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Background: Deuteron-induced reactions are widely used to probe nuclear structure and astrophysical informa-
tion. Those (d,p) reactions may be viewed as three-body reactions and described with Faddeev techniques.
Purpose: Faddeev-AGS equations in momentum space have a long tradition of utilizing separable interactions
in order to arrive at sets of coupled integral equations in one variable. However, it needs to be demonstrated that
observables calculated based on separable interactions agree exactly with those based on nonseparable forces.
Methods: Momentum space AGS equations are solved with separable and nonseparable forces as coupled
integral equations.
Results: Deuteron-α scattering is calculated via momentum space AGS equations using the CD-Bonn neutron-
proton force and a Woods-Saxon type neutron(proton)-4He force, for which the Pauli-forbidden S-wave bound
state is projected out. Elastic as well as breakup observables are calculated and compared to results in which the
interactions in the two-body sub-systems are represented by separable interactions derived in the Ernst-Shakin-
Thaler (EST) framework.
Conclusions: We find that the calculations based on the separable representation of the interactions and the
original interactions give results that are in excellent agreement. Specifically, integrated cross sections and
angular distributions for elastic scattering agree within ≈1%, which is well below typical experimental errors.
In addition, the fivefold differential cross sections corresponding to breakup of the deuteron agree extremely
well.

DOI: 10.1103/PhysRevC.100.034609

I. INTRODUCTION

Nuclear reactions offer an excellent probe into the prop-
erties of nuclei, particularly for short-lived rare isotopes.
Nuclear reactions are extremely proliferous: they provide
access to structure properties that improve our knowledge of
the underlying nucleon-nucleon (NN) force, they are used to
populate excited states of interest, and through them we can
extract astrophysical rates that cannot otherwise be directly
measured. However, a common concern when using nuclear
reactions to extract nuclear properties pertains to the simpli-
fications in describing the dynamics and consequent model
dependence of the extracted properties. For this reason, it is
a priority that our field develops new methods for reactions
that are not limited by unnecessary approximations. In short,
the goal is for a theory that includes an exact treatment of the
dynamics for the relevant degrees of freedom and incorporates
the relevant reaction channels in a consistent framework and
on an equal footing. In addition, this reaction theory should
be applicable across the nuclear chart and for a wide range
of energy regimes, so that it is not plagued by irreconcilable
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systematic differences [1]. This is the context of the present
study. We focus first on deuteron-induced reactions on the α

particle, but note that the framework is readily extendable to
heavier projectiles.

While nuclear reactions are in a fundamental way many-
body problems, in direct reactions, when only a few degrees
of freedom play a role, the problem is often reduced to
a few-body problem. As early as the pioneering work by
Shanley [2], three-body approaches have been successfully
used to simplify the nuclear reaction problem and allow for
an exact treatment of the few-body dynamics. In Refs. [2,3],
three-body solutions of the Alt-Grassberger-Sandhas (AGS)
equations [4] for the scattering of deuterons off an α parti-
cle were obtained using rank-1 separable two-body forces.
Both elastic scattering observables and the total breakup
cross sections, n + p + α, were computed and compared to
experiment. Despite its simplicity, the model provided a fair
description of the data.

In the past decade, the AGS equations were applied in
the field of nuclear reactions by Deltuva and Fonseca [5,6]
without the need to employ separable interactions, given the
advances in computational power. The greatest challenge,
however, when moving from applications in the few-nucleon
sector to reactions with heavy ions concerns the Coulomb
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force. Deltuva and Fonseca relied on screening the Coulomb
interaction and subsequent renormalization to ensure the com-
pactness of the Faddeev equations. Over the past decade, there
have been many applications of this approach on a variety
of reactions, such as deuteron stripping and pickup reactions
involving halo nuclei, with latest developments including also
excitations of the nuclear core [7]. Albeit the success of the
method, incorporating the Coulomb force still poses unwanted
limitations: when it becomes too strong (i.e. for heavier nuclei
and for lower scattering energies), the Coulomb screening
radius needed for an accurate description of the reaction
increases to a point that renders the screening method inef-
fective. In practice this means that the methods in Refs. [5–7]
have been applied so far to targets with mass A � 58.

An alternative approach to incorporating the Coulomb
potential is to cast the AGS equations in the Coulomb basis.
Such a formulation is possible if the two-body subsystem
interactions are of separable form [8].

Our work represents an important stepping stone for using
Faddeev techniques for nuclear reactions with heavy nuclei.
Starting from the nonrelativistic AGS equations [4], we make
use of the formulation derived by Lovelace [9], and intro-
duce pair-wise separable interactions as previously developed
[10–12]. For the treatment of the singularities in the free three-
body propagator above the breakup threshold, we implement
a procedure proposed in [13,14], which allows one to cast
the so-called moving singularities (see, e.g., Ref. [15]) into
singularities depending only on one variable, amenable to
regular subtraction techniques. In this work, we do not explic-
itly include target excitation in our formulation. However, the
formalism readily extends to problems in which the two-body
subsystems can be described as a coupled-channel problem
involving the excitation of one of the bodies [16].

In few-nucleon physics, the use of separable interactions is
widespread and has been proven to be accurate in describing
neutron-deuteron processes below the pion threshold [17,18].
It is important that these benchmarks be performed for nuclear
reactions, where the interaction has larger complexity. Re-
cently, we performed a benchmark for the bound state of 6Li
[12] and showed that one can obtain four-digit accuracy in the
binding energy if including rank-8 potentials. In the present
work, we perform a similar benchmark but now for deuteron-
α elastic scattering and breakup reactions. We compare the
results obtained in the new framework using separable interac-
tions with the solutions obtained when no separable expansion
is introduced [5]. The current work includes only nuclear
interactions to allow for a careful inspection of the treatment
of the short range aspects of the problem.

The paper is organized in the following way. In Sec. II, a
brief summary of the theory is provided, highlighting essential
ingredients for our calculations. Section III introduces the
two-body input to our calculations and presents deuteron-α
scattering observables for elastic as well as breakup scatter-
ing together with essential convergence tests. We conclude
in Sec. IV. A detailed description of our treatment of the
three-body breakup singularities and the calculation of the
kinematical S-curve for three particles with different masses
is given in the appendices.

