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Background: Multinucleon transfer reactions at low-energy collisions are considered to be promising for the
production of new exotic nuclei, which are difficult to produce by other methods. Theoretical studies are
required to provide reliable predictions for the experiments and to help understand the microscopic mechanism
in multinucleon transfer reactions.
Purpose: We provide a predictive approach for production cross sections and show how and to what extent the
microscopic approach works well in multinucleon transfer reactions.
Methods: We employ the TDHF + GEMINI approach, which combines the microscopic time-dependent
Hartree-Fock (TDHF) model with the state-of-art statistical model GEMINI ++, to take into account both the
multinucleon transfer dynamics and the secondary de-excitation process. The properties of primary products
in multinucleon transfer process, such as transfer probabilities and primary cross sections, are extracted from
TDHF dynamics using the particle-number projection method. Production cross sections for secondary products
are evaluated using the statistical model GEMINI ++.
Results: We investigate the influence of colliding energies and deformation orientations of target and projectile
nuclei on multinucleon transfer dynamics in the reaction 58Ni + 124Sn. More nucleons are observed to transfer
in the tip collision than in the side collision. The production cross sections for secondary fragments with
TDHF + GEMINI calculations well reproduce the experimental measurements at energies close to the Coulomb
barrier. At sub-barrier energy, the theoretical results gradually deviate from the experimental data with the
increase of the number of transferred neutrons, showing the limitations of a single mean-field approximation
in the TDHF approach. Possible origins for this discrepancy are discussed. The total cross sections integrated
over all the neutron transfer channels are in good agreement with the experimental data for all the energies. We
compare the production cross sections of TDHF + GEMINI calculations with those from GRAZING model and
find that our approach gives a description as quantitatively good as the semiclassical model, although there is no
adjustable parameters for the reaction dynamics in the microscopic TDHF method.
Conclusions: The microscopic TDHF + GEMINI approach reasonably reproduces the experimental data at
energies close to the Coulomb barrier and well accounts for the multinucleon transfer mechanism. The present
studies clearly reveal the applicability of TDHF + GEMINI method in multinucleon transfer reactions, which
thus is a promising tool for predicting the properties of new reactions.
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I. INTRODUCTION

The production of new exotic nuclei in both experimen-
tal and theoretical studies is of fundamental importance to
enrich our knowledge of the characteristics of atomic nu-
clei, in particular for those neutron-rich isotopes involved in
the astrophysical r-process. These nuclei may show distinct
properties from those seen in typical stable nuclei, which are
extremely interesting for nuclear structure and reaction mech-
anism investigations. In recent years, multinucleon transfer
reactions occurring in low-energy collisions of heavy ions are
considered as an effective method for the production of exotic
nuclei located far from the stability line. The experiments to
produce these exotic nuclei have been extensively performed
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[1–8], providing important information concerning the mech-
anisms of multinucleon transfers in low-energy collisions. For
example, the neutron-rich nuclei around N = 126 have been
produced via multinucleon transfer reactions [2–4] but have
been difficult to produce by other methods so far. It was found
that the shell effect plays an important role in the production
of these neutron-rich nuclei and may significantly enhance
the yield of exotic nuclei for an appropriate projectile-target
combination. To produce the new unstable isotopes exper-
imentally, the optimal incident energy and projectile-target
combination should be chosen to have the highest product
cross section for the desired isotope. Reliable theoretical
predictions are therefore required to guide the current and
future experiments at radioactive-ion beam facilities.

