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Systematics of reaction cross sections and interaction barriers for charged particles*
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Experimentally determined total reaction cross sections cr„have been used to obtain the systematics of
interaction barriers in reactions between charged nuclei. The real potential was assumed to be parabolic
at its maximum and hence the characteristic parameters are bamer height, radius, and curvature, Eo,
Ro, and Kco(), respectively. Barrier heights and radii folio~ clear systematic trends and therefore these
systematic can be used to predict total reaction cross sections for' energies close to and greater than
the barrier. Experimental data for incident energies below the barrier are sparse and therefore they
cannot be well systematized at this time. The cross section patterns for low incident energies seem to
reflect individuality of the collision partners.

NUCLEAH HEACTIONS Total cross sections oz for charged particle reactions
are systematized in terms of a real inverted parabolic barrier. Graphical inter-
polation and extrapolation of the interaction barrier Eo permit prediction of o„.

I. INTRODUCTION

Through the years a rather substantial body of
experimental information has been obtained on
total reaction cross sections in charged particle
reactions. A variety of models has been used to
correlate and/or calculate the total reaction cross
section a„.' ' The parameters of these models
have been deduced by reference to experimental
data, usually from studies of elastic scattering"'
and in some cases from reaction cross sections. ' '
However, if one calculates cr„according to the var-
ious prescriptions"'" ~ that have been given,
one obtains quite divergent results, especially for
energies near the interaction barrier. This situa-
tion seems to arise from two independent sources:
(1}the models themselves and (2) the systemiza-
tion of the parameters of the models.

The simplest model used is that of two sticky
hard spheres (charges Z,e and Zme} that obey clas-
sical mechanics. The total reaction cross section
o„ in this case is given by the equation

o, = »'[1 —V(R)/R],

where A denotes the distance between centers of
the two spheres at contact, V(R) is the potential
energy of the spheres, often taken to be V(R)
=Z,Z, e'/R, and F. is the collision energy in the
center of mass frame. A reasonably precise ap-
proximation to a„ for ions of He and heavier is
given by R =1.5(A,"'+A,"') fm. " As Eq. (1) does
not allow for barrier penetration, one expects its
usefulness to be limited to energies significantly
greater than the interaction barrier [E& 1.2 V(R)].

An optical potential with real and imaginary
parts can provide o& values below and above the

barrier. Effects of both penetrability and trans-
parency are contained in such a potential. Very
good fits to elastic scattering" and reaction cross
sections' ' have been obtained. However, for
heavier projectiles there are ambiguities in the
parameter choices which make it difficult either
to obtain a unique set of parameters or to extrap-
olate to new reaction systems. ""Also, the ef-
fects of deformation of either reaction partner
are difficult to include. For the description of
0~ for heavier projectiles at moderate energies
the most important feature of the potential seems
to be the real part near its maximum. ' Therefore,
a parametrization of the potential that focuses our
attention here is most apt to reveal simple sys-
tematic variations.

The very simple approximation of a real para-
bolic potential (for energies near the barrier max-
imum} has been used rather often in this context.
The imaginary potential is taken implicitly to be
large in the nuclear interior and negligible on the
outer surface. Such a representation clearly can-
not describe transparency but for strongly ab-
sorbed particles (heavier ions at moderate ener-
gies) it provides a simple basis for examining sys-
tematic variations. The inverted parabola is a
stand-in for the combined effects of Coulomb re-
pulsion and nuclear attraction. ' Recently Kong'
has used this parabolic barrier approximation to
obtain a very simple expression for the total reac-
tion cross section. Wong's expression has three
parameters, the interaction energy (E,) for l =0,
the interaction radius (R,) corresponding to the
top of the potential, and the curvature (Kv, in MeV}
of the potential. It includes penetrabil. ity in a man-
ner that should be reasonably accurate near the
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barrier. The treatment can be rather easily modi-
fied to approximate the effects of small deforma-
tion(s) of the reaction partner(s).

%e have been attracted to the parabolic barrier
approximation for several reasons: (1}the sim-
plicity of the potential (three parameters for spher-
ical reactants, four for deformed), (2) the explicit
statement of the barrier maximum in the potential
parametrization, (2) the inclusion of penetrability
and deformation in a simple fashion, and (4) the
expectation that the parameters can be extrapolat-
ed to new reaction systems. %e have used exper-
imental determinations of reaction cross sections
to fix the three independent parameters. At pres-
ent the effects of penetrability and deformation
cannot be resolved, but the semiempirical param-
eters could conceivably separate these effects if
better data are obtained. The very important in-
teraction barrier has been systematized graphical-
ly to allow interpolation or extrapolation for any
desired reaction partners. Estimates of total re-
action cross sections and their uncertainties can
be made from the quality of fit to existing results

and the scatter in the correlation of the parame-
ters. As new experiments are performed the em-
pirical parameters can be easily modified.

