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We have proposed in a series of previous articles a method to determine the effective axial-vector current
coupling and the strength of the isoscalar proton-neutron pairing interaction for calculating the nuclear matrix
elements of the neutrinoless double-8 (OvBB) decay by the quasiparticle random-phase approximation (QRPA).
The combination of these two parameters has had an uncertainty in the QRPA approach, but now this uncertainty
is removed by introducing a mathematical identity derived under the closure approximation to the nuclear matrix
element of the OvB g decay. In this article, we apply our method to the Ov88 decays of **Xe and **Te and
show the nuclear matrix elements and reduced half-lives. Our calculation is tested first by a self-check method
using the two-neutrino double-8 decay, and this test ensures the application of our method to '**Xe. It turns out,
however, that our method is not successful in **Te. Further tests are made for our calculation, and satisfactory

results are obtained for **Xe.

DOLI: 10.1103/PhysRevC.100.034325

I. INTRODUCTION

Neutrino physics is in an important era. The neutrino-
oscillation experiments have significant progress in terms of
precision and accuracy, and nowadays there is a realistic
possibility that the hierarchy of the neutrino mass is clarified
in the future [1]. The experiments of the neutrinoless double-
B (OvBpB) decay also progress, and the upper limit of the
effective neutrino mass (Majorana neutrino mass) is lowered
significantly compared to many years ago (see, e.g., Ref. [2]).

The nuclear matrix element (NME) of the OvB8 decay
plays a crucial role for the determination of the effective
neutrino mass [3]. This NME and the phase-space factor are
necessary for the determination, and these theoretical quanti-
ties cannot be confirmed directly experimentally. It seems fair
to write that the calculation of the NME is more difficult than
the phase-space factor because all of the candidate nuclei of
the OvB B decay are heavy, and thus approximation is essential
for obtaining the nuclear wave functions. For this reason, an
important problem has been how the reliability of the NME
calculation can be shown and, if possible, how the calculation
can be improved.

Several theoretical methods or models have been applied
for obtaining the nuclear wave functions to calculate the
NMEs, and those NMEs are in the range of a factor of 2-3
depending on the method [3]. The quasiparticle random-phase
approximation (QRPA) approach has a long history of the
application to the OvB 8 decay (see, e.g., Refs. [4-28]). Those
applications clarified that a crucial point in the calculation
procedure is to determine the effective axial-vector current
coupling g4 and the strength of the isoscalar, necessarily
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proton-neutron, pairing interaction (see, e.g., Ref. [28]). Cur-
rently phenomenological value is necessary for the former
parameter in any approach to the S8 decay. The value of
the latter parameter is not well-established in the approaches
using a phenomenological energy-density functional because
the proton-neutron pairing gap is not clear in the experimental
data. It has been pointed out [28] that the different combina-
tions of the two parameters result in similar NMEs as long
as the experimental half-lives in the two-neutrino double-8
(2vBB) decays are reproduced. It would be even better if this
uncertainty of the combination were removed; the calculation
of the NME is a matter of reliability.

We have proposed [29] a method to solve this problem
by introducing a mathematical identity for determining the
strength of the isoscalar pairing interaction; no additional
symmetry is imposed. The effective g4 is determined so as
to reproduce the experimental 2v 88 half-life; this is as usual
in the QRPA approach (see, e.g., Ref. [24]). This method
is clear-cut theoretically; however, the obtained value of g4
is ~0.5, much smaller than the usual values of ~1.0 (see,
e.g., Ref. [24]). It would not be surprising if the appropriate
effective g4 depends on the approximation method. Con-
sidering the current situation of many BB studies [3], it is
necessary in our method to examine if our small g4 does not
cause any problem. A useful check is the consistency with
the B decay. As a matter of course, any of the candidate
nuclei of the OvBB decay used by the experiments do not
have the 8 decay; thus to our knowledge, there has been no
theoretical paper on the 88 decay discussing the 8 decay of
the parent nucleus simultaneously. In this case, one can study
the B decay of nuclei close to the candidate nuclei in the
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nuclear chart assuming that the change in the effective g4 is
negligible.

The QRPA is a method to obtain the transition from the
ground state to the excited states (e.g., Refs. [30,31]). When
the pairs of the proton and neutron quasiparticles are used as
the building blocks to express the transition, i.e., the proton-
neutron QRPA (pnQRPA), the intermediate states of the 88
decay can be represented in two ways; one way is the pnQRPA
based on the ground state of the mother nucleus, and another
way is to use that of the grand-daughter nucleus. This structure
of the dual intermediate-state spaces is a unique feature of
the QRPA approach to the BB decay. Because the QRPA
is an approximation, the intermediate state of one space is
not identical to a state of another space. We have proposed
[32] a simple method of self-check of the validity of the
dual intermediate-state spaces by comparing the 2v88 NME
with the energies of the intermediate states obtained from
the ground state of the mother nucleus and that with those
energies obtained from the grand-daughter nucleus. The two
results are close, if the QRPA is a good approximation. We do
this test for 1*Xe — *°Ba and '**Te — *°Xe in this article.
In addition, we compare the spectra of the intermediate states
obtained by the two pnQRPA calculations. This comparison
shows how the two intermediate spaces are close. The purpose
of this article is to show the results of the above tests of the
methodology and discuss the validity of our approach.

