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Electric moments and charge deformation in even rare-earth nuclei
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We present measurements of E2 and E4 transition matrix elements, and related P2 and P4

deformations, for eight even rare earth nuclei, by exploiting the effect of electric quadrupole
and electric hexadecapole excitation on the multiple Coulomb excitation of states in their
ground state bands. The Coulomb excitation probabilities for the 0', 2+, and 4+ states in the
ground state bands of the even rare earth nucl. ei ~ 54Sm ~ e Gd, ~e4Dy ' Er, and ' Yb
have been measured with 4He projectiles at several incident energies below the respective
Coulomb barriers by direct detection, at backward angles, of elastically and inelastically
scattered particles. The direct detection of scattered 4He particles was employed in order to
eliminate the uncertainties involved in the detection of the deexcitation p rays, and to facili-
tate the determination of M(E2; 0+ 2+) to about the $% accuracy required to obtain a meaning-
ful measurement of ~(E4; 0+- 4+). Coulomb-nuclear interference effects in elastic and inel-
astic scattering were investigated, and it was demonstrated that Coulomb nuclear interference
occurs at a much lower projectile energy than predicted by the simple classical formula for
the Coulomb barrier, and manifests itself at different incident energies for elastic and inelas-
tic scattering. The data on excitation probabilities were analyzed both with a semiclassical
Coulomb excitation calculation, corrected for quantal effects in second order perturbation
theory, and with a full quantal calcul. ation, to determine the reduced electric transition matrix
elements M($2; 0+ 2+) and M(E4; 0+ 4+). Significant differences were found between the
perturbation theory quantal treatment and the full. quantal calcul, ations. Static quadrupole and
hexadecapole moments of the charge distribution were extracted from the measured transition
matrix el,ements within the context of the rotational model. Using an axially symmetric de-
formed Fermi shape to parametrize the charge distribution, charge deformation parameters
Pt and Pc4, deduced from the static moments, were found to follow the same general trends as
the potential deformation parameters measured in nuclear scattering experiments well above
the Coulomb barrier. For some nuclei the Coulomb excitation P~ values show what may be
significant deviations from the nuclear potential. deformations parameters. However, it is
emphasized that, presently, the significance of such a comparison as well as the significance
of a comparison with deformation parameters determined with other electromagnetic probes,
is subject ~o the considerations introduced by the model dependence of each measurement, and
diluted by the ambiguous correspondence between the quantities being measured in the differ-
ent experiments.

NUCLEAR REACTIONS z's 4Sm(a. ~') ' Gd{0. 0.') fe4Dy(0. e ) tee, lesEr

(G.', 0,"), '4Yb(e, e'), E~ = 8-17 MeV; measured Coulomb excitation probabilit-
ies. Deduced B(E2),B(84); extracted p&, p4 from rotational model and Fermi charge

distribution. Enriched targets.

1. INTRODUCTION

Information on nuclear size, the shapes of nuclei,
and the distribution of nucleons in the nucleus has
provided a continuing important stimulus to the
development of theories of nuclear structure, and
also served as a gauge of their success. With the
accumulation of extensive and precise measure-
ments of quadrupole deformations in nuclei, recent
studies have focussed on the higher moments of
both the charge and nuclear interaction potential
distributions. There is presently considerable
theoretical interest in the magnitude of the higher
moments, since it is anticipated that higher mul-
tipole components of the nuclear matter distribu-

tion can influence nuclear properties in important
ways. For example, some recent calculations,
which include a hexadecapole component in the po-
tential for single particle motion, have demon-
strated that the equilibrium shapes are sensitive
to the presence of even a small hexadecapole
component. ' '

Experimental evidence for the existence of hex-
adecapole and higher multipole components in the
shapes of nuclei has been accumulating from mea-
surements employing both strong interaction and

electromagnetic interaction probes. Typical of the
former studies are investigations of elastic and
inelastic scattering of strongly interacting projec-
tiles with energies well above the Coulomb barrier,
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where nuclear scattering dominates. ' The de-
formation parameters derived from these mea-
surements are most directly associated with the
deformed nuclear potential field distribution used
to describe the nuclear scattering. 4 ~ Through
complex calculations they possibly can be related
to the mass and charge distributions. Nuclear
scattering experiments at lower projectile ener-
gies have utilized Coulomb-nuclear interference to
extract charge deformation information. ' However,
the analysis of such data cannot avoid whatever
ambiguities are involved in the modeling of the nu-
clear interaction via a deformed optical potential.
More direct information on the charge distribution
can be obtained by exploiting measurements in-
volving purely electromagnetic interaction mecha-
nisms such as hyperfine interactions in atoms,
electron scattering, and Coulomb excitation, al-
though it must be recognized that the interpretation
of these measurements in terms of a spatial pa-
rametrization of the charge distribution and the
comparison of information from the three experi-
mental techniques depends on adopting models for
the nuclear shape and nuclear dynamics. Com-
paring shape parameters derived from the nuclear
and the electromagnetic probes requires a further
understanding of the detailed relationship between
the nuclear potential distribution and the charge
distribution, since the two types of measurements
sample these different aspects of the nuclear shape.

Among the techniques involving electromagnetic
interactions, in the past Coulomb excitation has
been one of the more prolific sources of informa-
tion on electric quadrupole matrix elements. ' Re-
cently Stephens et al."demonstrated the feasibil-
ity of employing Coulomb excitation with ~He pro-
jectiles to extract electric hexadecapole transition
moments and their related charge deformation pa-
rameters, P~~, in deformed nuclei. Other Coulomb
excitation investigations of hexadecapole deforma-
tions in rare earth nuclei have since been reported
by Saylor et al. ,

"Erb et gl. ,
"Ebert et al. ,

"
Bruchner et al. ,

' and Greenberg and Shaw. " The
p~ values deduced from these measurements
closely follow the trends exhibited by the potential
deformation parameters, P4~, obtained from nu-
clear scattering experiments. ~' Except for the
possible exceptions of '~Sm and '"Sm, the magni-
tudes of P4 values obtained from experiments be-
low and above the Coulomb barrier are also sub-
stantially similar for most of these nuclei, al-
though the large uncertainty associated with a
Coul. omb excitation measurement of a small posi-
tive or negative P, value" renders these compari-
sons only qualitative for many of the cases studied.
Because of the latter limitations, the rneasure-
ments for "Srn and '~Sm become particularly in-

teresting and meaningful examples since their
large positive P4 values, among the largest posi-
tive values encountered in rare earth nuclei, may
allow quantitative comparisons to be made with nu-
clear potential scattering experiments. Both nu-
clei have been investigated extensively with Cou-
lomb excitation8, io-x~ and inelastic electron scat-
tering. " Although there are some disagreements
among these measurements, which in part depend
on the analysis procedures and nuclear shape pa-
rameters adopted, two of the measurements" "
indicate that the charge and mass distributions may
be significantly different in both "2Sm and '~Sm,
as reflected in a factor of 2 difference between P4
values obtained from these experiments and nu-
clear scattering probes. ' Similar differences
also have been observed by Bernis et a/. "in their
comprehensive Coulomb excitation investigations
of even-A actinide nuclei.

%e have extended our precision Coulomb excita-
tion studies with He projectiles" and in this re-
port we summarize all our measurements of E2
and E4 transition moments and their related pc and
P4~ deformations for the ground state members of
eight even rare earth nuclei, " '~Sm, '"'"Gd,

Dy, " '"Er, and "Yb. For all cases the direct
detection of elastically and inelastically scattered
particles was employed in order to attain the accu-
racy required to obtain a meaningful measurement
of M(E4; 0' -4'). The experimental arrangement
was similar to the one adopted by Berant et al."
in their precision Coulomb excitation measure-
ments with 4He projectiles. Coulomb-nuclear in-
terference effects both in inelastic and elastic
scattering were investigated. The data were ana-
lyzed with a full quantal Coulomb excitation calcu-
lation.