H. PARABOLK BARRIER

Kong' has derived the following expression for
the reaction cross section for penetration of a
spherical parabolic potential:

o.=; Il E'Iln[1+ew[»(E-E, )/1~,]}.0 t ~~(do

2& E&

The parameters Ao, Eo, and 5~0 are the radius,
height, and curvature of the parabolic potential
barrier for s waves. Penetration of this real po-
tential barrier is identified with absorption. The
expression reduces to the form of Eq. (1) for
2w(E —Eo)/I&so» 1. Tunneling is included by the
use of the Hill-%heeler formula" for the penetra-
tion coefficient P(l, E}for the partial wave f,

P(/, E) ={1+exp[2w(E, -E)/Ke, ]j ',
where

E) = V„(R,)+ Vc(R, )+I l(l 1+)/2',
and the corresponding curvature is defined by

Kv, =[)f'V"(R, )/g] "',
where V"(R, ) denotes Io'V(R)/BR'~s, . Symbols
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FIG. 1. Effective potential V(R) = VQR) + Vz(R) + V&QB)
for various partial waves. The nuclear potential VQQ
= Va/(1+ expLtt —r, g, '/'+X, '/'))/a) with V, = -4O.O

MeV, a=0.50 fm, and ro —-1.2 fm. The Coulomb potential
&~(R) = Z&+e2/R. The centi ifugal poteatial &~ztR)
= E(E +1)k /2@R The values of R, for E =0, 20, 40,
and 60, are 11.50, 11.40, 11.20, and 10.90 fm, respec-
tively. Similarly, values of k~& are 5.51, 5.76, 5.98,
and 5.26 MeV, respectively.
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FIG. 2. Calculated curves for o'z vs E fram Eq. g)

for various values of ~0 (fm). The parameters ED, @~0,
and & were 82.15 MeV, 4.0 MeV, and zero, respec-
tively.
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R„E„and S~& denote the radial distance, height,
and curvature, respectively, of the barrier against
the lth partial wave. The quantity V denotes poten-
tial energy with subscripts X for nuclear and C
for Coulomb potential, respectively. The simplic-
ity of Eq. (2) arises from the approximation that
the radial distance R, and curvature of the poten-
tial at its maximum h~, are both independent of l

(i.e. , R, =R, and@&a, =I&so). Figure 1 shows the
real part of an effective potential V(R) for one
choice of parameters and several different l val-
ues for the system ' 'U+ "O. Yang's approxima-
tions (R, =Ro and ke, =h~, ) seem to be justified
for this case.

Equation (2) thus provides a three parameter
relationship to describe the energy dependence
of a„. The sensitivity of the relationship to each
parameter is shown in Figs. 2-4. The quantity
Rp' is simply a multiplicative factor and is most
easily determined from O„values at high energies
(E»EO}. The quantity K&uo is important only for
low energies (E &Eo) where data are, in factve, ry
sparse. The quantity E, is very important for the
shape of the excitation function at low to interme-
diate energies, but is unimportant for rather high
energies (E» 2EO).

A typical fit to experimental data' is shown in
Fig. 5. Comparison of Figs. 2-4 with Fig. 5 indi-
cates that the experimental results are generally

not numerous enough at low energies to fix Svp
but that both E, and Rp can be determined to a few
percent.

The derivation of Eq. (2) has neglected nuclear
deformation (both static and dynamic). Wong' has
modified the treatment so that very smal. l static
deformations can be included as a perturbation.
His treatment involves a series expansion that we

feel is not appropriate for the large deformation
parameters (P&0.1) often encountered. ' We have
chosen to approximate deformation effects by con-
sidering the interaction barrier E, to have a uni-
form distribution of values between E, —& and

E, +~. The physical meaning of this approxima-
tion is that l is retained as a good quantum num-
ber and the interaction barrier is said to be raised
or lowered uniformly by the various angles of the
nuclear symmetry axis (axes}. Wong's treatment
also retains l as a good quantum number, but he
obtains the spectrum of barrier heights from the
electrostatic repulsion between nuclear quadru-
poles with random orientations. ' In Fig. 6 the real
part of an effective potential is shown between ~O

and '"U (P» =0.277, Ref. 14) for the extreme angu-
lar orientations of the symmetry axis. " These
potential energy curves are compared to those ob-
tained for the same potential with p» =0. From
Fig. 6 one might expect the deformation parame-
ter P, =0.277 to result in a distribution of E, val-
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FIG, 3. Calculated curves for &z vs E from Eq. {2)
for various values of k~0 {MeV). The parametrs ro,
Eo RIld 4 %'ere 1.37 fm, 82.15 MeV, and zero, respec-
tively.

FIG. 4. Calculated curves for az vs E from Eq. {2)
for various values of Eo {MeV). The parameters ro,
kuo, and 6 vrere 1.37 fm, 4.0 MeV, and zero, respec-
tively.
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ues with 4 = 3 MeV and possibly a lowering of EQ

compared to the case for P» =0. However, the
dynamics of the collision are not included in such
hasty considerations. The problem of dynamic
effects in general, and for deformed nuclei in par-
ticular, has been a subject of considerable theo-
retical study. ~ I Unfortunately, the comparisons
of experiment with theory give us no compelling
general conclusions as yet. In this work we will
be led by the experimental data to assign values
of b which provide best fits. One may then at-
tempt to relate the values of ~ to deformation pa-
rameters of the colliding partners.

The effect of the ~ parameter on o„ is shown in
Fig. 7. Clearly the parameters b and SruQ are very
similar in nature and one cannot hope to determine
them independently. (In fact, as will be clear lat-
er, only rarely does one have reliable data for
E ~ EQ The ref ore, values of both h ~Q and ~ can-
not be considered to be very well known as yet. )

We have chosen to fit calculation to experiment
with h&Q =4.0 MeV" and then search for "best val-
ues" of E„R„and b. The values of EQ and RQ

are reduced to the radius parameters r, and r„
respectively:

Eo =Z,Z2e /A, ,

with

R =r A"'+Re e 1 2

100

90—
238 I6

where R~ is the radius of one collision partner,
as discussed later. Figure 8 summarizes the
meaning of the various parameters used in the
parabolic approximation and shows their magni-
tudes for the reaction system '"U+ "O.

