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Background: The proton-induced α knockout reaction has been utilized for decades to investigate the α cluster
formation in the ground state of nucleus. However, even today, the theoretical description of the reaction is not
precise enough for the quantitative study. For example, the α spectroscopic factors reduced from α knockout
experiments with reaction analyses using phenomenological α cluster wave functions disagree with those given
by a structure theory. In some cases they also scatter depending on the kinematical condition of the experiment.
This suggests that the theoretical description of the α knockout reaction is insufficient from a quantitative
viewpoint.
Purpose: We show that the distorted wave impulse approximation can describe 20Ne(p, pα)16O reaction
quantitatively if reliable inputs are used; the optical potential, the p-α cross section, and the α cluster wave
function. We also investigate the relationship between the α cluster wave function and the α knockout cross
section.
Method: The 20Ne(p, pα)16O reaction is described by the distorted wave impulse approximation. An input of
the calculation, the α-16O cluster wave function, is obtained by the antisymmetrized molecular dynamics and the
Laplace expansion method.
Results: In contrast to the previous work, the 20Ne(p, pα)16O data at 101.5 MeV is successfully reproduced by
the present framework without any free adjustable parameters. It is also found that the knockout cross section is
sensitive to the surface region of the cluster wave function because of the peripherality of the reaction.
Conclusions: Using a reliable α cluster wave function, p-α cross section, and distorting potentials, it is found
that the 20Ne(p, pα)16O cross section is quantitatively reproduced by the present framework. This success
demonstrates that the proton-induced α knockout reaction is a quantitative probe for the α clustering.
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I. INTRODUCTION

As it is schematically illustrated in the Ikeda diagram [1],
the α particle is expected to emerge as a subunit in nuclear sys-
tems, in the light mass region in particular, reflecting the fact
that the α particle is a tightly bound system of four nucleons
with the large first excitation energy compared to neighboring
nuclei. Various cluster models have been developed so far, and
in recent decades microscopic cluster models based on the
nucleon degrees of freedom with fermionic quantum statistics
are available, as reviewed in a recently published article
[2]. Among them, the antisymmetrized molecular dynamics
(AMD) has been applied to many systems and succeeded

*yoshida.kazuki@jaea.go.jp

in describing cluster structures [3–12]. One of the questions
remaining today is to what extent α cluster state exists in the
nuclear ground states that lie far below the α threshold.

From a nuclear reaction point of view, the proton-induced
α knockout reaction, (p, pα), is considered to be a good
probe for the α cluster state in the ground state of a target
nucleus. Much effort has been made on the (p, pα) reaction
studies [13–23], but even today quantitative understanding of
the (p, pα) cross section and its relation with the α cluster
wave function in the ground state of the target nucleus have
not yet fully established. For example, in Ref. [15] it is
reported that the α spectroscopic factor (Sα) of the α-16O
cluster state in the ground state of 20Ne deduced from the
20Ne(p, pα)16O experiment is 2.4–3.0 times as large as those
given by structure theories. It is also reported in Ref. [20]
that Sα of 12C from the 12C(p, pα)8Be reaction at 100 MeV
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has large uncertainty of Sα = 0.19–1.68 depending on the
kinematics of the experiment, while Sα should be determined
purely from the structure of 12C and should not depend on the
kinematical condition of the reaction. Those uncertainties may
arise from the ambiguities in the reaction analyses, namely,
the optical potentials, the α cluster wave function, and the
p-α differential cross section and its energy and angular
dependence.

Considering the above-mentioned situation, a qualitative
description of the (p, pα) reaction is still challenging. In
the present study, we aim to reproduce the 20Ne(p, pα)16O
cross section data [15] within the distorted wave impulse
approximation (DWIA) framework [24,25]. Since the target
and the residue of this reaction are typical stable nuclei
and the distorting potentials of them are well known, the
description of the reaction will be free from ambiguities of the
optical potential. In addition, in the experiment the emission
angles of the p and α are fixed and the corresponding p-α
binary scattering angle is very limited. This may also help to
reduce the ambiguity arising from the angular dependence of
the p-α cross section required in the DWIA calculation. As
for the α cluster wave function, the α + 16O reduced width
amplitude (RWA) of the 20Ne ground state obtained by the
AMD framework [12] is adopted as an input of the DWIA
calculation.