General consideration of the experimental meth-
od, the choice of experimental parameters, and
details on the experimental method are presented
in Sec. 2. Section 3 deals with the data processing
method which yields the Coulomb excitation proba-
bilities for the 0', 2', and 4' states of the ground
state band. These excitation probabilities are
analyzed for the following quantities in a sequence
which utilizes an increasing number of model as-
sumptions: (1) the reduced transition matrix ele-
ments M(E2; 0'-2') and M(E4; 0' -4'), which are
extracted most directly from the excitation proba-
bilities using Coulomb excitation calculations; (2)
the static quadrupole and hexadeeapole moments of
the charge distribution, deduced from the transi-
tion matrix elements and assumptions based on the
rotational model; (3) the charge deformation pa-
rameters P, and P4, derived from the static mo-
ments assuming a deformed Fermi shape for the
charge distribution. Details of this analysis and
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important considerations associated with the Cou-
lomb excitation technique are discussed in Secs.
4 and 5. A comparison of the present data with de-
formation parameters obtained by other methods,
and the current significance of a such a compari-
son, are outlined in Secs. 5C and 6.

2. EXPERIMENTAL METHOD

A. Generai considerations

matics and contain the functions d(t'„(„q, 8) and

a(t'„g„g, 8), respectively, as multiplicative fac-
tors. The quantities Q4 and Q, are the intrinsic
hexadecapole and quadrupole moments calculated
from the reduced matrix elements by the rotational
model prescription

m(Ex;f, -s,)=(f,. IIm(Ex)IIz, )

= (2/, +1)'"(f,OXO
I I,o) q, . (2.6)

Although an accurate calculation of the E4 matrix
element contribution to the Coulomb excitation
process can only be approached by solving a com-
plete set of coupled equations for the excitation
amplitudes, some insight can be gained, and a
fairly accurate estimate can be made of the effect,
by examining the simplified case of a target nucle-
us with only 0', 2', and 4' states excited by
incident 'He projectiles. Only first and second
order processes are considered. This is a rea-
sonable approximation to the situation encountered
in this experiment, since the excitation of all other
states is almost negligible.

Using the formulation of Alder, Roesel, and

Morf, "the probability of exciting the 4' state of
the ground state rotational band by direct E4 and
double E2 excitations can be written„ in second
order perturbation theory,
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The behavior of the functions g and Q' with g are
shown in Fig. 1, as is the variation of the total E4
contribution to the excitation probability of the 4'
state for a typical case. In the range of useful
bombarding energies below the Coulomb barrier
(8 to 12 MeV), the variation of the E4 contribution
with projectile energy is slight. The dependence
on scattering angle is illustrated in Fig. 2. In that
part of the lanthanide rare earths where the rota-
tional model is known to give an accurate descrip-
tion of the low-lying states of even-even nuclei, Q,
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The notation is from Alder et al. ' where the func-
tions d(g „t'„g, 8), a(t'„ t'p, q, 8), and lI4($ „g„g,8)
are tabulated. The excitation probability P(4) can
thus be written as

FIG. 1. Dependence on the Sommerfeld parameter,
of (a) the function C(rI, $&, (&, ~=180'), {b) the function
C'{g, f f $p ~ 180'), and (c) A4=tP{4)]/(Po '& 4)-1,
the total E4 contribution to P(4) for Q4//'Q~&= 0.1 as de-
scribed in Eq. (2.5) for a typical even rare earth rota-
tional nucleus; E&+ =0.080 MeV, E4, =-0.260 MeV,
g~ =0.262&10 g, (&=2.25 (&. It should be noted that
~or incident energy below 8 ihleV, P{4) is too sma, ll to
facilitate a reasonable Coulomb excitation measurement,
while above 12 MeV the scattering is no longer pure
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varies little with mass number, and the magnitude
of the E4 contribution to P(4) is dictated solely by
Q4.

Although these estimates are reasonably valid in
the situation usually encountered with light projec-
tiles, they are not generally applicable in the case
of heavy projectiles, since multiple processes
proceeding through many other states can effect
the excitation of the 4' state as much as the direct
E4 excitation. The general problem is thus best
examined in terms of a full coupled channels Cou-
lomb excitation calculation9 for various projectiles
exciting a given target under conditions of specified
beam energy and scattering angle. W'e briefly
summarize a few results of such calculations w'hich
are pertinent to this work. A more general dis-
cussion can be found in a paper by Kinkier. "

Figure 3 represents the results of semiclassical
coupled channels calculations' performed for back
angle scattering with incident energies close to the
Coulomb barrier. It shows the variation with inci-
dent projectile charge of the E4 contribution to the
excitation probability of states in the ground state
band of a nucleus such as '~Sm. For a given state,
the magnitude of this contribution decreases with
increasing Z~; but for a given projectile it in-
creases with the spin of the state being studied.
Since the excitation probability, in general, de-
creases with increasing state spin for a given pro-
jectile, it is not always possible, in practice, to
take advantage of the increase in the magnitude of
the E4 contribution with state spin by observing
states higher up in the band. A contribution of 20 to
20% is about the largest that can be conveniently
observed for a nucleus such as '~Sm under real-
istic experimental conditions; measuring the
larger ratios Rl predicted for the higher spin
states would necessitate prohibitively long data
accumulation times.

In principle, by taking advantage of the variation
of the E4 contribution and multiple E2 excitation
with bombarding species, with state spin, and
with incident energy, it should be possible to judi-
ciously select experimental situations in which
each contributing matrix element is uniquely
determined from a measured excitation probabil-
ity. Thus, in principle, it is possible to construct
the entire transition matrix for the ground state
band. For example, if low energy He projectiles
are employed, the excitation of the 2' state de-
pends only on M(E2„0'-2'), since the E4 contri-
bution is very small and the multiple excitation of
the 4' state from the 2' is negligible at low enough
bombarding energies. Using low energy "0beams
to excite the 4' state, P(4) depends predominantly
on the product M(E2; 0' -2') xM(E2; 2' -4'); with
M(E2; 0' -2+) determined to high accuracy from
the previous measurement, the M(E2; 2' -4') ma-
trix element is uniquely determined from P(4).
The additional use of He or Li projectiles at inci-
dent energies close to the Coulomb barrier to ex-
cite the 4' state by double E2 and competing direct
E4, leads to the extraction of M(E4; 0' -4') as the
only additional unknown.

This procedure can be followed with heavier pro-
jectiles to include higher excited states. However,
multiple E2 and multiple E4 excitation becomes
increasingly important to the excitation of states
with spin greater than 4; therefore, in practice, the
situation becomes complicated for the higher spin
states, necessitating some assumptions and inde-
pendent measurements of interband transitions
which begin to make significant contributions. ""

Herein we concentrate on the determination of

I.Q ——

l2 MeV 4He

2.0

Q.s—

R)

0.2 ——

I~—4l MeV C

0

5&Mev I'Q
e

C

IIO MeV MS

0
~ ~Me ~

I.O
-0.2 I

2+ 6+
I

I

s+

I80 I60' i@0 I20 IQO» 80 80 40' 20

Iob

Flo. 2. Variation with scattering angle of the E4 con-
tribution to P(4) for 4He excitation of a typical rotational
nucleus; g=12, $&

—-0.045, $&=0.101.