Section II is a concise description of the calculation meth-
ods of the Hartree-Fock-Bogoliubov (HFB) approximation,
QRPA, and NMEs of the 88 decays. The calculation results
of the NMEs are shown in Sec. III, and several tests of the
calculation are discussed. Section IV is the summary.

II. CALCULATION METHOD

A. HFB calculation

We proceed according to the original QRPA theory [30,31].
That is, the HFB calculation is performed at the beginning,
and the subsequent QRPA calculation is performed using
the HFB ground state and the same Hamiltonian as used in
the HFB calculation. The HFB code developed according
to Refs. [33-35] is used. The quasiparticle wave functions
are represented in the two-dimensional cylindrical B-spline
mesh with the vanishing boundary condition at the edge of
the cylindrical box. The parity and the z component of the
angular momentum j, are good quantum numbers. Only z > 0
is treated numerically, and the calculation with respect to the
angle around the z axis is processed analytically. These two
symmetries are always conserved throughout our calculations
below. The maximum z is 20 fm, and the maximum of the
radius variable p of the direction perpendicular to the z
direction is also 20 fm. The number of the B-spline mesh
points is 42 for each coordinate variable with a nonuniform
distribution.

For the Hamiltonian, we use the Skyrme interaction
(energy density functional) with the parameter set SkKM* [36]
and the volume (density-independent) contact pairing interac-
tions. The effective single-particle energy range of applying
the pairing interaction is from the lowest level up to 60 MeV

TABLE 1. Properties of the HFB solutions of '*Xe, **Ba, *'Te,
and 'Xe. A pand A, are the average pairing gaps of the protons and
neutrons, respectively, and 8 denotes the quadrupole deformation
parameter associated with the quadrupole moment.

Nucleus A, (MeV) A, MeV) B
136X e 1.341 0 0
136Ba 1.641 1.158 0
130 1.442 1.359 0
130%e 1.692 1.438 0.112

above the continuum threshold. The nuclear densities and
pairing tensors are calculated in this range. The strengths of
the pairing interactions for the like particles are determined
so as to reproduce by the HFB calculation the pairing gaps
obtained from the experimental masses through the three-
point formula [37]. The properties of the HFB ground-state
solutions of *°Xe, 13°Ba, 1*°Te, and '*°Xe are summarized in
Table 1.

B. QRPA calculation

After the HFB solution is obtained, the canonical single-
particle [30] wave functions are obtained by diagonalization
of the density. The QRPA equation for the computation is
constructed in the so-called matrix formulation [30] with
the canonical-quasiparticle basis. The dimension of the two-
quasiparticle space to define the QRPA equation is truncated
by using parameters based on the occupation probabilities
of the canonical single-particle states [38]; the physically
relevant states are used by this scheme. The dimension is
~70000 for K < 1 and less than 40000 for K > 2 in the like-
particle QRPA (IpQRPA) calculations. K is the z component
of the nuclear angular momentum, and the actual computation
is performed only for K > 0 on the basis of the time-reversal
invariance of the ground state. The larger space is used for
K < 1 for the separation of the spurious states from the real
states. For the pnQRPA, the dimension is always less than
40000. The solutions of K < 8 were obtained.

C. Calculation of §8 nuclear matrix element

Our unique procedure [29] to obtain the NME of the g8
decay is as follows. First, the Gamow-Teller (GT) compo-
nent of the OvBB NME is calculated using the virtual two-
particle transfer path [(Z,N) - (Z,N —2) - (Z+2,N —
2), where Z is the proton number and N is the neutron
number], which is possible under the closure approximation.
The IpQRPA is used for obtaining the intermediate states.
Our numerical solutions of the pnQRPA (see below) do not
have a complex-energy solution, and thus the HFB ground
state is not in the proton-neutron pair condensation. Therefore,
the proton-neutron pairing interaction does not contribute to
the IpQRPA calculation. The spurious states inherent to the
IpQRPA are not included in the calculation of the NME.

The OvBB NME is also obtained by the original B8
path [(Z,N) > (Z+1,N — 1) > (Z+ 2,N — 2)] using the
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TABLE II. Strengths of proton-proton (G,), neutron-neutron
(Gym), 1sovector proton-neutron (GIV) and isoscalar proton-neutron

(G})Sn) pairing interactions. The unit is MeV fm? for all strengths.