II. FORMAL CONSIDERATIONS

For the description of the scattering of a deuteron off an α

particle, we employ the Alt, Grassberger, and Sandhas (AGS)
equations [4], which are Faddeev-type integral equations in
momentum space for three-particle transition operators,

U i j = δ̄i j G−1
0 +

∑
k

δ̄iktkG0 U k j . (1)

Here δ̄i j = 1 − δi j is the anti-Kronecker δ, G0(E ) = (E +
i0 − H0)−1 is the free resolvent at the available three-particle
center-of-mass energy E , and H0 is the free three-particle
Hamiltonian. The three particles with masses mi, mj , and mk

and spins si, s j , and sk interact via pairwise forces vi ≡ v jk

(i, j, k = 1, 2, 3 and cyclic permutations thereof) so that the
operator ti(E ) = vi + viG0(E )ti(E ) describes the two-body t
matrix in the subsystem i. The AGS transition amplitudes U i j

are represented in their natural Jacobi coordinates (pi, qi ),
where pi is the relative momentum of the ith pair and qi the
momentum of the ith particle (also called the “spectator”)
relative to the pair. For solving the AGS equations, we choose
a momentum space basis which depends on the magnitude of
the momenta and angular momentum eigenstates. To proceed,
we define the total spin Si = s j + sk , relative orbital angular
momentum li, and the total angular momentum by Ji = li + Si

for the ith pair. The orbital angular momenta and spin of the
spectator are represented by λi and si so that the corresponding
total angular momentum is Ji = λi + si. The third component
of the spectator spin is denoted by msi . The total angular
momentum of the three-particle system is represented by J
and the third component by MJ . The states of conserved total
angular momentum are thus given as

|piqiαi〉 = |piqi(li(sis j )Si )Ji(λisi )Ji ) JMJ〉 (2)

and are normalized as

〈p′
iq

′
iα

′
i|piqiαi〉 = δ(p′

i − pi )

p′
i pi

δ(q′
i − qi )

q′
iqi

δα′
iαi . (3)

The matrix elements of an AGS operator for the transition
from an arrangement channel j to i is given by the expectation
value 〈�i|U i j |� j〉, where

|�i〉 ≡
∑
liSi

∣∣φJi
liSi

(liSi )JiMJi

〉∣∣qi simsi

〉
(4)

is the asymptotic state in arrangement channel i with |φJi
liSi

〉
being the two-body bound-state wave function.

Two approaches for solving Eqs. (1) are adopted. We
shall refer to them as the “separable” and the “nonseparable”
approach. The former involves a separable expansion of the
two-body t matrix while the latter does not. The nonseparable
method is taken over from Ref. [5] and calculates fully off-
shell t matrices on the momentum grid, with subsequent
interpolation using global spline functions whenever needed.

For the separable expansion method, the subsystem t ma-
trices take the well-known form (see, e.g., Ref. [19])

tαiα
′
i

i

(
Eqi

) =
∑
mn

∣∣hαi
m

〉
τ

αiα
′
i

mn
(
Eqi

)〈
hα′

i
n

∣∣, (5)
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where |hαi
m 〉 are the so-called form factors and Eqi ≡ E −

q2
i /2Mi represents the available two-body energy. Here Mk is

the reduced mass of the pair and the spectator. The indices
m, n represent the rank of the separable potential, and i stands
for the arrangement channel. If the potential vi supports a
bound state, then the corresponding wave function has the
form ∣∣φi

αi

〉 =
∑

m

G0
(
εαi

) ∣∣hαi
m

〉
cmαi , (6)

where the two-body bound-state energy is related to the on-
shell spectator momentum qi0 by

εαi = Eqi0 = E − q2
i0

2Mi
. (7)

The constants cmαi are determined by substituting Eq. (6)
into a bound-state Lippmann-Schwinger equation. The partial

wave matrix element for a transition from the bound-state
|φi

αi
〉 to |φ j

α j 〉 becomes

〈
φi

αi
qiαi

∣∣U i j
∣∣φ j

α j
q jα j

〉
=

∑
mn

c∗
mαi

cnα j

〈
hαi

m qiαi

∣∣G0
(
εαi

)
Ui jG0

(
εα j

)∣∣hα j
n q jα j

〉
. (8)

To proceed, one defines the effective two-body AGS transition
amplitudes [4]

X i j
mαi,nα j

(qi, q j ; E ) ≡ 〈
hαi

m qiαi

∣∣G0(E )U i jG0(E )
∣∣hα j

n q jα j
〉
, (9)

whose on-shell values coincide with those of Lovelace [9] and
appear on the right-hand side of Eq. (8). From Eqs. (1), one
obtains

〈
hαi

m qiαi

∣∣G0(E )U i jG0(E )
∣∣hα j

n q jα j
〉 = δ̄i j

〈
hαi

m qiαi

∣∣G0(E )
∣∣hα j

n q jα j
〉 + ∑

k

∑
αkα

′
k

δ̄ik

∫
dqkq2

k

〈
hαi

m qiαi

∣∣G0(E )|qkαk〉

× 〈qkαk|tk
(
Eqk

)|qkα
′
k〉〈qkα

′
k|G0(E )U k jG0(E )

∣∣hα j
n qiα j

〉
, (10)

and substituting the separable two-body t matrix yields〈
hαi

m qiαi

∣∣G0(E )U i jG0(E )
∣∣hα j

n q jα j
〉 = δ̄i j

〈
hαi

m qiαi

∣∣G0(E )
∣∣hα j

n q jα j
〉 + ∑

k

∑
αkα

′
k

∑
m′n′

δ̄ik

∫
dqkq2

k

〈
hαi

m qiαi

∣∣G0(E )
∣∣hαk

m′ qkαk
〉
τ

αkα
′
k

m′n′
(
Eqk

)

× 〈
qkα

′
kh

α′
k

n′
∣∣G0(E )U k jG0(E )

∣∣hα j
n q jα j

〉
. (11)

Defining the effective two-body “transition potentials”

Zi j
mαi,nα j

(qi, q j, E ) = δ̄i j
〈
hαi

m qiαi

∣∣G0(E )
∣∣hα j

n q jα j
〉
, (12)

and using Eq. (9), one can express Eqs. (11) in a condensed form

X i j
mαi,nα j

(qi, q j ; E ) = Zi j
mαi,nα j

(qi, q j, E ) +
∑

k

∑
αkα

′
k

∑
m′n′

∫
dqkq2

k Zik
mαi,m′αk

(qi, qk ; E )τ
αkα

′
k

m′n′
(
Eqk

)
X k j

n′α′
k ,nα j

(qk, q j ; E ). (13)

These equations are solved using iterative Lanzcos-type techniques [20]. The kernel contains two types of singularities, namely,
the bound-state pole and the three-body breakup singularity. One one hand, the former constitutes a simple pole and is removed
using standard subtraction techniques. On the other hand, the three-body breakup pole has a complex structure and its treatment
is consequently more involved. A detailed discussion is provided in Appendix A.