Various theoretical models, including both the semiclas-
sical and microscopic approaches, have been developed to
describe the multinucleon transfer process. Semiclassical
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models, such as GRAZING [9], complex Wentzel-Kramers-
Brillouin (CWKB) [10], dinuclear system (DNS) [11–18],
and the dynamical model based on Langevin-type equations
of motion [19–23], have shown remarkable success in repro-
ducing the particular aspects of experimental data. However,
the uncertainty of macroscopic parameters and the lack of
microscopic origins restrict their predictive power and may
obscure the underlying physical processes. On the other hand,
microscopic approaches, e.g., the improved quantum molecu-
lar dynamics (ImQMD) [24–30] and time-dependent Hartree-
Fock (TDHF) models [31–35], have also been proposed to
describe the multinucleon transfer processes. These models
are based on the mean-field approximation and treat the
nucleon transfer and dissipation dynamics in a self-consistent
way. In the ImQMD model, besides the time evolution of the
mean field, the stochastic two-body collision is included in the
Hamiltonian equation of motion so that the dynamical fluctu-
ation correlation can be treated in heavy-ion collisions such
as the multifragmentation process. However, the omission
of the spin-orbit interaction in the ImQMD model prevents
proper treatment of shell effects in heavy-ion collisions. When
compared with the molecular dynamics simulations, TDHF
theory better describes the structural effects of the nuclear
system such as the shell effects and nuclear shapes in heavy-
ion reactions. Quantum effects such as the Pauli principle and
antisymmetrization of wave functions are also automatically
taken into account in TDHF, which are essential for the man-
ifestation of shell structures during the collision dynamics.
The TDHF approach has many successful applications in the
description of nuclear large-amplitude collective motions, as
seen in recent applications to fusion [36–43], quasifission
[44–52], transfer reactions [49,53–63], fission [64–68], and
deep inelastic collisions [69–78]. However, since the dynam-
ical fluctuation and two-body dissipation are not included in
TDHF, the fluctuations of collective variables are considerably
underestimated [79,80]. To remedy the limitations in TDHF,
the extension of a theoretical framework beyond TDHF has
been developed to include these effects, e.g., stochastic ex-
tension of TDHF theory [68,81–85], Balian-Vénéroni vari-
ational approach [80,86,87], time-dependent density matrix
approach [88,89], and time-dependent generator coordinate
method [90,91].

The main purposes of this work are to provide a predictive
approach for production cross sections and show how and to
what extent the microscopic approach works well in mult-
inucleon transfer reactions. Multinucleon transfer dynamics
may be affected by many variables, e.g., collision energy,
deformation orientation, and shell structure of the colliding
nuclei. We will investigate the production cross sections and
microscopic mechanism in multinucleon transfer reactions
by using the TDHF + GEMINI approach, which combines
the microscopic TDHF with the state-of-art statistical model
GEMINI ++ [92–95], to take into account both the multi-
nucleon transfer dynamics and the secondary de-excitation
process. Recently, the combined method TDHF + GEMINI
[60,61,63] has been applied to multinucleon transfer reac-
tions and has described the production cross sections with
accuracy comparable to the existing macroscopic models. In
addition, we combine the TDHF theory with the statistical

model HIVAP to study the reaction mechanism of quasifission
and fusion-fission dynamics in the reaction 48Ca +239,244 Pu
and find that the TDHF + HIVAP method well accounts for
the experimental observations on the isotopic dependence of
fusion-evaporation cross sections [51]. These results are rather
remarkable given the fact that there is no adjustable param-
eters for the reaction dynamics in the microscopic TDHF
method.

This article is organized as follows. In Sec. II, we recall the
theoretical approaches of TDHF, particle-number projection,
and GEMINI ++ used for the calculations of primary and
secondary cross sections. Section III presents the production
cross sections and microscopic mechanism in the multinuleon
transfer reaction 58Ni + 124Sn by using the TDHF + GEMINI
approach. We compare our results with experimental measure-
ments and those from GRAZING model. A brief summary is
given in Sec. IV.

II. THEORETICAL METHOD TDHF + GEMINI

A. Primary cross section

In the TDHF approach, the many-body wave functions are
approximated as a single Slater determinant

�(r1σ1q1, . . . , rNσN qN , t ) = 1√
N!

det{φλ(riσiqi, t )}, (1)

where φλ(riσiqi, t ) is the time-dependent single-particle states
with spatial coordinate ri, spin σi, and isospin qi of the ith
(i = 1, . . . , N) nucleon. This form is kept at all times in
the dynamical evolution. By taking the variation of time-
dependent action with respect to the single-particle states, one
may obtain a set of nonlinear coupled TDHF equations in the
multidimensional spacetime phase space

ih̄
∂

∂t
φλ(rσq, t ) = ĥφλ(rσq, t ), (2)

where ĥ is the Hartree-Fock (HF) single-particle Hamiltonian.
The TDHF equation describes the time evolution of single-
particle wave functions in a mean field.