Information about the interaction potential has
also been obtained from studies of elastic scatter-
ing. There is, of course, a wealth of data here
and invariably a radius parameter is reported in
the analysis. Often this radius parameter is ex-
tracted by phase shift and amplitude parametriza-
tions such as the Blair sharp cutoff prescription. '"
These parametrizations may well reflect some-
what different aspects of the interaction potential
from those focused on here. Therefore, we feel
that a reanalysis of these data is required before
both elastic scattering and reaction cross sections
can be used in a self-consistent way.

The simplified potential used here is certainly
not capable of capturing the energy dependence of
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FIG. 5. Calculated curves and experimental points
{Ref.6} for 23 U+ O. The best-fit parameters rp Ep,
huo, and ~ are 1.41 fm, 82.10 MeV, 4.0 MeV, and 2.8
MeV, respectively.

FIG. 6. Effective potential V(B) for s waves for the
system 3 U+ 80 (p for 0 is assumed to be zero).
t.See Eqs. {12)and (13) of Ref. 7.] Parameter values
are V&= -40.0 MeV, a=0.50 fm, ra=1.2 fm. The
curves are as follows: {a) P22

—-0.0, both collision part-
ners are spheres: ---; {b) p22—-0.277, 6)2=0'. ; {c)
p22= 0.277, 02 = 90'.
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the nuclear transparency. Measurements of pro-
ton cross sections at energies of Wo MeV exhibit
a decrease with increasing energy —clearly reveal-
ing this important feature. For the more complex
projectiles and/or lower velocities the transparen-
cy can be expected to be small. We have restricted
the parameter determinations to include only such
systems and similarly the application of these sys-
tematics should be limited correspondingly.

m. PROCEDURE FOR PARAMETER SEARCH

We have analyzed most of the available experi-
mental data on total reaction cross sections mea-
sured with 'H" "'8'0'~" ~ 'He, "'He, ~ ' and
heavy ions, '~ ~' and experimental data on par-
tial reaction cross sections. "" The experimen-
tal determinations of reaction cross sections may
be placed in three groups which we have treated
differently: (A) Studies of the reaction cross sec-
tion versus energy for one target-projectile sys-
tem. (B) Studies of the reaction cross section at
one or more projectile energies very high above
the interaction barrier. (C) Studies of the partial
reaction cross section a, near the barrier (E=E,)
for a reaction system for which o&/os is expected
to be a slowly varying function of energy. Only
for data in group (A) may the three potential pa-
rameters be determined independently for one re-
action system. The results in group (B) are for

IQ

high energies (E&E,) and therefore are most sen-
sitive to R,. The useful results in group (C) are
for low energies (E = E,) and are thus most sensi-
tive to E,. We discuss these groups in order.

A. Reaction cross section known as a function
of energy

90
I

Zl Z2-
R

80 E E

In Table I are listed the reaction systems that
have been studied near and above the barrier along
with the "best-fit" parameters. Studies '4 of o„
that extend to very low energies are discussed
later (S.ee Sec. IV 8.) Our search for the best-
fit values of Eo, B„and 4 has been made by vis-
tml comparison of experimental and calculated
values of a„. We have not been able to establish
a clearcut objective way of weighting the individual
experimental determinations, and therefore we
have not used a free search routine for these fits.
Many of the measurements were made with uncer-
tain energy control for E = E„and a free least-
squares search would lead to some wild fluctua-
tions in the parameters. Instead, we have ob-
tained best fits by minimizing the systematic de-
viations and assigning low weight to determina-
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FIG. 7. Calculated curves for 0& vs E from Eq. (2)
for various values of 4 (MeV). The parameters ~0 f Sos
and 8'coo were 3..37 fm, 82.15 MeV, and 4.0 MeV, re-
spectively.

FIG. 8. Interaction barrier in the parabolic approxi-
mation with the best-fit parameters from Fig. 5. The
point-charge Coulomb potential V~(R) is also shown.
The spectrum of barrier heights was uniform ranging
fromE o

—ch, to Eo+ 4. The values of S~o and R() were
taken as constant. See Sec. D.
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TABLE I. Barrier parame. 'ers from cross sections measured at many energies.

Reaction
E0 4 8

ZiZ2 {MeV) {MeV) {fm)
r 80

{fm) {fm)
0

{fm) Reference

Al + iH
Sip + iH

Fe+iH
Co+'H
Ni+'H
Cu+iH

83Cu+'H
"Cu+'H

Zn+'H
Zr+'H
Ag+ iH

In+iH

13 2.89
23 4.20
26 4.70
27 4.76
28 5.15
29 5.05
29 5.00
29 4.95
30 5.10
40 6.20
47 6.99
49 7.16

3.3
3.3
3.2
3.0
3.0
3.2
3.2
3 4
3.2
3.0
3.0
3.0

6.48
7.89
7.97
8.17
7.83
8.27
8.35
8 44
8.47
9.29
9.68
9.86

1,68

1.71
1.73
1.64
1.71
1.74
1.74
1.74
1.75
1.73
1.73

5.60
6.92
6.90
7.14
6.70
7.15
7.32
7.38
7.33
8.08
8.47
8.74

1.39
1.48
1.43
1.46
1.35
1.43
1.48
1.48
1.46
1.48
1.48
1.50

21, 22, 30, 36, 37
24, 39
21, 22, 30, 34, 36
21 22
21, 36, 37
20-23, 31,33-37
21-26, 30, 39
21-26, 30, 39
21, 22, 36
23, 36
21, 36
21