FIG. 3. The 84 contribution to the excitation of states
in the ground state band of a typical rare earth nucleus
with M(E2; 0 -2 ) =-2.066eb, M(E4; 0 4 ) =0.653eb,
which is a reasonable approximation to Sm; &I,b= 175',
R = (P(+2'+4) P(&2))/P(2) The incident energies indi-

(a)
.

cated are close to the Coulomb barrier.
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the matrix elements M(E2; 0'-2') and M(E4; 0'
-4'). These matrix elements are extracted in the
most straightforward manner, i.e. with the least
dependence on a knowledge of other matrix ele-
ments, and on assumptions involving the validity
of the rotational model for states with spin greater
than 4. As the above discussion indicates, He
projectiles are particularly useful for determining
these matrix elements. The measurements of P(2)
and P(4) with ~He projectiles yields M(E2; 0' - 2+)
directly, and M(E4; 0+ -4+}with only the additional
determination of M(E2; 2'-4'). As was pointed
out above, the E4 contribution to P(4) with this
choice of projectile is as large as the effect ex-
pected in any other experimental configuration.
The present report is confined to measurements
with 'He projectiles only, and the results rely on
other sources for the matrix element M(E2; 2'

4+ }
The technical advantage of using 'He projectiles

lies in that it is possible to sufficiently resolve the
inelastically scattered n particles from the elastic
scattering peak to extract the excitation probabil-
ities to a high degree of accuracy, while avoiding
the uncertainties involved in detecting deexcitation
y rays. "'" The direct detection of the inelastical-
ly scattered projectiles provides a straightfor-
ward normalization and avoids the necessity for
accurate calibration of absolute and relative
counting efficiencies that would be inherent in a
measurement in which the deexcitation y rays are
detected. In addition, the calculation of the exci-
tation probabilities from y ray spectra requires
an accurate determination of internal conversion
coefficients especial. ly for the low energy y radia-
tions from the (2+ -0+) transition.

A backscattering geometry was chosen for the
present measurements. The detection of the inci-
dent particles scattered at back angles into an
annular detector centered on the incident beam
axis offers several advantages, besides the obvious
one of symmetry. (a) The excitation probabilities
are maximized near 180', while the Rutherford
cross section is smallest, and varies most s1.owly

with angle there. (b) The kinematic spread in the

peaks is minimized at back angles, allowing a
large solid angle without undue loss in energy res-
olution. The large solid angle is dictated by the
high statistical accuracy required for these mea-
surements. [The detectors employed spanned a
polar angle of approximately 3', which corre-
sponds to roughly a change of —,'% in P(2) and P(4}
across the face of the detector, or +-,'% about the
central angle, the variation being roughly linear
with angle. ] (c) The kinematic separation of the
contaminant lines is maximized at back angles, so
that the elastic lines from possible light element

contaminants not present in the isotope sample—
such as zirconium from the target preparation
process and copper from the electrodes of the
evaporation equipment —would, if present, be well
separated from the lines of interest.

The contributions from contaminants in the sam-
ples from which the targets are fabricated are a
major problem with a scattering experiment of
this type H. igh purity samples are required. An-
other problem is resolution loss due to the pro-
jectiles losing energy in the target, which dictates
the use of very thin targets. These thin targets
must be supported on carbon backings, introducing
pileup problems due to the large count rate origi-
nating from the '2C(n, n')' C and ' O(a, a' } 0
reactions. These problems are dealt with in more
detail below.

The magnitude of the uncertainties in determin-
ing M(E4; 0'-4') from such measurements can be
estimated by noting that in the most favorable
cases it is expected that the E4 contribution to
P(4) is approximately 25-30%, whereas the
smallest contributions are expected to be 10% and
less. The uncertainty in determining the contri-
bution from E4 excitation varies from four times
to possibly ten times the percentage uncertainty in
the excitation probability of the 4' state. The ex-
traction of the hexadecapole contribution to the ex-
citation of the 4' state depends directly upon the
accuracy with which the multiple E2/E2 contribu-
tion can be correctly calculated. An uncertainty in
M(E2; 0' -2') of —,'% results in an uncertainty in the
calculated P(4) of about 1-,'% and an uncertainty in
the extraction of the E4 contribution of 5 to 15%,
assuming the uncertainty in M(E2; 2' 4'} to be the
same as that in M(E2; 0' -2'). The best measure-
ments of M(E2; 2+-4') claim an accuracy of 1-,'
to 2%,"and these measurements exist only for the
samarium isotopes. If the rotational model is used
to calculate that matrix element from M(E2; 0'
-2'), its uncertainty must reflect not only the un-
certainty in M(E2; 0' -2'), but also the degree to
which the model is applied to correctly predict
it"; this will be treated at greater length in a sub-
sequent section. The uncertainty in the calculation
of P(4) is therefore expected to be roughly 3%, as-
suming the uncertainty in M(E2; 0' -2') to be
small compared to the uncertainty in M(E2; 2'
-4'). It was therefore decided to attempt to mea-
sure P(4) to 2-3% accuracy and P(2} to 1% accu-
racy [which yields M(E2; 0+ 2+) to about 2%
accuracy].

B. Experimental arrangement

The experiment was performed using 4He beams
from the Yale University Mpl tandem Van de
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Graaff accelerator. The beam energy calibration
was checked by comparing the energy of elastically
scattered projectiles to a calibration determined
using a "'Pb e particle emitting source. The de-
viation was found to be only 5 to 10 keV from the
nominal value. The beams had short term stabil-
ities of +-,' keV and a long term stability better
than 1 keV.

The scattering geometry is shown in Fig. 4. The
accuracy of these measurements depends critically
on achieving good energy resolution and large peak
to valley ratios. Slit scattering therefore was
carefully investigated and steps were taken to
minimize it. The beam was passed through three
polished tantalum collimators separated by ap-
proximately 10 cm, the last of which was mounted
on the back of the detector mount. The target,
4.5 cm from the detector, was surrounded by a,

cryogenic trap. Thin polished Lucite collimators
were employed to define the active area of the de-
tector and other baffles were arranged to minimize
secondary scattering into the detector. The mean
scattering angle of the detector was approximately
175'.

The detector was operated below room tempera-
ture to reduce leakage current and noise, thus
improving resolution. The shape and relative
height of the low energy tail of the peaks were
studied as a function of detector bias; the detector
bias was progressively increased until the tai.l
ceased to show improvement. The detectors were
run at large overbias.

The resolution, full width at half maximum
(FWHM), for 8. '18 MeV a particles from a '"Pb
source, was 13 to 14 keV. Spectra obtained for
elastic scattering from the thinnest ta, rgets, which
produced typical count rates of 5-10/sec, resulted
in a broadening of the system resolution, as mea-
sured with the source, by less than 1 keV. The
ratios achieved for the 2+ inelastic peak height to
the valley bebveen the 2' peak and the elastic peak
for thin '"Sm targets were as good as 80: 1, while,

for those rare earth targets with lower 2' state
energies, the peak to val. ley ratios mere about
25: 1. The elastic peak to background ratios were
20000: 1 to 30000: 1. These thinnest targets were
used to measure P(2). To obtain reasonable
counting statistics in the 4' inelastic peak, it mas
necessary to increase the count rate by employing
thicker targets, which broadened resolution by
about 3 keV and produced peak to valley ratios of
17:1-20:1 for the 2' states. Peak to valley ratios
for '~ Sm were considerably greater. The accom-
panying decrease in resolution did not present a
problem, due to the greater separation of the 4'
state.

The thin rare earth targets mere fabricated from
oxide samples obtained from the stable isotope
separation facility at Oak Ridge National Labora-
tory. Most of the samples were better than 98.5%%uo

enriched, and several purities exceeded 99.9%%uo.

With the exception of the gadolinium isotopes, a1.1

the samples were reduced with zirconium and
simultaneously evaporated by resistance heating
in a carbon boat. The gadolinium samples were
obtained in metallic form and evaporated using
electron bombardment heating. In all cases the
samples were evaporated directly onto commer-
cially available 10 p, g/cm carbon foils. Some
targets were prepared with a thin layer of '~Pb
deposited prior to the deposition of the rare earth,
providing a normalization for elastic scattering
and a convenient monitor of the peak shape.

Under normal experimental conditions, count
rates for n particles scattered from the rare
earth target material averaged from 5/sec to
50/sec. However, the total count rate on occasion
was as large as 10'/sec, originating principally
from elastic and inelastic scattering from the car-
bon backing material. The pulse height distribu-
tion of the latter pulses was sufficiently separated
from the primary data as to constitute a pulse
pileup problem only. The use of a, pileup rejection
system made it possible to use incident beam cur-
rents of up to 350 nA without observing the charac-
teristic high energy peak broadening due to pulse
pileup. Target degeneration problems, however,
dictated a limit in beam intensity of 200-250 nA.

