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Three-body hypernuclei in pionless effective field theory
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We calculate the structure of three-body hypernuclei with S = −1 using pionless effective field theory at
leading order in the isospin I = 0 and I = 1 sectors. In both sectors, three-body hypernuclei arise naturally from
the Efimov effect and a three-body parameter is required at leading order. We apply our theory to the hypertriton
and the hypothetical �nn bound state and calculate the corresponding scaling factors. Moreover, we discuss
constraints on the existence of the �nn bound state. In particular, we elucidate universal correlations between
different observables and provide explicit calculations of wave functions and matter radii.
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I. INTRODUCTION

The inclusion of hyperons in nuclear bound states extends
the nuclear chart to a third dimension. These so-called hyper-
nuclei offer a unique playground for testing our understanding
of the strong interactions beyond the u and d quark sector. A
particularly attractive feature of hypernuclei is that hyperons
probe the nuclear interior without being affected by the Pauli
principle. There is a vigorous experimental and theoretical
program in hypernuclear physics that dates back as far as the
1950s. (See Ref. [1] for a comprehensive review of past and
current efforts.)

Light hypernuclei can be studied ab initio using hyperon-
nucleon interactions derived from chiral effective field theory
(EFT) [2,3]. These interactions are based on an extension of
chiral EFT to SU(3) in an attempt to incorporate kaon and eta
exchange by counting mK and mη as low-energy scales. The
two-baryon potential has been derived up to next-to-leading
order (NLO) in the chiral counting [4–7]. Within the Weinberg
scheme, a description of hyperon-nucleon data of a quality
comparable to the most advanced phenomenological models
is obtained. The leading three-baryon forces have also been
written down [8]. Finally, first lattice QCD calculations of
light hypernuclei at unphysical pion masses have also become
available [9].

Certain hypernuclei with weak binding are also amenable
to pionless and halo EFT where the Goldstone boson ex-
changes are not explicitly resolved [10,11]. Using pionless
EFT, the process of �d scattering and the properties of the
hypertriton 3

�H were studied in [12]. The viability of the
�nn bound state suggested by the experiment of the HypHI
Collaboration at GSI [13] was investigated in [14]. If mK or
mη are assumed to be large scales, the onset of η-nuclear
binding can be considered in a pionless EFT approach in order
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to derive constraints on the ηN scattering length [15,16]. A
solution to the overbinding problem for 5

�He was presented
in Ref. [17]. In addition, some hypernuclei, such as 4

��H [18]
and 6

��He [19], have been studied in halo EFT. (See [20] for
a review of these efforts.)

Some recent experiments have focused on three-body hy-
pernuclei in the strangeness S = −1 sector, namely the hyper-
triton and the �nn system. The hypertriton is experimentally
well established and has a total binding energy of B�

3 =
(2.35 ± 0.05) MeV [21]. But since the energy for separation
into a deuteron and a � is only (0.13 ± 0.05) MeV, to a
good approximation, it can be considered a �d bound state.
More recently, the hypertriton was also produced in heavy
ion collisions [22–24]. The production of such a loosely
bound state with temperatures close to the one of the phase
boundaries gives important constraints on the evolution of the
heavy ion reaction [25].

The existence of a bound �nn system is a matter of current
debate. In 2013, the HypHI Collaboration presented evidence
for a bound �nn system by observing products of the reaction
of 6Li and 12C [13]. One possible explanation of the observed
result is the decay of a bound �nn state with an invariant
mass of M�nn = (2993.7 ± 1.3 ± 0.7) MeV. If this is correct,
this state is expected to be observable in other experiments,
such as ALICE [26]. Since the first evidence appeared, the
existence of a bound �nn system as well as its implications
for nuclear physics have been investigated in many different
approaches. Most of these studies reject the existence of
such a bound state due to constraints from other nuclear
and hypernuclear observables [27–31]. A resonance above
the three-body threshold was also considered as a possible
explanation [32–34]. The only pionless EFT investigation by
Ando et al. precluded a definitive conclusion [14].

In this work, we study the structure of strangeness S =−1
hypernuclei in pionless EFT at leading order in the large
scattering lengths, focusing on the hypertriton and the
�nn system. This framework provides a controlled, model-
independent description of weakly bound nuclei based on an
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expansion in the ratio of short- and long-distance scales. The
typical momentum scale for the hypertriton can be estimated
from the energy required for breakup into a � and a deuteron
as γ �

3 ∼ 2
√

(MB3
� − γ 2

d )/3 ≈ 0.3γd with γd = 45.68 MeV
the deuteron binding momentum and M the nucleon mass.
The momentum scale for the full three-body breakup is of
order γd . In the case of the �nn system, the invariant mass
distribution from Ref. [13] suggests a binding energy of order
1 MeV, which implies a binding momentum slightly smaller
than γd . Since these typical momentum scales are small
compared to the pion mass, one expects that all meson ex-
changes can be integrated out and pionless EFT is applicable
to these states. The effective Lagrangian will then only contain
contact interactions. A second important scale is given by the
conversion of a � into a � and back in intermediate states.
This scale is much larger than the typical momentum scales
of our theory, γ �

3 , γd � √
M�(M� − M�) ≈ 290 MeV. As

a consequence �-� conversion is not resolved explicitly in
the hypertriton and the �nn system, and the � degrees of
freedom can be integrated out of the EFT. The physics of �-�
conversion, however, will appear in a �NN three-body force
[12,35].

The structure of the paper is as follows: after discussing the
EFT for the two-body subsystems in Sec. II, we construct the
three-body equation for the isospin I = 0 (hypertriton) and
I = 1 (�nn) channels in Sec. III. In Sec. IV an asymptotic
analysis of the three-body is performed. This analysis shows
the need of a �NN three-body force in both isospin channels
[12,14] and determines the corresponding scaling factors. We
then solve the three-body problem numerically and discuss
our results with a special focus on universal relations in both
isospin channels in Sec. V. Finally, we calculate three-body
wave functions and matter radii in Sec. VI. The derivations
of the three-body equations and the three-body force are
relegated to three Appendices.

II. TWO-BODY SYSTEM

For convenience, we consider the �nn system and the
hypertriton using the isospin formalism. However, we note
in passing that a calculation in the particle basis leads to
the same results since we do not use isospin symmetry to
relate the properties of the three I = 1 states. The three-body
hypernuclei split up into an isospin triplet and singlet:

I = 1 :

⎧⎨
⎩

pp�
1√
2
(np + pn)�

nn�

, I = 0 :
1√
2

(pn − np)�, (1)

where the hypertriton is the I = 0 state and the �nn state
has I = 1 and I3 = −1. The NN scattering parameters are
taken from experiment. For the �N interaction, we use
the chiral EFT predictions from [6] as input for our cal-
culations. Since the �-N mass difference is so small, y =
(M� − M )/(M� + M ) ≈ 0.086, we start with the equal mass
case y = 0 and later extend our calculation to finite y.