To evaluate the transition amplitude for a breakup process, we first define the on-shell momentum of the pair pi0 =√
2μi(E − q2

i /2Mi ), where μi is the reduced mass of the pair. The on-shell breakup amplitude is then expressed in terms of
the amplitudes for elastic scattering and rearrangement processes using Eq. (1) leading to

〈qi pi0αi|U 0 j |� j〉 =
3∑

k=1

〈p0i qiαi|tk G0(E ) U k j |� j〉. (14)

For separable two-body t matrices, one obtains

〈qi pi0αi|U 0 j |� j
〉 =

3∑
k=1

∑
αkα

′
kα j

∑
mn′n

∫
d pk p2

k dqkq2
k 〈qi pi0αi|qk pkαk〉 hαk

m (pk ) τ
αkα

′
k

mn′
(
Eqk

)
X k j

n′α′
k ,nα j

(qk, q j ; E ) cnα j . (15)

The matrix elements 〈qi pi0αi|qk pkαk〉 describe a transfor-
mation between two Jacobi coordinates for i 	= k and are
evaluated as described in Ref. [12]. If i = k, then these matrix
elements reduce to the δ functions of Eq. (3). It is thus seen

that, once the effective two-body amplitudes X i j
mn have been

determined, the transition amplitudes for elastic scattering, as
well as rearrangement and breakup processes can be readily
computed.
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TABLE I. Separable expansion of the CD-Bonn [21] potential. The labels and ranks are listed in the first and second column. The
corresponding support energies and momenta are given in the third and fourth columns.

Label Rank Support energy En [MeV] Support momenta pn [fm−1]

NN-EST3-1 3 −20, −2, 20 0.7 0.2, 0.5
NN-EST4-1 4 −60, −20, 10, 50 1.2, 0.7, 3.0, 0.8
NN-EST5-1 5 −80, −40, −5, 10, 50 1.4, 1.0, 0.3, 0.3, 0.8
NN-EST6-1 6 −100, −60, −2, 10, 35, 50 1.6, 1.2, 0.2, 0.3, 0.7, 0.8
NN-EST6-2 6 −20, −20, −20, −3, −3, −3 0.4, 0.7, 1.1, 0.4, 1.1, 2.5
NN-EST6-3 6 −20, −20, −20, 30, 30 , 30 0.4, 0.7, 1.1, 0.4, 1.1, 2.5
NN-EST7-1 7 −150, −50, −25, −2, 10, 35, 75 2.4, 1.4, 1.0, 0.3, 0.6, 1.0, 1.2
NN-EST7-2 7 −20, −20, −20, −2, −3, −3, −3 0.2, 0.4, 1.1, 3.0, 0.4, 1.0, 3.0

III. RESULTS AND DISCUSSION

To demonstrate the accuracy of solving the Faddeev-AGS
equations for deuteron-α scattering based on a separable
expansion of the forces in the two-body subsystems, the
convergence of the expansion must be tested and finally the
converged calculation must be compared to a numerically
converged calculation based on the nonseparable version of
the same forces. For this, we first define the three-body
Hamiltonian with the forces in the different two-body subsys-
tems, namely, the neutron-proton (np) force and the effective
interaction between a neutron or proton and the α particle, i.e.,
the n/p-α forces. Then, elastic as well as breakup observables
for d-α scattering are calculated, and their convergence with
respect to the basis (rank) of the separable expansion is
explored. Finally, the well-converged separable calculations
are compared to the corresponding ones obtained with the
nonseparable forces in the subsystems.

A. Two-body input

For the np force, the high-precision CD-Bonn [21] po-
tential is adopted. As an effective interaction in the n/p-α
system, we employ the Bang potential as given in Ref. [22]
consisting of an attractive central Woods-Saxon and spin-orbit
terms. The two-body model space is restricted to li � 2 for
both the np and n/p-α systems. The Coulomb repulsion in the
p-α system is omitted. The Bang potential supports a bound
state in the n/p-α S-wave channel, which is removed with the
projection technique described in Ref. [12].

For constructing separable representations for the two-
body t matrices which enter the AGS equations, we employ
the method suggested by Ernst, Shakin, and Thaler [19]
(EST). The advantage of this scheme is that the t matrices
calculated at specific energies with a given potential are taken
as form factors of the separable expansion. While in Ref. [19]
half-shell t matrices are used, an extension to using off-shell
t matrices is straightforward [23]. The details on the explicit
construction of the separable representations employed here
are laid out in Ref. [10]. The application to the three-body
calculation of the 6Li bound state is presented in Ref. [12]. For
the convenience of the reader, as well as to establish notation,
essential ingredients are briefly repeated.

The EST approach applied in momentum space requires
solving a two-body Lippmann-Schwinger (LS) equation at a
specific scattering energy En with a given real (or complex)

potential, leading to a t matrix t (p, pn; En). The on-shell t
matrix corresponds to momentum pn = √

2μEn. For all other
values of pn, the t matrix is fully off-shell. We use En (support
energies) and pn (support momenta) independently to con-
struct the separable interactions. Thus any specific solution
of the LS equation is characterized by the pair (En, pn), which
we call an EST support point. Naturally, when En corresponds
to a bound-state energy in the two-body system, the t matrix
is always fully off-shell. In Ref. [12], we calculated the three-
body binding energy of 6Li and found that by choosing pn

independently from the bound-state energy, we could achieve
better accuracy.

To ensure that the separable expansion converges, it is im-
perative to calculate observables using successively increasing
ranks. For this reason, we define separable representations of
the CD-Bonn and Bang potentials with ranks ranging from 3
to 7. Table I lists the EST support points used to construct
the separable representations of the CD-Bonn potential, while
Table II shows those for the Bang potential. The separable
representations provide a good description of the two-body t
matrix over a range of relative two-body energies E2 which,
in the context of solving the Faddeev-AGS equations, corre-
sponds to −∞ < E2 � E (E being the three-body energy in
the c.m. frame).

B. Deuteron-α scattering observables

The validity of the separable expansion depends on the
beam energy for the reactions, thus we choose three deuteron
beam energies, Ed = 10, 20, and 50 MeV, for the benchmark
calculations of the separable versus nonseparable solutions of
the AGS equations. These energies cover the typical range for
experiments of (d,p) reactions.