Nucleus G,y Gun G G

136X e —194.3 —179.9 —187.1 —55.0
13684 —200.5 —189.3 —194.9 —55.0
130Te —219.8 —179.9 —199.85 —50.0
130%e —219.8 —181.8 —200.8 —50.0

pnQRPA. The average of the proton-proton and neutron-
neutron pairing interactions is used for the strength of the
isovector proton-neutron pairing interaction assuming the
isospin invariance of the system. The strength of the isoscalar
pairing interaction is determined so as to reproduce the GT
component of the OvB88 NME obtained by the virtual-path
calculation. The equivalence of the two decay paths is a
constraint on the effective interactions for the QRPA. The
assumption for this step is that the effective interactions other
than the isoscalar pairing interaction are established. The
strengths of the pairing interactions are summarized in Ta-
ble II. The Fermi component of the NME is controlled mainly
by the isovector proton-neutron pairing interaction. The tensor
component [39] of the NME is neglected throughout our
article because it is known that this component is relatively
small.

Next, the 2v88 NME is calculated by the pnQRPA with
those strengths of the pairing interactions, and the effective g4
is determined so as to reproduce the experimental half-life in
the 2vB B decay. Finally, the Ov88 NME is calculated with
this g4 and the pnQRPA solutions already obtained. This g
is a choice, and the result with the bare value g4 = 1.27 is
also shown later. We checked the convergence of the result
with respect to the dimension of the single-particle spaces
(see below). Therefore, our calculation is less uncertain than
calculations without this check.

III. CALCULATION RESULTS AND TESTS
A. Self-check using 2v8 decay

Two NMEs of the 2v 88 decay, M>")(I) and M@V (F), are
calculated by!

M M
MWD = Mo(l) Ziv MOF(I)’ )
A
M @v)
A
ME
Ml Y S I (o af)
K=0,£14K o¥ “( )
X (aF|a, )(a, |t’oK|1), 3)

'The notation of Ref. [39] is used. It is also used for the OvBB
NME.

(2v)
MGT (F) Z Z = (Fle—(— )0—K|61F>
K=0,%1 K ok “( )
x(ay|af)af |t~ ok|I), )

M(z‘)) I 1
ZTF() = Z Ma(])<F|T_|ClF><aF|a1><a1|‘[_|]>’ (5)

a,arg

MP(F
M ) _ > (Flt”lar)(arlar)a|z™|1), (6)

HoF ar.ar wa(F)
1 _
pa(l) = E(E;K — M), <)
1 _
Ha(F) = —— (Egx = M). ®)

|I) and |F) are the ground states of the initial and final nuclei,
respectively. The intermediate states are denoted by |aX) (ob-
tained from |/)) and |a§ ) (obtained from |F)). Those used for
the Fermi NME [Eqgs. (5) and (6)] are the K = O states, and the
K is omitted. The operator changing a neutron to proton is de-
noted by T, ok is the spherical component of the spin-Pauli
matrix operator, T~ ok in the equations of the GT component
[Egs. (3) and (4)] is a one-body operator, and 7~ in Egs. (5)
and (6) is another one-body operator. E/, and EF, are the
energies of the intermediate states obtained from |/) and |F),
respectively. M is the mean value of the masses of the initial
and final nuclei, and m,c? is the electron mass. The parameter
gv is the vector-current coupling, which is always equal to 1 in
our calculations. The overlap (a§ Iaf ) is calculated according
to the method of Refs. [40-42]; the many-body correlations
are included by an expansion-truncation. The only difference
between M?V)(I) and M®")(F) is which energy (E! or Ef)
is used in the energy denominator. Usually, the mean value of
E!. and Ef is used. If the higher-order many-body effects
beyond the QRPA is small, we will have

M) ~ MPV(F). ©)
This is the check point of the validity of the QRPA approach
to the 2v B8 decay.

The half-life in this decay is calculated by

1
2v) _
L, = GO M (10)

where G(z?;) is the phase-space factor, and we refer to the values
in Ref. [43]. Table III shows the results of calculation of
these decays of **Xe and *°Te. For 1*Xe — !*%Ba, the same
value of g4 can be used for the two calculations to reproduce
the experimental half-life, and thus the QRPA is good for
this decay instance. On the other hand, the g4 for fitting the

Tl(/zz") depends on the choice of the set of the intermediate-

state energy for *°Te — !3Xe. This decay instance turns
out to be an example for which the QRPA is not good. The
absolute values of M 1(3“) /1or are much smaller than those of
MéZIV)/ o reﬂecFir}g on the approximate isospin invariance of
the isovector pairing interaction.
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TABLE III. Choice of set of intermediate-state energies, NMEs of the 2v88 decay, its components, g4, the calculated half-life in 2v88

7@

decay T,;,”, and the corresponding experimental half-life Tl(/z;) (exp) [44]. M implies M@ (I) or M®"(F), and the same abbreviation is

applied to other NMEs and Tl(/zz”).