As discussed above, all interactions are considered to
be contact interactions. For the NN system, the standard
pionless EFT power counting for large scattering length is

used [36,37]. We take the typical momentum p ∼ 1/a ∼ Q,
where a denotes the S-wave scattering length. The pole mo-
mentum of the bound/virtual states is

γ = 1/a + O(RNN/a2), (2)

with RNN ∼ 1/mπ ≈ 1.4 fm the range of the NN interaction.
The expansion of the EFT is then done in powers of QRNN .
The scattering lengths in the �N system, on the other hand,
are only of order 2–3 fm [6]. Thus they are not large com-
pared to the inverse pion mass. Since one-pion exchange is
forbidden between a � particle and a nucleon due to isospin
symmetry, however, the range of the �N interaction is set
by two-pion exchange: R�N ∼ 1/(2mπ ) ≈ 0.7 fm [35]. As
a consequence, the standard pionless EFT counting can be
applied for the �N interaction as well. In the following we
will stay at leading order in this counting where only S-wave
contact interactions without derivatives contribute. However,
we note that the effective range corrections in the �N sector
are potentially large and may need to be resummed at NLO.

For the description of the two-body interactions, we use the
dibaryon formalism [38]. The dibaryon formalism represents
two baryons interacting in a given partial wave with an auxil-
iary dibaryon field. In order to describe the hypertriton (I = 0)
and the �nn system (I = 1) four auxiliary fields, three for
each system, are needed. The two nucleons can be combined
into either a 3S1(NN ) partial wave denoted by d (deuteron) or
a 1S0(NN ) partial wave denoted s. The �N channels yields a
3S1 and a 1S0 partial wave denoted by u3 and u1 respectively.
The effective Lagrangian for S-wave scattering of a �’s and
nucleons is then given by[12]

L = N†

(
i∂t + ∇2

2M

)
N + �†

(
i∂t + ∇2

2M�

)
�

+�d d†
l dl − gd

2
[d†

l NT (iτ2)(iσlσ2)N + H.c.]

+�ss
†
j s j − gs

2
[s†

jN
T (iτ jτ2)(iσ2)N + H.c.]

+�3
(
u3

l

)†
u3

l − g3
[
i
(
u3

l

)†
�T (iσlσ2)N + H.c.

]
+�1(u1)†u1 − g1[i(u1)†�T (iσ2)N + H.c.] + · · · , (3)

where H.c. denotes the Hermitian conjugate and the dots
represent terms with more fields and (or) derivatives. The
d field will only contribute in the hypertriton, while the s
field will only contribute in the �nn system. Contributions
with more derivatives are suppressed at low energy. The Pauli
matrices are denoted by σ j and τ j acting in spin or isospin
space. The parameters � and g in each partial wave are not
independent at this order and only the combination g2/�

enters in physical quantities. The Lagrangian is equivalent to
one without auxiliary field [39,40] but more convenient to use
for three-body calculations. We note that a tensor force in the
�N interaction would appear in higher orders of the EFT. This
is similar to the NN case where the tensor force only appears
at N2LO and can be treated in perturbation theory [41].
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FIG. 1. Dibaryon propagator for the �N channel. Nucleons are given by solid lines, while � particles are given by dashed lines. The
constant bare propagator, i/�, is denoted by a thick solid line.

Since the theory is non-relativistic, the propagators for the
� and the nucleons N is given by

iS(p0, p) = i

p0 − p2

2m + iε
, (4)

where m denotes either M or M� depending on the particle.
The bare dibaryon propagator is a constant i/�. In order

to obtain the full dibaryon propagators for each partial wave,
one has to dress the bare propagator with baryon loops to all
orders [39]. This leads to a geometric series shown in Fig. 1
for the �N case. Summing the geometric series leads to

iD j (p0, p) = π

μg2
j

−i

−γ j +
√

−2μ
(
p0 − p2

2(M�+M ) + iε
) , (5)

where μ = M�M/(M� + M ) is the reduced mass of the �N
system. The corresponding pole momentum for one subsys-
tem is given by γ j , j ∈ {1, 3}. Divergent loop integrals are
regulated using dimensional regularization. Note the factor 2
missing compared to the propagators presented in [12]. The
pole momenta are determined from the chiral EFT prediction
for the �N scattering length at NLO using Eq. (2). The respec-
tive values for the different channels are given by −2.90 fm �
a�p

s � −2.91 fm and −1.48 fm � a�p
t � −1.70 fm [6] de-

pending on the cutoff and assuming isospin symmetry.
The full propagators for the NN partial waves are given by

[40,42]

iDd/s(p0, p) = 2π

Mg2
d/s

−i

−γd/s +
√

−M
(
p0 − p2

4M + iε
) , (6)

where γd is the deuteron pole momentum and γs the mo-
mentum of the virtual state pole in the NN singlet par-
tial wave. In order to obtain the full two-body scattering

amplitude, external baryon lines are attached to the full
dibaryon propagators [40]. Dependencies on the bare coupling
constants cancel for all physical quantities.

III. THREE-BODY SYSTEM

We now derive the integral equations for the hypertri-
ton (I = 0) and the �nn system (I = 1). In both cases we
have to project onto total angular momentum J = 1/2. As
a consequence, the integral equations have three coupled
channels. Both systems can be constructed by combining a
3S1 (�N ) or a 1S0 (�N ) partial wave with another nucleon in
a relative S wave. In addition, the 1S0 (NN ) partial wave plus
a spectator � particle in a relative S wave contributes in the
�nn system, while a 3S1 (NN ) partial wave plus a � particle
contributes for the hypertriton due to isospin symmetry. As a
consequence three three-body amplitudes T I

A , T I
B , T I

C , where I
denotes the respective isospin channel, are needed to describe
each system. We choose T I=0/1

A to describe the �-d and �-nn
channels. The amplitudes T I

B/C describe the 3S1(�N ) − N and
1S0(�N ) − N channels for isospin I . The integral equations
are shown pictorially in Fig. 2. Note that there is no tree level
and no loop diagram with TA in the first equation.

A. I = 0 channel

For the hypertriton, we correct the equation obtained in
Ref. [12] for the case y = 0 by a factor of 1/2 in front of the
loop diagrams with T I=0

C and T I=0
B . [For the case of general

y, see Eq. (A1) in Appendix A.] This factor results from the
corrected dimer propagator for the �N partial waves, Eq. (5).