In the TDHF description of heavy-ion collisions, the nu-
cleon transfer happens when the projectile wave functions
extend to the target spatial region and vice versa. As a result,
TDHF Slater determinant after collision is not an eigenstate
of particle-number operator, but a superposition of states with
different particle numbers. By dividing the spatial region of
total system into the subspace, where either the projectile-like
fragments (PLF) or target-like fragments (TLF) are located,
the particle-number operator in the subspace V is defined as

N̂V =
∫

V
dr

NV∑
i=1

δ(r − ri ) =
NV∑
i=1

�V (ri ), (3)

where �V (ri )=1 if ri ∈ V and 0 elsewhere. The particle-
number projection operator [54] in the subspace V

P̂V
n = 1

2π

∫ 2π

0
dθei(n−N̂V )θ (4)

projects the TDHF wave function onto the eigenstate with
good particle number n.
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After the particle-number projection, the state P̂V
n |�〉 is the

eigenstate of number operator N̂V

N̂V P̂V
n |�〉 = nP̂V

n |�〉. (5)

The expectation value of particle-number projection operator

Pn = 〈�|P̂V
n |�〉 (6)

is the distribution probability with n nucleon number. The
probability for fragment with Z protons and N neutrons at a
given impact parameter b and incident energy Ec.m.

PZ,N (b, Ec.m.) = PZ (b, Ec.m.)PN (b, Ec.m.) (7)

is a product of probabilities for protons PZ and neutrons
PN . The cross section for a primary reaction product is then
calculated by integrating the probability PZ,N over the impact
parameters b

σZ,N (Ec.m.) = 2π

∫ bcut

bmin

bPZ,N (b, Ec.m.)db, (8)

where bmin is the minimum impact parameter for the binary
reaction. The cutoff impact parameter bcut should be chosen
large enough in the numerical simulation to ensure that the
transferred nucleon is negligibly small at b > bcut. It should be
noted that this cross section is dependent on the deformation
orientations of projectile and target nuclei. The total cross
section can be obtained by a proper integration over all the
deformation orientations.

B. Secondary cross section

The primary reaction products are excited in the statisti-
cal nonequilibrium states and will undergo the de-excitation
process, including both the evaporation of light particles
and fission of heavy fragments. We employ the state-of-art
statistical model GEMINI ++ [92–95] to take into account
this process and describe the production cross section of
secondary reaction products. The GEMINI ++ is the updated
version of GEMINI based on the Monte Carlo simulation.
This model describes the width of fission mass and charge
distributions for heavy systems quite well [93,94]. The input
parameters for GEMINI ++ are the proton number Z , neutron
number N , excitation energy E∗

Z,N , and angular momentum
JZ,N of the primary reaction product. The last two quantities
for each primary product can be calculated, in principle, by
the extended particle-number projection technique, as done
in Ref. [57] for the light system 16O + 24O, but the large
computational effort makes it difficult to estimate the two
quantities for all primary products. A simple but effective
way is to evaluate the average values of these quantities as
shown in Ref. [61]. The average excitation energy and angular
momentum of the primary products can be directly obtained
from TDHF calculations. The total excitation energy of the
reaction system

E∗
tot = Ec.m. − TKE + Q (9)

is expressed in terms of incident energy in center-of-mass
(c.m.) frame Ec.m., total kinetic energy (TKE), and transfer-
channel-dependent Q value. In TDHF, the TKE is calculated

as the sum of kinetic energy of the fragments after the sepa-
ration and Coulomb potential energy assuming that the frag-
ments are pointlike charges. The transfer-channel-dependent
Q value is obtained from the latest experimental atomic mass
tables AME2016 [96,97] and the theoretical mass calculated
using the finite-range droplet model FRDM(2012) [98]. The
total excitation energy is assumed to distribute over all the
transfer channels proportional to the mass of primary frag-
ment

E∗
Z,N = Z + N

A1 + A2
E∗

tot, (10)

where A1 and A2 are the masses of projectile and target nuclei.
The average angular momentum is given by the expectation
value of angular momentum operator

JZ,N = 〈�|ĴV |�〉, (11)

with

ĴV =
A∑

i=1

�V (ri )[(ri − Rc.m.) × p̂i + ŝi], (12)

where Rc.m. is the c.m. position of the fragment and p̂i
and ŝi are the single-particle momentum and spin operators,
respectively.