In Sec. II, the theoretical description of AMD and DWIA
for the α + 16O cluster state and the 20Ne(p, pα)16O reaction,
respectively, are introduced. In Sec. III, numerical input for
the calculations is explained, and a comparison between the
obtained 20Ne(p, pα)16O cross section and the experimental
data are shown. The probed region of the reaction is also
investigated by applying several Brink-Bloch wave functions
[26] of the α-16O cluster state to the reaction calculation.
Finally, a summary is given in Sec. IV.

II. THEORETICAL FRAMEWORK

A. Reduced width amplitude

The RWA is the probability amplitude to find the clusters at
intercluster distance R, and is defined as the overlap between
the ground state wave function of 20Ne and the reference wave
function for the α + 16O clustering,

y(R) =
√

20!

16!4!4π

〈
δ(r − R)

r2
�α�16O

∣∣∣∣�20Ne

〉
. (1)

The integral of the RWA called α spectroscopic factor Sα is
often used as a measure of the clustering,

Sα =
∫ ∞

0
R2dR|y(R)|2. (2)

In the definition of the RWA given by Eq. (1), the bra vector
represents the reference cluster state, in which the α and
16O clusters are coupled to angular momentum zero with the
intercluster distance R. The ground state wave functions of the
α and 16O clusters (�α and �16O) are the harmonic oscillator
wave functions of double closed shell configurations. The ket
state �20Ne is the ground state wave function of 20Ne calcu-
lated by AMD. The AMD wave function is a superposition of

parity and angular momentum projected Slater determinants,
and it was shown that the known properties of the 20Ne ground
and excited states such as the radius, energies, electromagnetic
transitions, and α decay widths are reasonably described.
Once the ground state wave function is obtained, Eq. (1)
is calculated by using the Laplace expansion method [12].
For more details of the calculation, readers are directed to
Refs. [6,9]. It should be noted that other cluster models yield
similar RWA and reasonably reproduce the observed decay
widths of the excited states [6,27–30]. The use of AMD in
the present study is aimed to extend our framework to the
investigation of the α clustering in unstable nuclei in the
future.

B. Distorted wave impulse approximation

We employ the DWIA framework in the present study.
Details of DWIA for the description of the knockout reaction
can be found in a recent review paper [25]. The incident and
emitted protons are labeled as particles 0 and 1, respectively.
The wave number and its solid angle, the total and kinetic
energies of particle i (=0, 1, α) are represented by K i, �i, Ei,
and Ti, respectively. Quantities with (without) the superscript
L are evaluated in the laboratory (center-of-mass) frame.

The triple differential cross section (TDX) of the
A(p, pα)B reaction within the so-called factorized form of the
DWIA framework is given by

d3σ

dEL
1 d�L

1 d�L
2

= FkinC0
dσpα

d�pα
(θpα, Tpα )

∣∣T̄K i

∣∣2
. (3)

It is essentially a product of the absolute square of the re-
duced transition matrix T̄K i and the p-α two-body differential
cross section dσpα/d�pα at a given scattering angle (energy)
θpα (Tpα). To relate an off-the-energy-shell p-α scattering in
the (p, pα) three-body kinematics to an on-shell observable,
the final-state prescription of the on-shell approximation is
adopted; Tpα is determined by the p-α relative momentum in
the final state. The kinematical factor (or also referred to as
the phase space factor) Fkin and a constant C0 are defined by

Fkin ≡ JL
K1KαE1Eα

(h̄c)4

[
1 + Eα

EB
+ Eα

EB

K1 · Kα

K2
α

]
, (4)

C0 ≡ E0

(h̄c)2K0

h̄4

(2π )3μ2
pα

, (5)

where μpα is the reduced mass of the p-α binary system and JL

is the Jacobian from the center-of-mass frame to the L frame.
The reduced transition matrix is given by

T̄K i ≡
∫

dR FK i (R)y(R)Y00(R̂), (6)

FK i (R) ≡ χ
∗(−)
1,K1

(R) χ
∗(−)
α,Kα

(R) χ
(+)
0,K0

(R) e−iK0·RAα/A, (7)

where Aα = 4, A = 20, and χi,K i is a distorted wave between
particle i and A when i = 0, otherwise between i and B. The
outgoing and incoming boundary conditions of the scatter-
ing waves are specified by the superscripts (+) and (−),
respectively. Note that the Sα does not appear explicitly in
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Eqs. (3)–(7) because it is already taken into account in the
RWA.

