
PH YSECAL '. RE VEE% C VOLUME 10, NUMBER 6 DECEMBER 1974

Hauser-Feshbach calculation of the "'Cf spontaneous-fission neutron spectrum*
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The neutron spectrum from '"Cf spontaneous fission has been calculated using the Hauser-Feshbach
formalism. Details of the excitation energy and spin distributions have been included for 40 fission

fragments chosen in a manner to average over the mass distribution and over pairing-energy effects. No

arbitrary parameters were introduced into the calculation to produce a fit to the data. The results of
the calculation are in good agreement with experimental data.

RADIOACTIVITY, FISSION 2Cf(sf ); calculated neutron spectrum; Hauser-
Feshbach calculation.

I. INTRODUCTION spin distribution and

II. CALCULATION

For each excited fragment (Z, A), the c.m. par-
tial neutron energy spectrum N(E„) was calculated
assuming competition between only neutron and

p-ray emission using the following expression:

X(E„)dE„=g dE P(E, J) 1

x g G„(E-E',J -J')dE„

where P(E, J) is the initial excitation energy and

The neutron energy spectrum from "'Cf spon-
taneoi~s fission has been measured by many ex-
perinxenters; the most recent measurements are
those. of Meadows' and of Green, Mitchell, and
Steen. ' Various theoretical calculations have
beeti made to describe the shape of the measured
spectrum with the most complete descriptions
giv en perhaps by Terrell, ' Lang, ' and Kluge. '
In all. three cases the authors use a center-of-
m:ass energy distribution for the neutrons pre-
dicted by Weisskopf's evaporation model. ' In re-
ef.nt years much detailed information concerning
"Cf spontaneous fission has become available so
that it is possible to consider the decay of indivi-
dual fission fragments in determining the neutron
spectrum. %e have therefore performed a statis-
tical calculation of the '"Cf fission neutron spec-
trum in the Hauser-Feshbach formalism' using
experimental information to determine initial
fragment excitation energies and spin distribu-
tions, and kinetic energy and mass distributions.
No arbitrary parameters were introduced into the
calculation to produce a fit to the data.

D(E, J) = Q dE'G„(E —E', J —J')

where

Q f dZ" Gy(Z-Z, J-J"}
g Zl

G„(E-E',J-J')

= Q T, (E-E',J-J')p(E', J', Z, A —1) (3)

and

Gz(E-E",J-J")= Tz(E-E",J-J")p(E",J",Z, A)

In the above expressions, T, and Tz are the neu-
tron and y-ray transmission coefficients and the

p are the relevant level densities. The excitation
energy after neutron emission is E'=E —S„—E„
where S„ is the neutron separation energy of the
fragment Z, A, and E„ is the c.m. kinetic energy
carried off by the neutron. The excitation energy
after y-ray emission is E"=E—Ez. The form
taken for the initial excitation energy-spin distri-
bution was

P(E J) (2J 1) ~E —E~(Z, A)]' J(J+1)
(+E&ZA}) (EZ.A,. Z)

For a given pair of fission fragments, the total
available energy for fission was calculated from
the Garvey-Kelson mass tables. ' The mean total
excitation energy, E», was found by subtracting
the mean total kinetic energy of the fragment pair'
from the total available energy. The division of
excitation energy between the light and heavy
fragment was computed using the neutron number
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distribution p(A) reported by Nifenecker et al."
in the following manner:

Eol. = vz Enc/(@ATE„&+ uc E&I )Eor

where E« is the average excitation energy of the
light fragment, v~(v„} is the average number of
prompt neutrons emitted by the light (heavy) frag-
ment, and E„~(E„„}is the average excitation ener-
gy carried off by a neutron emitted from the light
(heavy) fragment. The quantities P~, vz, E„~, and

E„„were taken from Ref. 10. We took the variance
in the total excitation energy of a given fragment
pair to be 86 MeV', which is a reasonable average
for all pairs except close to symmetric fission. '
The variances (az&z ~)' in the excitation energy of
the individual fragments were taken to be equal
for the light and heavy fragment, as was shown to
be a reasonable approximation in Ref. 10. Gavron
and Fraenkel" and Signarbieux et al. ' have shown
that there is little correlation between the excita-
tion energies of the two fragments so that the

