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The 9 ' ~8/Mo(d, ~}~o' ~Nb reactions have been studied at a bombarding energy of 17 MeV.
Attention is given to the states previously observed in (~He, t) reactions that are thought to
arise from simple particle-hole multiplets. Distorted-wave (DW) calculations were carried
out with spectroscopic amplitudes calculated from assumed simple configurations. The DW
calculations are found to be sensitive to variations in a number of parameters. It is found.
that the normalization constants needed to fit the observed cross sections vary widely for
members of a single multiplet. In addition, the average normalization constants needed for
states of the (g~2) multiplet in ~owb and the (g~&d5&&) multiplet in 96Nb differ by a factor of 4.

NUCLEAR REACTIONS '9 Mo(d, n) '~6Nb, E =17 MeV; measured u(F~, O), 0
=11—90=, ~9=4-10'; enriched targets; resolution 25—30 keV. Deduced O', L.

multiplet assignments, DWBA analysis.

I. INTRODUCTION

Nuclei in the region of A. =90 are interesting for
understanding the shell model since the simplest
description provides at least three doubly-closed-
shell nuclei —' Sr, Zr, and 'Zr. Thus, there
are available over a small mass range many sin-
gle-particle, single-hole, two-particle, and par-
ticle-hole spectra. Extensive information is there-
fore available for single-particle energies and two-
body residual interactions.

Values for the two-body matrix elements are
available, for example, in particle-hole multiplets
of the isobars of the closed-shell nuclei. The nu-

clei "Y, "Nb, and "Nb have recently been investi-
gated' ' with the charge-exchange ('He, t) reaction.
Among the low-lying states are the multiplets
( pl/289/2 ) (g9/2 g9/2 ) and ( g9/2 5/2

though it has been generally possible to assign
dominant configurations to the energy levels and

to make reasonable spin and parity assignments,
difficulties in the interpretation of the {He, t) reac-
tion mechanism" have precluded firm conclusions
about the configuration purity of the states.

These particle-hole nuclei cannot generally be
populated by single-particle transfer reactions
nor, in any case, could all the multiplets of inter-
est be reached. The (d, a) reaction is, however,

a valuable spectroscopic probe. Like the ('He, t)
reaction, the microscopic description is sensitive,
through coherence, to mixed configurations. Sev-
eral detailed studies'' have illustrated its utility
in the 1f-2P shell and investigations have recently
been extended to the region of A. =90.' "

The usefulness of the (d, o.') reaction results pri-
marily from its selectivity. If the transferred nu-
cleon pair is in a relative s state, the reaction
process is restricted to having T =0 and S = 1 and
the cross sections are sensitive only to the coher-
ence of different microscopic components in the
wave functions (neglecting spin-orbit effects). This
restriction simplifies the calculations and the in-
terpretation, especially in the present case in
which simple shell-model configurations might be
assumed for the relevant nuclei.

In this respect the (d, e) reaction has a very im-
portant selection rule: If both transferred nucle-
ons come from the same shell-model orbital, a
transfer of even total angular momentum is forbid-
den. Thus, for example, the (d, a} reaction on the
even-even target "Mo[v(gg/, )'//(g», )"]cannot popu-
late the even-J members of the (g», g», ') multi-
plet in ~Nb. In a direct reaction as described
above, any observed cross section to these states,
therefore, measures the amount of pickup from
nonidentical orbits and thus gives information con-
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cerning the degree of configuration mixing in the
initial and final wave functions.

Such information is the principal motivation for
the present work. Multiplets in two of the particle-
hole nuclei mentioned above were populated by the
(d, n) reaction on "Mo and 'Mo targets. The pos-
sible multiplets are carefully enumerated and, in
the absence of detailed model calculations, the
simplest assumptions are made for the mixing of
these configurations. The two-particle-transfer
spectroscopic amplitudes can thereby be calculat-
ed and are used for comparison with the observed
cross sections.

Since it is well known' ' that both the magnitudes
and shapes of (d, 0() angular distributions as com-
puted in the distorted-wave (DW) mechanism are
very sensitive to the optical potential for the e
particles, the effects of several potentials are in-
vestigated. The effects of finite range and nonlo-
cality factors are also considered.

TABI,E II. O'Iultiplets and {d,o) transition strengths [p?/{2J+1)j in 96Ãb. The strength d? represents the intensity
') ')

~ ~ 98of a ( d 5 j') s 1/2 ) admixture in the 3 Io ground state.
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II. SPECTROSCOPY

The {d, n) transition strengths are computed
here for simple particle-hole multiplets. These
multiplets are carefully identified, subject, when-
ever possible, to the assumptions of good closed
shells, lowest seniority configurations, and good
isospin and seniority quantum numbers. Details
of these considerations are given in the Appendix.

The ground state of a particl. e-hole nucleus is a
member of the multiplet formed by transferring
a neutron in the highest {least-bound) orbital to the
lowest empty proton orbital. The centroid excita-
tion energies of other particle-hole multiplets can
be estimated by adding appropriate energy differ-
ences between the various orbitals. Such energy
differences may contain small fluctuations with

mass number. By using the observed energies
and strengths for population of the orbitals in sin-
gle-particle-transfer reactions on nearby closed-
shell nuclei, ""relative single-particle energies
for the nuclei of interest can be estimated. They
are listed in Table I.

The degeneracies of each multipl. et will be re-
moved by residual, interactions that will also cause
some configuration mixing. If the splitting is large
for the ground-state multiplet, the centroid excita-
tion energies must be readjusted to account for the
shift of the ground state. This will be the case in
"Nh where the centroid energy of the (g„,g», ')
configuration is near 500 keV excitation. ' The
centroid energies of the excited multiplets have
been increased by this amount in "Nb.

Not all multiplets in these nuclei have unique or-
bit representations. Some may have T, {,analog}
or T, (antianalog} designations. There may also
be two T, multiplets with the same designation,
but distinguished by the partial isospin of the par-
ticipating orbits. In addition, there may be even
more than one multiplet with the same orbit and

isospin configuration but differing by the relative
amplitudes and phases of simple shell-model corn-
ponents. A full discussion is given in the Appendix.