III. RESULTS AND DISCUSSION

A. Numerical inputs

The RWA is calculated by AMD and the Laplace expansion
method [12]. The Hamiltonian used in the AMD calculation
is given by

Ĥ =
∑

i

t̂i − t̂c.m. +
∑
i< j

v̂NN +
∑
i< j

v̂Coul, (8)

where t̂i, t̂c.m., v̂NN , and v̂Coul being the nucleon and the center-
of-mass kinetic energies, effective nucleon-nucleon interac-
tion, and the Coulomb interaction, respectively. As for v̂NN ,
the Gogny D1S interaction [31] is adopted. The obtained
RWA [12] (AMD-RWA) is shown in Fig. 1, and its α spec-
troscopic factor is Sα = 0.26.

The kinematical condition of the 20Ne(p, pα)16O reaction
is shown in Fig. 2. In the experiment [15] the so-called energy
sharing distribution was measured; the emitted angle of p (α)
is fixed at −70◦ (46.3◦), and the proton emission energy Tp is
varied in the range of 40–75 MeV. By the energy conservation,
Tα is ranging from 55 to 21 MeV accordingly. The incident
energy is set to 101.5 MeV and all the scattering particles are
kept in the same plane. With such a kinematical setup with
no recoil, i.e., the reaction residue being at rest in the final
state, is achieved at around Tp = 67 MeV (Tα = 30 MeV).
The TDX has a peak at this condition reflecting the fact that
the struck α is bound by an s orbit. For the optical potential of
the incident and emitted protons, the EDAD1 optical potential
of the Dirac phenomenology [32,33] is adopted. The highly
reliable optical model parametrization by Michel et al. [34]
is adopted for the α-16O scattering in the final state. As
shown in Fig. 1 of Ref. [34], this parametrization of the α-16O
optical potential provides excellent agreement with the α-16O
elastic scattering data up to very backward angles, ranging
30–150 MeV α incident energies.

Since θp and θα are fixed in the present (p, pα) kinematics,
the required p-α differential cross section lies in the very

FIG. 1. α + 16O RWA of the 0+
1 state taken from Fig. 2 of

Ref. [12].

FIG. 2. Kinematical condition of the 20Ne(p, pα)16O reaction [15].

limited range of θpα = 84◦–86◦ in the p-α center-of-mass
frame and Epα = 75–100 MeV in the p-α laboratory frame.
Its energy and angular dependence are obtained by the mi-
croscopic single-folding model [35] with a phenomenologi-
cal α density and the Melbourne nucleon-nucleon g-matrix
interaction [36]. As shown in the dashed line in Fig. 3, the
calculated p-α differential cross section at 85 MeV deviates
from the experimental data [37] by about a factor of 2 at
around θpα = 84◦–86◦. In the following analysis the cross
section is tuned by a factor of 2.0 (dotted line) to correctly
reproduce the p-α cross section data. It should be noted that
this correction is valid thanks to the limited range of required
θpα , which is the outcome of the kinematical condition in
which θp and θα are fixed in the 20Ne(p, pα)16O experiment.

B. α cluster wave function and 20Ne(p, pα)16O cross section

In Fig. 4 the energy sharing distribution calculated by
DWIA with the AMD-RWA is shown. The present framework
well reproduces both the height and distribution of the ex-
perimental data [15] without any additional adjustment. Thus,
the original problem, the inconsistency between the reaction
analysis and the nuclear structure calculations, is resolved in
the present approach. It should be stressed that the quantitative
reproduction of the cross section data is guaranteed by the
sophisticated RWA in 20Ne, by the proper p-α cross section,

FIG. 3. p-α differential cross section at 85 MeV obtained by the
folding model [35] with the Melbourne g-matrix interaction [36]
(dashed line). The tuned result at around θpα = 85◦ is shown in dotted
line. The experimental data are taken from Ref. [37].
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FIG. 4. The comparison between the calculated energy sharing
distribution with the AMD-RWA (solid line) and the experimental
data taken from Ref. [15].

and by the use of an appropriate α-16O optical potential.
In particular, α-16O optical potential suggested in Ref. [34]
was essential for this success of quantitative description. This
result indicates that once the proper ingredients mentioned
above are adopted, the (p, pα) reaction can be a quantitative
probe for the α amplitude in the ground state of target nuclei.

