
PHYSICAL REVIEW C 100, 064313 (2019)

Bound and continuum state β− decay of bare atoms: Enhancement of decay
rate and changes in β− decay branching
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We calculated rates of β− decay to both continuum and bound states separately for some fully ionized (bare)
atoms in the mass range A ≈ 60–240. One of the motivations of this work is that the previous theoretical
calculations were very old and/or informatically incomplete. Probably no theoretical study on this subject has
been done in the last three decades. For the calculation, we have derived a framework from the usual β− decay
theory used by previous authors. Dependence of the calculated rates on the nuclear radius and neutral atom
Q values have been examined. We have used the latest experimental data for nuclear and atomic observables,
such as β− decay Q values, ionization energy, neutral atom β− decay branchings, and neutral atom half-lives.
Results of β− decay rates for decay to continuum and bound states and the enhancement factor due to the bound
state decay for a number of nuclei have been tabulated and compared with the previously calculated values, if
available. The effective rate or half-life calculated for a bare atom might be helpful to set a limit on the maximum
enhancement due to bound state decay. Finally, β− decay branching for a bare atom has been calculated. The
changes in branching in a bare atom compared with that in a neutral atom and for the first time branching flip
for a few cases have been obtained. The reason for this branching change has been understood in terms of Q
values of the transitions in the neutral and bare atoms. Verification of this branching change or flip phenomenon
in bare-atom decay might be of interest for future experiments.
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I. INTRODUCTION

It is well known that the usual theory of β− decay presumes
that the decay of a neutron to proton is accompanied by
the creation of an electron and an antineutrino in continuum
states. However, in a stellar plasma where atoms get partially
or fully ionized, this continuum decay is not the sole option.
Nuclear β− decay to the bound states of the ionized atom
is another probable channel. Also, bare atoms have been
produced terrestrially and β− decays have been studied in
storage-ring experiments. In 1947, Daudel et al. [1] first pro-
posed the concept of bound state β decay. This suggests that
a nucleus has a possibility to undergo β− decay by creating
an electron in a previously unoccupied atomic orbital instead
of the continuum decay. It is important to understand that
the bound state decay process does not occur subsequently
from the β− decay of an electron previously created in the
continuum state, it is rather the direct creation of an electron
in an atomic bound state accompanied by a monoenergetic
antineutrino created in the free state carrying away the total
decay energy. This process has been studied both theoretically
as well as experimentally over the past seven decades.

In case of a neutral atom, available phase space for the
creation of an electron in a vacant atomic orbital is very
small and therefore the bound state decay is almost negligible
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compared with the contribution of the continuum decay. Con-
trarily, ionization of atoms may lead to drastic enhancement
of bound state β decay probability due to the availability of
more unoccupied atomic levels. In some previous theoretical
works from the 1960s to 1980s, various groups studied the
continuum and bound state β decay for neutron, tritium, [2]
and fully ionized (bare) heavy atoms [3–5]. However, in most
cases, previous theoretical works were based on very old data
and/or were informatically incomplete. Simultaneously, the
development of experimental techniques has served fruitfully
to detect bound and continuum state β decay channels of fully
ionized atoms. In 1992, Jung et al. observed the bound state
β− decay for the bare 163Dy atom [6] by storing the fully
ionized parent atom in a heavy-ion storage ring. In the same
decade, Bosch et al. studied the bound state β− decay for
fully ionized 187Re [7] which was helpful for the calibration of
a 187Re-187Os galactic chronometer [8]. Further experiments
with bare 207Tl [9] showed the simultaneous measurement of
bound and continuum state β− decay. However, the authors
mentioned this decay as a single β− transition process to a
particular daughter level with 100% branching [9], whereas
the present data [10] suggest three available levels among
which the total β− decay is distributed.

In earlier studies, Takahashi and Yokoi [3,5] investigated β

transition (bound state β− decay and orbital electron capture)
processes of some selected heavy nuclei suitable for s-process
studies. However, in their work, they had not given separately
the bound state decay rate of bare atoms. Furthermore, in
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another work, Takahashi et al. [4] studied the β− decay of
some bare atoms for which bound state β− decays produce
significant enhancement in decay rates and proposed mea-
surement in storage-ring experiments. However, they did not
take into account the contribution of transitions to all possible
energy levels of the daughter nucleus in total β− decay rate
enhancement. As an example, according to the present β−
decay data [10], there are six possible β− transitions from the
[117.59 keV, 6+] state of 110Ag to various states of 110Cd, but
they had mentioned the contribution of only one transition.