TARGET ~
/I

IO cm —~,'~-—IOcm

BEAM
AXIS

3. RESULTS: EXPERIMENTAL EXCITATION
PROBABILITIES

DETECTOR
SHIELDS

ELECTRON
SUPPRESSION
MAGNET

~ CHIMNEY

FIG. 4. Scattering geometry.

Thick and thin target spectra for "Sm are shown
in Fig. 5; spectra for '6'Gd, w'hich are more rep-
resentative of the other nuclei studied, are shown
in Fig. 6. For each target nucleus the excitation
probabilities P(2) and P(4) were measured at sev-
eral incident energies below the effective Coulomb
barrier. The working definition of the Coulomb
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barrier was derived from additional studies which
explored the deviation from pure Coulomb elastic
and inelastic scattering as a function of the projec-
tile energy for both '"Sm and '~Sm, using the
elastic scattering from '"Pb for normalization and
a composite '~Pb-Sm target. The projectile ener-
gy region investigated in the latter measurements
was 8-17 MeV. The use of these data to determine
the "safe" bombarding energy is discussed in more
detail in Sec. 4 C.

A thick "~Sm spectrum before and after the sub-
traction of background and known target contami-
nants is shown in Fig. 7. The backgrounds were
mostly flat, varying from 1-2 counts per channel
for thin target spectra to 8-9 counts per channel
for some of the thick target spectra. The peaks

due to known contaminants listed in the assays of
the isotope samples were subtracted using the
shape of the elastic peak.

Two related methods were employed to unfold the
spectra into their constituent spectral lines. In
both cases the criteria were the same: the three
peaks were required to have the same shape, and
the low energy tail on each peak was constrained
to be a smooth function similar in shape to the tail
of an isolated '~Pb elastic peak. In one of the
methods employed, an iterative manual fitting
procedure was followed in which the first approxi-
mation to the shape of the elastic peak tail was the
tail of a well defined ' Pb peak.

In the second method, a computer fitting routine
was used to fit all three peaks simultaneously using

p+
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FIG. 5. Spectra of 4He scattered from ~Sm targets: (a) 11.75 MeV He scattered from a thick target Bt 8&,b
——174.5;

(b) 12.00 MeV He scattered from a thin target at &I,b= 174.5'.
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the elastic peak shape and a tail which is a hyper-
bola on a semilogarithmic representation of the
spectral shape. The tail was appended to the em-
pirical peak shape at a point which was not a vari-
able of the fit, so that the function had the form:

f (x) =a, exp([(x-X, )'X', +X',]'"+(x- X,)X2]

for x ~ @'

=SPECT(x) for x&x', (3.1)

g.(x) = c.f(x —xN) (3.2)

where SPECT(x) is the measured number of counts
at channel x. The form chosen for the inelastic
peaks was

so that they differed from the elastic peak only in
their relative normalization g~ and relative posi-
tion x„. The starting parameters for the tail were
the result of a fit to a OSPb peak. The uncertain
ties determined by the computer fit, calcula. ted by
comparing the final shapes of tI peaks, were
equivalent to those obtained using the manual fit-
ting procedure. Typical uncertainties in the deter-
mination of P(2) and P(4) were 1-2/o and 2-4%,
respectively, including statistical errors. These
excitation probabilities are defined here as:

P(2) = do.,(2')/[do„, (0')+do„,(2')+do„, (4')],

P(4) =do„, (4')/[do»(0')+der, (2')+do„, (4')].
(3 3)

o+

IO
4

2+

I

w 2600 2&00 2900 3000 BIOO

Io0
C3

2+
j$

j
I

I'
I

)
I

IOR

IO

II II . IIII . III IIII II

2600 2TOO
I

2800 2900 3000
CHANNEL NUMBER

FIG. 6. Spectra of He scattered from ~ Gd targets. These spectra are typical of the nuclei 4sm to 7 Yb, which all
have similar energy level spacings. (aj 11.75 MeV 4He scattered from a thick target at ~»=174.5'. @) 11.75 MeV 4He

scattered from a thin target at @&b=174.5'.
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1 ted'
The measured excitation probab'1't'i i ies are tabu-
ated in Table I.

4. ANALYSIS

A. Calculation of excitation probabilities

IO5-

10

'~7Sm
i%6

O.l+X

l
~62S~ a'

0.74%
Sea Q

The calculatitions of the excitation probabilities
from the reduced matrix el tsf ' e emen were carried
out in part using a version of the deBoer-Winther
semiclassical multiple Coulomb excitation code'
which includes E1 E2es, E2, E3, and E4 transitions. It
has been pointed out'4 that f thor e conditions en-

, w ere the Sommer-countered in this experiment h

e parameter q =10-15, quantal effects are not

negligible for multiple excitations. The semi-
classically calculated excitation probabilities

one ro
therefore were corrected for quantal effe ects, in

procedure that was followed th, using the second
ion y lder et al."order perturbation calculat b A

We note that thW at the quantal corrections modify the
excitation probability of the 2' state b d'

ou e E2 via the reorientation effect b
rou hl 2g y, and the excitation probab 1 ty f th

e ec y

4' state due to double
by about 6 . Ex

uble E2 and competing direct E4
/p. xploratory calculations of the full

quantal formulation of this ttis sca ering problem
were carried out using the code LISA."e . The re-

a calculation differ somewhat from the
perturbation treatment. Th' ' t 'is point is discussed in

etail in Sec. 4 D.
Calculation

the de
'ons of the excitation probab'1'tii i es using

deBoer-Winther code included states up to 8+

in the ground state rotational b dan, as well as the
vibrational state, the 0' and 2'

P vibrational band, and the 1 d 3~ ~

an members of the

thes
e and 3 states, where

ese states have been identif' d Th' ie . e reduced

IO5- (a)

I02

g IIIIII Ir
I

5 I

3IOO

l-
Z 5io

I

3200

0+

o
II

LLI

I.2

LL

+

I. I

IO5-

IO

4+

I

-I.2 -0.8 -Q.4 0 QA 0.8
N (E4;0+—4+) e b

I

I.2

IO

3000

I rII~
I

3lOO 3200 3300
CHANNEL NUMBER

IIII I;
3400

FIG 7 154Sm / ~& 1540. , & ) Sm spectrum before (a) and

after (b) subtraction of background and known contami-
nants. E~ =12.25 MeV =171.5'.hb

FIG. 8. The va
with ~+4; 0+-4+

ariation of the E4 contribution t P
) for He excitation of ~54Sm. All E4

ono 4

matrix el.ements are related t M(E4; + +

the rotational model. E =12 M V,
o;0 -4+) throu h

corrections are ' eluded. T
(E4; 0+ 4+) for each possible P(4). The figure al.eo

demonstrates the error introduced b u
level (0+ 2+ 4+, 4 ) calculation (dashed line) rather than
the full. 11 level. calculation (solid line).
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TABLE I. Experimentally measured excitation probabi&ities for He excitation, and ratios
of total scattering from ~~ Sm and ~+8m to scattering from 0 Pb. The samarium to lead
ratios are normalized to the average from 8-12 MeV incident energy, and the statistical
standard deviations on these ratios are ~% for ' Sm and ~% for ' 4Sm. See text for definition
of the excitation probabilities. The percent standard deviations in the excitation probabilities
are shown in parentheses. An asterisk indicates a laboratory scattering angle of 171.5';
otherwise it is 174.5 .