FIG. 2. Integral equations for the �nn system (I = 1) and the hypertriton (I = 0). The solid double line corresponds to a 1S0 (NN ) dibaryon
(�nn case) or a 3S1 (NN ) dibaryon (hypertriton case). The dashed-solid double lines with index 1 (3) correspond to �N dibaryons in the singlet
(triplet) channel. Single lines are as in Fig. 1.
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We obtain

T I=0
A (k, p) = − 1

2π

∫ �c

0
dq q2

[
LB(p, q, E )T I=0

B (k, q) − 3LC (p, q, E )T I=0
C (k, q)

]
,

T I=0
B (k, p) = −4πγd

M
LI (p, k, E ) − 1

π

∫ �c

0
dq q2LA(p, q, E )T I=0

A (k, q)

− 1

2π

∫ �c

0
dq q2

[
LB(p, q, E )T I=0

B (k, q) + 3LC (p, q, E )T I=0
C (k, q)

]
,

T I=0
C (k, p) = 4πγd

M
LI (p, k, E ) + 1

π

∫ �c

0
dqq2LA(p, q, E )T I=0

A (k, q)

− 1

2π

∫ �c

0
dq q2

[
LB(p, q, E )T I=0

B (k, q) − LC (p, q, E )T I=0
C (k, q)

]
, (7)

where k (p) denote the incoming (outgoing) momenta in the center-of-mass frame and the dependence of the amplitudes on the
total energy is E = 3k2(4M ) − γ 2

d /M is suppressed. A cutoff �c is introduced in order to regulate the integral equations. The
function LI is given by

LI (p, k, E ) = 1

pk
ln

(
k2 + p2 + pk − ME

k2 + p2 − pk − ME

)
, (8)

while the functions LA/B/C are

LA/B/C (p, q, E ) = 1

pq
ln

(
q2 + p2 + pq − ME

q2 + p2 − pq − ME

)[
−γd/3/1 +

√
3

4
q2 − ME − iε

]−1

. (9)

The amplitude is normalized such that

T I=0
A (k, k) = 3π

M

1

k cot δ − ik
(10)

with δ the elastic scattering phase shift for �d scattering. For further details of the calculation and the partial wave projection,
see Ref. [12] and Appendix B.

B. I = 1 channel

In the I = 1 channel, the integral equations have a similar structure. For vanishing mass difference y = 0, we obtain

T I=1
A (k, p) = 1

2π

∫
dq q2

[
3L̃B(p, q, E )T I=1

B (k, q) + L̃C (p, q, E )T I=1
C (k, q)

]
,

T I=1
B (k, p) = + 4πγnn

M
LI (p, q, E ) + 1

π

∫
dq q2LA(q, p, E )T I=1

A (k, q)

+ 1

2π

∫
dq

[
LB(p, q, E )T I=1

B (k, q) + LC (p, q, E )T I=1
C (k, q)

]
,

T I=1
C (k, p) = + 4πγnn

M
LI (p, q, E ) + 1

π

∫
dq q2LA(q, p, E )T I=1

A (k, q)

+ 1

2π

∫
dq

[
3LB(p, q, E )T I=1

B (k, q) − LC (p, q, E )T I=1
C (k, q)

]
, (11)

where γs ≡ γnn is the dineutron pole momentum, which also
replaces the deuteron pole momentum in the definition of
LA. In this case there are no bound two-body subsystems.
However, we have chosen the normalization such that the
scattering phase shift for scattering of a � and a hypothetical
bound dineutron can be obtained from T I=1

A as in Eq. (10).
For further details of the calculation and the partial wave
projection, see Appendix B.

IV. ASYMPTOTIC ANALYSIS

In order to assess the need for a �NN three-body force for
proper renormalization, we perform an asymptotic analysis
of the three-body equations [39,40]. In the asymptotic limit
�c 	 q, p 	 γd , γnn, γ1, γ3 ∼ k the integral equations can be
solved analytically. We do this in two steps. First, we neglect
the �-nucleon mass difference and set y = 0. In a second step,
we relax this simplification.
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A. I = 0 channel

In the limit �c 	 q, p 	 γd , γnn, γ1, γ3 ∼ k, we can ne-
glect the inhomogeneous terms in the equations and the
k dependence of the amplitudes T I=0

A/B/C . Setting y = 0, the
logarithmic dependencies of the kernel are the same for each
amplitude [see also Eq. (9)]. The equations can then be
written as⎛

⎝T̃ I=0
A (p)

T̃ I=0
B (p)

T̃ I=0
C (p)

⎞
⎠ = 1

2π

2√
3

∫
dq

1

q
ln

(
p2 + q2 + pq

p2 + q2 − pq

)

×
⎛
⎝ 0 −1 3

−2 −1 −3
2 −1 1

⎞
⎠

⎛
⎝T̃ I=0

A (q)
T̃ I=0

B (q)
T̃ I=0

C (q)

⎞
⎠, (12)

where we have defined T̃ I=0
j (p) = pT I=0

j (k ∼ γd , p) for j ∈
{A, B,C}. We can decouple this set of equations and obtain⎛

⎝T I=0
1

T I=0
2

T I=0
3

⎞
⎠ = 1

2π

2√
3

∫
dq

1

q
ln

(
p2 + q2 + pq

p2 + q2 − pq

)

×
⎛
⎝−2 0 0

0 −2 0
0 0 4

⎞
⎠

⎛
⎝T I=0

1

T I=0
2

T I=0
3

⎞
⎠, (13)

where ⎛
⎝T̃ I=0

A

T̃ I=0
B

T̃ I=0
C

⎞
⎠ = 1

12

⎛
⎝−2 1 3

2 5 3
4 −2 6

⎞
⎠

⎛
⎝T I=0

1

T I=0
2

T I=0
3

⎞
⎠. (14)

Danilov showed that a equation of the the the form [43]

f (p) = 4λ√
3π

∫
dq

q
ln

(
p2 + q2 + pq

p2 + q2 − pq

)
f (q) (15)

is invariant under scale transformations and under the inver-
sion q → 1/q and thus has power law solutions. If λ < λc =
3
√

3/(4π ) ≈ 0.4135, the exponent of the power law is real.
This is obviously fulfilled for the amplitudes T I=0

1 and T I=0
2 .

For T I=0
3 on the other hand λ = 1, and there are two linearly

independent solutions with complex exponents, T I=0
3 (k, p) =

p±is0 . The parameter s0 is given by the transcendental equation
[43]

1 = 8λ√
3s

sin πs
6

cos πs
2

, (16)

resulting in s0 = 1.00624 for the equal mass considered here.
This corrects the result s0 = 1.35322 found in [12] due to the
missing factors in Eq. (7).

The phase between the two solutions is not fixed, instead
it depends strongly on the cutoff �c. This cutoff dependence
can be absorbed by adding a one-parameter three-body force
H (�c) in the equation for T I=0

3 [12]:

T I=0
3 (p) = 4√

3π

∫ �c

0

dq

q

[
ln

(
p2 + q2 + pq

p2 + q2 − pq

)

+ 2HI=0(�c)
pq

�2
c

]
T I=0

3 (q). (17)

This three-body force HI=0(�c) runs with the cutoff as [39]

HI=0(�c) = −
sin

[
s0 ln

(
�c

�I=0∗

) − arctan
(

1
s0

)]
sin

[
s0 ln

(
�c

�I=0∗

) + arctan
(

1
s0

)] , (18)

and ensures that all low-energy three-body observables are
independent of �c. Thus the RG evolution is covered by a
limit cycle as in the triton case [40]. Due to the periodicity the
value of the function HI=0(�c) returns to its original value
if the cutoff is increased by a factor exp (π/s0) ≈ 22.7. The
three-body-parameter �I=0

∗ must be fixed from a three-body
input, for example the binding energy. As a consequence,
there is an Efimov effect in the hypertriton channel but the
spectrum is cut off in the infrared by the finite scattering
length and only the shallowest state is physical.

At first glance one might think that this also fixes the
three-body force in the �nn system, but this is not the case
due to the different isospin. This three-body force can also
be implemented by constructing the effective three-body La-
grangian and match the coefficients in order to achieve the
behavior given by equation Eq. (17). An explicit form of
the three-body term in the effective Lagrangian is shown in
Appendix C.

