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FRIGA: A new approach to identify isotopes and hypernuclei in n-body transport models
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We present a new approach to identify fragments using computer simulations of relativistic heavy ion
collisions. It is based on the simulated annealing technique and can be applied to n-body transport models such
as quantum molecular dynamics. This new approach is able to predict isotope yields as well as hypernucleus
production. In order to illustrate its predicting power, we confront this new method with experimental data and
show the sensitivity to the parameters which govern cluster formation.
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I. INTRODUCTION

In heavy ion reactions at energies between 20 MeV and
several GeV per nucleon, the formation of complex clusters is
a key observable [1,2], which is not understood in all details
yet. Sophisticated microscopic transport models [5–7] em-
ploying clusters as degrees of freedom have been developed,
but they are not generally applicable to the collision ener-
gies under consideration or are constrained to small clusters
(A � 3). Identifying clusters represents also a major challenge
for transport models propagating only nucleons as relevant
degrees of freedom. Omitting fragment formation makes the
prediction of proton and neutron observables ambiguous be-
cause fragments have different kinematical properties than
single nucleons.

Transport models based on the time evolution of the
one-body density matrix, like BUU (Boltzmann-Uehling-
Uhlenbeck) [3] or SMASH (Simulating Many Accelerated
Strongly interacting Hadrons) [4] cannot address this question
directly without injecting sufficient phase space fluctuations
into the system [8–10].

Alternatively, quantum molecular dynamics (QMD) ap-
proaches, which are based on n-body theories [11–13] propa-
gate the correlations in time and, therefore, contain all neces-
sary information to describe clusters.

Basic ways to identify clusters are to employ a coalescence
model [14–17] or to use a minimum spanning tree (MST)
procedure [18]. The first method needs various coalescence
parameters for each isotope, is unable to deal with heavy
clusters, and moreover a time has to be chosen at which the
transport calculation is stopped and the coalescence procedure
is applied. In a rapidly expanding system, like one at the end
of a heavy ion collision, the cluster yields depend crucially
on this time. In addition, it has been shown for light clusters
that this time is different for different isotopes [19]. To study
the production of light hypernuclei in the UrQMD model the
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coalescence model was recently applied in Refs. [20,21]. It
turns out that there exists a choice of parameters for which the
results are quite satisfying. The MST procedure—based only
on proximity criteria in position and optionally momentum
space—allows only for an identification of the fragments
at the end of the reaction when the fragments and single
nucleons are well separated from each other.

The drawback of both methods is that the study of the
physical origin [18] of fragmentation is excluded. In addi-
tion, since the underlying transport models are semiclassical,
binding energy modifications due to closed shells or pairing
energies are neglected in these approaches.

II. THE PRINCIPLES OF THE FRAGMENT RECOGNITION

Identifying fragments early, while the reaction is still going
on, requires one to define the most bound cluster partition
out of a set of clusters preselected using momentum as well
as coordinate space information, like in MST. This idea was
first introduced by Dorso et al. [22]. It was further applied in
the simulated annealing clusterization algorithm (SACA) [23]
in the late 1990s and was successfully applied to understand
experimental fragment charge distribution and spectra as well
as bimodal distributions [18,24,25]. This procedure can be ap-
plied at different times during the collision to provide the time
evolution of the most probable cluster distribution in terms
of binding energy. It turns out that this method detects the
final partitions early (that found by MST is at very late times,
typically >200 fm/c), right after the colliding system begins
to separate, when the energetic collisions are over, as shown in
[23]. By “final partition” we mean the asymptotic (late time)
cluster distribution that would be detected by the same method
within a transport model that would not introduce artificial
time instabilities in the phase space distribution of nucleons.
We want to stress at this point the fact that, when we are
using for example a QMD transport model, we are dealing
with a semiclassical approach, and not with a pure-quantum
approach. This manifests itself on a long timescale when the
fragments become unstable. The reason for this is that in

2469-9985/2019/100(3)/034904(13) 034904-1 ©2019 American Physical Society

https://orcid.org/0000-0001-7193-5848
http://crossmark.crossref.org/dialog/?doi=10.1103/PhysRevC.100.034904&domain=pdf&date_stamp=2019-09-06
https://doi.org/10.1103/PhysRevC.100.034904


A. LE FÈVRE et al. PHYSICAL REVIEW C 100, 034904 (2019)

these codes the ground state of the quantum Hamiltonian is
higher than the ground state of the classical Hamiltonian. As
a consequence, a semiclassical system can still emit particles
when in the analog quantum system it is not possible anymore.

The seed, an ensemble of preclusters, for the annealing
procedure is generated by using an MST. Then nucleons are
exchanged between neighboring fragments or single nucle-
ons in all possible ways by applying a simulated annealing
technique, based on a Metropolis algorithm. Neglecting the
interactions between nucleons of different clusters, but tak-
ing into account the interaction among the nucleons in the
same fragment, this algorithm identifies the combination of
fragments and free nucleons which has the most negative total
binding energy; i.e., the most bound sum. The reason for this is
the fact that fragments are not a random collection of nucleons
at the end, but initial-final state correlations.