233U + iH
23 Th+2H

233U +2H
23&U +2H
"Co+'He
233U+4He
23&U+4He

237Np +4He
23&U + i iB
23&U + i2(
23&U + i4N

23&U + i80
238U +20Ne
238U +40Ar

92 11.60
90 10.70
92 10.80
92 11.00
54 8.92

184 22.00
184 22.25
186 22.60
460 52.50
552 63.60
644 72.90
736 82.10
920 101.45

1656 173.45

2.6
5.0
3.2
3.2
2.6
2.8
2.8
3.0
3,0
4.0
2.8
2.8
7.7
3.5

11.42
12.11
12.27
12.04
8.72

12.04
11.91
11.85
12.62
12.56
12.72
12.91
13.06
13.75

1.62
1.62
1.64
1.59
1.59
1.55
1.51
1.51
1.50
1.48
1.48
1.48
1.47
1.43

10.59
11.03
10.97
11.19
8.11

10.91
10.82
10.89
11.79
11.88
11.96
12.29
12.39
13.37

1.49 19
1.44 46
1.43 46
1.45 46
1.43 52
1.36 53
1.34 6, 53
1.35 56
1.40 6
1.40 6
1.39 6
1.41 6
1.39
139 40

24M +32S
27A1 +328
40Ca +32S

192 28.28
208 30.05
320 43.75

3.0
3.0
2.2

9.78
9.97

10.53

1.61 8.54
1.61 8.71
1.60 9.30

1.41 41
1.41 41
1.41 41

tions at the lower energies (E &E,). For essential-
ly all systems (see Sec. lV) the calculated values
of c~ for E &F0 are within the experimental uncer-
tainties in the data. The deviation plots shown in
Figs. S-11 illustrate this fact.

B. Reaction cross sections at one or more

energies high above the interaction barrier

Reference to Figs. 2-5 shows that the magnitude
of o„at high energies is mainly determined by the
value of ft, . However, it is obvious that Eq. (2)
requires values of E„k(d„and 4 before values
of R, can be obtained. From the trends in Table I,
as discussed in the next section, we chose values
for A„}f&o, (4.0 MeV), and a (3.0 MeV). Then we
averaged Eq. (2) for E, values from E, —d & E,&E,
+b, and solved for R, . The values of R, are given
in Table II.

Correlation of the values of Ro
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we use the following assumption:

Ro =BOA, ' '+R, .

I

238 4
U+ He

238 II
x

258 I2
U+ C

238 I4
o U+ N

I

2.5 5.0

In Tables I and II we have listed 136 values of

R,. %e wish to reduce these values to the separate
radii for target and projectile. For this purpose

FIG. 9. Deviations between the total reaction cross
sections as measured {Og,~ and as calculated (Oz)~,
for the reactions indicated. Data from Befs. 6 and 53.
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The values of R, are determined as follows: For
A~ 6, R, =rpA, "'; for 'H, 'H, 'He, and He sepa-
rate individual values of R, are obtained from the
measurements. We have =136 experimental val-
ues of R, from which to fix five parameters by a
least-square analysis. ' In Table ID we give the
values of the five radius parameters obtained and
their uncertainties. In this analysis every experi-
mental point was given an equal weight. In Fig. 12
we illustrate the behavior of Rp B2 as a function
of A"'. We conclude that the radius parameters
in this formulation are rather well determined
and that systematic deviations from Eq. (8) are
not apparent over a wide mass region. " Signifi-
cant deviations from the A"' law may occur, of
course, in specific regions and these are dis-
cussed in the original references.

C. Partial reaction cross sections determined

near the barrier E-E (Refs. 59-77)

Reference to Figs. 2-5 shows that magnitude of
a„near the barrier is very sensitive to the choices
of E, and, to a lesser extent, &. From the param-
eters in Table I we can expect & to be about 3.0
MeV for most reaction systems. Therefore, we
can expect the energy dependence of e& near the
barrier to reflect mainly the value of E,. To ob-
tain E, we have fixed the other parameters as fol-
lows: & =3.0 MeV, Imp =4.0 MeV, and Bp from
Eq. (8) and Table III. Over a small range of ener-
gies we can often expect (o,/o„) to be nearly con-
stant, and we have varied Ep until this condition
is obtained. In Table IV we give, for each reac-
tion system, the energy span used in the analysis
and the value of E, obtained. The values of E,
were reduced to r, by use of Eqs. (6) and (7). The

values of R, for 'H, 'H, 'He, and 'He were taken
from Table III, and for A ~ 6 we set R, =r, A, "'.

We have listed in Tables I-IV the values of po-
tential energy parameters (Rc, Ec, d, and K&uc)

that provide best fits to the large body of available
experimental data. In the next section we discuss
the systematic trends and the predictive value of
these results.

IV. RESULTS AND DISCUSSION

A. Incident energies above the barrier ERE

As discussed in the Introduction, the intent of
this work is to systematize our knowledge of total
reaction cross sections. The systematics are
most useful if the number of parameters employed
is small and if these parameters can be easily in-
terpolated or extrapolated for any reaction part-
ners. With the parabolic barrier approximation,
the calculated values of e„are mainly sensitive
to E, and R, for energies near to or greater than
the barrier (os some tens of millibarns or more).
For these energies there is only small sensitivity
to 4 and h~p. From the values of R, and E, we

have obtained the more slowly varying quantities
rp and r, . These two radius parameters are plot-
ted against the product Z,Z, in Figs. 13 and 14.
These parameters are predicted to decrease with

ZyZ2 because of the increasing Coulomb potential. '
The trend of the experimental points is very clear
indeed and is represented by the solid lines in
Figs. 13 and 14. It is very difficult to assign ex-
perimental uncertainties to each point and there-
fore the existence of significant deviations from
the solid lines is not evident. It appears that the
value of rc (1.416+ 0.008) is essentially independent
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FIG. 10. Deviations between the total reaction cross
sections as measured (OJQ)pzp and as calculated (Og~,
for the reactions indicated. Data from Refs. 6 and 40.