B. I = 1 channel

A similar analysis can be carried out for the �nn system.
With the same assumptions as before, we obtain⎛

⎝T̃ I=1
A (p)

T̃ I=1
B (p)

T̃ I=1
C (p)

⎞
⎠ = 1

2π

2√
3

∫
dq

1

q
ln

(
p2 + q2 + pq

p2 + q2 − pq

)

×
⎛
⎝0 3 1

2 1 1
2 3 −1

⎞
⎠

⎛
⎝T̃ I=1

A (q)
T̃ I=1

B (q)
T̃ I=1

C (q)

⎞
⎠. (19)

Using the transformation⎛
⎝T̃ I=1

A

T̃ I=1
B

T̃ I=1
C

⎞
⎠ = 1

12

⎛
⎝−2 3 5

−2 3 −1
4 6 2

⎞
⎠

⎛
⎝T I=1

1

T I=1
2

T I=1
3

⎞
⎠, (20)

we obtain the same set of equations as for the hypertriton:⎛
⎝T I=1

1

T I=1
2

T I=1
3

⎞
⎠ = 1

2π

2√
3π

∫
dq

1

q
ln

(
p2 + q2 + pq

p2 + q2 − pq

)

×
⎛
⎝4 0 0

0 −2 0
0 0 −2

⎞
⎠

⎛
⎝T I=1

1

T I=1
2

T I=1
3

⎞
⎠. (21)

As a consequence, the structure of the solutions is the same
and the same scaling exponent s0 = 1.00624 emerges. This is
the well-known result for three distinguishable particles with
equal masses, one neutron with spin up and down each and
a � [44]. In passing, we note that our result for s0 disagrees
with the value s0 = 0.803 found in Ref. [14].

The three-body force HI=1 has the same structure as in the
hypertriton channel, Eq. (18), but the three-body parameter
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�I=1
∗ is not related to �I=0

∗ at the resolution level of pionless
EFT. An explicit form of the three-body term in the effective
Lagrangian is shown again in Appendix C.

C. Asymptotic analysis with different masses

Next we relax our assumption of equal masses and include
the �-nucleon mass difference and repeat the analysis for
finite y. The integral equations for this case are given in
Appendices A and B. Since the logarithm in Eq. (A2) depends

on y, it can no longer be factorized out of the matrix. In the
limit y → 0, however, the result from the analysis above must
be reproduced. Thus we assume that the T I

i can be written as
a linear combination of three new amplitudes which behave as
a power law:

T I
i = αiT

I
1 + βiT

I
2 + γiT

I
3 , i ∈ {A, B,C}. (22)

Integrating term by term and utilizing the Mellin-transform
on the y dependent Li leads to two different y dependent
functions,

F (s) = cos(φ+s) − cos(φ−s)

sin(πs)
with φ± = arccos

(
±

√
1 + y

2

)
, (23)

G(s) = cos(φ+s) − cos(φ−s)

sin(πs)
with φ± = arccos

(
±1 − y

2

)
, (24)

with s the exponent of the of the power law ansatz. Since no amplitude is preferred by construction, the transformed integral
equations decouple into three times the same subset of equations for αi, βi, and γi. Without loss of generality, we choose the
subset γi to contain the complex exponent. For I = 1 channel, we obtain the equation⎛

⎜⎝
γ I=1

A

γ I=1
B

γ I=1
C

⎞
⎟⎠ = 1

s

1√
3 − y

⎛
⎜⎜⎝

0 6(y + 1)−
s+3

2 F 2(y + 1)−
s+3

2 F

4(y + 1)
s+1

2
2G√

y+1(1−y)
2G√

y+1(1−y)

4(y + 1)
s+1

2
6G√

y+1(1−y)
− 2G√

y+1(1−y)

⎞
⎟⎟⎠

⎛
⎜⎝

γ I=1
A

γ I=1
B

γ I=1
C

⎞
⎟⎠, (25)

where the s dependence of the functions G and F has been suppressed. This equation has only nontrivial solutions if the
determinant of the matrix on its right-hand side vanishes. This leads to the following governing equation for s:

16 × s(3 − y)(y + 1)(2F 2(y − 1)2 + G2) + 8F 2G(1 − y)
√

(3 − y)(y + 1)

s3(y − 3)2(y − 1)2(y + 1)2
= 1. (26)

In the case of the hypertriton (I = 0), one obtains the same
equation for s. As expected, for vanishing mass difference the
result s0 = 1.00624 is reproduced. The result for the scaling
exp(π/s0) as a function of M/M� = (1 − y)/(1 + y) is shown
in Fig. 3. For the physical value of y = 0.086 corresponding to
M/M� = 0.84, we obtain s0 = 1.00760 for both the �nn and

FIG. 3. Scaling factor exp (π/s0) determined by Eq. (25) as
function of the mass ratio M/M� = (1 − y)/(1 + y). The physical
value is indicated by the dashed red line. The value for y = 0 is given
by the green dot.

hypertriton cases. Our result for arbitrary nonequal masses is
in good agreement with the results obtained in Ref. [44].

D. Renormalization

In order to check the validity of our asymptotic analysis
and the proper renormalization of the three-body equations,
we calculate the three-body force for the hypertriton and the
�nn system numerically. The results are shown in Fig. 4. The
points represent our numerical results while the straight lines
are fits to the theoretical expression, Eq. (18). We use the
binding energy as three-body input. The respective results for
the three-body parameter �∗ are

hypertriton: B�
3 = 2.35 MeV,

�I=0
∗ = (6.372 ± 0.008) MeV,

�nn : B�nn = 1.1 MeV,

�I=1
∗ = (13.95 ± 0.02) MeV.

The three-body force H is determined numerically such that
the binding energy remains fixed as the cutoff �c is varied.
In both cases, the three-body force shows the expected limit
cycle behavior. Therefore three-body states generated by the
Efimov effect can be expected for I = 0 and I = 1.

For inclusion of the three-body force in leading-order
calculations it is convenient to choose cutoff values at which
the three-body force vanishes [45]:

�n = �∗ exp

[
1

s0

{
nπ + arctan

(
1

s0

)}]
, (27)
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FIG. 4. Three-body force H (�c ) for the hypertriton (left panel)
and the �nn system (right panel) as a function of the cutoff �c. The
points are numerical determinations obtained from taking the three-
body binding energy as input (cf. Eq. (27), while the solid lines are
fits to Eq. (18).

with n > 0 an integer. In the following, Eq. (27) with n = 1 is
used for all numerical calculations.

V. NUMERICAL RESULTS

In order to solve the integral equations for the �nn
system or the hypertriton we need to set the interaction
parameters. For the spin-triplet nucleon-nucleon interaction,
which contributes in the I = 0 channel, we take the deuteron
binding momentum γd = 45.68 MeV as input. For the spin-
singlet interaction, we take the value for neutron-neutron scat-
tering length, ann = −18.63 ± 0.10 (stat.) ± 0.44 (syst.) ±
0.30 (theor.) fm [46], since we focus explicitly on the �nn
system in this channel. The values for the �N S-wave in-
teraction can not be extracted from phase shift analyses of
the limited scattering data. Instead, we use the NLO chiral
EFT values [6] for all calculations in this work, i.e., a�p

s =
−2.91 fm and a�p

t = −1.61 fm for the spin-singlet and spin-
triplet channels, respectively.