Intermediate- - - T1</22”) Tl(/zz") (exp)
Initial nucleus state energy M M}% AZ‘; - g4 (10*' yr) (10%! yr)
6y E;K 0.0748 0.0673 —0.00181 0.49 2.164 250 4 0.06
¢ E:K 0.0744 0.0666 —0.00188 0.49 2.188 : ’
E! 0.133 0.132 —0.00029 0.48 0.697
130T aK . +0.1
N EF, 0.0864 0.0856 —0.00028 0.60 0.677 0.69+£0.13

B. Spectrum of intermediate nucleus

The calculated spectra of the intermediate nucleus '*°Cs
are presented in Fig. 1 to further show the validity of the
QRPA approach to the decay of '*®Xe. The left spectrum
is obtained by the pnQRPA calculation based on '*°Xe,
and the right one is obtained based on *°Ba. We used the
transition strength for identifying the intermediate nucleus
(see Appendix A). Overall, the two results are close to each
other. States of angular momentum J < 3 and w = — were
not found in the shown energy region. There is a major gap
of levels around 1 MeV for any J*. The correspondence of
the levels can also be found in many parts between the two
calculations. There are two major differences. There is no
J™ = 4% level in the right figure. This is because there is
no transition probability from the ground state of '**Ba. The
levels around 3 MeV in the right lower figure are more tightly
gathered than those in the left lower figure. The satisfactory

25 e ]

1.5 ]

17 =+

E (MeV)

1.5 ]

05 ]

result of the check using the 2v 88 decay is endorsed by these
spectra.

The latest status of the observed states [45] is illustrated
in Fig. 2. A gap is seen between 1.0 and 1.9 MeV, and no
low-J negative-parity level is seen except for one to which
2~ is assigned tentatively. The 17 levels are observed through
the B decays, and high-J levels higher than 2.0 MeV are ob-
served through fissions. Apparently, what states are observed
depends on the experimental method. Thus, it is speculated
that not all states have been observed in the discrete-energy
region. The features of the calculated spectrum seem to be
seen in the experimental data, although this agreement is not
conclusive. The ground state is a 7~ state in our calculation,
but it is actually a 5T state in the experimental data. It is
noted that the Skyrme parameter set SkM* is constructed so
as to reproduce the properties of the even-even nuclear ground
states on average in a broad region of the nuclear chart with
emphasis on the doubly magic nuclei, and the fission barrier is

25 T

1.5

17 =+

E (MeV)

13608

15
from 1%6Ba n=—

05 —

FIG. 1. Spectra of '*°Cs in a low-energy region: (a) obtained based on the ground state of **Xe (including upper panel), and (b) obtained
from !**Ba (also upper panel). The upper (lower) panels show the levels of the positive (negative) parity. J is the angular momentum.
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FIG. 2. Observed energy levels of **Cs with J™ in the discrete-
energy region [45]. The J*'s in parentheses are tentatively assigned.

also taken into account. Properties of odd-odd nuclei are not
taken into account at all.

We also show the calculated spectra of *°T in Fig. 3.
Figures 3(a) and 3(b) show the levels obtained from **Te and
those obtained from '3°Xe, respectively. The level density is
clearly different between the two results. The origin of this
difference is that the HFB ground state of '*°Te is spherical,
but that of '3°Xe is deformed (see Table I). The QRPA has
a mathematical property that the broken symmetry in the
HFB ground state is restored (see, e.g., Ref. [30]); however,
this property is limited in the QRPA order. In our experience
with the like-particle excitations of deformed nuclei [38,46],
J is clear in the states with large transition strengths, but
mixture is seen in the states with small transition strengths.
The deformation implies disappearance of the degeneracy
of spherical states. Thus, Fig. 3 indicates that those states
obtained from '*°Xe are deformed. Therefore, the two most
major values of J are assigned to each level in Fig. 3(b);
for the method to assign J to the deformed states, see Ap-
pendix B. The BB decay of 'Te is disadvantageous to
the QRPA approach due to the difference between the two
spectra.

Figure 4 illustrates most of the experimental levels com-
piled in Ref. [45]. The experimental spectrum is closer to
that obtained from !*°Xe. Thus, we speculate that the experi-
mental data indicate the deformation effect, assuming that the

130} rom 1307¢

(a)

0.5

E (MeV)

=+

130I, exp. / (gigf’-’;
Ty /{3?&4 % 251 ]
e
B33 =i
s _ R BN
2 05} / 12,3)" B 1
= — /32 . —(45)
L —7 N
— N
orl — 51,4;+ ........... X i : ]
20 8
=+ ° = \(&-
o

FIG. 4. Observed energy levels of *°T with J7 in the discrete-
energy region [45]. The J™'s in parentheses are tentatively assigned.

many-particle—-many-hole correlations do not have significant
effects to increase the level density in the low-energy region.