The spectroscopic amplitudes j3 for the (d, e) re-
action may be evaluated for all of the expected
multiplets, as is also discussed in the Appendix.
The cross sections a.re proportional to P and in

every case P'~ {2J+1), where 4 is the total angu-
lar momentum transferred in the reaction.

Table II itemizes the expected multiplets in "Nb
and "Nb and identifies their full. {J,T) configura-
tions, expected centroid energies, J" values, the
p-n pairs transferred in the {d,e) reaction for
populating the multiplets, and their spectroscopic
intensities p'/(2J+1). For the unique antianalogs
in 'ONb the relative phases of the component terms
are given. Such phases are not known n Priori for

the double antianalog multiplets and only the total
strengths are given for these.

tIl. DATA

A. Dafa aCQUlSlt1011

Data for the reactions "'"Mo{d, e)-"' ""Nb were
obtained with a 17-MeV deuteron beam from the
Argonne National Laboratory FN tandem accelera-
tor. The targets were self-supporting rolled foils,
each at least 9S",~ isotopically pure, with thickness-
es between 210 and 240 „'g,'cm .

The n particles were detected in photographic
plates placed in the focal plane of the Enge split-
pole spectrograph. " Discrimination against other
particles was achieved by use of low-sensitivity
Ilford K —1 emulsions which were then. underde-
veloped. The plates were scanned manually. Data
were obtained for 11 angles between 20' and 90 .

It was found impossible to obtain data at angles
less than 20 with photographic plates because the
large number of scattered deuterons fogged the
emulsions. For such angles, a position-sensitive
silicon surface-barrier detectoI was placed in the
focal plane of the spectrograph. The depletion
depth was about 450 p and its length was about 5

cm. The energy signal was passed through a dis-
criminator that was set very high {since the n par-
ticles lose the greatest energy in the detector) and
used to gate the energy-times-position signal in a
multichannel analyzer. The relative efficiency of
the detector was evaluated and found to be constant
ove r the r eg ion of inter e st.

Spectra were obtained at angles oi 11 and 15 .
Additional spectra were also obtained at 20' and
25' in order to compare the consistency of the de-
tector and emulsion data. As a whole, the data
were found to be in good accord and did not re-
quire relative renormalization. Since the detector
could not span the entire excitation energy region
of interest, several runs were taken with separate
settings of the magnetic field.

The emulsion data showed resolutions of about
30 and 25 keV on the "Mo and ""Mo targets, re-
spectively, due primarily to target thickness. The
detector data also had about 30-keV resolution,
but the spectra had significant backgrounds.

B. Data a))alexis

Levels in the residual nuclei that were known

from previous experiments '-'*" were readily
identified. The computer programs (~it, && 1' and
At.'TOI 11'" were used to identify many new level. s
in these nuclei and to extract the number of counts
in each peak in the spectra.

Absolute cross sections were calculated from
the experimental yields and knowledge of. the targe&
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thicknesses, total beam charge, and solid angles.
Such calculations were done independently for the
emulsion and detector data and, as mentioned
above, did not appear to require renormalization.
The absolute cross sections are thus believed to
be accurate to within about 15%%uz.

C. General interpretation

Representative spectra for the reactions "Mo-
(d, n) Nb and r'Mo(d, a) 'Nb are shown in Figs. 1

and 2. Arrows indicate the position of some levels
known from earlier studies of the niobium nu-
clei 2-4.23. 24

Levels in 90Nb believed to arise from the

(g,„g», ') configuration' ' are indicated by the
lower group of arrows in Fig. 1. If these levels
do not have mixed configurations, and if "Mo is
a simple shell-model nucleus as assumed in Sec.
II, then the even-J states should not be populated
by the (d, a) reaction. The J" =8' ground state is
indeed very weak, having a maximum cross sec-
tion of about 2 pb/sr. The 6' state is unresolvable
from a known" 4 level. The 4 state is as weakly
populated as the ground state and could not be
clearly distinguished from the tail of the 5' state
at most angles. The 2' state, which could only be
resolved from the neighboring 9' state by the use
of the program AUToFIT, 24 is not so weakly popu-
lated and has a maximum cross section of about
40 jj.b//sr. The 0' state is the analog state near 6-
MeV excitation energy. Thus, with the possible
exception of the 2' state, an initial consideration
of these even-J states of "Nb suggests that they
may not have substantial. configuration mixing.

Other known"" levels in ~Nb are indicated in
Fig. 1 by the upper group of arrows. These were
seen very weakly or not at all in the ('He, () reac-

tion. '' The levels at 1.78, 1.84, 2.31, and 2.35
MeV were assigned J' = (0, 1)' in the study" of the

P decay of "Mo. The {P,ny) data of Yoshida et
al. ,24 support J' =1' for the first three states and
dispute the presence of the fourth. Levels near
these energies are seen in the (d, a) reaction and
J' =0' assignments should therefore be excluded
since 0' states are forbidden by the S = 1 selection
rule. However, not all of the angular distributions
have a distinctive J' =1' pattern. A low-spin posi-
tive-parity level proposed at 1.324 MeV in Ref. 23
is not seen in the (d, a) reaction. If such a level
exists, it could likely have a 0' assignment. Its
existence is disputed in Ref. 24.

In the "Nb spectrum in Fig. 2, the levels attrib-
uted' to the (g»,d», ') multiplet are indicated by
the lower group of levels. Spins were tentatively
assigned in the ('He, t) study, ' and they appear to
be confirmed by recent (P, ny) data. "

Even though there is no specific selection rule
prohibiting transitions to the even-J states, the
2', 4', and 6' states are very weakly populated
with maximum cross sections near 10, 5, and 4
pb/sr, respectively. This inhibition can be traced
to the 9-j symbol which appears in the transition
amplitude.

Three other levels were weakly populated by the
('He, t) reaction' and they are designated by the up-
per group of arrows. Two of them are strongly
populated by the (d, a) reaction. They can be at-
tributed to the (P„,d», ) multiplet in Table II.