In SACA the nucleon-nucleon interactions taken into ac-
count to calculate the binding energies of clusters are a
Skyrme potential supplemented by a Yukawa term—QMD
surface correction [11]—and a Coulomb potential. These
potentials are also used for the propagation of the nucleons
in the QMD transport model which was utilized for the time
evolution of the reaction [11]. They are used for calculating
a cluster binding energy in the following way: introducing
(density dependent) two-body interactions among the nucle-
ons which form a fragment, the internal fragment energy

EB = 〈H〉 = 〈T 〉 + 〈V 〉(N, Z )

=
∑

i

p2
i

2mi
+

∑
i

∑
j>i

∫
fi(�r, �p, t )

×V (�r, �r′, �p, �p′) f j (�r′, �p′, t ) d�r d �r′d �p d �p′, (1)

where �r, �p is the particle phase-space position in the center of
mass of the collision, mi is its mass, V is the potential, and fi

is the single-particle Wigner density

fi(�r, �p, t ) = 1

π3h̄3 e− 2
L (�r−�ri (t ))2

e− L
2h̄2 ( �p− �pi (t ))2

. (2)

The potential V consists out of a Skyrme type potential
complemented by a Yukawa and a Coulomb potential. This
combination of potentials we will denote as “basic.” It was
shown in Ref. [11] that Eq. (1) reproduces very well the
binding energies of nuclei with A > 5 as given by the Bethe-
Weizsäcker mass formula for ground state nuclei, BBW,0 (see
Fig. 12 of Ref. [11]). For nuclei with A � 5 this method
provides slightly less bound values than the Bethe-Weizsäcker
mass formula. This is taken into account in FRIGA by shifting
accordingly the cluster ground state binding energy when cal-
culating its excitation energy. Note that the nuclear densities in
a cluster are here computed from the sole nucleons composing
it, as if it were isolated, similarly to neglecting the nuclear
force from external nucleons. The reason is that as soon as
the asymptotic cluster partition is reached, the cluster binding
energy must correspond to that of a free nucleus, therefore its
relevant density is that of its asymptotic state, i.e., close to the
ground state. For this reason, the density used for calculating
the cluster binding energy differs from that of the medium.

The SACA model has been extended in order to predict
more realistically fragment yields in the isotopic degree of

freedom, and to address hypernuclei production. To do so,
additional potentials (asymmetry energy and shell effects)
enter the determination of the binding energy of primary
clusters. In addition, when excited, those latter undergo a
sequential secondary decay at very late times, when the long-
range Coulomb interaction between clusters becomes negligi-
ble (at the order of 1000 fm/c). This new approach is dubbed
FRIGA (Fragment Recognition In General Application). The
basic idea of FRIGA is to use the same potentials (mean
fields) as those applied in the transport code and to add further
interactions which are relevant for binding energies of nuclei,
in particular shell effects.

III. THE FEATURES OF FRIGA

In order to predict the isotope yields, we have extended the
SACA cluster identification algorithm by including asymme-
try energy, pairing, and shell effects.

For the asymmetry energy we adopt the parametrization
from IQMD [12], the transport code which we use—in addi-
tion to BQMD—in the present article for the transport of the
nucleons. The potential part of the asymmetry energy, which
is repulsive, thus reads

Basy = E0

(
ρn − ρp

ρB

)2( 〈ρB〉
ρ0

)γ

,

where E0 = 23.3 MeV, and ρn, ρp, ρB, ρ0 are the neutron,
proton, baryonic, and saturation densities, respectively. In
the present work, by default, we take γ = 1 (linear density
dependence).

Note that the kinetic part of the asymmetry energy is
carried by the nucleon momenta which, according to the
Thomas-Fermi model, are related to the differences of the
Fermi edges of neutrons and protons: For ρ0 it corresponds
to a value of about 9 MeV in IQMD.

Another significant part of the binding energy of light iso-
topes are the shell structure and odd-even effects (pairing). In
the conditions of high pressure and temperature where FRIGA
is used to determine the prefragments, these structure effects
are not well known. Khan et al. [26] showed that there are
some indications that they can affect the primary fragments.
The authors demonstrate that the pairing vanishes above a
nuclear temperature TV ≈ 0.5�pairing (pairing energy).

At the density of their fundamental state, the pairing energy
tends to be negligible for heavy nuclei, with the pairing energy
taken from the Bethe-Weizsäcker mass formula �pairing =
11.2A− 1

2 MeV (positive for even-even and negative for odd-
odd nuclei), whereas it is strong for light isotopes, like 4He
and 3He with 12 and 6.9 MeV, respectively. In FRIGA, due to
the minimization of the binding energy, the primary fragments
are expected to be produced quite cold on average, with T ≈
1–2 MeV, and with a density close to that of their ground
state, slightly below ρ0 (typically between ρ0/2 and ρ0 de-
pending on the fragment size). Hence, their temperature could
be below TV and one cannot neglect the pairing energy. The
same might be true for shell effects which produce a visible
enhancement of the measured fragment yields for closed shell
nuclei. It will be a crucial point to determine whether these
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shell effects are already realized in the primary stage of the
fragment production, or later due to secondary deexcitation.

In order to determine the contribution of all structure
effects to the binding energy of primary clusters identified by
FRIGA, we make two hypotheses, independent of the density
and the average kinetic energy of the fragment environment.

First, the relative ratio of the nuclear structure contribution
to the overall binding energy remains unchanged at moderate
temperatures and at densities close to that of the fundamental
state of the cluster.

Applying our first assumption that the ratio of the still
“unknown” nuclear structure contribution to the binding en-
ergy Bstruct (Z, N, ρ, T ) and the calculated binding energy
EB(Z, N, ρ, T ) of Eq. (1) is constant in the respective density
and temperature ranges, one obtains

Bstruct (Z, N, ρ, T )

EB(Sky,Yuk,Coul)(Z, N, ρ, T )

= Bexp,struct (Z, N )

BBW (vol,surf,Coul)(Z, N )
= const(Z, N ), (3)

where BBW (vol,surf,Coul) is the binding energy as given by the
sum of the volume, surface, and Coulomb terms of the Bethe-
Weizsäcker mass formula—considered as a ground state
for EB(Sky,Yuk,Coul)(Z, N, ρ=ρ0, T = 0)—whereas Bexp,struct is
the difference between the experimentally observed bind-
ing energy Bexp and the prediction of the mass for-
mula without pairing term, Bexp,struct (Z, N ) = Bexp(Z, N ) −
BBW (vol,surf,Coul,asy)(Z, N ).