With the availability of modern day experimental β de-
cay half-lives in terrestrial conditions for the neutral atom,
experimental Q values for β− decays and atomic physics
inputs, it becomes inevitable to revisit some of the earlier
works. Moreover, in a previous work, Takahashi and Yokoi
[3] addressed a few nuclei in their “case studies,” undergoing
β− transitions, as some of the essential turnabouts in s-process
nucleosynthesis, where contributions from atoms with differ-
ent states of ionization were considered. However, the explicit
study of bound and continuum state β− transitions of bare
atoms for most of these nuclei remained unevaluated to date,
both experimentally as well as theoretically.

In the present work, our aim is to study the β− decay of
some elements in the mass range A ≈ 60–240, which might be
of interest for future experimental evaluations using a storage
ring. In particular, calculations of β− decay rates to the con-
tinuum as well as bound states of these fully ionized atoms,
where information for neutral atom experimental half-life and
β− decay branchings are terrestrially available, have been
performed. Most importantly, the study of effective half-lives
for bare atoms will be helpful to set a limit for the maximum
enhancement in β− decay rate due to the effect of bound
state decay channels. Moreover, we have also discussed the
effect of different nuclear structure and decay inputs (Q value,
radius, etc.) over the bound to-continuum decay rate ratio. In
addition, some interesting phenomena of changes in β− decay
branching for a number of bare atoms along with some notable
change in branching (branching flip) for a few of them have
been obtained. The branching flip is obtained for the first time.

The paper is organized as follows: Sec. II contains the
methodology of our entire calculation for bound and contin-
uum state β− decay rates for bare atoms, as well as com-
parative half-life (log f t) for neutral atoms. In Sec. III A we
discuss our results for neutral atoms, whereas in Sec. III B
results for the bare atoms are discussed. The phenomenon
of change in β− decay branching for bare atoms compared
with that in neutral atoms is also discussed explicitly in
Sec. III B. The conclusion of our work is described in Sec. IV.
Finally, we present a table for the calculated β− decay rates in
Appendix A followed by a discussion of the choice of spin-
parity for unconfirmed states of neutral atoms in Appendix B.

II. METHODOLOGY

In this work, we deal with the allowed and first-forbidden
β− transitions for neutral and fully ionized atoms. The contri-
butions of higher-order forbidden transitions are negligible in
the determination of the final β− decay rate and thus we have
not tabulated the contributions for the same.

The transition rates (in s−1) for allowed (a), nonunique
first-forbidden (nu), and unique first-forbidden (u) transitions
are given by [3–5]

λ = [(ln 2)/ f0t]( f ∗
m) for m = a, nu

= [(ln 2)/ f1t]( f ∗
m) for m = u. (1)

Here t is the partial half-life of the specific parent-daughter
energy-level combination for which a transition rate has to be
calculated and f ∗

m is the lepton phase volume part described in
detail, below in this section. For allowed and nonunique first-
forbidden β− decay, the expression for the decay rate function
f0(Z,W0) can be simplified to [11,12]

f0(Z,W0) =
∫ W0

1

√
(W 2 − 1)W (W0 − W )2F0(Z,W )L0dW.

(2)

The certain combinations of electron radial wave functions
evaluated at the nuclear radius R (in units of h̄/mec) were
first introduced by Konopinski and Uhlenbeck [12] as Lk . The
value for k = 0 can be approximated as

L0 = 1 + √
1 − α2Z2

2
. (3)

Here, α is the fine-structure constant. In the work of Behrens
and Jänecke [13], the authors had taken a different form of
L0, which includes a slight dependence on the momentum.
However, we find that the L0 approximation adopted in our
calculation is in good agreement with that from Ref. [13]
within the energy window considered.

In Eq. (2), W is the total energy of the β− particle for
a Z − 1 → Z transition and W0 = Qn/mec2 + 1 is the max-
imum energy available for the β− particle. Here the mass
difference between initial (parent) and final (daughter) states
of neutral atoms are expressed as the decay Q value (Qn in
keV). The term F0(Z,W ) is the Fermi function for allowed
and nonunique transition, given by [12]

F0(Z,W ) = 4

|�(1 + 2
√

1 − α2Z2)|2

× (2R
√

W 2 − 1)2(
√

1−α2Z2−1) exp

[
παZW√
W 2 − 1

]

×
∣∣∣∣�

(√
1 − α2Z2 + i

αZW√
W 2 − 1

)∣∣∣∣
2

. (4)

Similarly, for the unique first-forbidden transition, the
decay rate function f1(Z,W0) has the form reduced from
Refs. [11,12] and is given by

f1(Z,W0) =
∫ W0

1

√
(W 2 − 1)W (W0 − W )2F0(Z,W )

× [(W0 − W )2L0 + 9L1]dW, (5)

with L1 given by

L1 = F1(Z,W )

F0(Z,W )

(
W 2 − 1

9

)
2 + √

4 − α2Z2

4
. (6)
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The term F1(Z,W ) for a unique β− transition is given by [12]