The significance of the very strong levels seen
near 1.5 MeV excitation in both "Nb and "Nb will
be discussed later.

IY. DISTORTED-%AYE CALCULATIONS

The mechanism of the present (d, n) reactions is
treated here according to the usual distorted-wave
(DW) methods. "" Previous work with 12-MeV

400—

9~Mo{ d, a isoNb

8-" 30
I I I

)
r & I '

)
I l I I

(O, l } (0, I)
5 4

300—

9S
Mo(d, a) Nb

96
e =25

Z

200—O 2
( gers '

45 76 8

r t ~ t t
I 200—
Z

0
2

r

(3} (5)
(4) (6)

IOO—

3.0 2.0
Ex (MeV)

).0
I

0
t I I I

I

I,O
E„(MeV)

I I I I

0

FIG. 1, Spectrum for the (0, O. I reaction on Mo. Ar-
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FIG. 2. Spectrum for the (d, c ) reaction on ~8Mo. Ar-
rows indicate the positions of states previously known in
~6Nb. States associated with the lower group are believed
to arise from the (gg/2d;, /2 ) configuration.
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deuterons in the If 2P-shell" ha. s shown the fruit-
fulness of interpreting the (d, n) reaction as pro-
ceeding by a simple direct process. This has also
been the case in the recent studies' "of the ' Zr-
(d, o)"Y reaction with 15- and 17-MeV deuterons.
Angular distributions taken out to 150" in Ref. 9

gave no indication of competing compound-nucleus
processes.

A. Cross sections and form factors

The direct DW transition amplitude for the reac-
tion A(d, n)B contains, in the zero-range approx-
imation, integrals of the form" "

E, s, j,

I, s, j, = [(2S + 1)(2f. + 1)(2j, + 1}(2j,+ I) J
"'

S J
1 I ~l

x 12 s, (2)

where the quantity in braces is a 9-j symbol.
The calculations were carried out with the com-

puter program DKUCK. " The form factor was
calculated by the method of Bayman and Kallio"
who transform the product two-nucleon form fac-
tor directly into relative and center-of-mass coor-
dinates. A relative s state is assumed for the
transferred pair. The cross sections are given by

dg 0 (D'A'U CK)

dQ 2J +1 (3)

where cV is a normalization factor. "" It includes
the overlap of the light-mass particles and its ab-
solute value is not an important concern in the
present study. All spins are included in the
OKUCK calculations.

B. Tro ub les

The calculation of cross sections for (d, e) reac-
tions is subject to many uncertainties and ambigui-
ties which have been discussed in several arti-

where y' ' and X'," are n-particle and deuteron dis-
torted waves and Fzs~(j, j„R) is the two-nucleon
form factor. This form factor contains a sum over
the microscopic configurations with spectroscopic
amplitudes given by P in Eq. (A6) of the Appendix,
integrals over the internal wave functions of the
incident and outgoing particles, and the LS —jj
transformation factors

cles."''" The issues involve the sensitivity of
shapes and cross sections of (d, n) reactions to dif-
ferent prescriptions of the separation-energy re-
quirements, variations in the optical and bound-
state potentials, and corrections for nonlocality
and finite-range effects. In the present case,
these must be known as a function of target, Q val-
ue, configuration, and total angular momentum.
A set of eight simple (d, n) transitions were thus
chosen for an examination of the issues in some
additional detail.

The uncertainty concerning the separation-energy
procedure is complex in principle, but may not be
very important in practice. In constructing the
microscopic form factor from single-particle wave
functions, it is not obvious whether the neutron
and proton separation energies should sum to the

(y, d) Q value (corresponding to a pickup of a deu-
teron cluster) or to the {y,nP) Q value (correspond-
ing to the total energy difference between the nu-
clear states), nor is it clear whether they should
be equal or whether they should reflect the real
separation energies. ' In fact, as is made clear by
Jaffe and Gerace, "none of these methods is cor-
rect. The total separation energy is not necessar-
ily independent of the radial coordinate, but varies
in response to the residual interaction of the trans-
ferred nucleons. This interaction also introduces
correlations to the form factor that cannot be in-
cluded easily in zero-range DW calculations.

Apart from the neglect of the residual interac-
tion, there is not much difference between the var-
ious prescriptions. The calculations are almost
completely insensitive to the division of separation
energy between the nucleons, provided that the
sum remains constant. There is some dependence
on whether or not the deuteron binding energy of
2.225 MeV is included in the sum, but the effect
appears to be less than 20 jf-, at most and common-

ly less than 10% in cross section. In all subse-
quent calculations we have taken E„=E~= ;[@(y,&iP)j, -

in agreement with common practice. The nucleons
are each bound to the residual nucleus (for pickup
reactions) as is required by standard distorted-
wave Born-approximation {DWBA) programs.

The examination of the dependence on optical-
model potentials was made with potential sets tak-
en directly from the literature. Since these are
normally adjusted to fit elastic scattering data,
different choices of these potentials should reflect
the relative uncertainty to be attached to the pres-
ent (d, n} calculations.

Some of the potential sets are listed in Table III.
For the deuterons, Set D1 is the best six-param-
eter fit" to elastic scattering data of 15-MeV deu-
terons from Zr, while Set D4 is the average Set
D of Percy and Percy. " It was used in Ref. 14.
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TABLE III. The optical-model and bound-state potential sets used for the DW calculations.
The potentials have the usual Woods-Saxon forms (volume and surface derivative) that are
defined explicitly in the references. The Dwucv. program requires the use of W' =4WD. Po-
tentials have units MeV and lengths have units fm.

a' Ref,

D1
D4
D5

98.1 1.127 0.848
79.0 1.30 0.73
90 1.20 0.75

Deuterons

14.87
24.0
16.6

e particles

1.394 0.655 1.127
1.34 0.65 1.30
1.30 0.70 1.30

34, 14
32

A4
A5
A7
A8

187.3
228
177.2
181.3

1.444
1.366
1.443
1.20

0.523 22.3 0
0.557 23.3 0
0.514 19.84 0
075 150 0

Bound nucleons

1.444 0.523 1.30
1.242 0.557 1.40
1.459 0.445 1.40
1,70 0.60 1.30

35
36

9
32

BS1
BS2
BS3

1.25
1.17
1.25

0, 65
0.75
0.75

(Z =25)
(A. =25)
(~ =25)

37
10

' Adjusted to reproduce the proper separation energy.