Our second hypothesis is that Eq. (1) remains the correct
description of the binding energy if the nuclei are deformed
or excited, as might happen for fragments identified by the
FRIGA algorithm.

Under these assumptions we can express the nuclear struc-
ture contribution to the binding energy of a deformed cluster
with Z protons and N neutrons in the following way:

Bstruct (ρ, T, Z, N )

= [Bexp(Z, N ) − BBW np(Z, N )]
EB(ρ, T, Z, N )

BBW np,na(Z, N )
.

EB is the binding energy of Eq. (1) and BBW np,na is that given
by the Bethe-Weizsäcker formula binding without asymmetry
(“na”) and pairing (“np”) contributions. Isotopes and hyper-
nuclei which are not stable at all in nature are discarded
in FRIGA by assigning to them a very repulsive EB. The
complete total binding energy of a cluster with N and Z , which
is used in the annealing algorithm, will then be

B = EB(Z, N ) + Basy + Bstruct,

in contradistinction to SACA in which only the first term is
used.

The other new feature of FRIGA concerns the initial
configuration of the SACA algorithm. There the simulated
annealing procedure started out from the full cluster partition
provided by the MST procedure, based on the distance of
the nucleons in coordinate space. Subsequently SACA reorga-
nizes the partition in order to minimize the sum of the cluster
binding energies. In FRIGA, “cold” MST primary clusters are
removed from the ensemble, i.e., they are kept as they are.
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FIG. 1. BQMD (hard equation of state) predictions of 197Au +
197Au collisions at 600A MeV incident energy for an impact pa-
rameter of 4 fm (semicentral). Top: event multiplicity of primary
small fragments with charge Z � 2 identified on the projectile side
as a function of time by FRIGA and MST (respectively red triangles
and green crosses). Bottom: as in the top panel but for the relative
asymmetry between the primary two largest charges of fragments
identified on the projectile side (see text for the definition of a2).

The standard criterion for categorizing a fragment as “cold” is
a maximum internal excitation energy of 1A MeV (see defini-
tion in Set. V). This new method is particularly meaningful for
very peripheral collisions where the main spectator remnant
(quasiprojectile or quasitarget)—well identified by the MST
method—is at nearly zero excitation energy.

IV. EARLY FRAGMENT RECOGNITION

As already shown in [18], the application of the simulated
annealing method to find the most bound configuration allows
one to identify fragments much earlier in the course of the
heavy ion collision than MST. Figure 1 illustrates this fact
with the FRIGA clusterization applied to BQMD [11] sim-
ulations of 197Au + 197Au collisions at 600A MeV incident
energy and an impact parameter of 4 fm. Figure 1 top com-
pares the time evolutions of the average multiplicity of light
particles, Z � 2, of the projectile rapidity side obtained with
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MST and FRIGA. For the MST algorithm �p = 0.6 GeV/c
and �r = 2.5 fm have been utilized.

To compare to SACA directly (as published in Ref. [18]),
we have only taken EB [Eq. (1)] to calculate the binding
energies in FRIGA and omitted the asymmetry energy Basy

and shell effects Bstruct. However, we have observed that the
present results are not modified by the inclusion of these extra
potentials. Obviously, similarly to what had been found in
[18], the asymptotic values of the light fragment multiplicity
is reached very early with FRIGA, at around 50 fm/c, whereas
MST needs at least 200 fm/c to obtain a stable configuration.
The same fast convergence to the asymptotic value of the
FRIGA results is seen in Fig. 1 bottom for the observable a2,
which is relevant for the observation of bimodality in heavy
ion collisions at low incident energies [25] and reflects the
mechanical state of the system:

a2 = Z1 − Z2

Z1 + Z2
,

where Z1 is the largest and Z2 the second largest charge
observed on the projectile (or target) side at the end of the
collision. In general we observe, for spectator fragmentation
in heavy ion collisions with an incident energies around or
below 1A GeV, that FRIGA can identify final fragments as
early as twice the passing time of projectile and target, i.e.,
the time that they would need to completely cross each other
at zero impact parameter if the nuclei were fully transparent.

V. DEEXCITATION OF EXCITED FRAGMENTS

Most of the clusters identified with FRIGA are relatively
cold, with values of their binding energy close to the ground
state energy. They can either be over-bound (negative binding
energy below that of the ground state)—and we keep them as
they are—or slightly excited. These prefragments, called also
“primary” fragments, can be produced “nonrelaxed” in shape
and density, i.e., deformed with respect to their fundamental
state. Most of the excitation energy is due to the difference
in surface energy between the reconstructed state and the
respective ground state of the nucleus.

Figure 2 illustrates this variety of excitation energies of
primary clusters as a function of their charge (blue contour
lines), as identified by FRIGA after BQMD simulations of
minimum bias 197Au + 197Au collisions at 600A MeV. In
FRIGA, we define the excitation energy E∗ of a fragment by

E∗ = (EB + Basy) − BBW np(Z, N ).