(o~&z ~)' were taken to be 43 MeV . The spin pa-
rameter B~ „~ was calculated from

energy (e) range for a single temperature T. The
low-energy neutrons deviate from the sitraight
line (T= 0.76) in exactly the same manner as was
found in the neutron measurements of Bowman
et al." The c.m. neutron spectra were tr xnsformed
to the laboratory using nonrelativistic kinematic
expressions assuming isotropic emission. To
perform a complete calculation for all the pairs
of fragments that are typically involved in the
mass and charge distributions from fission would
involve prohibitively long computer times. How-
ever it is possible to perform a numerical inte-
gration over the mass distribution taking advan-
tage of the fact that the two-hump mass distribu-
tion from '"Cf spontaneous fission can be reason-
ably approximated by two Gaussian distributi ons.
The integral to be evaluated for one of the Gaus-
sians is

1 exp(-X')f(E. , X)~X= g M f(X;),

10

Bz „z B+[E —E--o(Z, A)] /(8 MeV)

with B= 6 for A & 130 and 8 = 7.2 for A & 130 which
is consistent with angular momentum distribution
studies by Wilhelmy et al." The calculation was
not sensitive to the details of the form of the spin
dis tribution.

The neutron transmission coefficients T, in Eq.
(3) were calculated using the Wilmore-Hodgson
potential"' for A = 110 (140) for the light (heavy)
fragments. The sensitivity of the calculation to
the form of the transmission coefficient is dis-
cussed below. The y rays were assumed to be
electric dipole (E1) and the y-transmission co-
efficients T& were used in a form which incor-
porated the dipole sum rule. The Tz are dis-
cussed in detail in a previous paper" in which
we describe a measurement and a calculation of
high-energy y rays (& 10 MeV) from 252Cf spon-
taneous fission.

The level densities p(Z, A, E,J) were calculated
using the semiempirical method of Gilbert and

Cameron. '6 The sensitivity of the calculation to

this choice of level-density parametrization is
discussed below.

In using Eq. (1) to calculate the neutron spec-
trum, the angular distribution of neutrons in the
c.m. system was assumed to be isotropic. A
typical calculation of the c.m. spectrum for the
mass pair (Z, A =42, 108, and 56, 144) is shown

in Fig. 1. It can be seen that the usual c.m. spec-
trum of the Weisskopf evaporation form Q(e) ~ e

exp(- e/T) cannot describe the whole c.m. neutron
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FIG. l. A typical center-of-mass neutron spectrum
Q(e) ( calculated for a light {Z,A =42, 108) and a
heavy fragment (Z, A = 56, 144). The results were
essentially indistinguishable so the average for the two

fragments is shown. The straight line represents a
c.m. evaporation spectrum p(&) -& exp( —e/T) for a
temperature I = 0.76 MeV. The calculation deviates
from this single temperature form similarly to the
neutron data of Bowman et al. (Hef. 17).
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where y =(A-A) jov2 and f(E„,y) is the partial
neutron spectrum for a particular fragment. The
variance 0 of the Gaussian was taken to be 6.5
mass units from the work of Schmitt, Kiker, and
Williams. '8 The right-hand side of Eq. (5) is the
polynomial approximation to the integral. The y,.
are the zeros of the Hermite polynomials and the
weights u, are calculable from these polynomials";
k is the number of Hermite polynomials used to
approximate the integral. %e therefore chose our
fission fragment pairs for the calculation so that
the X, corresponded to the Hermite polynomial
zeros. Calculations were performed for the fol-
lowing mass pairs (light, heavy): (108, 144),
(102, 150), (114, 138), (S5, 157), and (122, 130).
For a given A, the most probable Z was chosen
from the charge distribution studies of Reisdorf
eI; al. '~ To average over pairing energy effects,
we calculated for each mass split listed above an
even-even, even-odd, odd-even, and odd-odd
case. In total, the calculation was performed for
20 mass pairs or 40 fission fragments.

For each excited fragment Z, A. considered, the
neutron spectrum was calculated, and then the
calculation repeated for Z, A - 1 with a new mean
excitation energy E,(Z, A —1)=E,(Z, A) —S„(A)
—E„where E„was the calculated mean c.m. kine-
tic energy carried off by the emitted neutron. The

neutron separation energies S„(A) were taken from
Ref. 8. Third, fourth, and fifth stages were added
to this calculation as necessary until the final ex-
citation energy distribution was sufficiently low
in energy to prevent further neutron emission.

III. RESULTS AND DISCUSSION

The results of this calculation of the" Cf fission
neutron spectrum along with experimental. results
extracted from the papers by Meadows' and by
Green et al. ' are shown in Fig. 2. The calcula-
tion resulted in a value for the average total num-
ber of neutrons emitted (v) equal to 3.64 which
differs from the accepted value of v=3.73 by 2.5/z.
In Fig. 2, the calculated N(E) have been divided
by 3.64 so that the integral of N(E) is equal to one.
This allows a direct comparison with Meadows's
results which are presented in the same manner
in Ref. 1. The data of Green et al. have been ar-
bitrarily normalized to Meadows's data at E„=2

MeV where the best agreement between the two
experiments is expected.