C. Ovpg decay
The OvBB-decay NME M) is calculated by

M(OV) — M(OV) g%/M(OV) (11)
£
M& =" Z > Vot (Ea)(Fcpca|af)
K akak pnp'n/
x (aglag Yaf |chenlD), (12)
(OU) Z Z Z V;(O,fn) (E)(F|c cn|a§>
ala K pnp'n’

x (af|af Maf

where p and p’ denote the protons, and n and n’ denote
the neutrons. Operators clT and c¢; denote the creation and
annihilation operators of particle i, respectively. The two-body
transition matrix elements are defined by

o
|CP/C”f|I), (13)

Y/ GTO = _ -
Vot (Ea) = (pp'|hy (2, Ea(1) - 6)t~(1)T~ (2)|nn),
(14)
yF©
Voo (Ea) = (pp/lhy (ria, Bt~ ()T~ (2)|nn'). (15)
e 5,7)-
© = [ 3
1, — N 8.6)” ]
8 — 1,3)F aa
3)5)" 6.8)
N from —— j{gu g,g,
> 130, ——I(1.3); 8.7)"
® 05| Xe 3.4)" 4.6)" ]
= " 3'1+ 8,7)_
: )
; gy ol
3 )
ol — .
an 4,6)”
421" 6,4)"
rer 8 £
3,4)" 4,8)"

FIG. 3. Spectra of *°I with J” in a low-energy region: (a) obtained based on the ground state of '*°Te, and (b) obtained from '*°Xe. Two
J's are assigned to each level in the low-energy region of panel (b) because the HFB ground state of '**Xe is deformed (see Appendix B).
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TABLE IV. NMEs and RE%) of the OvB B decay of '**Xe and '*°Te with the g, obtained by fitting the experimental 7"1(/22”).

Initial Ry
nucleus MO ME Mo A (10MeV? yr)
136X e 5.040 3.094 —0.467 0.49 1.223
o 6.691 0.48 0.772

Te 5.400 3.613 —0.709 0.63 0.400

The argument of ¢ and 7~ distinguishes the two particles that
the operators act on. We use the following equation for the
neutrino potential:

_ R 2( . c _ . C_
hi(ri, Eg) >~ ——1 sin 7 ftameriz ) Ci{ - fLameriz

rpp
— COS (%ﬁame”Z)Si(%laamerlZ) }’ (16)
R P
Ha = 2(Ea - M) (17)
m,C

This neutrino potential is derived by neglecting the effective
neutrino mass compared to the major momentum transfer
by the propagating neutrino [39]. R is the root-mean-square
radius of the nucleus, r, is the distance between two parti-
cles, and E, is the average energy introduced in the closure
approximation. R = 1.2A4'3 fm, with the mass number A,
and fi, = 18.51 are used in our calculations. In Eq. (16), the
following functions are used:

six) = —/Oo Sint(t)dt, (18)

cix) = _/oo Coj(t)dt. (19)

Our simple neutrino potential does not include the effects of
the dipole form factors [12], which reduces the Ov88 NME
by 20-30%, the short-range correlations [22] also reducing
the NME, and other subleading terms. Our Ov88 NME could
be overestimated by up to, or at least, 50%.

We calculate reduced half-life in the Ov 88 decay as

2.4
m;c
ROy = — (20)
172 )
2 Gogi MO
where Gy, is the phase-space factor of the Ov 3B decay. R(l%) is
the quantity necessary for determining the effective neutrino
mass (m,) as seen from
R(OV)

2 _ 12
(mv) - T(OV)’ (21)

172

with the half-life in the OvBB decay Tl(/oz"). The correct ap-

proximations should give the same R(l%) if different effective

ga values are used, because (m,) and TI(/O;) are unique.2

MO = [ /(g5 ) 1M @) is also used sometimes in the literature
(see, e.g., Ref. [20]), with the bare value of gf*® ~ 1.27.

Our calculated NMEs and Rg%) are summarized in Ta-
bles IV and V, and Rﬁ%)’s of different groups are compared

in Fig. 5 (g4 = 1.25-1.27) together with those of *Ca that
we calculated previously. It is usual to use the bare value of g4
around 1.26 for comparison of different calculations (see, e.g.,
Ref. [3]). Our values, solid red circles in Fig. 5, are always
low but are not the lowest in the distribution and are close
to those of IBM-2. The possible overestimation of the Ovg g
NME by 50% mentioned before corresponds to the possible
underestimation of REOE) by a factor of 1/2.25. The method
of Ref. [25] to calculate the QRPA wave functions is close

to our method; however, the corresponding R(l%)’s are rather

different in '*°Te and **Xe. It is speculated that the difference
comes from the different Skyrme interactions used in those
calculations.

The IBM-2 [47] was used with two values of g4: the
unquenched value (the authors use 1.269, see Fig. 5), and
their effective values of “maximal quenching” (the result is
not shown in the figure). These effective values are determined
by their simple A-dependent formula obtained from the 2v g8
decays; they are 0.528 ('**Te) and 0.524 ('3*Xe). These values
are close to our effective g4 in Table I'V.

