1 state is predicted to
be between 9−

1 and 11−
1 near 4 MeV. Moreover, the miss-

ing 12−
1 state is predicted to be degenerate with 13−

1 . The

analysis of the wave functions indicates that the states from
9−

1 to 13−
1 are mainly due to one-proton excitation from the

πg7/2 orbit to πh11/2, with the predominant configuration
of (πg7/2)5(πh11/2)1, while the 13−

2 , 14−
1 , and 15−

1 states
have the main configuration of (πg7/2)4(πd5/2)1(πh11/2)1.
Interestingly, our calculation indicates that the observed 16−

1
and 17−

1 states have a neutron core-excited structure. These
two states are calculated to have the leading configuration
of (πg7/2πd5/2)5(πh11/2)1(νh11/2)−1(ν f7/2)1. However, the
configuration of neutron core excitations from the νd3/2 orbit
does not show up in the negative-parity states in 138Ba, which
was experimentally observed in the lighter N = 82 isotones
134Te and 135I [29] and confirmed by our previous shell-model
calculation [34].

In Figs. 1(a) and 1(b), we also predict some negative-
parity states built by neutron core excitations in 136Xe
and 137Cs. The predicted 15−

1 , 16−
1 states in 136Xe and

the 33/2−
1 , 35/2−

1 states in 137Cs at excitation energies of
7.348, 7.486, 6.610, and 6.890 MeV, respectively, are ex-
amples of these, which have the leading configurations of
(πg7/2πd5/2)n−1(πh11/2)1(νh11/2)−1(ν f7/2)1.

When we discuss negative-parity states, let us comment
on the spurious center-of-mass motion in the 1− states. The
center-of-mass problem concerns momentum conservation
associated with the translational invariance required in the
nuclear wave function. Since excited nuclear states should
correspond to excitation of the internal degrees of freedom
only, the center-of-mass excitation should be eliminated. The
problem was investigated early by Elliott and Skyrme [53] in
their first cross-shell-excitation calculation for 16O in the com-
plete p- and sd-shell model space, with 0p orbit below and the
1s and 0d orbits above the N = 8 shell gap. Note in this light
mass region, the dominant components in the negative-parity
wave functions are the coupling of a 0p hole with either a 1s
or a 0d particle. It was shown later [54,55] that the low-lying
1− spuriosities contaminate the wave functions, and a careful
removal of them is necessary. However, in the general case,
the problem is very complex, and therefore an exact separation
of the spurious components is often hardly possible.

In the present calculation, we do not introduce a procedure
that explicitly eliminates low-lying 1− spuriosities, although
in principle these can exist in our states with the coupling of
the neutron 1d3/2 with 2p1/2 or 2p3/2. We argue that for heavy
nuclei discussed in this paper, the spurious center-of-mass
problem can practically be neglected. In Ref. [56], a general
discussion was given that such spuriosities have an effect of
the order 1/A, with A being the mass number. This means that
in the worst case, our calculated energies in Fig. 1 may only
have a ≈0.7% shift by the spuriosities, but even this does not
happen in our calculation. We have checked the occupation
numbers for all the states in Fig. 1 and confirmed that the
occupation numbers of νd3/2 orbit for all the calculated states,
not only the low-lying states but also the high-spin ones with
both parities, are exactly 4 for the N = 82 isotones. This
indicates that in our calculation, no neutrons from νd3/2 are
cross-shell excited. We also checked that due to the existence
of many other higher- j single-particle levels in heavy nuclei,
the occupations in the upper ν2p3/2 and ν2p1/2 orbits in the
present calculation are negligibly small. This is distinguished
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with the light nuclei such as 16O where only the upper 1s and
0d orbits are the components in the wave functions.

C. Analysis of ESPEs

The isotonically dependent structure in the high-spin states
of the three N = 82 isotones deserves further discussion. We
have shown that the two excitation modes, the neutron core
excitation across the N = 82 shell gap and the two-proton
excitation to the h11/2 orbit, compete with each other in the
same energy range. The competition is clearly visualized in
Fig. 3. For example, in 136Xe, the energies of the neutron
core-excited configuration are generally lower than those of
the two-proton excitation to the πh11/2 orbit, while in 137Cs
with only one more proton than 136Xe, the energies of the two
modes become compatible throughout the entire spin range.
Going up to the heavier 138Ba isotone with two more protons
as compared to 136Xe, the energies of the configurations with
two-proton excitations are the lowest (except for the highest
spin states). In addition, the competition between the neutron
core excitations to the ν f7/2 and to the νh9/2 orbit are also
evident. All these seem to suggest a rapid shell evolution along
the N = 82 line. Shell evolution in exotic mass regions may
be governed by the monopole interactions originating from
the tensor force, as discussed by Otsuka et al. [47].