Here, shell effects are not taken into account, since they
contribute little to the excitation energy and the Bethe-
Weizsäcker formula includes them only in parts (pairing
energy). In cases where the asymmetry energy is not taken
into account when calculating the binding energy, it is also
not computed in the ground state binding energy, that is here
the Bethe-Weizsäcker formula. We take the cold liquid-drop
(at normal density) formula as if it describes the “natural”
fundamental state of a cold nucleus as constructed by the
QMD transport model (see Fig. 12 of [11]). We have ob-
tained quantitatively similar results for excitation energies of
primary fragments at incident energies between 50A MeV and
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FIG. 2. Predictions of the BQMD transport code (hard equation
of state) for 197Au + 197Au collisions at 600A MeV incident energy
with impact parameters below 12 fm. A minimum bias distribution
was generated. The figure demonstrates the resulting excitation
energies of the primary clusters identified by FRIGA as a function
of their charge. The identification of clusters was performed between
50 and 75 fm/c. This is two and three times longer than needed by the
colliding system to separate. The contour plot represents the double
differential probability distribution (linear scale). The black filled
circles display the average values of positive excitation energies.

1A GeV. Positive values of the excitation energy correspond to
hot primary clusters. Negative values represent nuclei which
are overbound. Overbinding may occur in a semiclassical
approach because the ground state of the nucleus may not
correspond to the lowest energy state of the quantal Hamil-
tonian. Hence, we assume that overbound clusters are in
their fundamental state with zero excitation energy. The black
points in Fig. 2 represent the average value of positive excita-
tion energies—zero excluded—as a function of the fragment
charge. We observe that it hardly exceeds 1A MeV. This
means that the primary fragments produced by FRIGA are
quite cold. This is also true for lower incident energies of
around 100A MeV. Those primary fragments which have an
excitation energy exceeding 1A MeV can be considered as
“hot” and should undergo a secondary decay. Since the highest
excitation energies remain quite low, typical deexcitation is
done via sequential evaporation or fission. For simulating this
process, we use the GEMINI + + code [27]—the most recent
C + + version of GEMINI—which evaluates the production
cross sections for secondary reaction products after possible
particle evaporation and/or fission.

Figure 3 compares the overall (secondary and cold primary
nuclei) charge yield (blue line) obtained at twice the passing
time in minimum bias BQMD-FRIGA simulations of 197Au +
197Au collisions at 600A MeV incident energy with the yield
of fragments created by secondary decays (red-hashed area).
We observe that the contribution of secondary decays become
non-negligible for projectile/target remnants and for α par-
ticles: here secondaries contribute up to 50% to the total α

yield. In addition, we observe that the secondary distribution
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FIG. 3. The results for BQMD-FRIGA simulations of the aver-
age fragment multiplicity as a function of their charge Z are shown
for the same reaction as in Fig. 2. The blue full line and the red
filled area show the overall (secondary and cold primary) fragment
multiplicity and that of fragments resulting from secondary decays,
respectively. In the cluster recognition procedure with FRIGA neither
asymmetry energy nor pairing or structure effects have been taken
into account.

exhibits an odd-even Z staggering at small Z which results
from the pairing effects included in GEMINI + +.

VI. BENCHMARKING IN THE SPECTATOR
FRAGMENTATION REGIME

One of the main features of the spectator fragmentation at
relativistic incident energy was discovered by the ALADiN
Collaboration in the late 1990s; dubbed the “rise and fall”
[1] curve, it exhibits a universal behavior which is essentially
independent of the beam energy and scales with the system
size. This curve represents the average multiplicity of inter-
mediate mass clusters (2 � Z � 30) as a function of Zbound

(total charge bound in fragments with Z � 2, which scales to
the centrality of the collision).

It has been shown that the SACA approach, using BQMD
as program for the time evolution of the nucleons, can re-
produce this curve [18]. Similar analyses applying MST do
not give an equally good description [28], illustrating that the
rise and fall is a very sensitive and challenging observable for
clustering methods.

However, as far as charge distributions are concerned, this
lower accuracy of MST is less visible, especially in central
collisions. It was shown in [24] that MST used at late times
on BQMD simulated collisions provides a fair agreement with
experimental charge distributions.

To see whether FRIGA—including secondary decays—
reproduces the SACA results on the ALADiN rise and fall, we
applied the FRIGA algorithm to minimum bias 197Au + 197Au
reactions at 600A MeV, using only EB as for the calculation
of binding energies. The result is shown in Fig. 4. There
we display the average multiplicity of intermediate mass
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ALADiN data

boundZ
0 20 40 60 80

m
ax

Z

0

20

40

60

80

FIG. 4. BQMD (hard equation of state) predictions of 197Au +
197Au collisions at 600A MeV incident energy for impact parameters
b = 0–12 fm, compared with the ALADiN S254 (2000) experimen-
tal data. Top: rise and fall” curve (average multiplicity of IMFs as a
function of the total charge of complex fragments with Z � 2, on the
projectile side, dubbed Zbound). The green crosses depict the BQMD
cluster partitions identified with the MST method at 200 fm/c
(primary clusters). The blue full and red open triangles show re-
spectively the primary and secondary cluster partitions identified
by FRIGA at two and three times the passing time (predictions of
both times averaged to decrease the statistical fluctuations). Bottom:
representation of the average largest Z as a function of Zbound.

fragments (2 < Z � 30) on the spectator side (top) and the
charge of the largest fragment detected on the spectator side
as a function of Zbound. The model predictions are com-
pared with the most recent ALADiN data (S254 experiment,
courtesy of the ALADiN2000 Collaboration), obtained with
an upgraded setup detailed in [29] and [30]. Here again,
MST partitions, obtained at 200 fm/c, fail to reproduce the
experimental findings. In contrast, the FRIGA approach—as
soon as twice the passing time—predicts those data with good
agreement. We observed that the secondary decays do not
modify sensitively the results in these representations. The re-
sults of the GEMINI calculations are shown as dashed lines in
Fig. 4.
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FIG. 5. As in Fig 4, the FRIGA cluster partitions, after secondary
decays, are compared to ALADiN experimental data. Three different
parametrizations for the nuclear EoS in BQMD, hard (H), soft (S),
and soft with momentum dependant interaction (SM), are depicted
respectively by the red open triangles, the blue full triangles, and the
green open crosses. The time interval adopted is two to three times
the passing time at this energy.