F1(Z,W ) = (4!)2

|�(1 + 2
√

4 −α2Z2)|2 (2R
√

W 2 − 1)2(
√

4−α2Z2−2)

× exp

[
παZW√
W 2 − 1

]

×
∣∣∣∣�

(√
4 − α2Z2 + i

αZW√
W 2 − 1

)∣∣∣∣
2

. (7)

Equations (2) and (5) are general forms of f0(Z,W0) and
f1(Z,W0). For more precise calculation of the f factor, one
should in principle include various corrections in the inte-
grand of Eqs. (2) and (5). Corrections due to atomic physics
effects, radiative correction, and finite nuclear size effects
might be important for such studies. For fully ionized atoms,
corrections due to atomic physics effects, such as imperfect
overlap of initial and final atomic wave functions, exchange
effects that comes from the antisymmetrization of the emitted
electron with the atomic electrons [14], and screening of
the nuclear charge due to the Coulomb field of the atomic
electronic cloud are not needed. For neutral atom, the decay
to the atomic bound state should be negligible [14]. Also, the
screening and exchange corrections together cancel a large
part of the overlap correction [15]. Furthermore, the non-
orthogonality effect becomes rapidly smaller as Z increases
[4]. Some of the corrections have positive sign and some of
them have negative sign. So unless all the corrections are
taken together, the treatment for corrections to f factor will
not be consistent. Therefore we have neglected these contri-
butions both for bare and neutral atoms. We have included
the correction due to the extended charge distribution of the
nucleus on the β− spectrum. This correction is �k (Z,W ) →
�k[1 + ��k (Z,W )], where the term �k can be written in
terms of Lk and F0(Z,W ) as [11,12]

�k (Z,W ) = F0(Z,W )Lk−1

[
(2k − 1)!!

(
√

W 2 − 1)k−1

]2

, (8)

in such a way that it reduces to [F0(Z,W )L0] and
[9F0(Z,W )L1/(W 2 − 1)] for k = 1 and 2, respectively. The
correction term is given by [11]

��k (Z,W ) = (Z − 50)[− 25 × 10−4 − 4 × 10−6W (Z − 50)]

for k = 1, Z > 50,

= 0 for k = 1, Z � 50,

= 0 for k > 1. (9)

The screened energy of the emitted electron (W ′) enters
through ��k (Z,W ′), where W ′ = W − V0(Z ). We calculated
V0(Z ), following Gove and Martin [11], using an expression
from Garrett and Bhalla [16]. This correction to the integrand
in Eqs. (2) and (5) has an effect in the fourth decimal place
of the f factor, which is consistent with Ref. [17] discussed
for allowed β− decay. So we dropped W ′ and used W in the
integrand.

Note that, in the present work, we used experimental
quantities such as Q value, half-life, and branching, which
have uncertainties even up to the first decimal place [10,18].

So, in our treatment we neglected the screening effect, too,
for neutral atoms. Therefore, by using Eqs. (8) and (9) in the
integrand of Eqs. (2) and (5) one can calculate the values
for f0(Z,W0) and f1(Z,W0) incorporating only finite-size
corrections.

In the work of Hayes et al. [19], the authors took a different
form of the finite-size correction involving the charge density,
which has a complicated radial dependency. However, we find
that the results from the present calculation are in agreement
with the available experimental data [10].

Furthermore, from the above expressions [Eqs. (4) and (7)],
it is evident that the factors F0(Z,W ) and F1(Z,W ) depend
on the radius, thereby making the terms f0 and f1 [Eqs. (2)
and (5)] radius dependent. Thus, in our present study, we
used various radius values from different phenomenological
models and experiments to study their effects on the final f t
values. To calculate f t values for a nucleus, we extracted the
half-life t for individual transition to daughter levels using
the latest β-decay branching information available in the
literature [10].

The lepton phase volume f ∗
m [5] for the continuum state β−

decay can thus be expressed as

f ∗
m=a,nu(continuum)

=
∫ Wc

1

√(
W 2 − 1

)
W (Wc − W )2F0(Z,W )L0dW, (10)

f ∗
m=u(continuum)

=
∫ Wc

1

√
(W 2 − 1)W (Wc − W )2F0(Z,W )

× [(Wc − W )2L0 + 9L1]dW. (11)

Here Wc = Qc/mec2 + 1 is the maximum energy available to
the emitted β− particle, and Qc is given by

Qc = Qn − [Bn(Z + 1) − Bn(Z )]. (12)

The term [Bn(Z + 1) − Bn(Z )] denotes the difference of bind-
ing energies for bound electrons of the daughter and the parent
atom. The experimental values for all the atomic data (binding
energies or ionization potentials) are availed from Ref. [18].