In order to understand the structural evolution in the N =
82 isotones above 132Sn, we study the proton and neutron
ESPEs under the influence of the monopole corrections. As
introduced in Sec. II, Eq. (2) suggests explicitly that the
monopole corrections can affect the occupation of valence
nucleons on certain orbits. In the present work, we have
two relevant monopole corrections terms, kmc(πg7/2, πh11/2)
and kmc(πg7/2, νh9/2), which can lead to variations in the
ESPEs of the N = 82 isotones with different valence proton
numbers. In Fig. 4, we plot the calculated ESPEs, with the
proton number Z varying from 50 to 58, for the relevant
proton and neutron orbits for the N = 82 isotones. In Fig. 4(a),
the proton ESPEs for the πg7/2, πd5/2, πs1/2, and πd3/2

orbits show moderate increase with increasing Z . In a sharp
contrast, that for the πh11/2 orbit decreases rapidly. This is
because that, as the present interaction employs an attractive
monopole correction, kmc(πg7/2, πh11/2) = −0.15 MeV [34],
the πh11/2 orbit is lowered significantly with the enhancement
of proton’s occupation on the πg7/2 orbit. As a result, for
the heavy N = 82 isotones, protons are easily excited to the
πh11/2 orbit. In Fig. 4(b), one sees that the calculated neu-
tron ESPEs are almost constant for different Z’s, except for
νh9/2. This happens because of the other attractive monopole
correction, kmc(πg7/2, νh9/2) = −0.6 MeV [34]. Because of
this monopole term, the νh9/2 orbit intrudes rapidly into the
lower lying orbits as Z increases. The decreasing νh9/2 energy
causes effectively a quenching of the neutron N = 82 shell
gap for larger Z systems, which makes excitations across the
shell gap easier.

Without complicated numerical calculation as pre-
sented above, the competing picture of the two high-spin
excitation modes can be clearly seen by estimating the ex-
citation energies of two-proton excitation to the πh11/2 orbit
and those of the neutron core excitation across the N = 82

FIG. 4. Effective single-particle energies (ESPEs) calculated by
the EPQQM model for proton (a) and neutron (b) orbits of the N =
82 isotones beyond 132Sn.

closed shell. The estimate considers the quasiparticles’ exci-
tation based on the BCS theory [56]. The BCS quasiparticle
energy for protons and neutrons can be obtained from Eik =√

(εik − λi )2 + �2
i , where i = π or ν, εik is the energy of

the kth single-particle state, λi is the Fermi energy, and �i

is the pairing gap. For a given isotone, we use the ESPE of
the corresponding valence orbit for εik and take the empirical
values of �i for the N = 82 isotones (see below). Only
λi needs to be determined by solving the equation for the
valence-particle number, Ni = ∑

k>0{1 − (εik − λi )/[(εik −
λi )2 + �2

i ]1/2}. We then compare the energies of relevant con-
figurations (πg7/2)n−2(πh11/2)2, (πg7/2)n(νh11/2)−1(ν f7/2)1,
and (πg7/2)n(νh11/2)−1(νh9/2)1, and denote them respectively
as E2p, E1n, and E ′

1n in the following discussion. As the proton-
coupling configuration involves two-particle–two-hole (2p2h)
excitation, four-proton quasiparticles’ excitation energy is
calculated for E2p. For the neutron core-excited configuration,
two neutron quasiparticles’ excitation energy is considered
as E1n and E ′

1n because this is one-particle–one-hole (1p1h)
excitation.

We set the proton pairing gap �π = 0.94 MeV, which is
evaluated from the two-parameter phenomenological formula
c/Aα (c = 4.31 MeV, α = 0.31) reported in Ref. [57]. Owing
to the N = 82 closed shell, the neutron paring gap �ν =
1.98 MeV is estimated from the arithmetic mean value of
experimental data [52] through the N = 82 isotonic chain
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FIG. 5. The values of E2p, E1n, and E ′
1n as functions of proton

number Z for the N = 82 isotones.

from A = 131 to 140. Those experimental pairing gaps are
measured by the so-called three-point formula [52,58] defined
by the binding energy difference. In Fig. 5, the so-calculated
E2p, E1n, and E ′

1n are shown as functions of proton number Z
for the N = 82 isotones. With increasing Z , it can be seen that
E2p and E ′

1n decrease gradually, while E1n essentially keeps
constant. For Z = 54, E1n and E ′