For a given primary fragment specified by (Z , N , E∗
Z,N ,

JZ,N ), GEMINI ++ simulation follows the sequential binary
decays of all possible modes for the compound nucleus. Since
GEMINI ++ is a statistical model based on the Monte Carlo
algorithm, there may be different binary-decay chains for
a same set of input parameters. In order to get the decay
probability, we simulate the decay process Mevent times for the
same set of input parameters. We count the number of decay
products composed of Z ′ protons and N ′ neutrons as MZ ′,N ′

times. The decay probability from the primary product with
(Z, N ) to final product with (Z ′, N ′) is given by

Pdecay(E∗
Z,N , JZ,N , Z, N ; Z ′, N ′) = MZ ′,N ′

Mevent
. (13)

It should be noted that the decay process with Pdecay �
1/Mevent may not be taken into account due to the limit of
decay probability. The probability for final products after the
secondary de-excitation process

P( f )
Z ′,N ′ (b, Ec.m.) =

∑
Z�Z ′

∑
N�N ′

PZ,N (b, Ec.m.)

× Pdecay(E∗
Z,N , JZ,N , Z, N ; Z ′, N ′) (14)

is a product of distribution probability and decay probability
of primary fragments. The production cross section for the
final product is evaluated as

σ
( f )
Z ′,N ′ (Ec.m.) = 2π

∫ bcut

bmin

bP( f )
Z ′,N ′ (b, Ec.m.)db, (15)

which can be compared with the experimental measurement
directly.
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III. RESULTS AND DISCUSSION

We have tested the correctness of our code by comparing
our results with those obtained from other models. We have
reproduced accurately the transfer probability and the fluctua-
tion of nucleon number for the reaction 16O + 208Pb reported
in Ref. [54]. We also calculated the transfer cross sections in
the reaction 40Ca + 124Sn and found the results in Ref. [56]
are reproduced accurately by our code.

In the present work, we investigate the production cross
sections and transfer mechanisms in the reaction 58Ni +
124Sn to show the applicability of microscopic approach
TDHF + GEMINI in multinucleon transfer. The production
cross sections in multinucleon transfer reaction 58Ni + 124Sn
have been measured in Argonne National Laboratory (ANL)
experiment at center-of-mass (c.m.) energies of 150, 153, 157,
and 160.6 MeV [99], at which the theoretical studies are
performed. It should be noted that the experiment utilized the
inverse kinematics method with a 124Sn beam bombarding a
58Ni target. We employ the microscopic TDHF with Skyrme
SLy5 parameter set [100] in the calculations, in which all the
time-even and time-odd terms in the mean-field Hamiltonian
are included in our code. For details in the energy functional,
see Refs. [42,43,51]. This force has been widely used in
the fully three-dimensional TDHF calculations in heavy-ion
collisions [34–36,42,43,49–51,56,57,59–61].

In the numerical simulation, we first calculate the ground
states of projectile and target nuclei by solving the static HF
equation on a three-dimensional grid, 24 × 24 × 24 fm3. To
avoid discrediting the local minimum as the ground state, we
perform the static HF calculations with various initial poten-
tials of spherical, prolate, oblate, and triaxial deformations.
This is necessary to find the true ground state, especially
when the local minima are close to the HF ground state.
We find that both 58Ni and 124Sn show prolately deformed
ground states with quadrupole deformations β ∼ 0.11 and
0.054, respectively, which are same as the results from the Ev8
code [101]. The ground-state deformations in our calculations
are also consistent with the HF results of 58Ni [56] and 124Sn
[102]. However, an oblate ground state with β ∼ 0.11 for
124Sn has been obtained [39,56] in HF calculations, implying
a coexistence of prolate and oblate states with small energy
differences. This discrepancy in the ground-state deformation
of 124Sn may arise from the different treatment of numerical
methods, e.g., the way the derivatives of wave functions are
calculated. In the second step, we apply a boost operator on
the static wave functions to simulate TDHF time evolution
with a time step 0.2 fm/c. A numerical box 56 × 24 × 48 fm3