In order to estimate how much the equation of state (EoS)
adopted in the transport model influences the results, we
compare in Fig. 5 the experimental data with the BQMD-
FRIGA predictions using three different equations of state:
hard (H, red open triangles), soft (S, blue full triangles), and
soft with momentum dependent interaction (green crosses).
The parameters adopted for the BQMD Skyrme potential

U (ρ) = α
ρ

ρ0
+ β

ρ

ρ0

γ + δ ln2(ε(� �p)2 + 1)
ρ

ρ0

in the three configurations are listed in Table I.
Like the hard (H) EoS, the soft EoS with momentum

dependent interaction (SM) reproduces well the experiment
when fragments are identified with FRIGA at around twice the
passing time. BQMD with momentum dependent interactions
(m.d.i.) is not stable asymptotically: with SM, the rise and
fall results change noticeably with time. Therefore we do not

TABLE I. Parameter sets for the nuclear equation of state used
in the BQMD model. K is the nuclear incompressibility modulus
derived from the curvature of the potential at ρ = ρ0.

EoS K (MeV) α (MeV) β (MeV) γ δ (MeV)

H 380 −124 70.5 2.0 0
S 200 −356 303 7/6 0
SM 200 −390.1 320.3 1.14 1.57

pursue this approach further in this paper. Adopting a soft EoS
without m.d.i. (S) does not reproduce the experimental data.

VII. ASYMMETRY ENERGY, SHELL EFFECTS
AND SECONDARY DECAYS

In order to illustrate the influence of the various new
components of the binding energy of clusters in FRIGA,
we compare in Fig. 6 the charge and light isotope yields
of primary fragments exhibited by different compositions
of the cluster binding energy. In order to infer the isotopic
dependence, we have used predictions of the IQMD code [12]
which, unlike BQMD, explicitly treats neutrons and protons
with respect to mean field and collisions and includes in
its dynamics the proton-neutron asymmetry potential Basy.
For benchmarking we select central 129Xe + 124Sn collisions
at 100A MeV incident energy for two reasons: first, they
have been measured and isotopically resolved by the INDRA
detector (see below); second, they allow one to probe the
binding energy configurations over a large variety of isotopes,
in a strongly dynamical environment. Here, four different
approaches are compared: MST alone (at 200 fm/c, based
on the coordinate space proximity of nucleons); minimiza-
tion with FRIGA employing EB only; with EB + Basy; and
with EB + Basy + Bstruct. As in the following, we consider the
cluster partitions identified at the earliest possible time when
they have reached their asymptotic characteristics. This time
depends on the cluster recognition method used: It is typically
twice the passing time with FRIGA, and 200 fm/c with MST.
As already quoted, provided the transport model does not
induce artificial modifications of the phase space extension
of nucleons at late times, and the primary fragments are not
excited, (early) FRIGA and (late) MST cluster distribution
should be quite identical. But since both conditions are not
perfectly fulfilled with the QMD transport model, the two ap-
proaches differ a bit. From the Z yields of primary fragments
(Fig. 6 top), we observe first that the MST predictions do not
differ strongly from those of FRIGA, apart for large clusters
whose yields are underpredicted by MST. Second, there is no
strong influence of the various FRIGA approaches: the effects
of the asymmetry and of the shell structure on the Z yield are
very small. A stronger influence is visible if one studies the
mass distribution of small isotopes, depicted in Fig. 6 bottom.
We observe that MST exhibits broader distributions, because
it is not constrained by the vetoing of unphysical isotopes,
like 8Be, and is based only on the phase space proximity. The
asymmetry potential (here with a linear density dependence)
tends by nature to narrow the distributions around N = Z .
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FIG. 6. IQMD (SM EoS) predictions of 129Xe + 124Sn collisions
at 100A MeV incident energy for an impact parameter b < 2.8 fm
(10% most central collisions) and an exponent of the asymmetry
potential γasy = 1. Top panel (a): average yields in an event of
primary clusters as a function of their charge. Bottom four panels:
mass distributions of primary isotopes of hydrogen (b), helium (c),
lithium (d), and beryllium (e). Three different FRIGA strategies are
shown (applied at twice the passing time): with the basic potential
only (red full lines), including asymmetry potential (black full lines),
and adding the shell energy (blue dashed lines). They are compared
to the result of the minimum spanning tree method (green dotted
dashed line).

Shell effects would enhance or reduce the yields of particular
isotopes, tending to restore the natural abundances, according
to the deviation of the experimental mass of the one given by

FIG. 7. Same as Fig. 6 but compared with the INDRA experi-
mental data (points). Predictions are filtered with the software replica
of the INDRA acceptance.

the liquid-drop model. For instance, α particles in this respect
are highly favored because of their strong pairing energy.