FIG. 11. Deviations between the total reaction cross
sections as measured {c's}~& and as calculated (as}~
for the reactions indicated. Data from Refs. 19, 46,
and 52.
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{fm) ReferenceZiz2

TABLE II. The parameters RD from cross sections measured at high energies. Proton irradiations with energies
&20 MeV are not included because of the possibility of nuclear transparency.

80 Ro
Reaction Z&Z& {fm) {fm) Reference Reaction {fm)

Be+ H

C+ H
Mg+'H

40Ca+'H
Sc+ 'H
Ti+ 'H

49Ti+'H
V+ ~H

»Mn+'H
'4Fe+'H
56Fe+ 'H
"Fe+'H
"Fe+'H

Ni+ H
80Ni+'H
82Ni+ 'H
6'Zn+'H

"Zn+'H
68zn+ ~H

Ga+ 'H
"Zr+'H
»Zr+~H
"Zr+'H
~zr+'H

Nb+ H

Mo+ ~H

Rh+ 'H

Cd+ ~H

Sn+ 'H

'«Sn+'H
"'Sn+'H
i«Sn+ iH

"esn+ 'H
120S + iH

Ta+'H
Pb+ H

Be+ H
C+2H

Mg+2H
Al+2H
Ti+'H
V+'H

Fe+28
Co+2H
Ni+2H

58Ni+'H
«Ni+'H

Cu+2H
83Cu +2H

+Cu+2H
Zn+2H
Zr+2H
Nb+ H
Rh+2H

4
6

12
20
21
22
22
23

25
26
26
26
26
28
28
28
30

30
30
31
40
40
40
40

41

45
48
50

50
50
50
50
50
73
82

6
12
13
22
23
26
27
28
28
28

29
29
29
30
40
4]
45

4.31
3.75
5.24
5.79
5.83
6.53
6.4S
6.78

6.87
6.45
6.76
6.79
7.11
6.72
6.93
7.19
6.95

7.21
7.32
8.41
7.24
7.26
7.61
7.88

8.02
8.20
8.70
9.16
8.40

8.58
8.54
8.86
8.54
8.54
9.59

10.17

5.41
5.71
6.55
6.52
7.34
7.65
7.68
7.88
7.72
8.98
9.06

7.94
9.33
9.67
8.19
8.41
8.57
8.92

1.38
1.01
1.32
1.27
1.23
1.40
1.39
1.44

1.43
1.33
1.39
1.39
1.46
1.36
1.40
1.45
1.38

1.43
1.44
1.69
1.29
1.29
1.37
1.42

1.45
1.48
1.55
1.60
1.42

1.46
1.45
1.51
1.44

1.44
1.48

1.55
1.54
1.51
1.44
1.42
1.47
1.44
1.46
1.42
1.76
1.75

1.44
1.79
1.86
1.48
1.38
1.41
1.44

32, 36
27-29, 36, 37
23. 37
2S, 38
24
23, 30, 36
26
22, 30, 31,36

24
25, 26
25, 26
25, 26
25, 26
21, 22, 25, 26
21, 22, 25, 26
25, 26
25, 26

25, 26
25, 26
22
26
26
26
26

36
36
36
21
36

26
26
26
26
26
36
36, 37

49, 50
48, 49, 50
50
49, 50
49, 50
49, 50
49, 50
50
20, 21 «, 49, 50
21, 47, 48 ~

21, 47, 48 ~

21 ~, 49, 50
21 a

21 a

49, 50
45a 49 50
45 49
49, 50

Ag+2H
Sn+2H
Ta+ H
Au+~8
Pb +2H

Bi+'H

Mg +3He
Al+3He
Fe+3He
Ni +3He
Cu+3He
Ag+3He

Be+4He
C+4He

Al+ He
Ti+4He
V+4He

Cr+4He
Fe+4He
Co+4He
Ni+4He
Cu+4He

Zn+4He
Zr +4He
Nb+4He
Mo+4He
Ag+'He
Sn+4He
Ta+4He
Au+4He
Pb+4He
Bt+'He
Th+4He

C +i2C

Al +~2C

Fe+ "C
Ni+ C
Cu + 12C

Ag+ ~2C

Sn+ ~2G

Ta+'2G
Au+ '2C

Be+«O
c+«o

A1+«O
Fe+«O
Ni+«0
Cu+ «0
Ag+«O
Sn+ «O
Ta+«O
Au+«O
Au+ "O

47
50
73
79
82
83

24
26
52
56
58
94

8
12
26
44
46
48
52
54
56
58

60
80
82
84
94

100
146
158
164
166
180

24
36
78

156
168
174
282
300
438
474

32
48

104
208
224
232
376
400
584
632
632

8.85
8.71
9.75
9.98

10.26
10.14

7.01
7.29
8.64
9.12
9.36

11.29

5.21
5.62
6.56
7.78
7.73
7 ~ 93
7.90
8.28
7.95
8.55

8.41
9.07
8.99
7.19
9.52
9.43

10.65
11.04
11.10
11.06
11.13

6.42
5.99
7.67
8.62
8.72
8.99

10.08
10.09
11.05
11.43

7.04
6.S3
8.23
8.82
9.36
9.45

10.12
10.04
11.12
11.92
11.84

1.40
1.33
1.34
1.34
1.37
1.41

1.22
1.26
1.34
1.44
1.46
1.64

1.29
1.35
1.34
1.44
1.40
1.45
1.40
1.48
1.39
1.50

1.46
1.45
1.43
1.45
1.47
1.40
1.44
1.46
1.45
1.44
1.40

1.47
1.31
1.45
1.41
1.41
1.43
1.43
1.40
1.41
1.41

1.53
1.42
1.49
1.39
1.46
1.45
1.39
1.35
1.36
1.43
1.42

49, 50
49, 50
49, 50
49, 50
49, 50
48 49

51
51
51
51
51
51

55
55, 57
55
55
55
54
54, 55
54
54, 55
54, 55

54, 55
55
55
55
55
55
55
55
55
55
55

58
58
58
58
58
58
58
58
58
58

58
58
5S
58
58
58
58
GS

58
58
58

Low energy deuteron data {Refs. 20, 21,45, 47, and 48) are not included in the least-squares analysis (Table III) and

Figs. 12 and 13,
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TABLE III. Radii obtained by least-squares analysis.