For n particles Set A4 is the best four-parameter
fit potential (No. 3 of McFaddon and Satchler") for
the interaction of 24.7-MeV n particles with "Zr.
Set A7 is a six-parameter revision of Set A4 by
Par k, Jone s, and Bainum. ' Set A5 was quoted by
Fou, Zurmuhle, and Joyce" as best representing
the scattering of 34.7-MeV n particles from Zr
and is based on unpublished results from the Oak
Ridge National Laboratory. The potential Sets D5
and A8 are a special combination obtained from
the well-matching procedures of DelVecchio and
Daehnick. "

For calculating the single-nucleon wave func-

tions, Set BS1 in Table III has been a common
choice and Set BS2 is based on the extensive anal-
ysis of proton elastic scattering by Becchetti and
Greenlees. " Set BS3 is used only with the com-
bination D5-A8.

Not all possible combinations of the potentials
were investigated. The effects on cross sections
for some of them are shown in Table IV. For rea-
sons that are given below, we have taken the poten-
tial combination D1-A5-BS1 in the zero-range and
local (ZRL) approximations as standard. The num-
bers in Table IV show the relative cross sections
of the eight representative transitions for other

TABLE IV. Relative cross sections for specified (d, n) transitions as a result of va, riations
in the parameters of the calculations. The combination Dl-A5-BS1, with type ZBL, is taken
as standard. The numbers in brackets for the first transition indicate the change in absolute
scale from the reference calculation. (The angular distributions for states in 8Y were ob-
tained along with the others. They agree with those in Bef. 10 and are not considered in de-
tail in this article. )

Nuc leus C onf ig.

I'otentials
Type
Bound State Geom.

L Q

D4-A5 Dl-A4 Dl-A7 Dl-A5 D1-A5 Dl-A5 D5-A8
ZRL ZRL ZBL ZBL ZBNL FBNL FBNL
BS1 BS1 BS1 BS2 BS1 BS1 BS3

89/2 d5/2

Nb
88Y

P 3/2 5/2

J 1/2 A/2
& ~/2 I'8/

P3/2 A/2

BP Nb (ge/2)
2

8.246

8 ~ 246
6.567
6.567
7.Q46

5.967
6.214
4.814

1.0
(0 ~ 85)
1.0
0.92
0.95
1.Q
1.Q
1.0
1.0

1.0 1.0
(-4.0) (™&2.0)
-0.40 -0.33
-0.80 -Q. 70
-0.4Q -0.33
-0,40 --0.40
—0.55 -0.55
-0.50 -0.40-0.40 -0.35

1.0
(0.50)
1.0
1.0
1.0
1,1
1,1
1.1
1 ~ 1

1.Q 1.0 1.0
(1.0) (1.4) (3.3)
1.0 1.3 Q. 65
1.0 1,0 1.0
10 13 070
10 12 060
1Q 12 070
1.0 1.2 0.70
1.0 1.2 0.70
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L= 0%2

100

IO— "~b ( I.~5)=

3 IO:
Nb(I. 77)

b:i
10=

r

IOO

i, , Nb(l. 84) =

combinations. The change in the absolute scale
[t.e. , the variation of N in Eq. (3)] for each col-
umn is shown for the first transition. Since there
were also occasionally quite sizable changes in

shape for the angular distributions, the numbers
should not be taken too rigorously.

Included in Table IV are the effects of nonlocality
(NL) and finite-range (FR) corrections. They were
calculated by the methods of Rost and Kunz" that
are available in DNt', CK3." The nonlocality factors
were applied only to the optical channels and em-
ployed P, =0.54 and P =0.20. The finite-range pa-
rameter was A =0.4 fm. For the calculations in
the last column, all the parameter values are as

specified by Daehniek and Bhatia. "
It is clear from Table IV that the changes in the

deuteron or bound-state potentials, or the nonlocal-
ity corrections, do not affect significantly the rela-
tive cross sections, although the absolute scale
could change by a factor of 2. The effects of finite-
range corrections do not appear to exceed about
30~/(). On the other hand, the ealeulations are quite
sensitive to the choice of the n-particle potential.
By changing this potential, one can obtain varia-
tions of a factor of 3 in relative cross section and
more than an order of magnitude in absolute scale.
It should be noted that these differences are also
accompanied by sharp changes in the shapes of the
angular distributions. In fact, Set A5 was the only
potential (except the combination D5-A8} that pro-
duced even approximate agreement with the data,
at least in the ZRL calculations.

Our choice of the combination D1-A5-BS1 is
based primarily on the fact that in ZRL calcula-
tions it best represents the data. It provided the
necessary rate of decrease in cross section with

angle that other combinations could not. In addi-
tion, the nonlocality corrections are negligible
and the finite-range corrections are small with

this combination. The combination D1-A7 was
most favored in the extensive analysis by Park et.

aI, ' but in this case the FRNL corrections are
necessary and quite sizable. The well-matched
combination D5-A8 gave results that did not differ
greatly from those of Set D1-A5. Either combina-
tion could give slightly superior fits to some ex-
perimental transitions. On the whole, D1-A5 ap-
peared to do slightly better. Since the FRNL vari-
ations are small for the Set D1-A5, we have pre-
ferred to use only ZRL calculations until a com-
plete finite-range calculation can be done. For
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FIG. 3. Angular distributions for known or probable
J'=1+ states in ~ONb. The curves are DYV calculations
for the states at 0.38 and 2.13 MeV, assuming pure

{p&g2 ) and {g&y2 ) configurations, respectively.