1. Integrated cross sections

Integrated cross sections are an important test of the cal-
ibration of our methods. We aim to achieve a precision of
≈1% on this observables which is well below the typical
experimental errors and the uncertainties associated with the
two-body interactions. Tables III and IV show the integrated
cross sections computed using the separable potentials given
in Tables I and II at 10 and 20 MeV incident deuteron
energy. We show results for separable potentials constructed
only with support momenta obeying the constraint pn =√

2μ|En| (NN-EST3-1, NN-EST4-1, NN-EST5-1, NN-EST6-
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TABLE II. Separable expansion of the Bang potential [25]. The labels and ranks are listed in the first and second column. The corresponding
support energies and momenta are given in the third and fourth columns.

Label Rank Support energy En [MeV] Support momenta pn [fm−1]

NA-EST3-1 3 −50, 10, 15 1.4, 0.6, 0.7
NA-EST4-1 4 −50, −5, 10, 35 1.4, 0.4, 0.6, 1.0
NA-EST5-1 5 −80, −40, −1, 10, 50 1.8, 1.2, 0.2, 0.6, 1.2
NA-EST6-1 6 −140, −100, −60, −20, −20, 40 2.3, 2.0, 1.5, 0.9, 0.8, 1.1
NA-EST6-2 6 −25, −25, −25, −5, −5, −5 0.4, 1.1, 2.0, 0.4, 1.1, 2.0
NA-EST6-3 6 −25, −25, −25, 35, 35, 35 1.0, 1.2, 3., 1.0, 2.0, 3.0
NA-EST7-1 7 −150, −50, −25, −2, 10, 35, 75 2.4, 1.4, 1.0, 0.3, 0.6, 1.0, 1.2
NA-EST7-2 7 −20, −20, −20, −2, −3, −3, −3 0.2, 0.4, 1.1, 3., 0.4, 1.0, 3.0

1, NN-EST7-1, NA-EST3-1, NA-EST4-1, NA-EST5-1, NA-
EST6-1, and NA-EST7-1) as in Ref. [18]. We also show
results for separable potentials for which the support momenta
pn are independent from En (NN-EST6-2, NN-EST6-3, NN-
EST7-2, NA-EST6-2, NA-EST6-3, and NA-EST7-2). These
results are benchmarked against the integrated cross sections
obtained using the nonseparable approach, given in the bottom
row. The first point to make is that a similar convergence
rate is observed for both elastic and breakup cross sections.
Moreover, the convergence pattern is similar for both the
10 and 20 MeV deuteron beam energies. The second point
worth making is that, in this case, the inclusion of off-shell
momenta does not represent an improvement of the restricted
pn = √

2μ|En| basis, contrary to our observation for bound
states. Third, a rank-6 interaction already provides the desired
level of precision. Finally, and most importantly, the results
agree with the cross sections obtained from the nonseparable
calculation to ≈1%.

It is interesting to contrast our findings with those of
Ref. [18] for nd scattering at 10 MeV incident neutron energy.
In that work the authors demonstrated that an EST rank-3
potential could reproduce the integrated cross sections cal-
culated using the nonseparable method to about 2 %. From
Tables III and IV, we see that the discrepancy between results

calculated with the separable and nonseparable approach is
already better than ∼1.5% for the rank-4 potentials, indicating
that our findings are consistent with those of Ref. [18].

2. Elastic scattering: Deuteron angular distributions

Next, we consider the differential cross sections for elastic
deuteron-α scattering for three deuteron beam energies Ed .
In Fig. 1, the differential cross sections for elastic d + α

scattering as a function of the center-of-mass (c.m.) angle
θc.m. are shown for three different incident deuteron energies,
Ed = 10, 20 MeV, and 50 MeV. The solid lines indicate
the angular distributions evaluated using the nonseparable
approach. The calculations obtained using rank-3, rank-4, and
rank-5 separable potentials are indicated by the dash-dot-
dotted, dash-dotted, and dashed lines. All four lines are nearly
indistinguishable which demonstrates that the separable ex-
pansion is not only well-converged, but also yields deuteron
angular distributions that are in excellent agreement with
those obtained using the nonseparable approach. The relative
differences between the two results remain at ≈1% throughout
the angular range. This is well below the usual experimental
uncertainties for this observable. It is worth noting that the
separable expansion method is not limited to the low beam
energies mentioned above. Increasing the beam energy by tens

TABLE III. The integrated cross sections for d + α scattering obtained with the separable potentials of Tables I
and II at 10 MeV incident deuteron energy. The potentials for the np and n/p-α reactions are given in the first and
second columns, respectively. The cross section for elastic scattering and deuteron breakup are listed in the third
and fourth columns while the total cross section is presented in the last column. and fourth columns. The exact
results obtained using the original CD-Bonn and Bang interaction are displayed in the last row.

Cross section [mb]
Potential

np n/p-α Elastic Breakup Total

NN-EST3-1 NA-EST3-1 789.1 492.3 1281.4
NN-EST4-1 NA-EST4-1 782.8 503.7 1286.5
NN-EST5-1 NA-EST5-1 780.9 502.4 1283.3
NN-EST6-1 NA-EST6-1 780.9 505.7 1286.5
NN-EST7-1 NA-EST7-1 781.0 503.9 1284.9

NN-EST6-2 NA-EST6-2 780.9 504.2 1285.1
NN-EST6-3 NA-EST6-3 781.0 504.2 1285.2
NN-EST7-2 NA-EST7-2 780.6 503.9 1284.5

CD-Bonn Bang 781.8 505.8 1287.6
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TABLE IV. Same as Table III but for 20 MeV incident deuteron energy.

Cross section [mb]
Potential

np n/p-α Elastic Breakup Total

NN-EST3-1 NA-EST3-1 814.6 540.8 1355.4
NN-EST4-1 NA-EST4-1 812.1 540.9 1353.0
NN-EST5-1 NA-EST5-1 811.0 540.3 1351.5
NN-EST6-1 NA-EST6-1 810.6 541.7 1352.3
NN-EST7-1 NA-EST7-1 808.2 543.2 1351.5

NN-EST6-2 NA-EST6-2 810.5 541.7 1352.2
NN-EST6-3 NA-EST6-3 810.2 541.6 1351.8
NN-EST7-2 NA-EST7-2 810.4 541.6 1352.0

CD-Bonn Bang 809.2 542.5 1351.6

of MeV does not introduce any principal technical difficulties
except that, obviously, the dependence on the rank of the
separable expansion needs to be reevaluated.