Nuclide

'H

H
3He
'He
A~6

1.443+ 0.059
2.187~ 0.078
3.506 + 0.139
2.534 ~ 0.078
(1.416+ 0.008)A'~3

' Uncertainties given are the standard deviations of the
mean obtained vrith equal vreights for each value of Ro in
Tables I and II.

of Z,Z, and is quite mell grounded. Similarly, the
solid line representation of r, seems to be rather
well established. Data from Table IV have been
omitted from Fig. 14 because they are considered
to be more subject to the possibility of systematic
errors. Nevertheless, these data points are con-
sistent with the solid curve in Fig. 14 with the im-
portant exception of three points from Kr projec-

tiles. We will return to this point.
Wong' and others" have pointed out that r, and

r, (as calculated from the real part of an optical
potential) can be expected to decrease significantly
with increasing Z,Z, . It is interesting to note that
the constancy of r~ with ZyZg is distinctly at vari-
ance with this expectation. The values of r, do in-
deed decrease mith Z,Z, but at a significantly low-
er rate than calculated from an optical model with
nonvarying parameters. (See the dashed curves
in Figs. 13 and 14.) We have used the following
set of Woods-Saxon parameters: V, =-40.0 MeV,
a =0.50 fm, t'~ = 1.20 fm, for all projectiles. The
same calculated trend'8 results from a more de-
tailed interaction potential V(A) of the form

V(Rl f v, (R,)p, (R-H, }d'R, zze /B, ,, '

where V, (R~) is the real part of the single-nucleon
potential for the first nucleus and p, (R —R,) ls the
nucleon density in the second nucleus.

IO.OO

9.00— X

8.00—

7.00—

O.

I-
K

I

IP

5.00—

2.00— —R= ( 1.4I6%0.008) A fm
I/3

I.OO
1.5

Be C
I I

2.0 2.5

Al

3.0
I

35

Ni
I

4.0
i/3

A

Ag Sn
I I

45 5.0

To
I

5.5

Pb 0
I

6.0

F&G. 12. Radius of target or projectile (80-Rzgz) versus A. ~~3. Smooth curve is «r ~ =1 4&A s/s

respond to the following projectiles: ~H; &&, H; C, He; 0 4He. 6 ~2C +, ~~0 and g for 238U targets.
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TABLE IV. The parameter E0 from partial reaction cross sections measured at lour en-
ex'gies.

Reaction
Energy span

in c.m. (MeV) SfZ2

Eo
(MeV)

e
(fm) Ref.

"Ce("Kr,~n)
11$cd(40Ar S+ }15iDy

Cd( Kr, xn)
i640 (4QAr 4n )200 po
i640 (40Ax 4 )200P

iS5Pt(i4N 4n)205At
'"Nd('0B, 3n)'4STb'
'~'Au('Hs, 2s }'98TI
iSTA (i2C 3 )206At

's'Au('4N 4n +P3n)20'At

205Tl(i6O 3n)2i8Ac
2~2 Th PNs, 4s }2 0Fm
248Cm(i3 C 4n )25'YNo

23SPu("0 4n)253No
242Pu(i2C, 4n)2+Pm

242P (i8O 4n)256No
242 Pu(22Ne, 4n )260Kb

"'Th(4Kr, X}
233U (i2C 3n )242Cf
244Cm(i3C 4n )

246Cm(i2C, 4n)25 No
"'Cm("C, 4n)"'No
"'Cm("C, 4n)"'No
248Cm(i3C 4n )257No

isTAu(is@ 3n )2 i38a
20SBi(84K', XL

147-169
114-132
210-220
130-141
130-141

60-64
33-41
20-26
53-59

63.5-68.5
75-79
92-101
61-68
79-84
60-68

76-86
99-104

337-358
57.7-60.4
63.5-72.5

65-69
63-69
63-68
61-67
74-86

308.2-349.6

1152
864

1728
1188
1188

546
300
158
474
553

648
900
576
752
564

752
940

3240
552
576

576
576
576
576
711

2988

150.2
112
209
129
135

61
36.5
20.3
51.5
64.0

76
91
61
78
60

78
99

338
58
61

62
63
61.5
61.5
75.5

304.8

1.29
1.34
1.29
1.49
1.43

1.57
1.61
1.51
1.63
1.51

1.46
1.59
1.43
1.55
1.59

1.57
1.51
1.33
1.62
1.58

1.56
1.53
1.57
1.56
1.60
1.37

59
60
59
61
62

63
64
65
66
66

67
68
69
70
71

72
73
74
75
69

69
69
69
69
76
77

Let us now reverse the direction of the discus-
sion and turn to predictive aspects. Suppose one
mished to estimate the total reaction cross sec-
tion for a particular case, i.e. , "'Pb+~Ar. %Ye

would use Eq. (2) with a spectrum of E, values
from E, —n, to E, +6 (not necessary for E& 1.2E,}.
We would obtain r, (or E,) from the solid line in
Fig. 14 and r, (or R,) from Table III as explained
in the text. %e mould use Svo =4.0 MeV and 4
=3.0 MeV. For energies of about Eo and higher,
we would expect to obtain a rather accurate pre-
diction of o„(see Figs. 9-11).