The authors of Ref. [48] picked up triplets of nuclei con-
nected by the B~ or BT decay or the electron capture from
the mass region of A = 100-134 and found that the geometric
means of the two calculated NMEs for the “left-middle” and
“right-middle” combinations of nuclei in those triplets are
rather independent of the strength of the pairing interaction
(scaled by gp, in their notation), if g,, is not large. On
the basis of this interesting discovery, they determined the
effective g4 so as to reproduce the experimental mean values,
and a simple fitting formula of g4 was obtained as a function
of A. If this formula can be applied to A = 136, their effective
value is 0.833. The Ov8 8 NME is not shown in that paper.

An early example of an effective g4 value smaller than
1 is shown in Ref. [49]. The conclusion of this reference
is that g4 < 1 is necessary for reproducing the experimental

TABLE V. M®) and RE%) for g4 = 1.27. The closure approxi-

mation is used for M®”, and thus we have only one NME and R(SZ)

for P0Te.

Initial Ry
nucleus MO (10"3*MeV? yr)
136X e 3.109 0.075
130Te 3.725 0.054
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FIG. 5. R{} calculated by different groups for **Ca, '**Te, and
36Xe with g4 = 1.25-1.27. SM, GCM, and IBM stand for shell
model, generator-coordinate method, and interacting-boson model,
respectively. The group of Ref. [54] calls their method energy-
density functional. The references and values of the used g4 are
as follows. *¥Ca: [24], 1.27 (QRPA, Tiibingen); [55], 1.254 (SM,
Mount Pleasant); [56], 1.27 (SM, Tokyo); [47], 1.269 (IBM-2); [54],
1.25 (GCM, Madrid); [57], 1.254 (GCM, Sendai); [58], 1.25 (SM,
Madrid); [59], 1.27 (GCM, Chapel Hill); and [32], 1.27 (QRPA,
our calculation). '*°Te: [47], 1.269 (IBM-2); [24], 1.27 (QRPA,
Tiibingen); [25], 1.25 (QRPA, Chapel Hill); [57], 1.254 (GCM,
Sendai); [54], 1.25 (GCM, Madrid); [58], 1.25 (SM, Madrid); [60],
1.254 (SM, Mount Pleasant); [27], 1.26 (QRPA, Jyviskyld); and this
article, 1.27 (QRPA, our calculation). *¢Xe: [47], 1.269 (IBM-2);
[24], 1.27 (QRPA, Tiibingen); [25], 1.25 (QRPA, Chapel Hill); [57],
1.254 (GCM, Sendai); [54], 1.25 (GCM, Madrid); [58], 1.25 (SM,
Madrid); [55], 1.254 (SM, Mount Pleasant); and this article, 1.27
(QRPA, our calculation).

lifetimes to both the single-charge-change and the 8 decays
by the pnQRPA. The effective g4 value of 0.39 for '*%Te was
also included in the first version [50] of that reference.

Recently, the authors of Ref. [51] suggested a condition to
determine g, using the 2v3 8 NME with the closure approx-
imation and the spin and isospin symmetries. They obtained
a quenching factor to g4 of 0.712 using the averaged ratio of
the 2v 88 NME calculated without the closure approximation
and the experimental one with respect to A. Their effective g4
value is 1.00, which is one of the values that they have used;
for their previous calculations, see Ref. [52] and references
therein. For comprehensive recent reviews on the effective g4,
see Refs. [3,53].

Figure 6 shows the convergence of the NME of '3Xe —
136Ba with respect to the single-particle space. We use very
large two-quasiparticle spaces for the QRPA calculations,
and the test of the convergence was made by varying the

. . . GT(Ov) (7
two-single-particle spaces used for calculating V" (Eq)

and V[f;fgf;, (E,). The well-converged results were used for the

calculation of the NMEs. The behavior of the convergence
of 13Xe is less smooth than that of '**Te (Fig. 7) because

04|

03!

+

S

85 02

=

01} 1%xe
O ! ! ! !
15 20 25 30 35

" %1000
NZSp

FIG. 6. GT component (K™ = 0%) of M©®) of '3Xe — **Ba as
a function of N;:p, which is the summation of the dimensions of the
two-single-particle (the canonical basis) states used for the transition

from |a%) to |F) and those from |I) to |al); see Egs. (12) and (13).

the ground states of '**Xe and '*°Ba are spherical, and the
neutrons of *°Xe are unpaired (see Table I).

D. Charge-change reaction

There are experimental data of 136Xe(®He, )'%°Cs [61,62]
that can be used for testing of the charge-change transition
density (a¥ |c;cnr |7) [see Eqgs. (12) and (13)] independently of
ga. The experimental and calculated GT™ strengths are shown
in Fig. 8 for a low-energy region in which the GT™ -strength
data are obtained. The calculated one is the summation with
respect to K of the squared transition matrix element |M§T|2
of the GT™ operator ct~, and the data are obtained from
the cross section. The two results are similar in terms of the
energy dependence; however, the calculated values are larger
than the data by 1 order of magnitude. The GT sum-rule value
of our calculation is

85.145 — 1.138 = 84.007,

where the first term is the GT~ component and the second
term is the GT* component (3Xe — 13°1). The sum rule is
satisfied well; i.e., our value is very close to 3(N — Z).