3. Deuteron breakup: Fivefold differential cross section

For an even more stringent test of the separable expansion
method, we explore the convergence of the fivefold breakup
differential cross section with respect to the rank of the
separable expansion. Typically, one proceeds by specifying
configurations defined by the outgoing proton and α-particle
angles (θp, φp) and (θα, φα ). The corresponding S-curves are
then evaluated using energy and momentum conservation as
described in Appendix B. Each configuration is given in the
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FIG. 1. The differential cross section for elastic deuteron-α scat-
tering as a function of the center-of-mass angle θc.m.. Panels (a) and
(b) display results for the incident deuteron energies Ed = 10 and
20 MeV as indicated in the figure. The solid curve shows cross
sections computed using the nonseparable approach. The results
calculated with the rank-3, rank-4, and rank-5 potentials are illus-
trated by the dot-dot-dashed, dot-dashed, and dashed curves. Panel
(c) depicts the differential cross section at Ed = 50 MeV. The solid
and dashed curves indicate the converged results evaluated via the
separable and nonseparable approach.

format (θα, φα; θp, φp), with the angles given in degrees.
We consider two configurations, one of which corresponds
to the final state interaction (FSI). The FSI configurations are
defined such that Enp ≈ 0 for a single value of the arclength S.
Here Enp is the relative energy between the outgoing neutron
and proton.

Figure 2 displays the fivefold breakup differential cross
section on the S-curve for Ed = 10 MeV for two dif-
ferent configurations of the α + n + p system. Panel (a)
shows results for the configuration (25.6◦, 0◦; 63.6◦, 180◦)
while panel (b) depicts results for the FSI configuration
(31.4◦, 0◦; 5.1◦, 180◦). The cross sections computed with
the nonseparable method are indicated by the solid line.
Results evaluated using the separable expansion method are
depicted by the dash-dot-dotted, dash-dotted, and dashed lines
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FIG. 2. The fivefold differential cross section for deuteron-α
scattering as a function of the arc-length S at 10 MeV incident
deuteron energy. Panel (a) shows results for the configuration
(25.6◦, 0◦; 63.6◦, 180◦) while panel (b) depicts results for the FSI
configuration (31.4◦, 0◦; 5.1◦, 180◦). The solid line corresponds to
results calculated using the nonseparable approach while the ones
computed via the separable expansion method are illustrated by
the dash-dot-dotted, dash-dotted, and dashed lines for the rank-3,
rank-4, and rank-5 separable potentials, respectively. The FSI point
is indicated by the symbol.
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FIG. 3. Same as Fig. 2 but for 20 MeV incident deuteron energy.
Panel (a) shows results for the configuration (29.0◦, 0◦; 22.5◦, 180◦)
while panel (b) depicts results for the FSI configuration and
(25.6◦, 0◦; 1.7◦, 180◦).

for the rank-3, rank-4, and rank-5 potentials of Tables I and II.
The FSI point is indicated by the filled square. The deviation
of the dash-dot-dotted line from the other curves in both pan-
els demonstrates that the rank-3 potential is inadequate for this
observable. However, the separable expansion is still rapidly
converging so that the rank-4 and rank-5 curves are virtually
indistinguishable. We also observe that the converged results
from the separable approach are in excellent agreement with
those calculated using the nonseparable method.

Next, we consider the fivefold breakup differential cross
section at 20 MeV incident deuteron energy. Figure 3 is the
same as Figure 2 but for Ed = 20 MeV. The configurations
depicted in panels (a) and (b) are (29.0◦, 0◦; 22.5◦, 180◦)
and (25.6◦, 0◦; 1.7◦, 180◦), where the latter corresponds to
FSI. We note that the convergence pattern is similar to that
of Ed = 10 MeV. Also, the rank-4 and rank-5 results are in
very good agreement with those obtained via the nonseparable
approach.

In Sec. III B 2 we showed that the agreement between
deuteron angular distributions calculated using the separable
and nonseparable methods remains excellent when the beam
energy is increased to Ed = 50 MeV. For completeness, it is
imperative that we also compare the fivefold breakup differ-
ential cross sections at this energy.

The comparison is shown in Fig. 4. Figure 4(a) de-
picts the configuration (14.0◦, 0◦; 7.2◦, 180◦) while the off-
plane configurations (14.0◦, 0◦; 7.2◦, 120◦) and (22.2◦, 0◦;
104.4◦, 100◦) are shown in Figs. 4(b) and 4(c). The FSI con-
figuration (22.2◦, 0◦; 104.4◦, 180◦) is illustrated in Fig. 4(d).
The filled square indicates the FSI point. The solid line
corresponds to results calculated using the nonseparable ap-
proach while the dashed lines depicts those computed via
the separable expansion method. We observe that the two
methods are in excellent agreement and that the level of
agreement is consistent with the one obtained for Ed = 10 and
20 MeV.
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FIG. 4. The fivefold differential cross section for deuteron-α
scattering as a function of the arc-length S at 50 MeV incident
deuteron energy. Panel (a) depicts the configuration (14.0◦, 0◦; 7.2◦,
180◦) while the off-plane configurations (14.0◦, 0◦; 7.2◦, 120◦) and
(22.2◦, 0◦; 104.4◦, 100◦) are shown in panels (b) and (c). The FSI
configuration (22.2◦, 0◦; 104.4◦, 180◦) is illustrated in panel (d) and
the FSI point is indicated by the filled square. The solid line corre-
sponds to results calculated using the nonseparable approach while
the dashed lines depicts those computed via the separable expansion
method.

IV. SUMMARY AND OUTLOOK

Deuteron-induced nuclear reactions are a widely used
probe in nuclear physics. From a theoretical standpoint,
these reactions are often mapped on a three-body problem
n + p + A. The exact solution of the three-body problem
can be obtained using the momentum-space Faddeev AGS
framework. Given the long-range Coulomb force, the standard
implementation of the AGS equations for deuteron-induced
nuclear reactions relies on the screening and renormalization
method. However this limits the application to lighter targets
and/or higher beam energies. To circumvent this limitation,
one can instead use separable interactions and the Coulomb
distorted basis as proposed in Ref. [8].

In this study, we implemented an AGS framework based on
EST-like separable interactions, solved those separable AGS
equations for scattering and constructed elastic and breakup
observables. For the purpose of this benchmark, no Coulomb
interactions were included. We applied our method to d − α

scattering for Ed = 10, 20, 50 MeV, taking the same interac-
tions as those used in a previous work where we benchmarked
the use of separable interactions for three-body bound states
[12]. We find that the new method converges well. Depending
on the desired observable, rank-4 or rank-6 were sufficient for
obtaining 1% precision.