The high values of the interaction barrier in Kr
reactions are particularly interesting. Three of
the four values of r, for Kr beams (Table IV) are
significantly smaller than that indicated by the
solid curve in Fig. 14. This may signal an impor-
tant new effect, enhanced Coulomb barriers for
collisions between very heavy ions. Homever, we
must note that these data points arise from partial
reaction cross sections as described in the discus-
sion of Table IV. The assumption of constancy of
o,/cs may not be correct. For the present, it
would seem best to use values of E, from the solid
curve, but one must recognize that this curve may

indeed be altered as more data are obtained for
high Z,Z, (or for very heavy projectiles}. More
experimental information is certainly required to
clarify this point.

8. Incident energies below barrier E~ E

As mentioned previously, there are very few
reaction systems '4 for which experimental val-
ues of o„are known at energies below the barrier
E&E,. Ne have, in fact, given low weight to those
determinations at low energy in the parameter
searches described so far. At low energies the
magnitude of o„ is very sensitive to each of the
three parameters Sco„E„and 4 as shown in Figs.
3, 4, and 7. Therefore, me can expect the fitting
procedure to be very delicate here and hence the
experimental data must be accurate and extensive.
There are rather extensive data at lom energies
for 11 reaction systems; in this section we ex-
plore the fit of calculation to experiment for these
systems.

In Table I we presented best-fit values of r„~„
and b for 29 reaction systems. Low energy (E &Eo}
data were given small weight in these parameter
determinations. The systematics of r, and r, are
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I I I I I I II I I I I I 111I

clearly shown in Figs. 13 and 14 and fixed values
of }i+, (4.0 MeV) and b. (3.0 MeV) give excellent
fits at higher energies, E&E,. The first question
we have asked concerning the low-energy data is:
"Can we get good fits to the low energy data by al-
lowing more freedom in only the spectrum of bar-
rier heights (i.e., r, and a)'?" We used a least-
squares search routine~ to determine the best val-
ues of r, and b with 8 coo and r, fixed at 4.0 MeV
and 1.41 fm, respectively. The best-fit values of
the parameters are given in Table V and the fits
are shown in Figs. 15 and 16. For the 'H and 'He
reactions slightly lower values of both E, and ~
(compared to Table f) lead to rather good fits over
the whole energy span. For the 'H and 'Li reac-
tions good fits cannot be obtained at all energies
with only r, and ~ as free parameters. It is also
apparent from Figs. 15 and 16 that each reaction
type has its characteristic shape for energies less

than E,. %'e conclude that the reaction systems at
low energies are reflecting individualistic charac-
teristics of the interaction barriers, and a simple
representation of the potential with only two free
parameters is inadequate.

The parabolic barrier approach as described
has, of course, a total of four parameters, r„
6, ro and 8(do The parameter r, seems to be
heavily anchored at a value of 1.416 fm and is, in
fact, not very important at low energies. (See
Fig. 2. ) There remain the parameters r„b, and
h(d, and we have made a least-squares search with
these three as free parameters. Indeed, very good
fits were obtained for all energies for all 11 reac-
tions. The best-fit parameters are listed in the
last three columns in Table V.

The best-fit values of 4, he„and r, given in
Table V do not vary in a simple way. The average
values are very close to those we recommend for
calculating os at higher energies (E&E,). How-
ever, the individual values differ significantly
from the "average" behavior. For 'He the values

I I I ) I I I II I I I 1 l I

l.60— I.70—

X

l.50—

I.40—

0I
X
~ ~0

og
gO O~

~ ~
0

0

0
~ X

8

~ X
pX

X 0

4 ~

OX~ ~

y ~ % OO
0 $ 8 ~~, ~ 0 1

0
g g

0

I.60—

E l.50—

l.40—

I.20,
IO

0
I I I I I I I II I I I I I I I I I

IO

Zl Z
P

I I I I I I I I

IO

l90—

FIG. 13. The radius paraxneter ro versus QZ2. Points
are from experixnent as follows: 0 ~H x 2H. C 3He.

0, He; heavier projectiles, 8. The solid line is for ro
=1.416 fm. (See Fig. 12). Dashed curves were calcu-
lated with an effective potential fzq. (4)] for s waves
with parameters defined in Fig. 1, (a) ——for ~H for
Z&Z2 —92; and for A —6 for Z&Z2 —92, (b) —. —for
3He and 4He. The calculated curves ax'e soxnewhat dif-
ferent for each projectile, as indicated for H and He, but
all follow the trend shown. Nucleax radii for ~H, 2H,
3He, and 4He are given in Table XH.

I.20
IO

I I I I I I I I )

IO

I I I I I I I Il

Zi Z2
IO

I I I I I I I I

10

FIG. 14. The parameter r, versus Z&Z2 Csee Eqs. (6)
and (7)j. Symbols are as follows: ~, H; x, 2H; 0, 4He;

Q, 2 U' targets; p, S. Solid curve is drawn by eye
through the points. Dashed curves were calculated from
an effective potential (see Fig. 13), (a) ——for ~H

for Z&Z2 —92; and for A -6 for Z&Z2 ~ 92. (b) ——
for 3He and 4He.
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10-

10" =

I 1 1 I

237Np+ ~He

h=l. 03 MeV

~ r, =1.55 fm

x100

I l I I I I

2330 y IH

IOOO-

IOO X
X

/
X

103 =-

—10 =—
2

CL
b

10I

IO
E

b

O. I

238 0 +6L'
6 = 6.0 MeV
re = I.53 fm

100—

IOI I i I I I I I I

0.8 1.2 1.6 2.0 0.4 0.8 1.2

E (MeV j/Eo

I I I

16 20

FIG. 15. Calculated. curves and experimental points
for 0'z vs E/Eo for several reactions. In the calculation
values of ~0 and @~0 were fixed at 1.41 fm and 4.0 MeV,
respectively. Best-fit values of r, and 4 for each re-
action are indicated. Only the lower energy region is
shown for U+ H

of both 4 andhur, seem to be =3 MeV. For 'H the
spectrum of barrier heights seems to be particu-
larly wide (i.e. , large values of both E, and b ).
For 'Li and 'H reactions the barrier spectrum
seems to be particularly soft or penetrable (i.e. ,
very large values of R&o, and/or 4). These indi-
vidualistic characteristics of the interaction bar-
riers are very interesting and they certainly merit
further study.