I IG. 4. Angular distributions for known J"'= 2' and 3

states. Fach state is identified bv nucleus and excitation
energy in MeV. The curves are D~V calculations.
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completeness we note that we use a radius r, ,
=1.70 fm for the n particle, consistent with the
value of Ref. 28. The calculations are not very
sensitive to changes in this parameter.

V. DISCUSSloN

A. L -value assignments

Irrespective of the ambiguities in the detailed
DW calculations, significant information is obtain-
able from the present (d, n) data. Some L values
can be assigned for states that have angular dis-
tributions similar to the experimental shapes of
states with known L assignments. Previous tenta-
tive J" assignments can be compared for consis-
tency with the (d, o) data and, in some cases, new
J" values and configuration assignments can be
sugge sted.

I. Even-L values

Angular distributions for known or probable 1'
states are shown in Fig. 3 ~ Most of these have
similar and distinctive patterns that can be fitted
by the DW calculations. The levels at 0.38 and
2 ~ 13 MeV are known'"'' -to have J" =1'. The 1.35-
MeV state may be the same as the 1.344-MeV state
in Ref. 24, for which 1' is favored. Tentative
|0, 1)' assignments" or (1)' assignments" have
been given to states very near to the other levels
shown. Since 0' states are unobservable in a di-
rect (d, e) reaction, these should also have J' =1'
if they are indeed the same states. The angular
distributions for the 1.84- and 2.31-MeV states
are somewhat unlike the others. The former un-
doubtably comes from an unresolved doublet, "and

so might also the latter. The DW calculation for
the 0.38-Me& state is for a (P», )' configuration.
It is dominated by L = 2, in contrast with the data
which show an appreciable L =0 component.

Angular distributions for states that have been
assigned' '" 2' and 3' are shown in Fig. 4. Since
the 2' state in "Nb is thought'' to be a member of
the (g», )' multiplet, it should not be populated by
the (d, a) reaction. However, the data may con-
tain contributions from three other states. " The
DW calculation is for a (P„,P„,) admixture in the
form factor. The two 2' states in Fig. 4 have very
similar angular distributions except at very for-
ward angles. Backgrounds in the position-sensi-
tive-detector data or difficulties in resolving the
level in "Nb from other states may have caused
some discrepancies. The two 3' states also have
very similar shapes, but the cross sections ap-
pear to decline less steeply with angle, suggesting
the presence of L =4.

Figure 5 shows angular distributions for states
previously assigned' '" 5', 7, and 9'. They are
reasonably well fitted by the DW calculations, the
largest discrepancies being at forward angles and
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O.o o, e+

Ioot„:
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100=,
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I"IG. 5. Angular distributions for known J"=5', 7',
and 9 states. See also the caption for I'ig. 4.

I IG. 6. Angular distributions for the J ' =6 and 4
states in ~6Nb. See also the caption for Fig. 4.
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for the highest spins. Some of the difficulty with

the 9' state may be due to unresolved levels. " The
angular distribution for this state is similar to that
for the 1.75-MeV state in "Y, shown in Ref. 10.
Although L =3 was preferred by Daehnick and

Bhatia, " there is good evidence'" that it is rath-
er a 9' state.

The 5' state in "Nb appears to have a steeper
decrease of cross section with angle than does the
one in ~Nb. It supposedly has a (g„,d„, ') config-
uration' whereas the other has a (g„,)' configura-
tion. '' The difference in shapes could reflect the
differences in the L =4 and L =6 contributions for
the two configurations. Indeed, the 9-j symbol in

Eq. (2) provides an enhancement of a factor of 4

in the ratio of L =4 to L =6 strengths between the

{g9(,d„, '} and (g», )' configurations, respectively.
A similar situation occurs for the 7 states where
an L = 8 component is forbidden in "Nb. However,
the present DW calculations show that the contribu-
tions from the higher-L values are negligible and
that this effect actually arises from Q dependence.

Most of these even-parity states have odd values
of J so that two values of L are usually allowed.
Known even-J states in "Nb frequently have dom-
inant j' configurations, and so are weak; others
were unresolvable from neighboring states. Those
in "Nb were weakly populated and had poorly de-
fined angular distributions. These angular distri-
butions are shown in Fig. 6.

2. Odd-L values

The states at 0.51 and 0.86 MeV in "Nb were
strongly populated and their angular distributions
are shown in Fig. 7. A doublet from the (P„,d„, ')
configuration is expected near those energies and

100

~'

100

10

10

La

100

3

10b

100= o
tub (1.55),

I

3Q
I

6Q
I

9Q
l I I

0 30 60 90
8c.m.

FIG. 7. Angular distributions for the states at 0.51
and 0.86 MeV in ~6Nb. The preferred J" assignments
are given in parentheses. The curves are DW' calcula-
tions.

FIG. 8. Angular distributions dominated by L = 3 and
I- = 5. See also the caption for Fig. 4. The state at 0.13
MeV in ~ONb has a known 4 assignment. Preferred as-
signments are given for other states in parentheses.
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TABLE V. Experimental results for ~Nb. The exci-
tation energies are in MeV. The J~, L, and configura-
tion assignments are based on previous work and the
pr. esent data (see text). The normalization factors N
refer to K(:1. (31 of the text.

Config.

0.000
0.129

0.176
0.286
0.381

0.655
0.819
0.848
p. 958
1.131
1.] 94
1 BID 1

1.255
1.289
1.350
1.370
1.415
1.492
1. .552
1.647
1.691
1.776
1.804
1.842
1.873
1.97 5

2, 002
2.130
2.172
2.311
2, 349
2.479

and5?

9+

(5 )

4
0 9

9

8

(5)

(3, 4)
(6) 5
(3, 4) 3

p

0 9

o

(A/ )"

P1/2 49/2

(A/2)'
(A/? )2

(gs/2 &2

P(/ A/2
((rs „)2

(A/? )2

P i/2P q/2

Pf/2 A/2

Ps/. A/2
PS/2 gs/2

Ps /2 A/2

2
(A/2)

8000

20 000
35 000
13 000

35 000
19000

1500
(11O0)

(6600)
(7100)
(3000)

65 000

the DW calculations for such states agree with the
systematics of the data. %'e thus assign 2 and 3
to the se states, re spectively. This spin sequence
agrees with the sequence for the (P»,d», ) multi-
plet in Y.