For the benchmark, we also performed the AGS calcula-
tions using the nonseparable interactions. The results obtained
with the separable interactions agree very well with those
using the standard nonseparable AGS method. Specifically,
the total cross sections and the elastic differential angular
distributions calculated using these two methods agree to
1%. Breakup is typically harder to calculate precisely. For

034609-7



L. HLOPHE et al. PHYSICAL REVIEW C 100, 034609 (2019)

this reason, we selected a wide variety of configurations for
proton and neutron angles in order to test the method in
the most extreme limits. For all cases considered, we found
that the fivefold differential breakup cross sections obtained
using the separable framework for rank-4 was already in
very good agreement with the results using the nonseparable
approach. Moreover, no special adjustment of the separable
force was needed when going from the three-body bound-state
calculation to the scattering application.

Consistent with the conclusion from the study of 6Li
bound states [12], we here demonstrate that the separable
formulation provides a reliable method to solve the three-
body scattering problem. It is now possible to follow onto
the final step of the process, namely, the inclusion of the
Coulomb potential by solving the Faddeev-AGS equations in
the Coulomb basis.
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APPENDIX A: TREATMENT OF THREE-BODY
BREAKUP SINGULARITIES

The kernel of Eqs. (13) contains bound-state singularities
as well as three-body breakup poles. The former are simple
poles and can be removed from the kernel using standard
subtraction procedures. The breakup singularity has a more
complicated structure and its removal requires more work.
To proceed, we first note that the matrix elements of the
three-body propagator have the form

G0(pi, qi; E ) =
[

E − p2
i

2μi
− q2

i

2Mi
+ i0

]−1

, (A1)

and that the breakup pole is located at the on-shell pair
momentum p2

0i(qi ) = 2μi(E − q2
i /2Mi ), so that Eq. (A1) can

be written as

G0(pi, qi; E ) = 2μi

p2
0i(qi ) − p2

i + i0
. (A2)

The breakup pole constitutes a “moving singularity” due to
its dependence on the spectator momentum and is the major
cause of numerical difficulties for scattering energies above
the three-body breakup threshold. The numerical complica-
tions are manifest when attempting to compute the transition
potentials via Eq. (12). Using the fact that

〈piqiαi|pkqkαk〉 =
∫ 1

−1
dx Gαiαk (qi, qk, x)

δ[pi − πi(qi, qk, x)]

p2
i

δ[pk − πk (qi, qk, x)]

p2
k

, (A3)

Eq. (12) can be expressed as

Zik
mαi,nαk

(qi, qk, E ) =
∫ 1

−1
dx hαi

m (πi )Gαiαk (qi, qk, x)G0(πi, qi; E )hαk
n (πk ), (A4)

where the shifted momenta πi =
√

β2q2
i + q2

k + 2βqiqkx and πk =
√

q2
i + η2q2

k + 2ηqiqkx. Here β = μi/mk and η = μ j/mk .
Substituting Eq. (A2) into Eq. (A4) yields

Zik
mαi,nαk

(qi, qk, E ) =
∫ 1

−1
dx hαi

m (πi ) Gαiαk (qi, qk, x)
2μi

p2
0i − π2

i (qi, qk, x) + i0
hαk

n (πk ). (A5)

Defining

x0 = p2
0i − β2q2

i − q2
k

2βqiqk
, (A6)

Eq. (A5) can be expressed in the form

Zik
mαi,nαk

(qi, qk, E ) =
∫ 1

−1
dx hαi

m (πi)Gαiαk (qi, qk, x)
μi

βqiqk

1

x0 − x + i0
hαk

n (πk ). (A7)

The presence of 1/(x0 − x + i0) implies a logarithmic singularity which occurs only if qi is below qbi = √
2MiE so that the

on-shell momentum of the pair p0i(qi ) > 0. The transition potentials are thus well-defined for qi > qbi and can be computed
in the usual manner according to Eq. (A4). For qi � qbi the x integration is singular and an appropriate regularization scheme
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can be applied for |x0| < 1. Contrarily, the Cauchy principal value is undefined for |x0| = 1 due to the presence of end point
singularities. As a way forward, we substitute Eqs. (12) into the kernel of Eqs. (13) leading to

X ik
mαi,nαk

(qi, qk ; z) = Zik
mαi,nαk

(qi, qk, E ) +
∑

j

∑
α jα

′
j

∑
m′n′

δ̄i j

∫
d pi p

2
i dq jq

2
j d p j p2

j hαi
m (pi )

2μ j

p2
0 j (q j ) − p2

j + i0

× 〈qi piαi|q j p jα j〉hα j

m′ (p j )τ
α jα

′
j

m′n′ (Eqj )X
jk

m′α′
j ,nαk

(q j, qk ; E ). (A8)

For the partial waves containing at least one two-body bound state, the coupling matrix takes the form

τ
α jα

′
j

m′n′
(
Eqj

) ≡ 2Mj

q2
0 j − q2

j + i0
τ̃

α jα
′
j

m′n′
(
Eqj

)
, (A9)

so that

X ik
mαi,nαk

(qi, qk ; z) = Zik
mαi,nαk

(qi, qk, E ) +
∑

j

∑
α jα

′
j

∑
m′n′

δ̄i j

∫
d pi p

2
i dq jq

2
j d p j p2

j ; hαi
m (pi )

2μ j

p2
0 j (q j ) − p2

j + i0

× 〈qi piαi|q j p jα j〉 h
α j

m′ (p j )
2Mj

q2
0 j − q2

j + i0
τ̃

α jα
′
j

m′n′
(
Eqj

)
X jk

m′α′
j ,nαk

(q j, qk ; E ). (A10)

Furthermore, the coupling matrix for partial waves supporting more than one bound state can always be written as a sum of
terms similar to the right-hand side of Eq. (A9) by utilizing the concept of partial fractions [13,14]. The most general singularity
structure of the kernel is of the form

2μ j

p2
0 j (q j ) − p2

j + i0

2Mj

q2
0 j − q2

j + i0
. (A11)

The bound-state pole is disentangled from the propagator singularity by using the partial fraction expansion