with a grid spacing of 1 fm has been used for the collision
process. The reaction is in the x-z plane and the collision axis
is along the x axis. The nucleus is assumed to move on a pure
Coulomb trajectory until the initial separation distance of 25
fm. The choice of these parameters assures a good numerical
accuracy for all the cases studied here. Third, after TDHF
simulation, we use the particle-number projection method
to extract the transfer probability and primary cross section
from TDHF wave functions. In the numerical calculation of
transfer probability using Eq. (4), we divide the integration
over the gauge angle into 300 uniform mesh and find that Pn is

almost unchanged despite the increase of the number of mesh
points. In the calculation of primary cross section according
to Eq. (8), we find that the number of transferred nucleons is
negligibly small at the cutoff impact parameter bcut > 9 fm.
Last, we evaluate the de-excitation process of primary prod-
ucts by using the state-of-art statistical model GEMINI ++
[92–95]. The cross sections for secondary products can be
used for a direct comparison with the experimental mea-
surement. In the present calculation, we employ the default
parameter setting in the GEMINI ++ code, as done in most
calculations [60,61,63]. We have also tested the dependence of
decay probability on the Monte Carlo simulation times Mevent

and found that the decay probabilities are nearly identical
for Mevent = 1000 and 10 000. Consequently, we simulate the
decay process 1000 times to evaluate the decay probability for
the present reaction system.

Since both 58Ni and 124Sn are prolately deformed in their
ground states, the proper average over all the deformation ori-
entations should be done to provide the complete scenario of
reaction dynamics. However, due to the large computational
cost in the microscopic TDHF calculations, we perform the
calculations at two extreme orientations (tip and side) in the
present work. The so-called tip (side) orientation means that
the deformation axis of nucleus is initially set parallel (per-
pendicular) to the collision axis. Hereafter, we use the phrase
tip (side) collision when both 58Ni and 124Sn are initially set to
be the tip (side) orientation. We calculate the TDHF capture
barrier for two extreme collisions (tip and side). For the tip
collision, the barrier is found to be 153.8 MeV, while the side
collision results in a significantly higher barrier of 160.6 MeV,
as expected. The energies used in ANL experiments are quite
close to Coulomb barrier.

It should be noted that both 58Ni and 124Sn present the
spherical ground states with the inclusion of pairing corre-
lations in HF + BCS calculations. The possible transfer of
a correlated pair or a cluster of nucleons may play a role in
multinucleon transfer reaction. In recent years, the inclusion
of pairing correlations becomes possible in the microscopic
simulation of collision dynamics [55,103–106]. However, the
influence of pairing correlations in multinucleon transfer reac-
tion is still an open question. In the present work, we focus on
the TDHF studies of multinucleon transfer, and the inclusion
of pairing correlations will be the subject of future works.

We first consider the energy dependence of transfer dy-
namics in the tip collision of 58Ni + 124Sn. The contact time
(a) and total kinetic energy loss (TKEL) (b) as a function of
impact parameter b are shown in Fig. 1. The four energies
150 (solid circle), 153 (open circle), 157 (solid square), and
160.6 MeV (open square) are used in the calculations, at
which the experimental measurement has been performed
in ANL [99]. Here the contact time is calculated as the
time interval in which the lowest density on the line be-
tween the mass centers of the two fragments exceeds half of
the nuclear saturation density ρ0/2 = 0.08 fm−3, as used in
Refs. [46,48,50,51]. We observe that the contact time presents
a rapid decrease as the increase of impact parameter, which
is a typical change from the central to peripheral collisions.
In the more central collision, the elongation of the dinuclear
system is much slower and the compact configuration with
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FIG. 1. (a) Contact time and (b) total kinetic energy loss (TKEL)
as a function of impact parameter for the tip collision 58Ni + 124Sn.
The four energies 150, 153, 157, and 160.6 MeV used in the
calculations are those in the ANL experiment [99].

mononuclear shape remains much longer, which are expected
to lead to a longer contact time. At higher energies of 157
and 160.6 MeV, fusion happens at smaller impact parameters,
1.71 and 2.43 fm, in which the collective kinetic energy is
entirely converted into the internal excitation of a well-defined
compound nucleus. Since the product of proton numbers
of target and projectile nuclei ZPZT = 1400 is smaller than
the critical value 1600, the quasifission dynamics is not ex-
pected in this reaction. Hence, the process is considered as
fusion reaction leading to the formation of compound nucleus,
when the contact time of two colliding nuclei is larger than
4000 fm/c.