FIG. 5. �-d scattering phase shifts for y = 0 (dashed red line)
and physical value of the � mass (black solid line). The dark blue
and red bands represent the sensitivity to a variation of the chiral
EFT input scattering lengths by 15%, while the blue and red hatched
bands give an estimate of the EFT error.

A. I = 0 channel

The �d scattering phase is shown in Fig. 5. The dark
blue and red bands are variations of the chiral EFT scattering
lengths a�p

s = −2.91 fm and a�p
t = −1.61 fm by 15%, which

covers the entire predicted range, therefore the scattering
phase shifts seems to be independent of the exact values
of the low �N scattering lengths for small momenta. Small
deviations occur closer to the deuteron breakup threshold. The
hatched bands give an estimate of the pionless EFT error at
this order.

The large scattering lengths induce universal correlation
between different observables. One prominent example is the
Phillips line, which was first observed in the deuteron-neutron
system [47]. The Phillips line is a correlation between the
nd S-wave scattering length and the triton binding energy. A
similar correlation occurs in the hypertriton channel [12]. The
Phillips line for the hypertriton is shown in Fig. 6 for both
the equal mass case (green dashed line) and for the physical
� mass (blue solid line). The correlation shows the expected
behavior with a�d going to infinity as B�

3 approaches the
deuteron binding energy. The EFT is expected to break down
when the three-body binding momentum is of the order of the
pion mass, corresponding to B�

3 � 8γ 2
d /M ≈ 18 MeV (grey

shaded area). The Phillips line correlation is not very sensitive
to the precise values of the the �N scattering lengths. This is
illustrated by the different black symbols in Fig. 6 showing
the sensitivity to changes in γi = 1/ai, where i = 1, 3 with
the range of applicability of the theory. Such a behavior is not
completely unexpected since the �d separation energy is very
small.

From the hypertriton binding energy, the �d scattering is
predicted as

ay=0
�d = 16.25+4.45

−2.40 fm, ay=0.086
�d = 13.80+3.75

−2.03 fm, (28)

where the error is determined by the uncertainty in the hy-
pertriton binding energy. The change from finite y is of order
15%, well within errors of this LO calculation. The value for

FIG. 6. Phillips line for the hypertriton for y = 0 (dashed green
line) and physical � mass (solid blue line). In the gray shaded
area the EFT description breaks down, while the red shaded area
represents the physical binding energy region and is enhanced in
the inset. The different black symbols in illustrate the sensitivity to
changes in γi = 1/ai, where i = 1, 3.
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the equal mass case, y = 0, is in good agreement with the
previous work in Refs. [12,48].

B. I = 1 channel

The question of whether the �nn system is bound or
not has not been answered conclusively. After regularization
pionless EFT always produces one (or more) bound states in
the �nn system for a sufficiently large value of the cutoff �.
Yet such bound states are only physically relevant if they lie
below the breakdown scale of the EFT. Since we do not have
any three-body information besides the HypHI experiment,
we can not make a conclusive statement about the existence
of such a state. Assuming a flat probability distribution for
possible values of �I=1

∗ generated by QCD and deformations
of QCD in the relevant parameter window (one cycle), we can
make a statistical estimate. Taking into account the relevant
thresholds, we estimate the probability P of finding a bound
�nn from the ratio of the allowed values for �I=1

∗ for a �nn
state below the breakdown scale and a whole cycle,

P = �I=1,breakdown
∗ − �I=1,threshold

∗
(eπ/s0 − 1)�I=1,threshold∗

. (29)

Under these assumptions, we estimate that there is a 6%
chance to find a �nn bound state within in the range of
pionless EFT, which breaks down for typical momenta of
the order of the pion mass. We note that this simple esti-
mate does not take into account any constraints from other
nuclear and hypernuclear observables and/or theory assump-
tions beyond pionless EFT. In the case of the hypertriton, we
would estimate a probability of order 20% using the same
method.

For illustrative purposes, we also discuss the Phillips line
correlation for a hypothetical bound dineutron (2n) [49]. The
accepted value for the neutron-neutron scattering length is
ann = −18.63 fm [46] but experiments are primarily sensitive
absolute value of the scattering length, such that the sign is
mainly determined by the nonobservation of a bound dineu-
tron and theoretical considerations about charge symmetry
breaking [50]. The corresponding Phillips line correlation
for the �-dineutron system is shown in Fig. 7. The cor-
relation again shows the expected behavior for low binding
momenta and the �-dineutron scattering length diverges as
the dineutron binding energy is approached. The scattering
length associated with the extracted value of the �nn binding
energy B�nn = 1.1 MeV [13] for the hypothetical value ann =
18.63 fm is very low. This is expected since the binding of
the �-dineutron system must be very tight. [The dineutron
binding energy Bnn = 1/(Ma2

nn) ≈ 0.12 MeV is very small
for this example.] The point of expected theory break down
is far away from the displayed area in Fig. 7.

VI. WAVE FUNCTIONS AND MATTER RADII

A. I = 0 channel

In this section, we discuss the structure of the hypertriton
and �nn states and calculate their wave functions and matter
radii. A discussion of hypertriton structure as a loosely bound
object of a � and a deuteron in the context of heavy ion

FIG. 7. Phillips line for the �nn system in the case of a hypo-
thetical bound dineutron for arbitrary positive values of ann. The ex-
tracted mass of the �nn system by the HypHI Collaboration [13] and
the corresponding �-dineutron scattering length for a hypothetical
value ann = 18.63 fm are marked by dashed lines.

collisions at the CERN Large Hadron Collider can be found
in [51,52].

Using the integral equations for scattering in the hyper-
triton channel, we can obtain the bound state equation by
dropping the inhomogeneous terms and the k dependence
of the amplitudes. For further calculations it is useful to
use Jacobi coordinates in momentum space. Hence we use
momentum plane-wave states |p, q〉i. These plane-wave state
momenta are defined in the two-body fragmentation channel
(i, jk). The particle i is the spectator while the particles j
and k are interacting with each other [53–55]. Therefore the
momentum p describes the relative momentum between the
interacting pair while q is the relative momentum between
the spectator and the interacting-pair center of mass. The
projection between the different spectators [nucleons (N) and
Lambda-particle (�)] must obey

N 〈pq|p′q′〉�
= (2π )δ(3)[p + π1(q′, q)]δ(3)[p′ − π2(q, q′)], (30)

N 〈pq|P|p′q′〉N

= (2π )δ(3)[p + π3(q′, q)]δ(3)[p′ − π3(q, q′)]. (31)

The operator P denotes the permutation of the two nucleons.
The momentum functions are