1n are lower in energy than
E2p by about 1 MeV, and therefore the neutron core excitation
across the N = 82 closed shell is the preferred mode. As Z
increases, E2p goes down to approach E1n and E ′

1n, and finally
becomes the lowest for Z = 56 and beyond. For heavier N =
82 isotones with even larger Z’s, the mode of two-proton
excitation to the πh11/2 orbit clearly wins in the competition.
This result indicates that the neutron core excitation should
be easier for the lighter N = 82 isotones with Z � 54, while
the two-proton excitation to the πh11/2 orbit is the preferred
mode for those with Z � 57. For the isotones with Z = 55 and
56, the two kinds of configurations compete in close energy
ranges, and the two excitation modes may thus coexist. One
also sees the competition between the neutron core excitations
to the ν f7/2 and to the νh9/2 orbits: For Z = 54 and 55, E ′

1n is
a little higher than E1n, but for Z � 56, E ′

1n becomes lower.
The above estimate illustrates clearly the structural evolution
found with the realistic calculation in Fig. 3.

IV. CONCLUSIONS

Motivated by the recent experimental data [32], we have
applied the EPQQM interaction developed in our previous
work [34] to describe the high-spin states in the heavier
N = 82 isotones 136Xe, 137Cs, and 138Ba. With a considerably
large model space containing neutron core-excitation config-
urations across the N = 82 shell gap, we have reproduced the
experimental levels of these three isotones for both the low-
lying and high-spin states. For the low-lying positive-parity
states, we have discussed the configurations of the yrast states,
which are consistent with the results of other shell-model
calculations [32,33]. We have also compared our calculated
B(E2) values with the available data.

The main discussion focus of the present article is the
structure of the positive-parity high-spin states. Our cal-
culations have explored clear differences in the high-spin

structure in the three N = 82 isotones. We have found that
many of the high-spin states observed in 136Xe have the
main configurations of neutron core excitations across the
N = 82 shell gap. In contrast to 136Xe, only some high-
spin states in 137Cs contain the neutron core-excited com-
ponents. The other high-spin states are explained with the
configuration of two-proton excitation to the πh11/2 orbit.
However, such two-proton excitations become predominant
in most of the calculated high-spin states in 138Ba. Our
calculations have also reproduced the observed negative-
parity states in these three isotones. In addition, we have
predicted some neutron core-excited states in 138Ba. For
example, the 19+

1 and 20+
1 states of 138Ba could have the

configuration of (πg7/2πd5/2)4(πh11/2)2(νh11/2)−1(ν f7/2)1.
The 16−

1 and 17−
1 states could be the members of the

(πg7/2πd5/2)5(πh11/2)1(νh11/2)−1(ν f7/2)1 multiplet.
Thus, a picture of competition between two kinds of ex-

citation modes, namely the neutron core excitation across
of the N = 82 shell gap and two-proton excitation to the
πh11/2 orbit, has been established for the high-spin states
in these N = 82 isotones. This picture has been reinforced
by analyzing the theoretical ESPEs. We have shown that
for the N = 82 isotones beyond 132Sn, the monopole ef-
fect related to the proton g7/2 orbit influences strongly
the variation of ESPEs, leading to the structural evolu-
tion along the N = 82 isotonic line. In particular, the two
monopole correction terms adopted in our EPQQM interac-
tion, kmc(πg7/2, πh11/2) and kmc(πg7/2, νh9/2), play impor-
tant roles. We have found that both the neutron core-excited
configurations (νh11/2)−1(ν f7/2)1 and (νh11/2)−1(νh9/2)1 can
be dominant in the high-spin positive-parity states of these
N = 82 isotones, which are caused by the attractive monopole
correction kmc(πg7/2, νh9/2). On the other hand, the energies
of two-proton excitations to the πh11/2 orbit depend strongly
on the monopole correction kmc(πg7/2, πh11/2).

The present work, together with our previous ones
[19,20,34–37], suggests that the neutron core excitation across
the N = 82 closed shell is important in the structure de-
scription of the 132Sn mass region. The monopole correc-
tions play important roles in the discussion. Presently, the
monopole correction terms are added into the Hamiltonian
in a phenomenological way. Alternative effective interactions
that can describe the shell evolution are welcome to describe
the heavier N = 82 isotones. Recently, an unified realistic
interaction [59,60], whose monopole terms are constructed
starting from the monopole-based universal force suggested
by Otsuka et al. [61], has been successfully applied in the
shell-model calculations for the p f - and p f g-shell nuclei.
Similar application to the 132Sn mass region is in progress.
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