In Fig. 7 the results of the FRIGA approach are compared
to experimental data measured by the INDRA detector at GSI
Darmstadt [31]. The centrality of the events was selected by
means of the total transverse energy E⊥

12 of detected nuclei
with charges Z = 1 and 2, similarly to Ref. [31]. The 10%
most central collisions correspond to E⊥

12 > 1440 MeV. In
order to enhance the reliability of the experimental yields,
we selected events where at least 70% of the total charge was
detected. To be able to compare the model predictions to the
experimental data, we filtered the IQMD-FRIGA events by
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a software replica of the INDRA acceptance. Figure 7 top
shows that the charge yield of the FRIGA primary clusters,
detected in IQMD events, is close to the experimental data
over the broad range of charges whereas the simple phase
space proximity criteria used by MST does not give the
correct slope. FRIGA predicts too many hydrogens, due to
its lower efficiency in detecting helium fragments in the hot
environment of central collisions. This may indicate that a
more complex mechanism rules the production of the lightest
isotopes in a hot expanding environment, as pointed out in
[2]. Considering the isotope yields of Fig. 7 bottom, primary
isotopes, given by FRIGA, reproduce fairly well the experi-
mental yield starting from A = 6.

Up to now we have not included secondary decays. To
illustrate their effects on fragment yields, we choose the
FRIGA strategy including the asymmetry energy and shell
effects. Similar results are observed when considering only
the basic potential for the binding energy. The results are
shown as black lines in Fig. 8 for secondary fragments
partitions, compared with the primary yield (red lines). The
main consequence of secondary de-excitations is an increase
of the yield of small fragments (with Z < 5) at the cost of
larger ones, which brings about a better agreement with the
INDRA experimental charge distribution. The main channels
of deexcitations are the emissions of neutrons and alpha
particles, which is reflected by the enhancement of the latter
ones, as seen in Fig. 8 bottom. From the isotope yields, we
conclude that shell effects in primary clusters are too weak to
exhibit a clear difference. The reproduction of experimental
yields of alpha particles is slightly improved by shell effects
(after secondary decays) on one hand, but on the other hand
it is worsened for 9Be. The absence or not of primary shell
effects is not obvious, because, in order to be stable, even
primary fragments must be quite cold; therefore shell effects
may still survive. However, they are not in vacuum but tightly
surrounded by a hot medium whose temperature is of the order
of 6 MeV in these collisions, as shown in [31]. This may
prevent a realization of structure effects inside the clusters in
an early phase.

As we have seen when inspecting the width of the isotope
mass distributions, the asymmetry energy in primary clusters
is a key ingredient of the binding energy for describing
correctly the final isotope distributions. Therefore, it may be
possible that the stiffness of its density dependence has a
measurable influence on the observables. Figure 9 displays
the evolution of Basy as a function of the density for various
values of the exponent γasy. A larger exponent implies a
stronger asymmetry potential at suprasaturation densities, and
the reverse at subsaturation densities. The cluster internal
density—that we call “intrinsic”—is determined in the very
same way as in IQMD [12]:

ρ i
int (�ri ) = 1

(πL)3/2

∑
j 	=i

e−(�ri − �r j )
2/L . (4)

As already quoted, the density used for calculating the binding
energy in FRIGA is not that of the medium, but that intrinsic
to the cluster, which is typically close to that of its ground
state. Therefore, the cluster formation in FRIGA probes only

FIG. 8. Same as Fig. 7 but comparing the INDRA experimental
data with FRIGA predictions before (red lines) and after (black lines)
secondary decays, with the FRIGA strategy including asymmetry
energy (with γasy = 1).

subsaturation densities typically ranging between 0.3 and 0.8
times ρ0, as illustrated in Fig. 10 for the case of 129Xe +
124Sn central collisions at 100A MeV incident energy. The
average density increases with the fragment size. Hence, the
strongest sensitivity to the stiffness of the asymmetry energy
is expected for small to intermediate mass fragments, i.e., for
A � 20. Note that the average density of the medium has been
observed to be close to ρ0 when the partition of clusters iden-
tified by FRIGA is first stabilized. The fragments identified
by FRIGA have a smaller density, typically around ρ = ρ0/2
for intermediate mass fragments and around ρ = ρ0/5 for
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FIG. 9. Density dependence of the potential part of the asym-
metry energy as used in FRIGA and IQMD for various values of
the exponent γasy: 0.5 (soft equation), 1 (stiff), and 1.5 (superstiff),
respectively displayed by green dashed-dotted, blue dashed, and red
full lines.

the light Z < 3 isotopes. In particular, during the maximum
overlap of the colliding system, nearby nucleons can happen
to form a dense group, but they have quite different velocities
in the beam direction. However, they do not form a common
fragment because its internal kinetic energy would be too
high.

A
10 20 30 40

0ρ
/

ρ

0

0.2

0.4

0.6

0.8

1

FIG. 10. Average values of the internal density of clusters scaled
to the saturation density, as a function the mass number of primary
clusters identified by FRIGA (with only the basic potential in the
binding energy) at twice the passing time, out of IQMD (SM EoS,
γasy = 1) 129Xe + 124Sn central collisions at 100A MeV incident
energy.

FIG. 11. Same as Fig. 7 but comparing the INDRA experimental
data with FRIGA predictions after secondary decay with asymmetry
potential included, for the three values of the power exponent γasy of
Easy shown in Fig. 9, with corresponding line styles.

For the same system we show in Fig. 11 the sensitivity of
fragment partitions on γasy, as predicted by FRIGA. We use
the basic and asymmetry potentials to calculate the cluster
binding energy and observe that there is no strong influence
on the charge multiplicities (Fig. 11 top), except for beryllium
as seen in Fig. 11 bottom right. The reason is that a stronger
asymmetry energy (therefore lower γasy at subsaturation den-
sity) disfavours beryllium isotopes other than 8Be, but this
latter decays into two alpha particles in the final secondary de-
excitation procedure. The mass distributions of light isotopes
(Fig. 11 bottom) are strongly influenced by γasy, in particular

034904-9



A. LE FÈVRE et al. PHYSICAL REVIEW C 100, 034904 (2019)

the heaviest elements. Concerning hydrogen, deuterons, and
tritons, their yields show a slight sensitivity to γasy. The gen-
eral trend is that the softer the asymmetry potential (smaller
γasy) is, the narrower is the mass distribution around A = 2Z .
Here, comparing our results with the experimental distribu-
tions of beryllium and lithium, we observe that a moderately
soft asymmetry potential is favored.