π1(q, q′) = q + 1 + y

2
q′,

π2(q, q′) = q + 1

2
q′,

π3(q, q′) = q + 1 − y

2
q′, (32)

where y is again the mass parameter. Starting form the hy-
pertriton bound state equations, we obtain the wave functions
for different spectators by adding dimer and one-particle
propagators to the transition amplitudes. This leads to the
wave function given in Eq. (33) [11,56,57]. The cosine of the
angle between the two momenta p and q is given by x. In
principle, higher partial waves arise at this point; however, in
the S-wave case they are negligibly small [58]. The prefactors
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FIG. 8. The absolute square of the wave functions �2
�(p, q), �2

N (p, q), and �2
N ′ (p, q) (normalized to 1). The z axis is logarithmic; p

describes the momentum between the interacting pair while q describes the momentum between the spectator and the interacting pair.

result from projecting onto spin S = 1/2:

��(p, q) = G�(p, q, B)

[
DD(q, B)TA(q) − 1

2

∫ 1

−1
dx D3(π2(p,−q), B)TB(π2(p,−q))

+ 3

2

∫ 1

−1
dx D1(π2(p,−q), B)T1(π2(p,−q))

]
,

�N (p, q) = Gn(p, q, B)

[
D3(q, B)TB(q) − 1

2

∫ 1

−1
dx DD(π1(p,−q), B)TA(π1(p,−q))

− 1

2

∫ 1

−1
dx D3(π3(p,−q), B)TB(π3(p,−q)) − 3

2

∫ 1

−1
dx D1(π3(p,−q), B)T1(π3(p,−q))

]
,

�N ′ (p, q) = Gn(p, q, B)

[
D1(q, B)TB(q) + 1

2

∫ 1

−1
dx DD(π1(p,−q), B)TA(π1(p,−q))

− 1

2

∫ 1

−1
dx D3(π3(p,−q), B)TB(π3(p,−q)) + 1

2

∫ 1

−1
dx D1(π3(p,−q), B)T1(π3(p,−q))

]
. (33)

The Green’s functions Gi
0(p, q, B) are given by

G�(p, q, B) =
[

mB + p2 + 3 − y

(1 + y)4
q2

]−1

,

Gn(p, q, B) =
[

mB(1 + y) + p2 + 3 − y

4
q2

]−1

. (34)

The absolute square of the spectator wave functions is shown
on a logarithmic scale in Fig. 8. Starting from there we can
calculate one-body matter-density form factors

Fi(k2) =
∫

d3 p
∫

d3q�i(p, q)�i(p, |q − k|), (35)

where i is again the spectator. Matter radii then can be
extracted by expanding the form factors in terms of k2 leading
to the relation

Fi(k2) = 1 − 1
6 k2

〈
r2

i− jk

〉 + · · · , (36)

where 〈r2
i− jk〉 denotes the mean square distance between the

spectator and the interacting pair center of mass [11]. An
overview over the different radii corresponding to different
form factors is shown in Fig. 9 and Table I. The form factor
Fjk (k2) is given by

Fjk (k2) =
∫

d3 p
∫

d3q �i(p, q)�i(|p − k|, q). (37)

TABLE I. Different matter radii and the corresponding form
factors for the �NN systems.

Radius Corresponding form factor〈
r2
�−NN ′

〉
F�(k2)〈

r2
N−�N ′

〉
FN (k2)〈

r2
N ′−�N

〉
FN ′ (k2)

〈r2
NN ′ 〉 FNN ′ (k2)
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FIG. 9. Different matter radii for the �NN systems. The corre-
sponding form factors are given in Table I.

Since we consider a tightly bound proton and neutron com-
pared to the binding energy of the � particle to the pair,
we expect the results to be close to treating the system as
a two-body state. A first estimate is given by considering a
shallow S-wave two-body bound state resulting in

B2 = 1

2μa2
and 〈r2〉 = a2

2
, (38)

where μ is the two-body reduced mass [44]. Using these two
equations, we can get an estimate for the two radii:√〈

r2
NN ′

〉 ≈ 3.04 fm and
√〈

r2
�−NN ′

〉 ≈ 10.34 fm. (39)

The results for the different form factors are shown in Fig. 10.
It is also possible to combine those radii to a geometric matter
radius given by

〈
r2

m

〉 = (A + 1)2

(A + 2)3

〈
r2

N ′−�N

〉 + (A + 1)2

(A + 2)3

〈
r2

N−�N ′
〉

+ 4A

(A + 2)3

〈
r2
�−NN ′

〉
, (40)

where A = M�/M is the �-nucleon mass ratio. The results
are shown in Table II. We have fitted the linear part of the
form factors shown in Fig. 10 close to k2 = 0. The errors are
mainly given by the uncertainties of the binding energy of

FIG. 10. The form factors Fi and FN as a function of k2. The lines
for FN and FN ′ are close to each other. For identical spin-triplet and
spin-singlet �-N scattering lengths, FN and FN ′ would fall on top of
each other.

the system rather than the uncertainties of the �N scattering
lengths. Comparing the three-body results for

√
〈r2

NN ′ 〉 and√
〈r2

�−NN ′ 〉 given in Table II with the two-body ones in
Eq. (39) confirms that the “picture” as a two-body system
consisting of a deuteron and a � is a good approximation.

B. I = 1 channel

Utilizing the same prescription as before, we obtain equa-
tions for the wave functions and matter radii for the �nn
system. The binding energy of the �nn system is not known,
but the invariant mass distributions suggest a binding en-
ergy of B�nn = 1.1 MeV [13]. This is much larger than the
�-deuteron separation energy of 0.13 ± 0.05 MeV, which
implies that the radii of the �nn state should be smaller. We
therefore calculate the matter form factors for the �nn system
for this value of B�nn. Our results for the wave functions
and form factors are shown in Figs. 11 and 12, respectively.
As expected the �nn system does not show the two-body
halo character of the hypertriton since it does not have a
bound two-body subsystem. Moreover all matter radii are of
comparable size.

Since the value of the �nn binding energy is uncertain, we
calculate the matter radii as a function of B�nn. The results
for the different radii as a function of the �nn binding energy
(but keeping the NN and �N interaction fixed) are shown in
Fig. 13. The bands represent a deviation of the chiral EFT �N
scattering length values by 15% around the central value. The
general observation that all matter radii are of comparable size
continues to hold if B�nn is varied.

TABLE II. Different matter radii for the hypertriton in fm. The first row is for the binding energy of 2.35 MeV with the chiral EFT
predictions for the �N interactions. Further rows are corrections to this value given by variations in the binding energy and �N interactions.

√〈
r2
�−NN ′

〉
(fm)

√〈
r2

N ′−�N

〉
(fm)

√〈
r2

N−N ′�
〉

(fm)
√〈

r2
NN ′

〉
(fm)

√〈
r2

geo

〉
(fm)

10.79 3.96 4.02 2.96 4.66
+3.04/−1.53 +0.40/−0.25 +0.41/−0.25 +0.06/−0.05 +1.19/−0.54
+0.03/−0.02 +0.03/−0.03 +0.03/−0.03 +0.03/−0.04 +0.01/−0.01
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FIG. 11. The absolute square of the wave functions �2
�(p, q), �2

n (p, q), and �2
n′ (p, q) for the �nn bound with a binding energy B�nn =

1.1 MeV. The z axis is logarithmic; p describes the momentum between the interacting pair while q describes the momentum between the
spectator and the interacting pair.