E~, (MeV) Sm/Pb & (2)

'"Sm
& (4) Sm/Pb

'~sm
P {2)

8
9
9.5

10

1.006
0.992
1.005
1.001

0.997

0.0188(2.8) ~

0.0269{2.6)*

0.0374(2)*
0.0376{2.2}
0.0438(2}*

0.988
1.005
1.005
1.014

1.004

10.75
ll

11.25
11.5

0.996
1.001

1.001
1 ~ 002

0.0500{2)~
0.0507(1)
0.0501(1.7)

0.0570(2)~

0.0578(1.5}

0.995 0.0641(1.3)

0.0705 (1.5)
0.000634(3.5) 1.003 0.0754(1.7) 0.001 06{3}*

11.75 1.004 0.000 724 {2) 0.997 0.0783(1.3)~ 0.001 23(3)

12.25

12.5

12,75

13.25

13.75
14

14.25

0.996

1.005

0.998

1.003

0.991

0.982

0.988

0.982
0.959

0.0639(1)
0.0641 (1)
0.0649{2)*
0.0649 (1.5)
0.0676(1.4)

0.0719(2)*
0.0743 (2)
0.0767 (2)

0.0805(1.2)
0.0792 (1.5}
0.0786{2}
0.0793(2)*
0.0852 (2)*
0.0845 (1.8)
0.0893(2)*
0.0892 {2)
0.0900(2)*
0.0954 (2)*
0.0957(2.5)
0.1005(2)~

0.000 833 (2)
0.000 829 (2)

0.001 34{2)

0.988 0.0832 (1.3) 0.001 47 (3)

1.014 0.0867 (1.2) * 0.001 62 {3)~
0.0887 (2.5}

1.008 0.0937(2.2) 0.001 75{2.2) ~

0.995 0.0950(3)

0.989 0.0994(1.3) 0.002 31{3)

1.002

0.989

0.984
0.970

0.975

14.5
14.75
15

15.25
15.5

0.901 0.1120(2)~

0.1128{1.5)

0.1252 (2)*

0.939 0.1065(2)~ 0.929
0.918

0.848

15.75
16

16.5
17

0.742

0.559

0.1405{2)*
0.1412(1.8)

0.782

0.621
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TABLE I (Cgnti, nued)

E, (MGV) 158Gd 'i60Gd 164D f66E ~ 168E~ 174~

P (4)
11.75 P (2) 0.0805*(1.3)

P (4)
12.00 P {2)

0.001 21{2.7)
0.0842*{1.3)

0.0846(1.3)
0.0852 (1.3)
0.001 29(2.6)
0.0892(1.3)

P (4)
12.25 P (2)

P {4)
12.5Q P (2)

P (4)
12.75 P {2)

P (4)
13.00 P (2)

P {4)

Q. 001 43(3)
0.0893+(1.2) 0.0937(1.3)
0.001 54*(3) 0.001 66(3)

11.00 P {2)
P (4)

11.25 P (2)
P (4)

11.50 P(2) 0.0748(1.2)* 0.0780(1.3)

0.0801 (2)
0.0798 (1)
0.001 30
0.0846 (1.5) *
Q.0846(1)~

0.001 15(3)*

0.0623 (1.7} 0.0563{1.5}

0.0638 (1.5)
Q. 0639{1.5)
0.OQO 623(3.5)

0.0975 (1.3)
0.001 Sl {3)

Q. 0915(1.3}
Q. 001 53(3.5)

0.000 992*(3) 0.000 773*(3.5)
Q. 0785 (1.5) O.OS09{1.5) 0, 0732 {1.8)

8.0805{1.5)
0.001 09(4) 0.001 15(2.5) 0.000 913(3.5)
0.0823*(1.3)
0.001 22*(3) 0.001 29*(3)

matrix elements used in the calculation are listed
in Table II. Those not listed were calculated from
M(EX; 0 A. ) using the rotational model. The effect
of excluding a11 states except the 0', 2', and 4'
states in a calculation of P(4) is shown in Fig. 8

for ' Sm.
The sensitivity of the calculation of P(2) and P(4)

to variations in the matrix elements used in the

calculation is shown in Table III. The sensitivity
of P(2) to all matrix elements other than M(E2; 0+

-2') is clearly negligible compared to the accu-
racy with which that excitation probability is ex-
perimentally determined. The effect of experi-
mental uncertainties in the matrix elements to
higher states is inconsequential since they have

been determined to a higher degree of accuracy
than the +10(Yjp used in the calculation. The major
error in the calculation of P(4) derives from the
uncertainties in M(E2; 0' -2') and M(E2; 2' -4').
The latter is known from lifetime measurements
for the samarium isotopes" with a standard devia-
tion of about 1.8%. No such precision measure-
ments exist for the other nuclei studied in this ex-
periment, and the rotational model was therefore
employed to calculate M(E2; 2'-4') for those
nuclei.

Some estimate of the error introduced by this
assumption can be obtained by using some simple
models to calculate the deviations from rotational
model behavior. For example, it has been demon-
strated that for both actinide" and lanthanide" nu-

clei, the centrifugal stretching mode12 overesti-
rnates the measured deviations from rotational be-

havior. In this model the transition matrix ele-
ments are calculated with the assumption that the
deviations from rotational model values are totally
reflected in the deviations due to centrifugal
stretching effects in the energy level sequence
from the simple rotational relationship

E = A I(I + 1 ) .
A calculation employing the rotational-vibrational
interaction in a procedure which was used to suc-
cessfully reproduce the prominent deviations from
rotational behavior in E2 matrix elements observed
in '"Sm" indicates that the deviations from rota-
tional values should not be significant in the cases
of the nuclei '"Gd to ' Yb. In fact, if this cen-
trifugal stretching "worst case" analysis is applied
to these nuclei, the maximum error introduced in
the calculation of P(4) by using the rotational value
of M(E2; 2'-4') is 1 to 2%. This error in combi-
nation with twice the error due to the uncertainty
in M(E2; 0' -2') results in a total error in the cal-
culation of P(4) of 2.5%. It should be noted that the
excitation probability of the 6' state, the next most
highly populated state in the ground state band, is
roughly 2 orders of magnitude less than P(4), and
the error introduced by using the rotational model
value for higher transition matrix elements is
therefore negligible.

The variation of P(4) with M(E4; 0' -4"), as
illustrated in Fig. 8, was obtained by using rota-
tional model values based on M(E4; 0" -4') for all
other E4 matrix elements. There are, in general,
two possible values of M(E4; 0'-4') which fit the
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TABLE II. Matrix elements used in the analysis in
units of e b"~2. Those not listed were calculated from
the rotational model.

Nucleus A, J",. J"f M(&A, ;J;-4&) Reference

'"Sm 2+ 4+

2 4 6+

2 6+ 8+

2 0' O'P

2 2+ 2'P
2 4 O'P

2 2+ 0+P
2+ 4+P

2 4+ 4+P

2 0 2 y
2 2' 2'7
2 4 2 y
2 2 4 y
2 4 4 y
1 0+ 1

1 2' 3

3 0+ 3

—2.98
-3.93
-4.79
-0.151

0.360
-0.675
-0.425
—0.22

0.58
—0.30
—0.48
—0.15
—0.20
-0.64

0.017
-0.024
-0.43

b
b
b
b
b
b
b
b
b
b
b
b
b
b
b
b

data: a positive solution and a negative one. The
positive solution is always taken here, since, even
in the case of "~Yb where P4 is expected to be
most negative, the negative solution for M(E4; 0'
-4') results in an unreasonably large negative p, .
This will be dealt with in greater detail in Sec. 5B.

The values of M(E2; 0'-2') and hf(E4; 0'-4')
from these measurements, after all corrections
are made, are tabulated in Table IV and the trend
vs A is illustrated in Fig. 9. The errors include
the uncertainties in the individual determinations,
the spread in the individual values about the

weighted average, and the calculational uncer-
tainties discussed above.