Furthermore, for bound state β− decay of the bare atom,
f ∗
m takes the form [5]

f ∗
m=a,nu(bound) =

∑
x

σx(π/2)[ fx or gx]2b2

(for x = ns1/2, np1/2), (13)

f ∗
m=u(bound) =

∑
x

σx(π/2)[ fx or gx]2b4

(for x = ns1/2, np1/2)

=
∑

x

σx(π/2)[ fx or gx]2b2(9/R2)

(for x = np3/2, nd3/2). (14)

Here [ fx or gx] is the larger component of electron radial wave
function evaluated at the nuclear radius R of the daughter for
the orbit x. [ fx or gx] is obtained by solving Dirac radial wave
equations using the Fortran subroutine RADIAL by Salvat et al.
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[20]. In our case, σx is the vacancy of the orbit, chosen as
unity, and b is equal to Qb/mec2 where

Qb = Qn − [Bn(Z + 1) − Bn(Z )] − Bshell(Z + 1). (15)

For example, in the case of a bare atom, if the emitted β−
particle gets absorbed in the atomic K shell, then the last term
of Eq. (15) will be the ionization potential for the K electron
denoted by BK (Z + 1).

III. RESULTS AND DISCUSSION

In this work, we calculated β−-decay transition rates to
bound and continuum states for a number of fully ionized
atoms in the mass range A ≈ 60–240. One of the motivations
is that there is some evidence that earlier works were not
equipped enough to address the entire β−-decay scenario.
This might be due to the unavailability of information about
all the energy levels participating in transition processes.

As an example, Takahashi et al. [4] considered transitions
for allowed (a), first-forbidden nonunique (nu), and first-
forbidden unique (u) decay of parent nuclei to a few energy
levels of daughter nuclei. For instance, in the case of the 228Ra
nucleus, the authors tabulated the decay from the ground state
of the parent [E (keV), Jπ ] = [0.0, 0+] nucleus to [6.3, 1−]
and [33.1, 1+] states of the daughter nucleus 228Ac. However,
these two transitions cover only the 40% of the total β− decay
branching of neutral 228Ra atom from the ground state. With
the latest experimental data [10], we find that there are two
more available states of 228Ac where the rest of the β− decay
from the ground state of 228Ra occurs. In this section, it will be
shown that the contributions of these four states are extremely
important to the determination of the effective enhancement
of β− transition rates of bare 228Ra as well as to understand
the phenomenon of branching flip, which was discussed in
Sec. III B.

For simplicity, this section is subdivided into two parts:
The first section involves the calculation of log f t for the
neutral atom, a necessary ingredient for the calculation of
β− decay rate of the bare atom. In the next section, the β−
decay transition rates of bare atoms have been discussed with
a detailed explanation of Table II. The dependence of these
decay rates on different parameters is also examined in the
same section. Finally, we show and discuss the change in
individual level branchings in fully ionized atoms.

A. log f t calculation for neutral atoms

It is evident from Eqs. (1)–(9) that the calculation for
f t = f0t (or f1t ) is one of the essential components in the
determination of the transition rate λ, which in turn depends
on the radius R of the daughter nucleus. However, log f t data
obtained from Ref. [10] cannot provide the information of the
R dependence of log f t . As the present theoretical modeling
for bare atoms depends on the radius (see Sec. II), we find it
more accurate to calculate log f t for neutral atoms for different
choices of radii.

In Appendix A, we present a table for bound and
continuum-state β− decay rates for bare atoms along with the
values of log f t for corresponding neutral atoms at different

radii and compare our calculations with existing theoretical as
well as experimental results (see the Supplemental Material
[21] for details). As explained in Sec. II, we tabulated log f t
values only for allowed (a), first-forbidden nonunique (nu),
and first-forbidden unique (u) transitions.

Here, in Table II, R1 is the phenomenological radius eval-
uated as R1 = 1.2A1/3 fm, whereas R2 is the nuclear charge
radius in fm [22] and R3 is the half-density radius given by
[11] R3 = (1.123A1/3 − 0.941A−1/3) fm. We calculated log f t
values for R1, R2, and R3 and compared them with the existing
data [10]. In addition, we tabulated the available values from
previous calculations of Takahashi et al. [4] in the same table.

One can see that the change in radius may cause a change in
the log f t value mostly in the second decimal place. In the next
section, we show the effect of these variations on the transition
rates for bare atoms.

Furthermore, from Table II and the Supplemental Material
[21], note that our calculation matches with the experimental
log f t data [10] in most cases up to the first decimal place. The
agreement of our result with experimental data [10] confirms
the applicability of the methodology adopted in the present
study.

B. Bound and continuum decay rates of bare atoms

In the ninth and the eleventh column of Table II of Ap-
pendix A, bound and continuum state β− decay rates of bare
atoms are presented, respectively.