2μ j

p2
0 j (q j ) − p2

j + i0

2Mj

q2
0 j − q2

j + i0
= 1

p j
2

2μ j
− εα j

2μ j

p2
0 j (q j ) − p2

j + i0
− 1

p j
2

2μ j
− εα j

2Mj

q2
0 j − q2

j + i0
. (A12)

Since the factor 1/( p j
2

2μ j
− εα j ) is nonsingular, the desired separation of the singularities is achieved. Substituting Eq. (A12) into

Eq. (A10) and using Eq. (A3), one obtains

X ik
mαi,nαk

(qi, qk ; E ) = Zik
mαi,nαk

(qi, qk, E ) +
∑

j

∑
α jα

′
j

∑
m′n′

δ̄i j

{∫
d pi p

2
i dq jq

2
j d p j p2

j

∫ 1

−1
dx hαi

m (pi )
1

p j
2

2μ j
− εα j

2μ j

p2
0 j (q j ) − p2

j + i0

× h
α j

m′ (p j )Gαiα j (qi, q j, x)
δ[pi − πi(qi, q j, x)]

p2
i

δ[p j − π j (qi, q j, x)]

p2
j

τ̃
α jα

′
j

m′n′
(
Eqj

)
X jk

n′α′
j ,nαk

(q j, qk ; E )

−
∫

d pi p
2
i dq jq

2
j d p j p2

j

∫ 1

−1
dx hαi

m (pi )
1

p j
2

2μ j
− εα j

2Mj

q2
0 j − q2

j + i0
h

α j

m′ (p j )Gαiα j (qi, q j, x)

× δ[pi − πi(qi, q j, x)]

p2
i

δ[p j − π j (qi, q j, x)]

p2
j

τ̃
α jα

′
j

m′n′
(
Eqj

)
X jk

n′α′
j ,nαk

(q j, qk ; E )

}
. (A13)

For the first term, we use the δ function to evaluate the pj integral and convert the δ function in pi to a δ function in x,

δ[pi − πi(qi, q j, x)]

p2
i

= 1

βpiqiq j
δ(x − x0). (A14)

For the second term inside the curly brackets, we use the δ functions to evaluate the pi, p j integrals and perform the angular
integration to obtain different transition potentials,

Z̄ i j
mαi,m′α j

(qi, q j, E ) ≡
∫ 1

−1
dx hαi

m (πi )
1

εα j + π j
2

2μ j

h
α j

m′ (π j ) Gαi,α j (qi, q j, x). (A15)
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Substituting Eqs. (A14) and (A15) into Eq. (A13), and using the fact that kinetic energy is the same in all three Jacobi coordinates
leads to

X ik
mαi,nαk

(qi, qk ; E ) = Zik
mαi,nαk

(qi, qk, E ) +
∑

j

∑
α jα

′
j

∑
m′n′

δ̄i j

{ ∫
d pi pi

1

βqi
hαi

m (pi )
2μi

p2
0i(qi ) − p2

i + i0

×
∫ q j=pi+βqi

q j=|pi−βqi|
dq jq j

1
p j

2

2μ j
− εα j

h
α j

m′ (π j )Gαiα j (qi, q j, x0)τ̃
α jα

′
j

m′n′
(
Eqj

)
X jk

m′α′
j ,nαk

(q j, qk ; E )

−
∫

dq jq
2
j Z̄

i j
mαi,m′α j

(qi, q j, E )
2Mj

q2
0 j − q2

j + i0
τ̃

α jα
′
j

m′n′
(
Eqj

)
X jk

n′α′
j ,nαk

(q j, qk ; E )

}
. (A16)

For partial waves that do not support any two-body bound state, only the propagator singularity is present. To proceed, we define
Nb as the number of partial waves that support at least one two-body bound state so that the coupled equations for the transition
amplitudes take the form

X ik
mαi,nαk

(qi, qk ; E ) = Zik
mαi,nαk

(qi, qk, E ) +
∑

j

⎧⎨
⎩

Nb j∑
α j=1

Nb j∑
α′

j=1

∑
m′n′

δ̄i j

[ ∫
d pi pi

1

βqi
hαi

m (pi )
2μi

p2
0i(qi ) − p2

i + i0

×
∫ q j=pi+βqi

q j=|pi−βqi|
dq jq j

1
p j

2

2μ j
− εα j

h
α j

m′ (π j )Gαiα j (qi, q j, x0)τ̃
α jα

′
j

m′n′
(
Eqj

)
X jk

m′α′
j ,nαk

(q j, qk ; E )

−
∫

dq jq
2
j Z̄

i j
mαi,nα j

(qi, q j, E )
2Mj

q2
0 j − q2

j + i0
τ̃

α jα
′
j

m′n′
(
Eqj

)
X jk

n′α′
j ,nαk

(q j, qk ; E )

]

+
∑

α j>Nb j

∑
α′

j>Nb j

∑
m′n′

∫
d pi pi

1

βqi
hαi

m (pi )
2μi

p2
0i(qi ) − p2

i + i0

×
∫ q j=pi+βqi

q j=|pi−βqi|
dq jq jh

α j

m′ (π j )Gαiα j (qi, q j, x0)τ
α jα

′
j

m′n′
(
Eqj

)
X jk

n′α′
j ,nαk

(q j, qk ; E )

⎫⎬
⎭. (A17)

At this point all the singularities of the kernel have been
reduced to simple poles. Since none of them are end point
singularities, they can be removed using standard subtraction
techniques. The resulting integral equations with a regularized
kernel can be readily solved using iterative Lanzcos-type
techniques [20].

APPENDIX B: THE S-CURVE FOR PARTICLES
WITH DIFFERENT MASSES

In a breakup configuration of three particles, the energy
can be continuously distributed between the relative motion
of the fragments. Conservation of energy and total momentum
impose additional constraints on which breakup configura-
tions are accessible. The kinematically allowed configurations
can be described by a so-called S-curve. In the following,
the analytical form of this S-curve for three particles with
different masses is derived in the laboratory frame. This is
an extension of the derivation presented in Ref. [24] where
particles with identical masses were considered.