The calculation shows good agreement with the
Green data with the calculation being 25/~ higher
than the data at 2 MeV and 7(P/p lower a.t 10 MeV.
The agreement with the Meadows data is not as
good since these data imply more high-energy
neutrons than the Green data. Both authors pro-
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FIG. 2. Experimental and calculated neutron spectra (laboratory energy) for ~ Cf spontaneous fission. The solid
line represents the results obtained by dividing the calculated N(F. ) by the calculated value of &=3.64 so that the
integral of N(E) is equal to one as is the case for Meadows's data. The Green et al. data are normalized to
Meadows's data at 2 MeV.
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duced fits to their data assuming Maxwellian dis-
tributions of the form N(E)-MEexp(- E/T) with
the Meadows data implying T=1.57 MeV, while
the Green data yielded T=1.40 MeV. A new mea-
surement of the 2"Cf fission neutron spectrum has
recently been performed by Auchampaugh" and
co-workers with results in excellent agreement
with the Green data and their derived temperature.
A similar Maxwellian fitted to our data yields
T = 1.25 MeV for E„& 2 MeV.

The greatest sensitivity in our calculation is
associated with the level densities which are not
known over a wide energy range, especially for
fission fragments which are far from the line of
stability. An alternate approach to the Gilbert
and Cameron method is a thermodynamic calcu-
lation described by Huizenga and Moretto'2 which
uses a set of shell-model levels and includes a
residual interaction in the form of a pairing en-
ergy. This procedure was used for two cases
(Z, A =46, 116 and 55, 142) to compare with the
Gilber t-Cameron level densities. Approximating
the results of the two methods by a constant tem-
perature form p~ exp(-E/T), we find that there is
a 10%% difference in T between the two methods of
calculating level densities. This temperature
difference has the effect of raising our calculated
values for the neutron spectrum at 10 MeV by ap-
proximately 60%%u& and lowering them at 2 MeV by
5 jp. This improves the agreement between the
calculation and the data considerably.

To determine whether the spin-cutoff parameter
v' used in the level-density calculation strongly
affects the calculated neutron spectrum, we re-
peated a test case (Z, A =42, 108) for an unreason-
ably low cutoff of v' =2 and for an infinite cutoff.
The small cutoff lowers the calculation by approx-
imately 2lPp at 2 and 10 MeV relative to a value of
o =36 which is a typical value for this test case.
The value of o'=~ lowered the calculation by 1fp

at 2 MeV and raised it by 8% at 10 MeV. For the
results shown in Fig. 2, o' was calculated for
each fragment according to the Gilbert-Cameron
procedure. The o' = case shows that the calcu-
lation is not strongly affected by a reasonable

choice of the spin-cutoff parameter.
To check the sensitivity of the calculation to the

form of the neutron transmission coefficients we
repeated the calculation for several nuclei using
neutron transmission coefficients for the Moldauer
potential" and for a "black" nucleus. The Moldauer
T, resulted in lowering the calculation by 1% at
2 MeV and raising it by 8% at 10 MeV. Similarly,
the black nucleus values lower the calculation by
4% at 2 MeV and raise it by 11% at 10 MeV. These
results show that the calculation is not extremely
sensitive to the form of the neutron transmission
coefficient although both the Moldauer and black
nucleus values improve the agreement with the
experimental data. The calculated neutron spec-
trum is also not very sensitive to the details of
the y-ray emission spectrum.

Another assumption which would affect the shape
of the spectrum is the isotropy of neutron emis-
sion in the c.m. system. Bowman et al."con-
cluded from their data on neutron emission from
'"Cf fission that no more than 9(Pp of the neutrons
could have an isotropic distribution in the c.m.
system. However, they also concluded that a c.m.
angular distribution of the form 1+a,P2 (cos8) was
not able to explain the additional 1(g but that it
was necessary to assume that these neutrons
were emitted isotropically in the laboratory sys-
tem. Such a possibility is outside the framework
of our calculation. However, it should be noted
that angular anisotropies will probably not account
for most of the differences between the data and
the calculation shown in Fig. 2.

In summary, we were able to obtain good agree-
ment with the experimental neutron spectra from
"'Cf spontaneous fission using a statistical calcu-
lation of the neutron emission from the excited
fission fragments employing the Hauser-Feshbach
formalism. The calculation was most sensitive to
the level densities used, with most of the differ-
ence between the calculation and the experimental
data probably attributable to this source. This
agreement with the data was obtained without in-
troducing arbitrary normalizations or free pa-
rameters to fit the data.
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