VIII. THE HYPER-NUCLEUS FORMATION

A hypernucleus is a nucleus which contains at least one hy-
peron [
(uds), . . . ] in addition to nucleons. Note that nuclear
matter is the most important part of hypernuclei, therefore it is
important to describe realistically the fragmentation of normal
nuclear matter before dealing with hypernuclei. Here we will
restrict ourselves to hypernuclei composed of 
0 hyperons.

Extending FRIGA to the strange sector requires knowledge
of the hyperon-N (here 
N) potential. In this first study, we
consider the strange quark as inert and use V
N = 2

3VNN for
protons as well as for neutrons, which is a quite reasonable
approach [32]. Note that the hyperon production is a very
rare process at the present incident energies, which does not
influence the EOS. It would of course if hyperons would
populate the medium in large numbers. Similarly, we consider
the case of multiple strange nuclei as well, in which more
than one hyperon is bound in a fragment. There, the coupling
of two 
’s contributes with the potential V

 = ( 2

3 )2VnN . In
the present approach we neglect a possible contribution of
the hyperons to the asymmetry energy, and take, as far as
the asymmetry energy is concerned, only the contribution
of the core of nonstrange nucleons as if it were decoupled
from the hyperon. Since for hypernuclei the pairing and shell
contributions to the binding energy are not well known, we
neglect the Bstruct contribution.

Using these modifications of the potentials, FRIGA iden-
tifies hypernuclei with the same procedure as nonstrange
fragments. In the underlying transport program, IQMD,

’s are produced in different reactions: K̄ + N → 
 + π ,
π + N → 
 + K+/0, π− + p → 
 + K0, p + p → 
 + X .
Strangeness conservation is important to understand why
B (baryon) + B → N + Y + K is the cheapest channel to pro-
duce hyperons and why hyperon “absorption” is quasi impos-
sible. It can only happen at quite high

√
s, and the resulting

K̄ has a high probability of being reabsorbed and forming a
hyperon again. Note that these channels are already imple-
mented in IQMD. The hyperon production is directly coupled
to that of kaons. In the present energy domain their yields
follow these relations: N (Y ) ≈ N (K+) + N (K0), and N (Y ) ≈
2N (K+) in isospin symmetric systems. For more details on
the strangeness production process, e.g., the importance of
the hyperon rescattering, see Ref. [33]. Detailed comparisons
between different models (including Tübingen QMD) on K+
production—and thus indirectly on hyperon production-are
discussed in Ref. [34]. Differences from strangeness produc-
tion cross sections can be handled by looking at the yield ratio
N (hypernucleus)/N (hyperon).

The abundance, positions, and momentum distributions of
hyperons are strongly influenced by the reaction kinematics,

the nuclear equation of state, and the in-medium properties of
the K+ and K− (kaon potential, etc.) [35].

Hypernuclei are produced when a cluster in coordinate and
momentum space absorbs a hyperon. In heavy-ion collisions
at relativistic energies, the hyperon distribution is strongly
peaked around mid-rapidity, whereas the large fragments have
rapidities close to the beam or target rapidity. The closer
the rapidity of the hyperon approaches—by production or
by subsequent collisions—the target/beam rapidity, the larger
is the probability that it can be absorbed by one of the
heaviest fragments. Heavy hypernuclei are therefore produced
not far away from beam/target rapidity. Hyperons can also
form light clusters at mid-rapidity with other nucleons. There,
the probability decreases with the cluster size because it
is increasingly difficult to form large clusters out of a gas
of nucleons. Whereas the large clusters in the beam/target
rapidity regime can be identified quite early, the light clusters
at mid-rapidty are formed late and many of them dissolve due
to the interactions with the surrounding nucleons, which form
a gas at high temperature as compared to the cluster binding
energy.

As discussed in the previous chapters, the ingredients of
the cluster binding energy influence the light isotope yields
in FRIGA. The same is observed for hypernuclei. We have
observed that the reduction factor 2

3 in V
N has a noticeable
effect by decreasing the average hypernuclei yields by around
20 percent. The asymmetry energy in the cluster can have a
similar effect, depending on the core (Z, N) asymmetry.

In order to illustrate the predictive power of the FRIGA
algorithm, we compare results to experimental observations of
light hypernuclei produced in the projectile spectator region in
collisions of 6Li + 12C at 2A GeV incident energy, measured
by the HypHI Collaboration at the SIS18 synchrotron of GSI
Darmstadt. The data are taken from [36]. Figure 12 compares
the IQMD-FRIGA predictions with the experimental rapidity
distributions of 3


H and 4

H . There, model predictions of

yields of overall nuclei (in protonlike weighting), 
0 hy-
perons, hypertritons, and 4