B. Further corrections

-2.70-

-2.50- Er

In obtaining the matrix elements and their un-
certainties listed in Table IV, several other effects
not previously mentioned were taken into account.
(1) Vacuum polarization and atomic screening of
the nuclear electric potential were considered.
Since both these corrections are small, they are
adequately treated by considering only their effect
on the orbit of the projectile. Saladin, Glenn, and
Pryor" present an expression for the effect of
atomic screening on the electric potential energy
at separation distances short compared to the
atomic radius. In this treatment, the center-of-
mass bombarding energy used in the deBoer-%in-
ther code is altered by the calculated change in
potential energy. Foldy and Eriksen" present a
similar expression for the change in potential en-
ergy due to vacuum polarization. Trea. ting both in
a similar manner, the former results in an in-
crease in the effective bombarding energy of 20-30
keV, while the latter produced a decrease of the
effective center-of-mass bombarding energy that
is somewhat larger. The net result is compensated
for by lowering the effective bombarding energy by
about 15 keV. This results in a change in the

158Gd

164Dy

'6'E r
168Er

2 0 2 y

2 0 2 y

2 0 2 y

0+ 2+~

2 0+ 2y

Sm 2 2+ 4'
0+ 2+P

2 0 2 y
3 0 3
3 0+

-3.267
-0.141
-0.263
—0.277
-0.232

-0.3
—0.3

-0.35

—0.4

-0.4

-230-

43

R-26-
QJ

X
-l90-

-I.70-

- 0.80

- 0.60 g
Pl

- 0.40
CF'

- 0.20

' Reference 23.
J. S. Greenberg, I. A. Fraser, and R. Stokstad, pri-

vate communication.
~ Reference 10.

O. Nathan and V. I. Popov, Nucl. Phys. 21, 631
(1960); quoted in Nucl. Data A5 (No. 6), 115 (1964).
'B. Elbek, B. Herskind, N. C. Olesen, and

Y. Yoshizawa, Nucl. Data A5 (No. 6), 132 (1964).
T. Grotdal, K. Ny, T. Thorsteinson, and B. Elbek,

Nucl. Phys. A110, 385 (1968).
& J. M. Domingos, G. D. Symons, and A. C. Doublas,

Oxford University Report No. 21/71 (unpublished).

- 0.00

I
I s s s s l s J i x I i s i i I

I50 l60 l70 l80

FIG. 9. Measured M(E2 0+ 2+) and M(E4 0' 4')
as a function of mass number. The open symbols indi-
cate Set I obtained using second order perturbation
theory and the closed symbols indicate Set II obtained
with the code usg.
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M(E2; 0'-2') value of 0.18% and a similarly small
change in the M(E4; 0' -4') value.
(2) The difference between the beam energy as
determined using the '"Pb source and the nominal
energy results in a change roughly half of that due
to the combination of vacuum polarization and
screening effects. The excitation probabilities of
the 2' and 4' states change by 0.2% and 0.6%, re-
spectively, from the central angle to either ex-
treme angle admitted by the detector. This vari-
ation is roughly linear across the face of the de-
tector, and results in an uncertainty of about 0.1%
in M(E2;0'-2') and about 0.2/z in M(E4; 0'-4'),
when the cross sections are calculated at the cen-
tral angle rather than integrated across the detec-
tor face. The uncertainty in the measurement of
the central angle results in a 0.02% uncertainty for
the 2' excitation probability.

C. Nuclear interference effects

The primary studies to determine the Coulomb
barrier were conducted for elastic scattering and
inelastic scattering to the 2' state of '"Sm. These
were complemented by similar studies of '~Sm
which were conducted to search for any possible
difference between the results for a transitional
nucleus such as '"Sm and the more statically de-
formed nuclei beginning at "4Sm. Although using
the classical expression for the Coulomb barrier,
which assumes the target and projectile just
"touch, " is grossly in error in this case, it is
probably correct to assume that for nuclei of simi-
lar structure the barrier energy scales according
to the classical form —i.e., as the ratio of nuclear
charges.

The ratio of scattering from samarium to scat-
tering from '"Pb is shown for both isotopes in

Fig. 10. The values of M(E2; 0' -2') extracted as
a function of energy under the assumption of pure
Coulomb excitation are shown in Fig. 11. Although
Fig. 10 shows no significant deviations from pure
Coulomb scattering below about 13 MeV, the in-
elastic data displays deviations on the 1% level be-
ginning at about 12 MeV. This is consistent with
similar data obtained by Bruckner et al. ' on '"Sm;
these authors also studied scattering from the 4'
state as a function of bombarding energy. Using an
optical potential plus Coulomb scattering they were
able to fit their data successfully through approxi-
mately the range of incident energies shown here,
from the region of pure Coulomb scattering to the
region of dominant nuclear scattering. In addition,
their calculation predicts that deviations in the 4'
state occur at about the same energy as deviations
in elastic scattering in the mass 150 region. This
prediction fits their data. No systematic deviation
in M(E4; 0' -4+) was observed up to 13 MeV in
this experiment. The '~Sm data reveals similar
effects, with measureeble non-Coulomb effects be-
ginning at somewhat higher incident energies. Only
data obtained at incident energies of 12 MeV or
less were used to determine the quadrupole and
hexadecapole transition moments of the samarium
isotopes, while the highest incident energies used
in the analysis of the gadolinium, dysprosium, and
heavier targets were 12.25, 12.5, and 13 MeV, re-
spectively. Recent studies by Stelson et al."of
both P(2) and P(4) as a, function of incident 'He en-
ergy for '~Sm, '6 Er, and ' W support this deter-
mination of the "safe" bombarding energies.

D. Full quantal calculation

The computer code LISA" solves the set of cou-
pled equations of the partial wave expansion of the

TABLE III. The effects of changes in the matrix elements used in the calculation of the
excitation of a typical even rare earth nucleus by incident He projectiles. These do not
necessarily represent experimental uncertainties in the matrix elements, especially in the
case of interband transitions.

Matrix
elements(s) M(&2; 0' 2') M(E2; 2+ -4+)

changed c lo)

All E4
matrix

elements
within ground

state band

All E2
matrix

elements
to y band

All
All E2 matrix
matrix elements

elements to 1, 3
to P band states

(%)

Change
Effect on
calculated

& (2)
Effect on
calculated

I (4)

0.06

20

0.002

100

0.22

0.5

100

0.2

0.3

100

0.1

0.01
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quantal scattering problem. " The interaction in-
cludes both Coulomb and nuclear parts. The long
range of the Coulomb force makes it necessary to
include a large number of partial w'aves and inte-
grate over many nuclear radii; in order to insure
convergence on the 0.1% level in all calculated
cross sections in the case of He projectiles scat-
tered from samarium, it was necessary to include
240 partial waves and integrate to 180 fm from the
center of mass.

The pure Coul. omb, Coulomb plus nuclear, and
pure nuclear scattering calculations, which in-
cluded the 0', 2', and 4' states, were performed
for 12 MeV incident projectiles scattering from
'"Sm to check nuclear-Coulomb interference near
the-postulated barrier, and to calculate the differ-
ence between the classical and quantal pure Cou-
lomb calculations. The calculated nuclear-Cou-
lomb interference effects in the 0', 2', and 4'
cross sections of 0.06, 0.6, and 0.4%, respec-
tively, are in agreement with the experimental re-
sults and support both the chosen "safe" bombard-
ing energy and the contention that interference ef-
fects become significant in the 0' cross sections
only at higher bombarding energies than in the 2'
cross section. The optical parameters used in the
calculation are those of Bruckner et a/. ' In addi-
tion, pure Coulomb scattering from the other nu-
clei was calculated for 12 MeV incident energy.