Angular distributions for two other groupings of
levels are shown in Fig. 8. The 0.13-MeV state
of "Nb is known'-"-' to have J" =4 . The next 3
states have very similar shapes which are primar-
ily L =3, and hence, should have J' =3 or 4 .

Table II shows that a (P„,g», ') multiplet should
occur near 1 ~ 6 MeV in "Nb. The 1.49- and 1.65-
MeV states could easily be the 3 and 4 memoers
of such a multiplet. The DW calculations predict
nearly equal cross sections for these states, and
so the sharp difference in yields is evidence for
some configuration mixing. In "Nb, the (P„,d», ')
multiplet should lie near 1.2 MeV. The 4 member

B. Spectroscopic assignments

Summaries of the data are given in Tables V
and VI. The excitation energies are averages over
several angles and are accurate to 5-10 keV. The
J" assignments and configurations are generally
taken from earlier studies, augmented in a few
cases by the discussion above. The normalization
factors N are those values required in Eq. (3) in

TABLE VI. Experimental results for etib. See also
the caption for Table V.

Conf ig.

0.000
0.034
0.137
0.177
0.217
0.511
0.633
0.699
0.865
0.989
1.038
1.120
1.161
1.260
1.317
1.365
1.423
1.489
1.536
1.603
1.650
1.720
1.809
1,870

6'
5
4+

q+

7+

3

6

4
4
9

6

1, 3

AS& d5/2

A/2 d5/2

A/2 d5/2

A/2 d 5/2

A/2d5/.
P 1/2 5/2

P $/2 dg/2

Pg/9 6'/O

20 000
6000

10 000
4500
3500

40 000

10 000

10 000

is calculated to have a very strong cross section
—nearly a factor of 5 over that for the 3 member,
This can be traced to the 9-j symbol in Eq. (2)
(both orbits have j = I+; and they are coupled to
maximum J for the 4 state). Since the 1.42-MeV
state is one of the most intensely populated levels
in Nb, it is an excellent candidate for this 4
state.

States with possible L = 5 angular distributions
IJ' = 5 or 6 ) are also shown in Fig. 8. The
shapes are very similar to those for the known 5

state at 0.23 MeV in "Y." A (P», g», ') multiplet
should occur near 1.5 MeV in "Nb. The 6 mem-
ber is again calculated to have large cross sec-
tions (more than a factor of 10 over the 5 mem-
ber). Since the 1.55-MeV state in "Nb is so prom-
inent near the expected energy, it is most likely a
6 state. The 0.96-MeV level in "Nb appears to
have L = 5 and could be the 5 member of one of
the (P„,g„, ') multiplets.
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order to reproduce the cross sections for the
states, assuming that they have the pure config-
urations given. The appropriate spectroscopic
amplitudes are taken into account.

It is apparent that there is considerable fluctua-
tion in the normalization factors. Some of this
could result from other reaction processes, par-
ticularly for states with small cross sections. It
undoubtedly reflects also some degree of config-
uration mixing. Larger values of A signify larger
cross sections than implied by the DW calculations
for the pure configurations cited.

In attempting to assess the validity of the con-
figuration assignments, it may be useful to inquire
how the normalization factors vary with respect
to (a) different states of the same multiplet, (b) be-
tween multiplets in the same nucleus, and (c) be-
tween multiplets in different nuclei.

Variations within a rnultiplet

In "Nb, the 4 =1,3, 5, 7, 9 states of the presumed

( pg 2) multiplet have X values of 65 000, 35 000,
35000, 20000, and 19000, respectively. From
the multiplets listed in Table II, only the first two

states could have mixed configurations. The struc-
ture of the 1' state is undoubtedly quite complicat-
ed. Since it is possible that the ground state of
"Mo may have an admixture of v(g», , ')(d„,')„
there could be contributions from (Tg„,vd„, ) pick-
up to the 5' and 7' states. The D% cross sections
for this process are a factor of 10 larger than for
(g„,') pickup. The 9' state has no possibilities for
admixtures unless the seniority restrictions are
relaxed. An over-a11. normalization for a pure
configuration would thus seem to be about 20000.
The data are in general agreement v ith the as-
sumption of a dominant (g„,') configuration, ex-
cept for the 1 state where admixtures are expect-
ed. The even-4 states seem to be generally ab-
sent except for the 2 state. An admixture of about
10% in intensity of a. (P, ,, P», ) configuration could
account for its cross section.

In "Nb, the J =2-7 states of the proposed
2) multiplet have fV values of 5000, 4500,

10000, 6000, 20000, and 3500, respectively. Ex-
cept for the 4' and 6' states, these numbers are in
reasonable accord with each other. The exception-
al states have very small cross sections so that
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FIG. 9. Angular distributions for states in Xb that do not have known or favored J" assignments and for which I val-
ues cannot be given. The states are labeled by excitation energy in 3IeV. The ground state is known, however, to have
J"=8+ but its population is forbidden to direct (d, G. ) reactions.
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compound-nucleus or multistep contributions may
not be negligible. Table II indicates that the 4'
and 5' states could have some contribution from

(g„,s„,} pickup, arising from an impurity in the
"Mo ground state. All states could have admix-
tures from (g„,') pickup. However, the centroid
for these states is expected to be near 3 MeV ex-
citation, and the intrinsic cross sections are much
lower. Again, the data are not in disagreement
with the assumption of a reasonably pure config-
uration.

The two supposed members of the (P]/2d5/2) mul-
tiplet in "Nb have N values of 40000 and 10000 for
J =2 and 3. Mixing with (P»,d», ) and ( f,»d, »)
multiplets is undoubtedly present.