There was a similar problem in ¥Ca — *8Sc and #*Ti —
48Sc¢ [63]. This problem was solved [32] by using the tran-
sition operator consisting of the GT and isovector spin-
monopole operators phenomenologically. This idea can be

04 r

)(0+)
o
w

130-|—e

O 1 1 1 1 1
5 10 15 20 25 30 35
N %1000
2sp

FIG. 7. The same as Fig. 6 but for 1**Te — 13%Xe.
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FIG. 8. GT~ transition strength of '**Xe obtained by experiment
(a) and our calculation (b). E is the excitation energy of 136Cs. The
data were obtained from Ref. [61].

tested if the GT-strength data including the giant-resonance
region are obtained. Actually the yield data are obtained up
to 30 MeV. For the shell-model approach to these data, see
Ref. [60].

We show in Fig. 9 the GT™ strength obtained from the
reaction of **Te(*He, 7)!*°T [64] and that obtained by our
calculation. Contrary to the GT~ strength of '¥Xe — !3Cs,
we have much fewer 11 states than the data have. The
deformation effect discussed in Sec. IIIB is also reflected
here. (The data show more 17 states than the compilation
of Ref. [45].) The total strength up to 5 MeV is 1.5 [64]
and 11.4 in our calculation, and thus the same argument
as that for 13°Xe — 13°Cs is applied here; the experimental
strength distribution in a very large energy region is necessary
for discussing the possible necessity of the isovector spin-
monopole operator. Our GT sum-rule value is 77.951, and the
exact value is 78.

0.1

(@)

130Te(3He,t )130|
Exp.

0.08 ~
0.06 A

0.04 -

0.02 | T
0 ‘ ]

GT ™ strength

E (MeV)

FIG. 9. GT~ transition strength of '**Te obtained by experiment
(a) and our calculation (b). E is the excitation energy of '*°I. The
data were obtained from Ref. [64]. Above 3 MeV in panel (a) the
transition strengths are integrated over the 500-keV intervals and
distributed into 35-keV bins [64].

E. $ decay

We calculated the probability of the 8 decay of '**Xe for
testing our g4. The calculated spectrum and logft are com-
pared to those of the experimental data [45] for 17 states in
Fig. 10. The level distribution of the data is slightly denser and
lower than the corresponding calculated levels. We obtained a
level around —2.9 MeV; however, there is no corresponding
experimental level. Actually there is a level of 0~ or 1~ around
that energy in the data. We plot

Bor = &4 Z ‘Mgﬂz
K=0,£1

in Figs. 11 (our calculation) and 12 (experiment). The sum-
mation of the calculated Bgr between —1.2 and —0.3 MeV
is 0.319, and the corresponding experimental value is 0.281;

O L
os | logft 5.72(5)
. \wogft 5.48(5)
a6 logft 5.11(4) """\ 1*
logft 4.80(3)" 1+
- +
- -15¢ logft 4.74(3) !
=
w27
188
25 ¢
3t Exp.
-3.5

logft 5.435
logft 5.305
logft 4.471
logft 7.554
logft 5.257
logft 5.250 °

logft 4.250

13805

Cal., g=0.49

FIG. 10. Spectrum of final 17 states of 8 decay of 1**Xe and logft. Left (right) is the experimental data [45] (our calculation).
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Xe —» “"Cs
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S 0.2 1
0.1} ]
0 ‘ ‘ . | 1

3 25 -2 15 -1 05 0
E (MeV)

FIG. 11. Calculated Bgr of 8 decay of 138X e as a function of the
energy of '*8Cs relative to the ground state of '**Xe.

the former is 14% larger than the latter. Thus, our g4 fitting
the Tl(/zzu) of **Xe is consistent with the B decay of a nearby
nucleus.

The GT~ spectrum of *>Te — I is shown in Fig. 13
with the logft values. Only one 17 final state is observed
experimentally [45]. The logft by our calculation is smaller
than the data by ~0.5-0.8, and the corresponding Bgr ratio is
3.2-6.3. The quality of this calculation is not as good as that
for 13¥Xe.

F. Higher-order effect in 2vg3 decay
Very recently, a higher-order component of the 2v 8 NME
[52] was suggested:

M((32'l"))3_ Z Z

K=0,%14

Flr (— )Ka_K|aF)

x (af |a§< )(af |1:_0K|I), (22)
and the experimental value of the ratio
(2v)
(21)) MGT—3 (23)
3T e
GT

was extracted for 1**Xe by fitting the 2v88 spectrum [65]. In
Eq. (22), pu, refers to Eq. (7) or (8); there is no difference
for 13°Xe. Our value is Ss(f”) = 0.040, which is within the

0.15
138Xe%13808
01 | Exp. 1
&
0.05 | ]
0 ‘ | ‘
15 4 05 0
E (MeV)

FIG. 12. The same as Fig. 11 but for experimental data [45].