Kith these results in mind, the question arises:
"%hat is the best way to calculate total reaction

O.OI
0.6

I I I | I gl i l I I i i I

O.S I.O 0.5 0.7 0.9 I. I

(Mev) iE,
1.3

FIG. 16. Calculated curves and experimental points
for oz vs E/Eo for the reactions (Ref. 43) of 6Li with

Th and 23 U. In the calculation values of ro and A~o
were fixed at 1.41 fm and 4.0 MeV, respectively. Best-
fit values of parameters r, and & are indicated.

cross sections at low energies (E&Z,}'?" We rec-
ommend the prescription described in Sec. IVA
unless data at low energies are available for a
very similar reaction system. If such data are
available, then a local parameter set (such as one
of those in Table V} is probably preferable.

One should note that each of the reaction sys-
tems in Table V has obvious special characteris-
tics, e.g. deformed tsrget, U; loosely bound
projectile, 8 or Li; tightly bound projectile, 'He.
The parameter set which has the broadest base of
comparison to measured reaction cross sections
seems best to us at this time. As more data be-
come available, new values of r, and r, can easily
be obtained as described above and the smooth

TABLE V. Barrier parameters from cross sections measured at very low energies.

Reaction Ref.

Two free parameters '
Energy span

E/Eo (fm) (NeV)

Three free parameters ~

(fm) (MeV) (MeV)

233U +fH
233U +2H
238U' +2 H
"Co+'He

208Pb+4He
'"Bi+'He
233U+4He
238U+4He

237Np +4He
232Th+'Li

U+ Li

19

46
52
42, 44

44
42, 53
6, 42, 53
56

42 43

0.44-1.04
0.77-2.02
0.88-1.97
0.90-2.76
0.78-1.02
0.77-1.00
0.67-1.92
0.67-1.85
0.78-1.00
0.76-1.15
0.78-1.14

1.64 0.7
1.74 2.4
1.68 2.8
1.73 0.06
1.54 0.34
1.53 0.25
1.55 0.35
1.52 0.64
1.55 1.03
1.52 5.5
1.53 6.0

1.31 6.4
1.75 1.8
1.68 2.6
1.75 0.8
1.45 3.1
1.47 2.9
1.51 3.0
1.50 3.2
1.46 3.2
1.54 3.2
1.57 3.0

2.3
4 9
4 4

3.2
3.1
3.1
2.8
3.5
7.2
7.2

The best-fit parameters were obtained by a free search least-squares routine with (do
and ~0 fixed at 4.0 MeV and 1.41 fm. (See Ref. 80.)

The best-fit parameters were obtained by a free search least-squares routine with ~0
fixed at 1.41 fm. (See Ref. 80.)
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curves in Figs. 13 and 14 can be appropriately
modified.

C. Comparisons with other models

A real parabolic potential barrier is clearly an
oversimplification of the complicated interaction
between charged nucl4. i. Oversimplification has
the obvious advantage of reducing the number of
parameters which describe the interaction barrier.
However, the values of the parameters (obtained
by fitting experimental data) may be distorted to
varying degrees by nuclear properties that were
ignored in the model.

Figure 13 shows values of r, and also a compari-
son to r, calculated from the real part of an opti-
cai potential (see caption of Fig. 1). The points
from experiments show essentially a normal sta-
tistical distribution about a constant value of r,
=1.416 fm. If one separates the points for heavy
ion projectiles for example, a slight decrease of

th ZiZs might be indicated. Nevertheless, this
change of r, with Z,Z, is probably &~ of that cal-
culated from the real part of an optical potential. "
In this treatment the complex or absorptive part
of the nuclear potential is not explicit but implicit-
ly it is taken to be large for R & R, and small for
R &Ro. It is possible that the absorptive or imag-
inary potential becomes weaker or less effective
in the nuclear surface with decreasing Z,Z, . Such
an effect would appear as a reduction in ro as de-
duced from Eq. (2).

The values of t', in Fig. 14 do indicate a clear
decrease with Z,Z, as expected from the real part
of an optical potential. " It appears that this de-
crease is significantly less rapid than expected.
%e have drawn one curve through points from dif-
ferent projectiles. As more data become available,
it may turn out that each projectile behaves some-
what differently and this trend may therefore be
modified.

Extrapolation of the solid lines in Figs. 13 and
14 would give r, &r, for high Z,Z, . Strict inter-
pretation of such a result would imply an interac-
tion barrier higher than the Coulomb barrier be-
tween hard spheres in contact. Such an effect may,
of course, occur but since we have employed such
a simple potential (with no explicit absorptive
term, no velocity dependence, etc. ) we would not
cite these figures as strong evidence.

In sum, we would caution against overinterpreta-
tion of the magnitudes of the potential parameters
obtained here. However, we do feel that interpola-
tion and extrapolation of these parameters provides
a very good means of calculating total reaction
cross sections.
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