The pure Coulomb excitation calculations were
compared to a three level deBoer-%inther code
calculation. The quantal calculations of the 2' and
4' differential cross sections were found to be
lower than the semiclassical calculations by 1.1

and "l.7%, respectively, in the case of '"Sm; for
"4Sm the differences are 1.5 and 8.1%. The re-
sults for other nuclei are similar. These correc-
tions fluctuate by about 0.25k as a function of cen-
ter-of-mass scattering angle in 1 steps from 165
to 178 . The correction to the 2' cross section is
therefore roughly 1% less than the correction ob-
tained from the perturbation theory treatment of
Alder et a/. ,

"and the correction to the 4' cross
section is 1.'l% greater for ""Sm, while the differ-
ences in the case of "Sm are 0.5 and 2.1/(). It
should be noted that the change in the calculated
P(4), after M(E2; 0" 2') has been adjusted to fit
the quantal P(2), is almost the same for '"Sm and
'~Sm. Since the quantal correction as obtained
from the calculation of Alder et a/. "varies little
with bombarding energy in the energy region of
interest, a second set of matrix elements M(E2; 0'
-2') and M(E4; 0' -4') was obtained for each nu-
cleus by correcting all the semiclassical calcula-
tions for projectile energies other than 12 MeV by
the corrections calculated at 12 MeV with the code

These are listed in Table IV and illustrated
in Fig. 9 as Set II. It is important to note that the
P(4) values obtained using the perturbation theory
correction differ from those obtained using the full
quantal calculation by -3% after the values of
M(E2; 0+ -2') used in the calculations have been
adjusted to make the calculated values of P(2)
agree. This is a substantial fraction of the total
E4 contribution, especially for the nuclei '"Gd to
"~Yb, where the change in the extracted M(E4; P'
-4') value is 0.2 eb, and the final values of that
matrix element are on the order of 0.1 to 0.3 eb'.
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FIG. 10. Scattering from Sm and ~ Sm normalized
to scattering from 2Pb on the same target as a function
of incident He energy. In the case of Sm one standard
deviation is indicated by the size of the points.
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~(82; 0+ 2+) extracted under the assumption of pure
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10 ELECTRIC MOMENTS AND CHARGE DEFORMATION I&

5. DISCUSSION

A. Deformation parameters

The deformation parameters, L8, and P4, have
been extracted from the measured moments using
a Fermi charge distribution with a deformed sur-
face as suggested by the results of p, -mesic atom
studies, "and electron scattering experiments. "
This charge distribution is given by

p(r, 8) =p, 1+exp
r- R(8)

(5.1)

R(8) = R [1+ p2 Y (8) + p Y '(8)] . (5.2)

The moments were calculated from the deforma-
tion parameters by numerically integrating the
equations

The volume and central density, p„are therefore
adjusted as the deformation is changed, keeping
r, constant at its experimentally determined value.
This conserves total charge. This differs in detail
from the treatment employed by some other au-
thors, '~" in which the central density is kept con-
stant at the value calculated for a spherical nucleus
of the same charge and mass, as ~, is allowed to
vary with changes in deformation to keep the vol-

-2.0- Jtga0.05 )Iga0.06 pya0. 09

- I.S-

ppa0. 2

q, =Jd(n;0-~).
f dfI f dry '2(1+exp{[r-R(8)]jt)) Yz(8)

f dQ f dr r'(I + exI3/[r -R(8)]If))

(5.3)

ume and total charge constant. It has been calcu-
lated by Bemis et aL."that the difference between
these two methods (i.e., fixing r, and allowing p,
to vary, and fixing p, and allowing r, to vary)
changes the calculated values of p~ P„P, by -1.8,
-0.8, and -2.0%, respectively, for the highly de-
formed actinide nucleus '~U (P, = 0.248, P, = 0.142).
Such changes are smaller than experimental un-
certainties encountered in this experiment. The
results of recent electron scattering measure-

ents performed on x66Er and xveYb m indicate pos-
sible serious deviations from a, deformed Fermi
distribution with regions of enhanced density near
the poles of the quadrupole shape. Such a charge
density distribution would produce much larger
changes in p„P„P,extracted from measured mo-
ments. The results of a typical calculation and the
extraction of deformation parameters from the
measured moments are shown in Fig. 12.

The parameters of the radial charge distribution,
r, = R /A'~' and t, were taken from the p, -mesic
atom experiments, "which include measurements
of '"Sm, '~Dy, and '~Er. Interpolated values of
these slowly varying parameters were used for the
other nuclei. The extracted deformation param-
eters corresponding to both sets of matrix ele-
ments are shown in Table IV. It should be noted
that these extracted deformation parameters are
strongly dependent upon the values of r, and t used
in the calculation. In lowest order they are expec-
ted to vary as M(EX) oc pz ~ R 0~. As an illustration,
the results of performing this analysis for the"Sm moments using three different published sets
of 'Yo and t are shown in Table V. %hen comparing
determinations of pc and p4o, caution should be ex-
ercised in order to make certain that apparent dif-
ferences are not due to differences in ~, and t used
in the determination. This is, of course, espe-
cially true when comparing deformation parame-
ters obtained from measured nuclear moments.
Since the measurement of the moments themselves
is free of this pitfall, a more straightforward
comparison of Coulomb excitation investigations of
nuclear deformation is obtained by comparing the
measured moments. (It should also be remem-

gga0. 26

O. I 0.2 0.5 0.4
e(E4IO+ 4+) ( e b2)

0.5

TABLE V. The deformation parameters P2 and P4 ex-
tracted from the measured moments of ' Sm,
M{E'2; 0+ 2+) =1.865 eb and M(E4; 0' —4+) =0.373 eb2,
using three different published sets of radial charge
distribution parameters ro and t .

FiG. 12. Variation with P2 and Po4 of M(82; 0+ —2+}
and M(E4; 0+ 4') calculated from a deformed Fermi
charge distribution for Sm. The determination of P,
and P4 from the measured moments is illustrated. The
errors are correlated so that both &P2 and &P4 depend
mainly upon the uncertainty in M(E4; 0+ 4'),

1.106
1.14
1.08

0.538
0.6
0.6

Reference

19
28

9

pC

0.287
0.268
0.293

0.070
0.058
0.071
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bered that, as demonstrated in Sec. 4D, different
treatments of quantal corrections to the semi-
classical Coulomb excitation analysis can also
produce non-trivial differences in the measured
moments. The differences in the two treatments
employed here yield substantial changes in the ex-
tracted moments, especially the hexadecapole mo-
ment. )

The parameters r, and t used in the extraction
of the deformation parameters have associated
with them a value of P, which was obtained simul-
taneously in the analysis of the p. -mesic atom ex-
periment. " In that analysis, P, was assumed to be
zero. If a. new set of p„p, is tobe substituted for
that used in the p, -mesic atom experiment, it
should not change the calculated values of these
quantities measured in the mesic atom experiment.
To check the validity of this substitution, the mean
square radii of '"Sm, ' Dy, and '68Er were calcu-
lated using both sets of P, and P, with ~, and t being
fixed in each case. The differences in the mean
square radii calculated using the deformation pa-
rameters of Hitlin et al."and those obtained in
this experiment were 0.1, 0.2, and 0.3000' for "Sm,
'64Dy, and '68Er, respectively.

B. Two solutions for N(E4; 0'~4')

As was stated earlier, two different values of
M(E4; 0'-4'), one positive and the other negative,
can correctly predict the measured P(4) for each
nucleus. An examir1ation of the p~ deformation pa-
rameters obtained for each of the two solutions
gives reasonable evidence that the positive solution

is indeed the correct one. According to theory, of
all the nuclei studied, "~Yb should have the most
negative P4, hence the most negative M(84; 0'-4').
This is consistent with the results of the nuclear
scattering experiments. The second possible
M(E4; 0'-4') for this nucleus is - —0.'7. This re-
sults in a P4 of approximately -0.2. This is larger
in magnitude than any predicted P, in the region.
In addition, since the magnitude of the negative
solution increases as the magnitude of the positive
solution increases, it is expected that P4 obtained
from the negative solution will become more nega-
tive towards the lighter nuclei studied. This is in
serious conflict with both theory and nuclear scat-
tering results. In addition, it results in a P, for
'"Sm which is of the order of -0.25 to -0.3, and
therefore is in complete disagreement with the
values obtained from electron scattering measure-
ments J8

~4
—-0 07

C. Comparison of nuclear and Coulomb deformation

A comparison of Coulomb deformation parame-
ters obtained from this experiment and nuclear de-
formation parameters is shown in Table VI. The
variation of P4 with mass is shown in Fig. 13. It
has been noted that these numbers are not really
equivalent, ' "in part because the quantity actu-
ally extracted from the deformed optical model
potential is R,p~, where these parameters strictly
refer to the optical potential distribution. As was
noted in Sec. 5A, Pz extracted from the Coulomb
excitation process depends on the radius through

TABLE VI. Comparison of Coulomb and nuclear potential deformation parameters. I and II have the same meaning
as in Table IV. The entries in the "Nuclear scaled" column are the p~& scaled by the ratio of charge and nuclear radii
keeping the product P~&R p constant; the entries in parenthesis have been scaled according to the second order correc-
tions of D. L. Hendrie, Phys. Rev. Lett. 21, 478 (1973).