It is observed that the dependence on radius affects the
bound (λB) and the continuum state (λC) decay rates in first
or second decimal places, and the ratio λB/λC remains almost
unaffected up to the first decimal place for most of the
examined cases.

Furthermore, from Table II (also see the Supplemental
Material [21]), we find that the values for λB and λC from our
calculation agree with those of the existing theoretical results
[4] quite well. The possible reasons for the slight mismatch
between our calculation and that from Takahashi et al. [4]
are mainly due to (i) the effect of the nuclear radius, (ii) the
adoption of present-day Q values (for all Qn, Qc, and Qb),
(iii) availability of present-day β− decay branching of neutral
atoms, and (iv) the choice of significant digits. Despite that,
the overall success of our calculation in reproducing available
λB and λC for bare atoms once again justifies the extension of
the present calculation to previously unevaluated cases.

It can again be shown from Table II that, in a transition
from the parent nucleus AXZ−1 to different energy levels of
the daughter nucleus AXZ , the ratio λB/λC for all transitions
are not same, rather it decreases with increasing Qn value.
It can be understood from the expressions in Eqs. (10)–(15)
where the factors f ∗

continuum and f ∗
bound depend on Qc and Qb,

respectively, which are again derived from the neutral atom Q
value Qn. Due to different Qn values for different transitions,
λB/λC can be identified as a function of Qn. For the sake of
understanding, in Fig. 1, we plotted the ratio λB/λC versus Qn

for the nuclei 115Cd, 123Sn, 136Cs, and 152Eu. In each case,
dependence on Qn is observed which can be fit to the form

λB

λC
= a(Qn)b, (16)
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FIG. 1. Ratio of λB/λC vs the neutral atom Q value Qn (in keV) for various β− transitions (for the radius R1). The dotted curves are obtained
from fitting to Eq. (16). See text for details.

where a and b are the nucleus-dependent constants given in
Table I.

Table I confirms that Eq. (16) is a characteristic feature
of the λB/λC ratio of the bare atom with particular Z and A
values. If there is a mistake in the calculation of f ∗ for λB or
/ and λC , then the ratio point will not fit to such a power law.

In the fourteenth column of Table II, the ratio of λBare(=
λB + λC )/λNeutral (called here the rate enhancement factor)
has been tabulated. It is evident from these values that there
must be an enhancement in the decay rate for each transitions
(i.e., λBare/λNeutral > 1) because of the additional bound state
decay channel.

In Fig. 2, the ratio of λBare/λNeutral for 110Ag, 155Eu, and
227Ac have been shown. From the figure, it can be noted that
rate enhancements (a) are different for different transitions
of a particular nucleus, (b) are dependent on Qn values: the

TABLE I. Parameters a and b for Eq. (16) for the radius R1.

Parent → daughter Parameter a Parameter b

115Cd → 115In 3093.12 ± 317.17 −1.48 ± 0.02
123Sn → 123Sb 12 657.22 ± 1515.52 −1.73 ± 0.03
136Cs → 136Ba 5178.76 ± 654.04 −1.52 ± 0.02
152Eu → 152Gd 18 851.81 ± 1065.69 −1.68 ± 0.01

lower the Qn, the larger the enhancement. Moreover, this rate
enhancement factor (c) also depends on Z and A of the atom;
the larger the value of Z and/or A, the larger the enhancement.

Furthermore, in Table II, we have tabulated effective β−
decay half-lives for bare atoms and compared with those of
neutral atoms. It should be noted that the neutral atom half-life
given in the fifteenth column of the table is the total half-life
corresponding to a, nu, and u types of β− transitions only.

1. Transition details: Case studies

The dependence of the rate-enhancement factor on Qn

causes a change in β− branching for the bare atom. In the
bare atom, branchings similar to the neutral atom can only
be achieved if the factor λBare/λNeutral remains constant with
Qn, which is obviously not the case (Fig. 2). In other words,
this change can be understood to be an outcome of the
nonuniformity of the λB/λC ratio with Qn. It is observed
that the continuum decay rate for bare atom decreases with
respect to that for the neutral atom (i.e., λC < λNeutral) due to
the reduction of the continuum Q value [Qc < Qn, Eq. (12)].
Furthermore, from Fig. 1, it is clear that, with the decrease
in the Qn value, λB dominates more over λC and hence the
effective decay rate of the bare atom λBare = λB + λC does
not follow the same branching as that of the neutral atom.
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FIG. 2. Ratio of λBare/λNeutral vs the neutral-atom Q value Qn

(in keV) for various β− transitions (for the radius R1). See text for
details.