In Fig. 1(b), TKEL is calculated as the energy difference
of incident energy and TKE, TKEL = Ec.m. − TKE. TKEL
increases with the incident energy because more nucleons
are excited at higher energies, leading to more energies
dissipated from collective energy to intrinsic excitation and
larger loss of TKE. TKEL decreases as a function of impact
parameter until nearly zero at b = 5 fm, which corresponds
to the zero contact time and a quasielastic reaction. We also
observe a plateau region of TKEL at around b = 1.0 fm for
153 MeV, 2.1 fm for 157 MeV, and 2.7 fm for 160.6 MeV. The
time evolution of density distribution reveals that the plateau
pattern in TKEL arises from the dinuclear property of the
neck whose formation is observed when the TKEL becomes
substantial.

We next look at the dependence of transfer dynamics on
the deformation orientation of colliding partners. In Fig. 2,
the ratio of neutron to proton N/Z for PLF (solid symbol)
and TLF (open symbol) (a), and transferred nucleon number
for neutrons (solid symbol) and protons (open symbol) (b)
are shown as a function of impact parameter. The results
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N
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FIG. 2. (a) Ratio of neutron to proton N/Z for PLF (solid
symbol) and TLF (open symbol) and the horizontal line for the
equilibrium value of total system, and (b) transferred nucleon number
for neutrons (solid symbol) and protons (open symbol). The side and
tip collisions 58Ni + 124Sn at the energy 160.6 MeV are denoted by
circle and square symbols, respectively.

are for the side (circle symbol) and tip collisions (square
symbol) at the energy 160.6 MeV. We find that both the
ratio N/Z and the transferred nucleon number in the side
collision show more flat distribution as a function of impact
parameter as compared to the tip collision, indicating an
overall dependence of deformation orientations of projectile
and target nuclei. The ratio N/Z is 1.07 for the target nucleus
58Ni, 1.48 for the projectile 124Sn, and 1.33 for the equilibrium
value of the total system. Because of the large N/Z asymmetry
between projectile and target nuclei, the nucleons are expected
to transfer toward the direction of charge equilibration to
reduce the N/Z asymmetry. Namely, the protons transfer from
58Ni to 124Sn, while the transfer for neutrons is in opposite
direction from 124Sn to 58Ni. As shown in the upper panel of
Fig. 2, TDHF simulation indeed gives a scenario of such a
transfer mechanism. The ratio N/Z is nearly same as the initial
value of individual nucleus at b > 5 fm, and then approaches
the equilibration value of total system (the horizontal line) as
the decrease of impact parameter. At the impact parameter
b < 0.21 fm for the side collision and b < 2.43 fm for the
tip collision, the fusion reaction happens.

At energies close to the Coulomb barrier, the nucleon emit-
ted into continuum in the breakup process is negligibly small,
as shown in Ref. [56]. As a result, the transferred nucleon
number from target to projectile is evaluated as N (q)

tr = N (q)
TLF −

N (q)
T with isospin index q. As shown in the lower panel of

Fig. 2, the positive and negative values of transferred nucleon
number correspond to the neutron pickup and proton removal
channels with respect to the target nucleus 58Ni, respectively.
At the relatively small impact parameter, a large number of
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FIG. 3. Transfer probabilities of neutron pickup (left panels) and
proton removal (right panels) channels with respect to the target
nucleus 58Ni. The results are for the tip collision at the energies 150
(top panels), 153 and 157 (middle panels), and 160.6 MeV (bottom
panels). The shaded region corresponds to the fusion reaction.

nucleons are transferred. As the increase of impact parameter,
the number of transferred nucleons decreases until nearly zero
at b > 6 fm.