£V = —0.26103] deter-

experimentally reported range of To025
mined by lo for exclusion. This comparison also enhances
the vahdlty of our calculation. Because this discussion is very

new, MGT 3/;1,0 is not included in the 2v 88 NME in Sec. III A.

IV. SUMMARY

In this article, we have calculated the NMEs of the 88
decays of **Xe and *Te, from which R(O")/s were derived.
Several tests have been conducted to 1nvest1gate the reliability
of our calculation of R(l%)

(i) the self-check of the dual intermediate states using
the 2v 88 decay,

(ii) the convergence of the NME with respect to the
dimension of the single-particle space,

(iii) the comparison of the two spectra of the intermediate
nucleus obtained by the pnQRPA and comparison of
them with the experimental data,

(iv) the GT sum rule,

(v) the comparison of the GT™
the charge-change reaction,

(vi) the comparison of the B-decay spectrum and Bgr
with the experimental data, and

(vil) a test using a new quantity expressing a higher-order
effect in the 2v 388 NME.

strength with the data of

No problem was found for '**Xe concerning our method-
ology. On the other hand, it turned out that our approach was
not successful for 1*Te.

0.2

-0.2
04 |
-0.6
0.8 |

logft 4.69(4)

E (MeV)

1+

132I

Exp.

logft 3.909 (gp=0.63)
logft 4.145 (gA—O 48)

Cal.

FIG. 13. The same as Fig. 10 but for '*Te.
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A key point of our procedure is the strength of the isoscalar
pairing interaction. Our value is not very large, so that
the pnQRPA solutions are not close to the unstable region.
Actually, this value makes the effective g4 smaller. Thus, we
investigated if this g4 was consistent with the 8 decay, and
the consistency was obtained. The effective g4 depends on
the approximation. To our knowledge, the spectrum of the
intermediate nucleus by the pnQRPA has been shown for the
first time. The comparison of the calculated GT™ strength
with the experimental data (1*Xe) is encouraging in terms of
the energy dependence. However, a problem remains about
how the experimental absolute value can be reproduced; a
possibility is to include the isovector spin-monopole operator
in the transition operator. The GT ™ -strength data in a broader
energy region are necessary for the test of the calculation. That
transition operator is not obvious a priori in the charge-change
reaction.
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APPENDIX A: IDENTIFICATION OF NUCLEUS
IN QRPA SOLUTIONS

The QRPA solutions include multiple nuclei, if the HFB
ground state is paired. In the low-energy region, the identi-
fication of the solutions corresponding to a specific nucleus
is possible only approximately. We introduce the auxiliary
transition operator O,;(J™) for this identification,

8

- + _ —
0,407) = (r8>f ,
/8
0407) = Wfi[yla]oo,

(AD)

(A2)

and those for other J™ in the analogous way. We calculate
the transition strengths of these operators for the QRPA
solutions based on '**Xe and regard those having relatively
large strengths as the states of *°Cs. The J™ of the state
is identified with that of the transition operator of the large
strength. The expectation value of % is calculated with respect
to the HFB ground state. This 78 is used for covering a large
energy region, as seen by expressing it using the creation
and annihilation operators of the harmonic oscillator. The
exponent of 8 may be reasonable because K values up to 8
are treated in the NME calculation of the 88 decay.

For identifying '3®Cs obtained from **Ba, the same oper-
ators but for + = v instead of T~ are used. In neutron-rich
nuclei, the p — n transition is more rare compared to the
n — p transition. Therefore, all QRPA solutions that have the
finite transition strength of p — n were picked up.

APPENDIX B: ASSIGNMENT OF J TO
DEFORMED QRPA SOLUTIONS

We modify slightly the auxiliary transition operator in
Appendix A for assigning major J to the deformed states
obtained from *°Xe (Sec. IIIB). If J* is of the unnatural
parity, the following are used:

05:a(J™) = P2ty ol (U =1), (Bl

SJU7)

Ojld(oi) = r2T+[Y10']00.

50M (B2)

S(J7) is the factor normalizing the sum of the transition
strengths for different J™'s. The transition strengths of this
operator are calculated for all QRPA solutions (K < 8) with
the specified parity in a low-energy region, and the most and
next-most major J's are noted in Fig. 3(b). This method was
confirmed to give the correct J for the spherical states of '*0Te;
the correct J is seen by the degeneracy. This check is not
trivial because our calculation uses the single-particle wave
functions in the cylindrical box with the vanishing boundary
condition. For the natural-parity states,

0}, (™) = Pty

SJU™) (B3)

is used.
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