Note that, for the β− transition having very low Qn value,
the bound state decay may be the only path of β− decay.
As an example, in the transition of 227Ac [0.0, 3/2−] to
227Th [37.9, 3/2−] with Qn = 6.9 keV, Qc for continuum
decay of the bare atom becomes −13.1 keV. As is evident
from Eqs. (10)–(12), due to the negative value of Qc, the cor-
responding decay channel gets closed. On the other hand, as
(Qb − Qn) > 0 for this transition, the total decay is governed
by the bound state channel only.

As an example, in Fig. 3, we have compared branch-
ings for the neutral (left panel) and bare (right panel) 136Cs
atom. It can be seen from Fig. 3 that the branchings for
all β− transitions of the bare atom have been changed from
that of the neutral atom. However, the ordering of each
branch remains unaltered in both cases, i.e., the [0.0, 5+] →
[2207.1, 6+] branch gets the maximum feeding followed by
the [0.0, 5+] → [1866.6, 4+] and [0.0, 5+] → [2140.2, 5−]
branches, whereas the minimum feed goes to the [0.0, 5+] →
[2030.5, 7−] channel for both the neutral and bare atoms.

Furthermore, some notable observations and comments for
some nuclei are given below.

(1) In the case of neutral 207Tl atoms in terrestrial con-
ditions, the [0.0, 1/2+] state of 207Tl decays to the
[0.0, 1/2−] state of 207Pb with 99.729% branching,
whereas decay to the [569.6, 5/2−] state of the daugh-
ter has the branching >0.00004% (in some places
of Ref. [10] this value is given as <0.00008%) and
to [897.8, 3/2−] state has 0.271% branching [10]
(see Supplemental Material [21] for details). For bare
atoms, Ohtsubo et al. [9] observed a bound state decay
rate λB = 4.29(29) × 10−4 s−1 and a continuum state
decay rate λC = 2.29(012) × 10−3 s−1, by considering
the transition to the [0.0, 1/2−] state of 207Pb with
100% branching. In our calculation for bare atoms,
we got a bound state decay rate λB = 4.15 × 10−4 s−1

and continuum state decay rate λC = 2.54 × 10−3 s−1.
The calculated branchings of bare 207Tl are ≈99.6% to
[0.0, 1/2−], ≈0.00005%–0.0001% to [569.6, 5/2−],
and ≈0.4% to [897.8, 3/2−] states of the daughter
207Pb.

In our study, we found some special cases where
effective branchings for the bare atom do not follow
the same ordering as that of the neutral atom. This
indicates a very interesting phenomenon of branching
flip, obtained for the first time in this work. Sometimes
the additive contribution of λB and λC and the effect of
these two competing channels can lead to this branch-
ing flip. This can be understood from Fig. 4. In Fig. 4,
decay rates (s−1) for neutral (λNeutral) and bare (λBare)
atom along with all decay components (λB and λC) of
the bare atom versus Qn are shown for the ground-state
decay of 134Cs and 228Ra nuclei. One can see from
Fig. 4 that the highest point corresponding to λNeutral

(i.e., maximum β− branching in neutral atoms) and the
highest point corresponding to λBare (i.e., maximum
β− branching in bare atoms) are coming from different
transitions to the daughter nuclei (different Qn values),
which clearly indicates the phenomenon of flip in the
branching sequence.

(2) In the case of 134Cs, λNeutral is maximum at Qn =
658.1 keV, which is due to the maximum branching
to the 1400.6 keV level (see Supplemental Material

FIG. 3. Comparison of the β−-decay branchings for neutral and bare 136Cs isotopes (for the radius R1).
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FIG. 4. Decay rates (s−1) for neutral (λNeutral) and bare (λBare) atoms along with all the decay components (λB and λC) of the bare atom (for
the radius R1) with the neutral atom Q-value Qn (in keV). See text for details.

[21] for details) of 134Ba [10]. In contrary, for the
same nucleus, λBare is maximum at Qn = 88.8 keV
which therefore indicates the maximum branching to
the 1969.9 keV level (see Table II) of the daughter
134Ba for bare atom.

(3) Similarly for 228Ra, the maximum branching for the
bare atom [(λBare)max at Qn = 12.7 keV] shifts from
that of the neutral atom [(λn)max at Qn = 39.1 keV].
In Fig. 5, we have shown the change and alteration of
transition branchings for the β− decay of 228Ra. One
can see the branching flips of the participating levels
of the 228Ac atom in Figs. 4 and 5. In the case of the
neutral 228Ra atoms, maximum branching is 40% for
the [6.7, 1+] level of the daughter [10]. After complete
ionization, the major contribution of the total decay
rate comes due to the bound state enhancement of
Qn = 12.7 keV channel which has ≈84.07% decay
to the [33.1, 1+] level (30% in neutral atoms) of the

daughter atom, whereas only ≈5.81% of the total
decay branching is observed for the level [6.7, 1+].