Next, we investigate the relationship between the α cluster
wave function and the α knockout cross section. Three dif-
ferent types of cluster wave functions shown in Fig. 5 are
considered as artificial input data. They are constructed by
superposing two Brink-Bloch (BB) wave functions [26] of
the α-16O cluster. The intercluster distances of the two BB
wave functions are fixed at 3.0 fm and 5.5 fm, whereas the
amplitude, C1 and C2, of these are varied by hand. In Table I,
we show Ci (i = 1 or 2) and the resulting Sα of the three
RWAs. As shown in Fig. 5, Ci of one labeled “original”
(dashed) is determined so as to reproduce the largest peak and
the tail behavior of the AMD-RWA as much as possible, while

FIG. 5. RWAs constructed by the superposition of two Brink-
Bloch wave functions of the α-16O cluster. See text for details.

TABLE I. Coefficients for the BB wave functions. The resulting
Sα are also shown.

Original Smaller peak Shorter tail

C1 0.67 0.55 0.69
C2 0.17 0.17 0.09
Sα 0.24 0.18 0.21

for “smaller peak” (dotted) and “shorter tail” (dot-dashed),
they are tuned to reduce the peak and tail region of the original
RWA, respectively.

To investigate how these RWAs contribute to the TDX at
the peak of the energy sharing distribution, it is useful to
consider the transition matrix density (TMD) defined by [25]

δTr(R) ≡ T̄ ∗
K i

∫
d� R2FK i (R)y(R)Y00(R̂). (9)

From Eq. (6) it has the following properties:∫
dR Re[δTr(R)] = ∣∣T̄K i

∣∣2
, (10)

∫
dR Im[δTr(R)] = 0. (11)

Thus, one may regard Re[δTr(R)] as a “radial distribution of
the cross section” and its integrated value is proportional to the
TDX. In Fig. 6 Re[δTr(R)] at the recoilless condition (Tp =
67 MeV) is shown. It is clearly seen that the internal region
of the RWAs are suppressed by the absorption effect and
the surface region contributes to the (p, pα) cross section. In
Fig. 7 the energy sharing distributions with the RWAs of Fig. 5
are shown. The peak height of the energy sharing distribution
is reduced significantly in the shorter tail case (dot-dashed),
while it is similar to the original one in the smaller peak case
(dotted), because of the peripherality of the reaction. Another
response of the difference in the RWAs is the width of the
energy sharing distribution. Since the RWA with smaller peak

FIG. 6. Real part of the TMD at the recoilless condition: Tp =
67 MeV. The dashed, dotted, and dot-dashed lines are the results with
the RWAs shown by dashed, dotted, and dot-dashed lines in Fig. 5,
respectively.
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FIG. 7. Energy sharing distributions with the RWAs shown in
Fig. 5.

(shorter tail) has narrower (wider) momentum distribution,
its energy sharing distribution has a narrower (wider) width
accordingly. From these results it is shown that the (p, pα)
reaction is a quantitative probe for the α cluster state, putting
emphasis on the α amplitude around the nuclear surface.

IV. SUMMARY

The 20Ne(p, pα)16O reaction at 101.5 MeV was investi-
gated within the DWIA framework. AMD was adopted to

describe the α-16O cluster state of 20Ne and its RWA was
obtained by the Laplace expansion method. It was found
that by using reliable p-α differential cross section, distorting
potentials as well as the AMD-RWA, the present DWIA
calculation quantitatively reproduces the experimental data
without any additional correction or scaling in describing the
(p, pα) cross section. Thus, the inconsistency between the
20Ne(p, pα)16O reaction analysis and the nuclear structure
calculations is clearly resolved in the present approach.

By the analyses using the BB wave functions with differ-
ent spatial distributions and corresponding α spectroscopic
factors, it was shown that the surface region of the target is
selectively probed by the 20Ne(p, pα)16O reaction. Therefore
the (p, pα) reaction is a good probe for the surface amplitude
of the cluster wave function, which should be directly related
to the α clustering of interest. One may also deduce the mo-
mentum distribution of the α cluster wave function from the
width of the energy sharing distribution. For the momentum
distribution of the α cluster to be extracted, the (p, pα) cross
section should be measured very precisely down to the tail
region.
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