Nucleus

'"Sm

'54Sm

15('Gd

166Kr

Coulomb

0.287 + G.GG6 I
0.280 + 0.006 II

0.305 + 0.006 I
0.299 ~ 0.006 II

0.332+ 0.006 I
0.329+ 0.006 II
0.338 ~ 0.007 I
0.327 + 0.007 II
0.326 + 0.010 I
0.317+ 0.010 II

Nuclear

0 246
0.25 +0.02b
0.279 + 0.009
0.270
0.225 + 0.005
025
0.282 ~

0.276 ~

G.230+ 0 005 d

0.276 ~

Nuclear
scaled

0.269 (0.256)
0.262
0.288
0.293 (0.280)
0.303
0.271
0.306 (0.295}

0.299 (0.294)
0.310
0.299 (0.301)

Coulomb

0.07 + 0.02 I
0.086 + 0.020 II

0.103+ 0.019 I
0.117+ 0.019 II

0.025 + 0.021 I
0.049 + 0.021 II

—0.017+ 0.03 I
0.017~ 0.016 II

-0.03 +0.04 I
0.002 + 0.023 II

Nuclear

0.048
0.050 ~ 0.015
0.050+ 0.009 '
0.054 a

0.050 ~ 0.005 '
0.05 '
0.036 ~

0.0 '
0.0 + 0.005 d

-0.048

Nuclear
scaled

0.052 (0.061)
0.052
0.052
0.059 (0.071)
0.067
0.054
0.039(0.052)

0.0(0.015)
0 ' 0

—0.052 (-0.041)

' Reference 4, r p
-
—- ]..2.

b Reference 7, rp=1.16.' Reference 8, r p
= 1,14.

d Reference 5, rp ——1.49.
Reference 6, rp -—1.2.
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FIG. 13. P4 as a function of mass number: The plotted
points indicate the experimental P4 values determined in
this experiment. The open symbols indicate Set I and the
closed symbols indicate Set II. The dashed line indicates
the trends displayed by the theoretical calculation of Ref.
1, while the dash-dot line presents the results from the
calculation of Ref. 3.

M(EX) ~ p„RO, and this radius dependence differs
appreciably from the nuclear scattering case. In

order to at al.l compare nuclear and Coulomb de-
formation parameters, they must be calculated
under the assumption of the same nuclear radius.
The third column sho~s p,

" and P,
"so scaled. Re-

cently Hendrie" has considered in more detail the
geometry of the scattering of u particles from the
surface of a deformed nucleus, and has calculated
corrections to the simple scaling by the ratio of
radii. These values are shown in parenthesis for
the scaled P", and P,"values measured by Hendrie
ef, al.

In general, p2c is roughly 10% larger than p,"
after scaling. This difference is not diminished
by the second order correction. The parameters
P4 follow roughly the same trend as P~: largest
and positive in the region of '"Sm and '~Sm, and

decreasing to near zero towards the center of the
rare earth region. A comparison of individual val-
ues of P4~ and P~ indicates that there may exist
significant discrepancies for "28m and "Sm.
Figure 8 illustrates that the Coulomb excitation
measurement of M(E4; 0' -4') or P4c is most re-
liable for nuclei with large and positive hexa-
decapole deformations such as "~Sm and '~Sm.
However, it should be kept in mind that the signifi-
cance of the difference between p4~ and P,"found

for these nuclei is subject to the considerations al-
ready discussed on the extraction of p4 from the
two types of experiments. A comparison with theo-
retically deduced P4 values for the rare earth nu-
clei shown in Fig. 13 indicates no clear conflict,
but neither is there good agreement. Similar
trends have been noted in the actinide region. "

6. CONCLUSIONS

Inelastic scattering of He projectiles at incident
energies below the Coulomb barrier has been em-
ployed to measure the transition quadrupole and
hexadecapole moments of eight even rare earth
nuclei spanning the region from the transitional
nucleus '"Sm to "~Yb, which is near the center of
the group of nuclei that exhibit large static defor-
mations. The discussion presented herein has in-
dicated that the detection of the influence of hexa-
decapole excitations involves the measurement of
small effects in multiple excitation of states in the
ground state band, and that the accompanying high
precision measurements of the excitation proba-
bilities required can be achieved with the detection
of inelastically scattered 'He projectiles in a sur-
face barrier detector. Of particular importance to
the analysis of the experiments has been the deter-
mination of M(E2; 0' -2+) to about ~% accuracy,
which in some cases exceeds the accuracy of pre-
vious determinations of this matrix element by a
factor of 3 to 6. Coulomb-nuclear interference ef-
fects in elastic and inelastic scattering were in-
vestigated, and it was demonstrated that Coulomb-
nuclear interference occurs at a much lower ener-
gy than predicted by the simple classical formula
for the Coulomb barrier, and manifests itself at
different incident energies for elastic and inelastic
scattering.

Static quadrupole and hexadecapole moments of
the charge distribution were extracted from the
measured transition matrix elements within the
context of the rotational model. The additional
adoption of an axially symmetric deformed Fermi
shape for describing the charge distribution of
these nuclei yielded charge deformation parame-
ters, P, and P4, that follow the same trends as
the nuclear potential deformation parameters mea-
sured in nuclear scattering experiments well above
the Coulomb barrier. However, for some nuclei
the Coulomb excitation p~ values display what may
be significant deviations from the nuclear potential
deformations measured with the strong interaction
probes. Comparisons of our measurements w'ith

other experiments employing electromagnetic in-
teraction probes generally show good agreement.
In interpreting any differences in P~~ values de-
rived from the latter experiments, cognizance
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must be taken of the sensitivity of the derived P4~

values to the choice of parameters such as r, A

case in point is the discrepancy between the p4~

value quoted by Bruckner et al.' for '"Sm and our
value for this nucleus, which originates from dif-
ferences in the r, values used rather than from
differences in the more basic M(E4) values directly
measured.

Several aspects of the analysis must be under-
stood in more detail and with higher precision than

presently available if the significance of the inter-
pretation of these data is to approach the accuracy
of the primary measurements. First, the quantum
mechanical problem of Coulomb scattering must
be solved with a degree of accuracy which matches
the current semiclassical solution, and the solu-
tion must be in a form that is as usable for routine
analysis as is the deBoer-Winther code. To this
end, work is current1y in progress to adapt the

program LISA to this purpose. This calculation
will also include the effects of nuclear scattering
so that the determination of the "safe" bombarding
energy will be more straightforward. The suc-
cessful application of this analysis to Coulomb ex-
citation using heavier projectiles mill yield more
precise information On higher transition moments,
moments connecting high spin states, and a more
model independent measurement of M(E4; 0' -4').

It should be noted that there exist several postu-
lated forms of the nuclear charge distribution
similar in over-all shape to the Fermi distribution
used in this analysis. "" Since these invo1ve more
parameters than the Fermi distribution, there is
as yet no strong evidence as to whether they pro-
vide a more realistic representation of the charge
distribution. Further studies by means such as

electron scattering could provide this type of in-
formation.

It is clear that in order to consolidate the infor-
mation derived from both electromagnetic and

strong interaction probes, it is necessary to devel-
op a unique correspondence between the deforma-
tions described by p~c and p~ and a method of re-
lating the charge distribution and the nuclear po-
tential distribution to the nuclear mass distribu-
tion. Until a relationship is firmly established
between Coulomb deformation as, for example,
parametrized by a deformed Fermi charge distri-
bution, and the nuclear potential deformation de-
scribed by the parameters of a deformed optical
potential, these two descriptions of nuclear defor-
mation should be viewed as complementary infor-
mation and not necessarily as measurements of
the same thing.
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