There are a few more cases where the branching
flips are observed. However, not all the transition
branches necessarily face the phenomenon of flip. It
may also happen that only two or three branches
change their sequence, whereas other branches remain
in the same order as that of the neutral atom.

(4) In the β− decay of 152Eu [45.5998, 0−] (see Table 1 of
Ref. [21] for branching details), we find that, in both
cases (neutral and bare), the branching to the [0.0, 0+]
branch of the daughter dominate over the rest, whereas
a branching-flip is observed between [344.3, 2+] and
[1314.6, 1−] states.

(5) Similarly for 227Ac, we find that there is a branching
flip between two transitions from the [0.0, 3/2−] state
of the parent to the [0.0, 1/2+] and [24.5, 3/2+] states
of the daughter atom. The ratio of branching for these

FIG. 5. Comparison of level branchings on neutral and bare 228Ra isotope (for the radius R1). Left panel shows neutral atom, right panel
shows bare atom.
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FIG. 6. β− decay transition (95Nb, 110Ag, 115Cd, 123Sn, 134Cs) with neutral atom branchings given [10]. Here, T1/2 is the total half-life of
the parent level (including all possible decay channels, viz. β, α, IT, etc.). However, only allowed (a), first-forbidden nonunique (nu), and
first-forbidden unique (u) β− decay transitions are shown in these figures.

two levels is 5.4 : 1 for neutral atoms, which changes
to 1 : 1.38 for bare atoms.

Note that the ultimate fate of individual branchings in the
bare atom is decided by two factors: the initial branching
(required to calculate logt for each transition: a part of the
log f t calculation) and the Q value of the neutral atom. The
competition between these two factors determines whether the
branching flip will occur.

2. Effect of uncertainties

Furthermore, to get the complete picture of β− decay for
bare atom, effects due to uncertainties in β− decay half-
life and Q value need to be considered. The effect of un-
certainty is appreciable depending on the numerical value
of the half-life and Q value. In case of atoms with the
β− decay half-life of the order of seconds or minutes and
having high Q value, no significant change is observed in
the calculation of log f t due to the inclusion of experimen-
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FIG. 7. β− decay transition (136Cs, 148Pm, 152Eu, 155Eu) with neutral-atom branchings [10]. Here, T1/2 is the total half-life of the parent
level (including all possible decay channels, viz. β, α, IT, etc.). However, only allowed (a), first-forbidden nonunique (nu), and first-forbidden
unique (u) β− decay transitions are shown in these figures.

tal uncertainties. The contributions peek out for long-lived
nuclei with large uncertainty or for transitions of high Q
value having large uncertainty. For example, in the case
of 93Zr atoms, where the neutral atom half-life is equal to
1.61 × 106(5) years, log f t for the transition [0.0, 5/2+ →

30.8, 1/2−] with the radius R1 is given by 10.234+0.014
−0.013.

Therefore, the final values for continuum and bare state
β− transitions including the uncertainties can be written as
λC = 6.87+0.22

−0.21 × 10−15 s−1 and λB = 6.13+0.20
−0.19 × 10−15 s−1,

respectively.
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FIG. 8. β− decay transition (207Tl, 228Ra, 227Ac) with neutral atom branchings [10]. Here, T1/2 is the total half-life of the parent level
(including all possible decay channels, viz. β, α, IT, etc.). However, only allowed (a), first-forbidden nonunique (nu), and first-forbidden
unique (u) β− decay transitions are shown in these figures.

IV. CONCLUSION

To summarize, in this work we have calculated individual
contributions of bound and continuum state β− decays to the
effective β− decay rate of the bare atom in the A ≈ 60 to
240 mass range where earlier information were partial and/or
old.

Additionally, the dependence of transition rates over the
nuclear radius and the Q value is illustrated clearly in the
present study. We found a power-law dependence of λB/λC

of a bare atom on Qn for each value of Z and A. Along
with the effective enhancement of transition rates, we found
that transition branchings for the bare atom differs from
that of the neutral atom for all Z and A, which is an out-
come of nonuniform enhancement among the participating
branches. Most interestingly, we have found few nuclei, viz.
134Cs, 228Ra, etc., where some flip in the branching pattern
is found for their bare configuration. It will be interesting
to see how these results help the planning of new exper-
iments involving bare atoms. The calculations will be ex-
tended to partially ionized atoms which will provide the decay
rate as function of density and temperature of the stellar
plasma and will be useful for calculation of nucleosynthesis
processes.
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APPENDIX A: TABLE FOR β− DECAY

Here we present a table containing log f0t ( f1t ) values for
neutral atoms, bound and continuum state β− decay rates for
bare atoms along with the comparison with previous theo-
retical [4] as well as existing data [10], wherever available.
Finally, a comparative study on bare atom to neutral atom β−
decay rates for different choices of radii is presented.