VII. SUMMARY

In this work, we have discussed the structure of three-body
S = −1 hypernuclei in pionless EFT with a focus on the hy-
pertriton (I = 0) and the hypothetical �nn bound state in the
I = 1 channel. Both systems show the Efimov effect and have
the same scaling factor, such that the occurrence of bound
states is natural within pionless EFT. However, the three-
body parameters need not be the same. This is in contrast to
other approaches which implicitly make assumptions about
the relation between the two channels [27–31]. However, due
to the finite scattering lengths, a physical state will only appear
in the I = 1 channel if it is within the range of validity of the
pionless EFT description, i.e., if it is shallow enough. Based
on our leading-order analysis, we cannot rule out a �nn bound
state. From a simple statistical argument, we estimate that
there is a 6% chance to find a �nn bound state within in the
range of pionless EFT.

In addition, we perform a detailed analysis of the structure
of the hypertriton and the hypothetical �nn bound state and
related scattering processes. While the NN interaction param-

FIG. 12. The form factors Fi and Fnn as a function of k2 for
the �nn system. The form factors of Fn and Fn′ are again close to
each other. For identical spin-triplet and spin-singlet �-N scattering
lengths, Fn and Fn′ would fall on top of each other.

eters are well known, the �N parameters are taken from a
chiral EFT analysis at NLO [6]. For the �d scattering system,
we predict a scattering length length of a0.086

�d = 13.80+3.75
−2.03 fm.

This result is insensitive to the details of the �N interaction
and mainly driven by the value of the hypertriton binding
energy [12]

Moreover, we have performed calculations of matter radii
and wave functions in both isospin channels. For the hyper-
triton, the calculation shows a large separation between the
� and the “deuteron” core of 10.79+3.04

−1.53 fm, which is also
reflected in the �-deuteron separation energy of only 0.13 ±
0.05 MeV. This separation is comparable to the one ob-
tained in a straight two-body calculation with � and deuteron
degrees of freedom, which lends further credibility to an
effective two-body description in the case of the hypertriton
[59]. Again these results are insensitive to the exact values
of the �N scattering lengths. Since the �nn system lacks a

FIG. 13. Matter radii for the �nn system as function of the bind-
ing energy B�nn for a neutron-neutron scattering length of −18.63
fm and chiral EFT values for the �n scattering lengths ±15%. The
bands for the radii with the two nucleons as spectator lie on top of
each other.
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bound two-body subsystem, this behavior is not observable
for a hypothetical bound state in the I = 1 channel. Although
the question whether the �nn system is bound cannot be
answered definitely, we are able to predict matter radii and
wave functions for this system as a function of its binding
energy.

In the future, it would be worthwhile to include effective
range corrections and explore the usefulness of this frame-
work to shed light on the the hypertriton lifetime puzzle
(see Ref. [60] and references therein). In addition, an impact
analysis of the two-body scattering lengths and three-body
binding energies in four-body hypernuclei similar to Ref. [61]
would be worthwhile. Moreover, it would be interesting to
include the full three-body structure of the hypertriton wave

function in coalescence models for production in heavy ion
collisions [51,62]. Finally, one could combine pionless EFT
with input from lattice QCD calculations in the S = −1 sector
[9] to elucidate the structure of hypernuclei at unphysical pion
masses [63].
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APPENDIX A: HYPERTRITON INTEGRAL EQUATIONS

The integral equations for the hypertriton for general mass ratios y �= 0 are

T I=0
A (k, p) = − 1

2π (1 + y)

∫ �c

0
dq q2

[
L̃B(p, q, E )T I=0

B (k, q) − 3L̃C (p, q, E )T I=0
C (k, q)

]
,

T I=0
B (k, p) = − 4πγd

M
LI (p, k, E ) − 1

π

∫ �c

0
dq q2LA(p, q, E )T I=0

A (k, q)

− 1

2π (1 − y)

∫ �c

0
dq q2[LB(p, q, E )T I=0

B (k, q) + 3LC (p, q, E )T I=0
C (k, q)

]
,

T I=0
C (k, p) = 4πγd

M
LI (p, k, E ) + 1

π

∫ �c

0
dq q2LA(p, q, E )T I=0

A (k, q)

− 1

2π (1 − y)

∫ �c

0
dq q2

[
LB(p, q, E )T I=0

B (k, q) − LC (p, q, E )T I=0
C (k, q)

]
, (A1)

where, in addition to the corrected factor of 2, also the sign in the prefactor of the integral in the first equation was flipped:
(1 − y) → (1 + y). Details on the derivation are given in Ref. [12]. (See also the discussion for the I = 1 case in Appendix B.)
The y-dependent functions L(p, q, E , (y)) are given by

LI = 1

pk
ln

(
k2/(1 + y) + p2 + pk − ME

k2/(1 + y) + p2 − pk − ME

)

LA = 1

pq
ln

(
q2/(1 + y) + p2 + pq − ME

q2/(1 + y) + p2 − pq − ME

)[
−γd/s +

√
3 − y

4(1 + y)
q2 − ME − iε

]−1

L̃B/C = 1

pq
ln

(
q2 + p2/(1 + y) + pq − ME

q2 + p2/(1 + y) − pq − ME

)[
−γ3/1 +

√
3 + 2y − y2

4
q2 − ME (1 + y) − iε

]−1

LB/C = 1

pq
ln

(
q2 + p2 + pq(1 − y) − ME (1 + y)

q2 + p2 − pq(1 − y) − ME (1 + y)

)[
−γ3/1 +

√
3 + 2y − y2

4
q2 − ME (1 + y) − iε

]−1

. (A2)

APPENDIX B: �nn INTEGRAL EQUATIONS

Starting from the Lagrangian (3) and using the same conventions and definitions for the Li as for the hypertriton, we obtain
from the Feynman diagrams in Fig. 2 the following equations:

[
t i j
A (�k, �p)αβ

] = gsg3

∫
d3q

(2π )3

[
t i,l ′
B (�k, �q)a′b′

αβ ′
] (σl ′ )β ′β (τ jτ2)b′a′D3

(
E − q2

2m , �q
)

E − p2

2M�
− q2

2M − ( �q+ �p)2

2M + iε

+ gsg1

∫
d3q

(2π )3

[
t i
C (�k, �q)a′b′

αβ ′
] δβ ′β (τ jτ2)b′a′D1

(
E − q2

2m , �q
)

E − p2

2M�
− q2

2M − ( �q+ �p)2

2M + iε
, (B1)
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[
t i,l
B (�k, �q)ab

αβ

] = − gsg3
(σl )αβ (τ2τi )ab

E − k2

2M�
− p2

2m − (�k+ �p)2

2M + iε
+ gsg3

∫
d3q

(2π )3

[
t i, j′
A (�k, �q)αβ ′

] (σl )β ′β (τ2τ j′ )abDd
(
E − q2

2m , �q
)

E − p2

2M − q2

2M�
− ( �q+ �p)2

2M + iε

+ g2
3

∫
d3q

(2π )3

[
t i,l ′
B (�k, �q)a′b′

αβ ′
] (σlσl ′ )β ′βδb′bδa′aD3

(
E − q2

2m , �q
)