H are indicated respectively with
black dotted, blue dashed, red full, and green dashed-dotted
lines. The three panels of the figure compare the experimental
data with various strategies of clustering, respectively done
with (a) the MST method, (b) FRIGA with only the basic
potential, and (c) FRIGA with asymmetry energy in addition
(with γasy = 1). The results of the model calculations are
not filtered for the experimental acceptance. The rapidity
is expressed in the reference frame of the nucleon-nucleon
center of the colliding system, and scaled to the projectile
rapidity. The vertical full line indicates the rapidity above
which the HypHI acceptance is alleged to be close to 100%.
Below, the experimental acceptance limits the available phase
space. The acceptance of the HypHI setup allows one to
reconstruct hypernuclei starting from a reduced rapidity, y0 =
y/yproj ≈ 0.8 in the nucleon-nucleon center-of-mass system (y
and yproj are the rapidity and projectile rapidity in the chosen
reference frame, respectively). This corresponds to ylab = 1.6
in the laboratory frame. Therefore, we limit our comparison to
this rapidity region, assuming that the complex experimental
trigger does not require any extra cuts on the simulation data.
However, we observed that a better agreement with the very
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FIG. 12. FRIGA predictions from IQMD (SM EoS) calculations
of 6Li + 12C collisions at 2A GeV incident energy for an impact
parameter 2.0 < b < 5.5 fm at twice the passing time: rapidity de-
pendance of yields per event per unit of rapidity of 
0 hyperons and
clusters, compared with HypHI experimental yields of hypertritons
3

H (red dots) and 4


H (green squares) from [36]. See text for more
details.

peaked experimental hyperhydrogen rapidity distribution is
obtained when excluding the most central collisions (tak-
ing b > 2 fm), which indicates that the experimental trigger
might have favored peripheral events. Therefore we adopt
this centrality cut for the following. From the protonlike
distributions predicted by IQMD, we see that the rapidity
region chosen by HypHI exhibits the highest hadronic yield
and contains still the tail of the 
 distribution. Taking MST
as cluster recognition method (Fig. 12 top) results in fairly
good agreement of the hyperhydrogen yields in the projectile
spectator region. In this region, we note that the MST yield
of hypernuclei is high enough to create a visible depletion
of remaining free 
 hyperons. With the FRIGA approach,
we obtain slightly fewer hyperhydrogens than with MST.
Looking at the yield ratio Y (3


H )/Y (4

H ) allows one to infer

the effect of the asymmetry energy of the core nucleus in
FRIGA. In the accepted rapidity range, the HypHI experiment
measured a yield ratio Y (3


H )/Y (4

H ) = 1.4 ± 0.8. With the

asymmetry energy included in FRIGA, at twice the passing
time, the predicted yield ratio is 4.6 ± 1.1, whereas without
Basy the ratio goes down to 2.7 ± 0.5, because the asymmetry
energy tends to reduce the production of 4


H , whose core
is the isospin-asymmetric triton. However, it turns out that
these ratios stabilize in time slightly later in the course of the
collision.

In order to probe its persistence with time, we performed
the same comparison at 4tpass. The result is shown in Fig. 13.
At the later time, the hyperhydrogen yields decrease by an
order of magnitude in the mid-rapidity region, but they are
not strongly modified in the vicinity of the projectile/target
spectator rapidity when using FRIGA. The MST results show
a reduction of the projectile/target region yields, which be-
come similar to the ones of the FRIGA approach. The reason
is a cooling down of the spectator phase-space. However,
the yield ratios Y (3


H )/Y (4

H ) predicted by FRIGA tend to

get smaller, to values which come closer to the experimental
results: 2.0 ± 0.4 and 2.5 ± 0.5 respectively without and with
Basy in the binding energy. Therefore, though the FRIGA
parametrization without Basy seems to be favored in compar-
ison with the experiment, the alternative strategy, including
asymmetry energy in the core nucleus, cannot be ruled out.

Figure 14 shows that the distributions of the transverse
momentum p⊥ in the projectile spectator region agree well
(here at four times the passing time), in the slopes and the
absolute yields at large transverse momenta, with HypHI
results, independently of the clustering strategies. A notice-
able discrepancy appears at low transverse momenta where
the predicted yields are cut off. This is mainly induced by
too few low transverse momentum 
0’s generated in the
spectator region by our present transport model (IQMD). This
depletion at low transverse momenta remains unchanged at
earlier times. It could explain the yield underestimation that
we noticed on the rapidity projection (Figs. 12 and 13).

IX. CONCLUSION

We present here the first step towards an understanding of
the production of isotopic yields and hypernuclei in heavy
ion reactions. In order to study these we have developed
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FIG. 13. Same as Fig. 12 but with FRIGA clustering performed
at four times the passing time.

the clusterization algorithm FRIGA, which is based on the
SACA approach. The new features include asymmetry and
pairing energies as well as shell effects. These are necessary
to describe more precisely the nuclear binding energy than
was possible in SACA. The density, temperature, and density
dependence of these contributions to the binding energy are
only vaguely known. They have to be adjusted by comparing
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FIG. 14. Same as Fig. 12 but at four times the passing time,
with only hypertritons and 4


H in the representation of the transverse
momentum in the projectile spectator region corresponding to the
HypHI acceptance. Experimental data are extracted from [36].

the results of the FRIGA algorithm with the existing exper-
imental data. For the interaction between 
 and nonstrange
nucleons we use here a very simplified approach assuming
that the strange quarks does not contribute to the interaction.
We observe that the asymmetry potential can have a strong
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influence on the yields of (hyper)isotopes. According to this
model, the nucleons which form fragments have initially a
density close to that of their ground state—below the sat-
uration density—which may differ from the density of the
surrounding medium. They contract a little and form finally
slightly excited fragments which may undergo secondary
decays. Therefore, the fragment formation is sensitive to the
subsaturation density dependence of the asymmetry energy.
Shell structure effects in primary clusters seem, however,
to be of less importance when we compare to the isotope
yield.

In this first study we investigated the influence of these
new ingredients on the fragment yield and showed that the
approach allows for realistic predictions of the absolute (hy-

per)isotope yield at relativistic energies in the domain of
spectator fragmentation as well as of multifragmentation at
intermediate energies. In particular, for the first time, HypHI
experimental yields of light hypernuclei could be quantita-
tively predicted within the experimental acceptance.
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