2. Variations between multiplets and nuclei

It is apparent from the preceding discussion that
the normalization factor for the (g„,'} multiplet in
' Nb, which is about 20000, is much larger than
the factor for the (g«,d„,) multiplet in ~Nb, which

is about 4000. The factor for a pure (P„,d„,) mul-
tiplet in "Nb cannot be assessed since the observed
states must have complicated wave functions. Re-
calling the order-of-magnitude difference in the
intrinsic DW cross sections, it would be attrac-
tive to ascribe the discrepancy to the presence of
a relatively small (g», d», } impurity for all the
"Nb states. Unfortunately, this is not possible
for the 9' state. Neither can it be ascribed to the
choice of optical potentials. As shown in Table IV,
these can affect greatly the absolute cross sec-
tions, but not very much the relative ones, at
least for the same value of L.

The DW calculations also show that the mass
and Q-value effects are very small and cannot ac-
count for the over-all discrepancy. This is sup-
ported by experimental evidence. The (g», ')
states of "Y were studied by Daehnick and Bhatia. "
'The 5' state is well separated from other levels
and the 9' state is probably the level at 1.475
MeV. '" When the data of Ref. 10 are reanalyzed
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with the DW calculations described in Sec. IV B,
we obtain normalization factors of about 40 000
and 25 000, respectively, in rather good agree-
ment with the results for 9'Nb. (Allowance is
made for the configuration mixing in the "Z r tar-
get ground state. }

It is not clear why the normalization factors
needed for "Nb and "Nb are so different. It may
well be that the standard DW treatment of (d, n)
reactions is inadequate —either because the reac-
tion mechanism is more complicated than simul-
taneous n-P pickup or because the usual treatment
of the form factor is too simple. In the latter re-
gard, the order-of-magnitude difference in pre-
dicted cross sections for (g», ') and (g»,d», ) pick-
up seems excessive since both orbits are in the
same major oscillator shell.

data for all states. Although this certainly signi-
fies that careful attention must be paid to the re-
action mechanism, the results in this case would
enhance the belief that the ( g», d5/, ) multiplet in
"Nb has high configuration purity.
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Vl. SUMMARY AND CONCLUSIONS APPENDIX

The data presented here illustrate the utility of
(d, o} reactions in interpreting nuclear states de-
spite difficulties in assessing reaction mecha-
nisms. Support is provided for the J' assignments
previously given ~' 3' 2~ to states of ' Nb. The
data are not inconsistent with the view' ' that the
states of the (g„,') and (g»,d„,} multiplets have
reasonably pure configurations, at least those
state s with the highe s t spin s.

It must be emphasiz ed, however, that the inter-
pretation given here is made on the basis of the
DW calculations that were finally chosen. Varia-
tions in the normalization factors were attributed
either to configuration admixtures or to a uniform
problem involving the treatment of the form factor.
The conclusions about individual states, or the
magnitude of the possible problem, could be modi-
fied with a different prescription of the DW calcu-
lations for a different treatment of the reaction
me chani sm.

Table IV shows quite clearly that the normaliza-
tion factors not only have a very sharp dependence
in absolute scale on the DW prescription, but also
a very significa, nt relative dependence on the con-
figuration and/or spin. Whereas the cross sec-
tions should be calculated with more realistic
form factors when better calculations of the shell-
model wave functions are eventually made, it is
unlikely that a fair test with experiment could be
made until the reaction mechanism is better under-
stood.

In the latter regard, calculations of the two- step
contributions to the "Mo(d, e)"Nb reaction, for
the ( gs/2d5/p) multiplet, have recently become
available. " When added coherently to the one-
step DW mechanism, with a single normalization
factor, they produce exce1lent agreement with the

A. Multiplet construction

In the notation )(j,")~ r (j2")z r J~r, the '"Zr
ground state may be represented by

l
"»(g s )) =nl. (P,1,')„(g„,"),-,l„

~~(~ll2 )01(g9/2 ) ~ 51999 {A1)

where ~a~ =0.8 and ~5~ =0.6 appear to be good esti-
mates for the strength of each term. ""' ' Prob-
able admixture s of terms containing the P3/2 or-
bit" "are ignored here.

Apart from 0 states, which should be unobserv-
able in the (d, e) reaction, the identical-orbit con-

g at s ( gs/2 gs/2 ') and (Pi/2 Pi/2 ) in "Nb are

Considering "Zr and "Zr as good closed-shell
nuclei, the simplest description of the particle-
hole multiplets in "Nb and "Nb would correspond
to m(j, )v(j2 '). For some of these multiplets, how-
ever, the T' operator will not yield a zero expecta-
tion value as would be required for the lowest-iso-
spin states. The situation is remedied by introduc-
ing isotopic spin into the description of the multi-
plets. This allows some states to have both

m(j, )v( j, ') and w(j, )v(j, ') components in their
P-n representation. It may also increase the tot-
al number of multiplets which could be character-
ized by the same orbit representation (j„j,).

The construction of particle-hole multiplets with
good isospin is discussed in the following section.
For simplicity, partial isospin (i.e. , the isospin
of a single orbital) is also assumed to be a good
quantum number. Only the lowest seniority com-
ponents are considered. The possible effects of
relaxing these restrictions are eonside red in Sec.
B. Finally, in Sec. C, the spectroscopic ampli-
tudes for the (d, e) reaction are evaluated.
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FIG. 11. Schematic representation of the analog con-
figuration in Nb of the (p & y2 gs y2) parent configuration
in Zr. The partial isospin of each shell-model orbital
is given on the right. The T is an isospin-lowering
operator.

expressed by unique proton and neutron represen-
tations. This is not the case for nonidentical-orbit
conf igurations.

Considering only the first term in Eq. (Al), the

(P», 'g», } multiplet in "Zr has an analog in ~Nb
which is represented schematically in Fig. 11 ~ We

may therefore define one antianalog multiplet
which, itemizing neutrons and protons separate-
ly, may be written

' Nb[( p 1/2 }li 2, 1/2 {g9/2 )9/2. 9/2 JJ4

=J," [7/(p, /,
' g, /. )//(p, /, '))z.