E − p2+q2

2M − ( �q+ �p)2

2M�
+ iε

− g3g1

∫
d3q

(2π )3

[
t i
C (�k, �q)a′b′

αβ ′
] (σl )β ′βδb′bδa′aD1

(
E − q2

2m , �q
)

E − p2+q2

2M − ( �q+ �p)2

2M�
+ iε

, (B2)

[
t i
C (�k, �q)ab

αβ

] = − gsg1
δαβ (τ2τi )ab

E − k2

2M�
− p2

2m − (�k+ �p)2

2M + iε
+ gsg3

∫
d3q

(2π )3

[
t i, j′
A (�k, �q)αβ ′

] δβ ′β (τ2τ j′ )abDd
(
E − q2

2m , �q
)

E − p2

2M − q2

2M�
− ( �q+ �p)2

2M + iε

− g3g1

∫
d3q

(2π )3

[
t i,l ′
B (�k, �q)a′b′

αβ ′
] (σl ′ )β ′βδb′bδa′aD3

(
E − q2

2m , �q
)

E − p2+q2

2M − ( �q+ �p)2

2M�
+ iε

+ g2
1

∫
d3q

(2π )3

[
t i
C (�k, �q)a′b′

αβ ′
]δβ ′βδb′bδa′aD1

(
E − q2

2m , �q
)

E − p2+q2

2M − ( �q+ �p)2

2M�
+ iε

, (B3)

where a, b and i, j are isospinor (isovector) indices while α, β, and l are the corresponding indices in the spin space. Intermediate
states are marked with a prime. While it is possible to absorb the isospin dependence in the amplitude for the hypertriton (cf.
Ref. [12]), a specific choice for all isospin indices is needed for the �nn system. We must choose all incoming and outgoing
states to be two neutrons (a = b = −1/2) or part of the nn partial wave (i = − j = 1). For the tree level diagrams this choice
then yields

(τ2τ+)−1/2−1/2 = i. (B4)

In a similar way one can obtain the prefactors for the first equations, since a = b = −1/2 is the only contributing element, when
setting j = −1. The same procedure can be applied for the intermediate j′ the other way around. Choosing a = b = −1/2 for
the resulting isospinor indices, one receives j′ = 1 as the only contributing part left. In order to obtain the correct spin only one
projection is needed for tb. We choose

[
t l
B(�k, �q)

]
δαβ = [

t l
B(�k, �q)αβ ′

] (σl )β ′β

3
, (B5)

[tA/C (�k, �q)]δαβ = [tA/C (�k, �q)αβ]. (B6)

Projection on relative S waves and defining the amplitudes

T I=1
A (k, p) = ZstA(k, p), T I=1

B (k, p) = i
gs

g3
ZstB(k, p), T I=1

C (k, p) = i
gs

g1
ZstC (k, p), (B7)

where Z−1
s = M2g2

s
4πγs

is the wave function renormalization of the nn system, leads to the set of integral equations

T I=1
A (k, p) = 1

2π (y + 1)

∫
dq q2

[
3L̃B(p, q, E )T I=1

B (k, q) + L̃C (p, q, E )T I=1
C (k, q)

]
,

T I=1
B (k, p) = + 4πγnn

M
LI (p, q, E ) + 1

π

∫
dqq2LA(q, p, E )T I=1

A (k, q)

+ 1

2π (1 − y)

∫
dq

[
LB(p, q, E )T I=1

B (k, q) + LC (p, q, E )T I=1
C (k, q)

]
, (B8)

T I=1
C (k, p) = + 4πγnn

M
LI (p, q, E ) + 1

π

∫
dq q2LA(q, p, E )T I=1

A (k, q)

+ 1

2π (1 − y)

∫
dq

[
3LB(p, q, E )T I=1

B (k, q) − LC (p, q, E )T I=1
C (k, q)

]
,

where the Li are the same as in Appendix A. Taking the limit y → 0 results in the integral equations shown in Eq. (11).
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APPENDIX C: THREE-BODY LAGRANGIANS

1. I = 0 channel

The most general form of the Lagrangian for the nonderivative part of the three-body force for the hypertriton is given by

L3Hyp = AMH (�c)

�2
c

(
Cd g2

d [d∗
l �α (σlσm)αβ�∗

βdm] + Cii
(
g2

3

[(
u3

l

)∗
aNαa(σlσm)αβN∗

βb

(
u3

m

)
b

] − 3g2
1[(u1)∗aNα,aδαβN∗

β,b(u1)b]
)

+ C3d g3gd
[
d∗

l Nαa(σlσm)αβ�∗
β (τ2)ab

(
u3

m

)
b + H.c.

] + C13g1g3
[(

u3
l

)∗
aNαa(σl )αβN∗

βb(u1)b + H.c.
]

+ C1d g1gd [d∗
l Nαa(σl )αβ�∗

β (τ2)ab(u1)b + H.c.]
)
, (C1)

where A is a constant. It is possible to reconstruct the free parameters by evaluating the three-body force in the coupled integral
equations in Sec. IV. This can be done by doing the transformations and projections used to derive the one-parameter three-body
force backwards. The matrices S and S−1 denote the transformation matrices between the old and the new amplitudes T̃A/B/C

and T1/2/3; see also Eq. (14). The matrix J is the kernel of the set of decoupled integral equations. With the introduction of the
three-body force J0 = diag(0, 0, 1) in T3, one obtains for the backwards transformation of the amplitudes

S · J · J0 · S−1 = 1

3

⎛
⎝ 2 −1 3

−2 1 −3
2 −1 3

⎞
⎠. (C2)

Inverting the spin and isospin projections that were done for the original amplitudes TA/B/C (see also [12]) leads to

Ci j = 1

3

⎛
⎝4 1 1

1 −1 −1
1 −1 3

⎞
⎠, (C3)

where we have matched the different loop diagrams to the interactions. Since the Lagrangian is Hermitian, the matrix Ci j must
be symmetric. Matching the coefficients yields

A = 1
3 , Cd = 4, Cii = −1, C13 = −1, C1d = 1, C3d = 1,

which fully determines the structure of the three-body force in the I = 0 channel.

2. I = 1 channel

For the �nn system we follow the same procedure as in I = 0 channel. The resulting structure of the three-body force in the
I = 1 channel is

L�nn = 2MH

3�2
c

(
2g2

n[s∗
i �α (τiτ j )αβ�∗

βdm] + (
3g2

3

[(
u3

l

)∗
a
Nαa(σlσm)αβN∗

βb

(
u3

m

)
b

] − g2
1[(u1)∗aNα,aδαβN∗

β,b(u1)b]
)

+ g3gd
[
s∗

i Nαa(σm)αβ�∗
β (τiτ2)ab

(
u3

m

)
b + H.c.

] + g1g3
[(

u3
l

)∗
aNαa(σl )αβN∗

βb(u1)b + H.c.
]

+ g1gs[s
∗
i Nαaδαβ�∗

β (τiτ2)ab(u1)b + H.c.]
)
. (C4)
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