Explanation of table

(1) Transition details
(a) First column: β− decay transitions with neutral

atom branchings (Figs. 6–8);
(b) Second column: participating parent-daughter

energy levels in the transition;
(c) Third column: transition types (a, nu, and u);
(d) Forth column: neutral atom Q value.
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(2) Radii
(a) Fifth column: R1, R2, and R3 are given in consec-

utive rows.
(3) log f t calculations

(a) Sixth column: log f0( f1) for different choices of
radii (row-wise) calculated using Eqs. (2) and
(5).

(b) Seventh column: log f0t ( f1t ) for radii R1, R2,
and R3 (row-wise), where log f t = log f + logt .
Here t is the partial half-life of individual transi-
tions (second column) calculated using T1/2 and
branching of that particular level (first column).

(c) Eighth column: log f0t ( f1t ) values from previous
work [4] (row 1) and existing data [10] (row 2).

(4) Bare atom decay rates
(a) Ninth column: bound state β− decay rates λB for

bare atoms for different choices of radii (row-
wise) calculated using Eqs. (1) and (13)–(15);

(b) Tenth column: λB from previous work [4] (row
1);

(c) Eleventh column: continuum state β− decay
rates λC for bare atoms for radii R1, R2, and R3

(row-wise) calculated using Eqs. (1) and (10)–
(12);

(d) Twelfth column: λC from previous work [4] (row
1);

(e) Thirteenth column: ratio of bound and contin-
uum state β− decay rates of bare atom for dif-
ferent choices of radii (row-wise).

(5) λBare/λNeutral

(a) Fourteenth column: ratio of bare and neutral
atom decay rates for radii R1, R2, and R3 (row-
wise). Here, λBare = λB + λC . λNeutral is obtained
from parent level half-life (T1/2) and β− branch-
ing (first column).

(6) Half-life
(a) Fifteenth column: Total β− decay (a, nu, u) half-

life of the parent level for neutral atom, obtained
from T1/2 and β− branching (first column).

(b) Sixteenth column: Total β− decay (a, nu, u)
half-life of the parent level for bare atom for
radii R1, R2, and R3 (row-wise). It is obtained
by the formula 0.693 × 1/

∑
i(λBare)i, where i

denotes all the possible a, nu, and u type of β−
transitions. Here, min = minutes; h = hours; d
= days; yr = years.

APPENDIX B: CHOICE OF SPIN-PARITY FOR
UNCONFIRMED STATES OF NEUTRAL ATOM

Sometimes the comparison of the calculated log f t values
with experimental data gives an idea about the spin-parity of
participating energy levels where these quantities are still un-
confirmed experimentally. We have identified a few such tran-
sitions in Table II. In the transition from 123Sn [0.0, 11/2−],
there are a few states of the daughter 123Sb, where the
spin values are not experimentally confirmed yet [identified
as (J )π and/or (Jπ ) in the table]. In the transition from
123Sn [0.0, 11/2−] to E = 1181.3 keV state of the daughter, if
it chooses the decay channel with the spin-parity Jπ = (9/2)+
then the transition will be of the type (nu), whereas for the
choice of spin Jπ = (7/2)+, the transition [0.0, 11/2− →
1181.3, (7/2)+] will be the (u) type. Now comparing with
the available experimental log f t value, it seems from our
calculation that the (nu) case is in good agreement whereas
the (u) case deviates (difference ≈0.4) from the same for all
choices of the radius R.

Similarly, from Table II, our observations for other such
transitions are given by (see the table for log f t comparison)

(1) 123Sn [0.0, 11/2−] → 123Sb [1260.9, (9/2)+]: (nu);
(2) 123Sn [0.0, 11/2−] → 123Sb [1337.4, 9/2+]: (nu);
(3) 152Eu [45.5998, 0−] → 152Gd [1460.5, 1+]: (nu).

Note 1. This type of study is not conclusive in the transition
from [137.9, 5−, 6−] level of the 148Pm nucleus. Depending
on the spin of the parent level 5−/6−, all four transitions to
the daughter level will either be of type (a) or of type (nu) and
thus the log f t value in each case will remain the same.

Note 2. In case of the 152Eu [45.5998, 0−] to
152Gd [1047.9, 0+] transition our log f t differs from that
of the experimental value [10] by a difference of ≈0.16–0.18
(for different radii). However, we find a numerical mismatch
in the tabulation for the experimental energy value of
[1047.9, 0+] state of 152Gd [10,23].

Note 3. For the β− transitions from the first-excited state
of 95Nb, the parent level is mentioned as [234.7, 1/2−] in
Ref. [24], whereas in Ref. [10] this energy level is mentioned
both as [235.7, 1/2−] and [234.7, 1/2−] at different places.
However, our calculation of log f t matches with the reported
log f t value only when we have taken the level energy as
234.7 keV.
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