The transfer probability for each reaction channel is ex-
tracted from the final TDHF wave functions by using the
particle-number projection method according to Eq. (6). We
find that the transfer probabilities toward the direction of
charge equilibrium are at least one order of magnitude larger
than those in opposite transfer due to the large N/Z asym-
metry between projectile and target nuclei. Hence, we show
only the transfer probabilities toward the direction of charge
equilibrium in Fig. 3 for the tip collision 58Ni + 124Sn. The
left (right) panels correspond to the transfer that neutrons
(protons) are added to (removed from) the target nucleus 58Ni.
The shaded region denotes the fusion reaction. We perform the
calculations at the energies 150 MeV (top panels), 153 and
157 MeV (middle panels), and 160.6 MeV (bottom panels).
With the increase of incident energies, we see that more
nucleons are transferred with nonzero probabilities, because
at higher energy the contact time is long enough for the
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FIG. 4. Same as Fig. 3, except for the side collision.

transfer of more nucleons. For the (0n) and (0p) channels,
the probabilities increase with the impact parameter until
nearly equal to one at b > 7 fm, while the transfer in (xn)
and (−xp)(x � 1) channels shows a peak at the relatively
small impact parameter and then decreases to nearly zero at
b > 7 fm, indicating a transition from multinucleon transfer
to quasielastic reactions. For the more central collisions, the
behavior of multinucleon transfer shows complicated depen-
dence on the impact parameter and incident energy.

The transfer probabilities for the side collision are shown
in Fig. 4. We find that fewer nucleons are transferred as com-
pared to the tip collision because of the higher Coulomb bar-
rier in the side collision. The transfer probabilities in the (0n)
and (0p) channels at the relatively small impact parameter
are systematically larger than those in the tip collision, while
the transfer in (xn) and (−xp) (x � 1) channels has small
probabilities in the side collision, satisfying the condition that
the sum of transfer probabilities over all reaction channels
equals one. This distinct behavior of transfer probabilities may
lead to the larger cross sections in the (0p) channel for the side
collision as compared to the tip case, which will be shown in
Fig. 6.

Since the incident energies are close to the Coulomb bar-
rier, the primary fragments with the low excitation energies
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FIG. 5. Production cross sections for secondary fragments ob-
tained from TDHF + GEMINI together with the experimental data
[99] in the reaction 58Ni + 124Sn. The calculations are performed for
the tip and side collisions at the energies 150 (top panels), 153 and
157 (middle panels), and 160.6 MeV (bottom panels).

will undergo the weak de-excitation process. We find that both
the emission of light particles and fission of heavy primary
fragments are insignificant enough that the cross sections
for primary and secondary products are quite close to each
other. Hence, we show only the production cross sections of
secondary fragments at the energies 150 (top panels), 153 and
157 (middle panels), and 160.6 MeV (bottom panels) in Fig. 5.
The results obtained from TDHF + GEMINI calculations for
the tip and side collisions are denoted by the red and blue
histograms, respectively. For comparison, the experimental
data with error bars [99] are also included by black solid
circles. In principle, the tip and side collisions correspond to
the two extreme (upper and lower) limits of the cross sections.
An accurate value of theoretical cross section can be obtained
by the proper integration over all the deformation orientations,
which should locate in between the tip and side collisions.

We observe that the cross sections in the tip collision
extend in a wide distribution as a function of the number of
transferred neutrons as compared to the side collision. This
is consistent with the observation that more nucleons are
transferred in the tip collision, as shown in Figs. 3 and 4. At
the higher energies, 153, 157, and 160.6 MeV, the theoretical

102

103

     

(a) Ni

σ  
(m

b)

tip
side
Exp.

101

102

     

(b) Co

10-1

100

101

102

103

150 153 156 159 162

(c) Fe

σ  
(m

b)

Ec.m. (MeV)

10-3
10-2
10-1
100
101
102

150 153 156 159 162

(d) Mn

Ec.m. (MeV)

FIG. 6. Energy dependence of the total cross sections integrated
over all the neutron transfer channels in the reaction 58Ni + 124Sn.
The results for the tip and side collisions are denoted by the open
and solid circles, respectively. The experimental data with error bars
[99] are also included for comparison.

results obtained from TDHF + GEMINI well reproduce the
experimental data for all the reaction channels. However, at
the sub-barrier energy, 150 MeV, the theoretical cross sections
in the (0p) panel gradually deviate from the experimental
measurements as the increase of the number of transferred
neutrons, although the theoretical calculation in the most
dominant channel (0p, 1n) agrees well with the measurement.
The discrepancy between the theoretical and experimental
results at sub-barrier energy arises from the limitations of the
single mean-field approximation in the TDHF approach. For
example, missing many-body correlations such as the dynam-
ical fluctuation and internucleon pairing correlations in TDHF
is partly responsible for the discrepancy. In addition, the
realistic potential in the multinucleon transfer process should
depend on the transfer channel. However, the single mean-
field potential in TDHF is not transfer channel dependent,
which describes the average value of probability distribution.
Hence, the peak position in the distribution corresponds to
the average number of transferred nucleons, leading to the
observed deviation between theoretical results and experi-
mental data at sub-barrier energy. To perfectly reproduce the
experimental cross sections at sub-barrier energy in multin-
ucleon transfer reaction, the description beyond the standard
mean-field theory should be performed.