First, the phase space � is given in Jacobi coordinates
{ 
p, 
q} as

� =
∫

d 
p d 
q δ(E − Ep − Eq), (B1)

where the δ function is required by energy conservation. The
three-body energy in the c.m. frame is given by E and∫

d 
p d 
q =
∫

d p̂ dq̂ dEp dEq pqμpμq, (B2)

with μp and μq being the reduced masses. After integrating
over Ep, the phase space factor, Eq. (B1), takes the final form,

� =
∫

d p̂ dq̂ dEq pqμpμq. (B3)

In the laboratory frame the momentum of the target is zero
before the collision. We now write the phase-space factor �

using the momenta 
ki, 
k j , and 
kk of the particles after the
breakup. Imposing energy and momentum conservation �

takes the form

� =
∫

d
ki d
k j d
kk δ

(
Elab − k2

i

2mi
− k2

j

2mj
− k2

k

2mk

)

× δ3( 
Plab − 
ki − 
k j − 
kk ), (B4)

where 
Plab is the momentum of the incoming particle in the
laboratory frame and Elab is the total three body energy in
the laboratory frame. For the deuteron-induced reaction the
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relation

Elab = E lab
in + Ed = P2

lab

2md
+ Ed (B5)

holds, where E lab
in is the energy of the projectile in the labora-

tory frame, md and Ed are the mass and binding energy of the
dimer, respectively.

Making use of the momentum conserving δ function, one
can integrate over 
k j which leads to

� =
∫

d
kid
kkδ[ f (
ki, 
kk )], (B6)

where

f (
ki, 
kk ) = Elab − k2
i

2mi
− k2

k

2mk
− ( 
Plab − 
ki − 
kk )2

2mj
. (B7)

Using Eq. (B5) f (
ki, 
kk ) can be written as

f (
ki, 
kk ) = Ed + E lab
in − P2

lab

2mj
− (mi + mj )k2

i

2mimj
− (mj + mk )k2

k

2mjmk

+ Plabkiωi + Plabkkωk − kikkω

mj
, (B8)

with

ωi = 
Plab · 
ki

Plabki
= cos θi, (B9)

ωk = 
Plab · 
kk

Plabkk
= cos θk, (B10)

ω = 
ki · 
kk

kikk
= sin θi sin θk cos �ϕ + cos θi cos θk, (B11)

where θi and θk are the polar angles associated the direction
of 
ki and 
kk when assuming 
Plab as z axis. The quantity �ϕ is
the difference between the corresponding azimuthal angles.

By using the well-known property of the δ function,
δ[g(x)] = ∑

i
1

|g′(xi )|δ(x − xi ), it is easy to rewrite f (
ki, 
kk ) in
a more convenient form and integrate Eq. (B6) over ki, which

leads to

� =
∫

dk̂i dk̂k dkk
mimjk2

i k2
k

|ki(mi + mj ) − miPlabωi + mikkω| .

(B12)

For each value of kk and the direction k̂i and k̂k , ki is obtained
from the solution of

Ed + E lab
in − P2

lab

2mj
− (mi + mj )k2

i

2mimj
− (mj + mk )k2

k

2mjmk

+ Plabkiωi + Plabkkωk − kikkω

mj
= 0. (B13)

In the same way, it is possible to integrate Eq (B6) over kk

instead of ki, and obtain

� =
∫

dk̂i dk̂k dki
mjmkk2

i k2
k

|kk (mk + mj ) − mkPlabωk + mkkiω| .

(B14)
From Eqs. (B12) and (B14), one gets

midkk

|ki(mi + mj ) − miPlabωi + mikkω|

= mkdki

|kk (mk + mj ) − mkPlabωk + mkkiω| . (B15)

Since the energy Ei of particle i is given by Ei = k2
i

2mi
, we have

dEi = ki
mi

dki, and the expression above can be rewritten as

kidEk

|ki(mi + mj ) − miPlabωi + mikkω|

= kkdEi

|kk (mk + mj ) − mkPlabωk + mkkiω| . (B16)

We now define S as

dS =
√

(dEi )2 + (dEk )2, (B17)

which leads to the expression for phase space in laboratory
frame

� =
∫

dk̂i dk̂k dS Ks, (B18)

with

Ks = mimjmkk2
i k2

k√
k2

i |kk (mk + m j) − mkPlabωk + mkkiω|2 + k2
k |ki(mi + mj ) − miPlabωi + mikkω|2

. (B19)

In this work the d-α breakup reaction is characterized by
the incident energy of the projectile in the laboratory frame
E lab

in , the polar angles θi and θk of the particles observed after
the breakup, and the difference between the corresponding
two azimuthal angles �ϕ. To obtain the cross section as a
function of S , one needs to determine the values of ki and kk

which are related through Eq. (B13). After some algebra the
above equation can be cast into the form of an ellipse, whose

characteristic equation is given by

x2

a2
+ y2

b2
= 1, (B20)

with [
x
y

]
=

[
cos θ̃ − sin θ̃

sin θ̃ cos θ̃

][
ki − kc

i

kk − kc
k

]
. (B21)
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Here θ̃ is the angle of rotation, kc
i and kc

k are the center points for the ki and kk axes. These values are given by

θ̃ = 1

2
arctan

[
2mimkω

mj (mi − mk )

]
, (B22)

kc
i = Plabmi[ωkωmk − ωi(mj + mk )]

mimkω2 − (mi + mj )(mj + mk )
, (B23)

kc
k = Plabmk[ωiωmi − ωk (mj + mi )]

mimkω2 − (mi + mj )(mj + mk )
, (B24)

and the axes of the ellipse a and b are given by

a =

√√√√√ mj+mi

2mi
kc2

i + mj+mk

2mk
kc2

k + kc
i kc

kω + mjEd − P2
labmi

2md

mj (mi+mk )+2mimk

4mimk
− ω

2 sin(2θ̃ )

, (B25)

b =

√√√√√ mj+mi

2mi
kc2

i + mj+mk

2mk
kc2

k + kc
i kc

kω + mjEd − P2
labmi

2md

mj (mi+mk )+2mimk

4mimk
+ ω

2 sin(2θ̃ )

. (B26)

By using the parametric form for an ellipse, ki and kk can be written as

ki = a cos t cos θ̃ + b sin t sin θ̃ + kc
i , (B27)

kk = −a cos t sin θ̃ + b sin t cos θ̃ + kc
k , (B28)

where t is the angular parameter. Making use of the two equations above, we can write the arc length S as

dS =
√

k2
i

m2
i

(−a sin t cos θ̃ + b cos t sin θ̃ )2 + k2
k

m2
k

(a sin t sin θ̃ + b cos t cos θ̃ )2dt . (B29)

Therefore, the arc length S can be obtained as a function of t from the expression

S (t̃ ) =
∫ t̃

t0

√
k2

i

m2
i

(−a sin t cos θ̃ + b cos t sin θ̃ )2 + k2
k

m2
k

(a sin t sin θ̃ + b cos t cos θ̃ )2dt . (B30)
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