For an overall description of the transfer dynamics, the
energy dependence of the total cross sections integrated over
all the neutron transfer channels is compared with the exper-
imental measurement [99] in Fig. 6. The results for the tip
and side collisions are denoted by the open and solid circles,
respectively. We find that the experimental data basically
locate in between the two extreme theoretical values for the
tip and side collisions. The agreement between the theoretical
results and experimental data is observed to be quite good
for all the energies. We also find that the cross sections for
the proton-stripping reactions to produce Co, Fe, and Mn
isotopes are larger in the tip collision than the side collision.
However, for the pure neutron transfer reactions to produce
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FIG. 7. Production cross sections of secondary fragments in the
(0p) channel at the energy 160.6 MeV for the reaction 58Ni + 124Sn.
The results obtained from TDHF + GEMINI for the tip and side
collisions are shown by red and blue histograms, respectively. The
GRAZING results and experimental data [99] are also included for
comparison.

Ni isotopes, the cross sections present an opposite behavior
so that the cross sections are large in the side collision. This
opposite trend is attributed to the large probabilities in the
(0p) channel for the side collision, which are shown in the
relevant discussion of Fig. 4.

For comparison with the existing model, the production
cross sections in (0p) channel at the energy 160.6 MeV from
TDHF + GEMINI calculations are compared with GRAZING
results and experimental data in Fig. 7. The TDHF + GEMINI
results for the tip and side collisions are shown by red and
blue histograms, respectively. The GRAZING results and ex-
perimental data are taken from Ref. [99]. We find that both the
TDHF + GEMINI and GRAZING results are in good agree-
ment with the experimental data. The GRAZING results lo-
cate in between the two extreme values of TDHF + GEMINI
calculations. It should be noted that the GRAZING calcula-
tion does not take into account the deformation effects. The
microscopic TDHF + GEMINI calculations give a quantita-
tively good description as the semiclassical GRAZING model.
This is rather impressive because there exists no adjustable pa-
rameters for the reaction dynamics in the microscopic TDHF
method.

IV. SUMMARY

In the present paper, we combine the microscopic TDHF
approach with the state-of-art statistical model GEMINI ++

to investigate the multinucleon transfer dynamics in the re-
action 58Ni + 124Sn. The TDHF + GEMINI approach takes
into account both the multinucleon transfer dynamics and
the secondary de-excitation process. After TDHF dynamical
simulations, the particle-number projection method is used
to extract the transfer probability for each reaction channel.
We investigate the dependence of transfer dynamics on the
incident energy and deformation orientations of projectile and
target nuclei. The transfer probability toward the direction of
charge equilibration is observed to be at least one order of
magnitude larger than those in the opposite transfer because of
the large asymmetry N/Z between projectile and target nuclei.
More nucleons are observed to transfer in the tip collision as
compared to the side collision. The production cross sections
at above-barrier energies obtained from TDHF + GEMINI
well reproduce the experimental measurement performed in
ANL for all the reaction channels. However, because of the
limitations of the single mean-field approximation in the
microscopic TDHF theory, the cross sections at sub-barrier
energy gradually underestimate the experimental data as the
increase of the number of transferred neutrons. For an overall
description of the transfer dynamics, the energy dependence
of the total cross sections integrated over all the neutron
transfer channels are compared with the experimental data
and the agreement is quite good for all the energies. We also
compare our results with those from GRAZING model and
find that our results give quantitatively good description as the
macroscopic GRAZING model. This is impressive since there
is no adjustable parameters for the reaction dynamics in the
microscopic TDHF calculations. These studies demonstrate
the feasibility and success of TDHF + GEMINI approach in
the microscopic reaction mechanism of multinucleon transfer
dyanmics.
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