—719[7/(Pl/2 g9/2 )V(g9/2 )]

(A2)

In lowest seniority there is one additional multi-
plet in 90Nb which schematically looks very sim-
ilar to the first term in Fig. 11, but for which the

g„, particles couple to partial isospin T(g», ) =-', ,
namely

Nb(P1/2g9/2 }) [{Pl/2 }1/2. 1/2{g9/2 )9/2, 7/2]~4

(A3)

The same arguments also apply to the (p„, 'g„,)

and (f», 'g», ) multiplets.
The situation is more complicated for the

(P„, 'P», ) multiplet, for which we must consid-
er only the second term in Eq. {A1). The analog
multiplet in 9ONb is shown schematically in Fig. 12.
There are now two T-lowe r m ultiplets with the
same orbit representations (antianalogs). The rel-
ative sizes and phases of the terms of these anti-
analog s cannot be determined without a more de-
tailed model. The (d, /2) reaction can reach only
the portions which are like the second and third
terms of the analog configuration in Fig. 12. Lim-
its on the population intensities can therefore be
evaluated. These a.ntianalog multiplets have the

configurations [{p3/2 3/2 1/2 1/2 1/2 1/2 g9/2 94 g4

and there a.re no othe r multiplets that can be
reached by the (d, n) reaction. The same consid-

FIG. 12. Schematic representation of the analog con-
figuration in Nb of the (P 3g& P & g2) parent configuration
in Zr. See also the caption for Fig. 11.

erations hold for the (f„, 'p», ) configuration.
A much simpler nucleus is 'Nb in that all of the

multiplets which are expected to lie below 3 Me V
have unique proton and neutron representations.
The (P», 'g», ) multiplet is the lowest configura-
tion which could present complications and it is
expected to be above 3 MeV. Considerations sim-
ilar to the foregoing show that there should be two
antianalog multiplets in "Nb with T(g„,) =-,' and
one multiplet with T(g», } = ~7.

It is, however, necessary to consider possible
multiplets formed by a i/(d»2 's„,') admixture in
the "Mo ground state. While such admixture
should be small, " it may be possible to see evi-
dence for it in the (d, n) reaction.

B. Multiplet mixing

The particle-hole multiplets which were con-
structed in Sec. A not only have good isospins,
but it was further assumed that the partial iso-
spins of each orbit are also good quantum num-

berss.

While this is convenient for enumerating
the number of available states, it is unrealistic
since the nuclear force will cause the multiplets
so enumerated to mix. As an example we compute
the off -diagonal matrix elements between the two

(P», g„,) configurations in ~Nb. These differ by
the partial isospin of the g„, orbit, namely

3 ll
[(pl/2 }1/2, 1/2{g9/2 }9l2, 9/2]14

and

r

�3)
( 114{pl/2 /1/2, 1/21g9/2 /9/2, 7/2 ]14 t

where J may be 4 or 5. We as sume he re that the se
configurations have lowest seniority.

By use of standard techniques, and in particular
the use of Eq. (37.19) of de-Shalit and Talmi, "the
matrix element may be reduced to an expression
involving the two-body matrix elements V(j,j„J'T')
Setting

X= [ V(J' =4, T' =0) —
2 V(J' =4, T' =1)]

—[ V(J' = 5, T' = 0) ——,
' V(J' = 5, T' = 1)J, (A4)
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we obtain

M. E.(8 =4) =-0.699X,
M. E.(J = 5) = +0.572X . (A5)

The n4 cess@,ry one-particie coefficien:ts ef fry.c-
tional parentage (cfps) were taken from Grayson
and No&hei'. " The phases of the cfps for the

g„, orat are imp rtant.
Approximate values of the Py/2 +9/2 two-body ma-

trix elements frere obtained from Kuo." With
these values we c44ain total off-diagon, al matrix
elements of about +9M leeV for J =4 and -500 keV
for J=S. Since the eentroids of the unperturbed
configurations are estimated to be about 300 keV
apart, as seen ie 73,ble II, it is clear that consid-
erable mixing will occur. In fact, ignoring all oth-
er mixiags, ~ lcnvest 4 state is expected to be
near KH3-keV excitation energy, rather tham near
600 keV, 8;eel the states of the same J should be
separated by more than 1 MeV. The lowest 4
state in Nb is at 120 keV, not far from our rough
estimate.

As mentioned above, seniority was assumed to
be a good quantum number for these calculations.
Since bo& unperturbed configurations have compo-
nents with two g„, protons, it is possible that these
could couyle to angular momenta 2, 4, 6, or 8 and
result in seniority v=3 components. This would
also increase the enumeration of available states
and allow the spectroscopic strengths for the (d, n)
reaction to drain from the states of principle in-
terest. Fortunately, there is evidence that senior-
ity is a very good quantum number for several nu-
clei in the mass-90 region. " Calculations of se-
niority mixing were not made here.

C. Spectrosceyic ampViiades

The (d, u) spectroscopic amplitudes for the var-
ious multipj. ets in Table II can be readily evaluat-
ed. General expressions have been given else-
where. " Those derived by Towner and Hardy"
in the isospin representation may be reduced to
forms directly applicable to the reactions of in-
terest here.

We shall assume the simplest shell-model rep-
resentation for the even-even target nuclei. Thus
the ground states of "Mo and "Mo have the con-
figurations [(gQ/3 )]Q3 and l(gQ/3 )~(d3/3 )Q3]Qpp re-
spectively. Even though single-particle-transfer
reactions indicate that these assumptions are only
approximately valid, '9 "more real. istic spectro-
scopic amplitudes must await detailed shell-model
calculations.

The reaction A(d, ///)8 transfers total angular
momentum J with no change im isospin. We may
write the initial and final wave fmneticms as

&~ = I(j "')Q.(j3~).r, (j3"').r, '»)

and

where n„n„and n, are even integers and e', +n,'

+ n3 = n, + n, + n, —2 . The spectroscopic ampl itude
is defined by

(A6)

P'=
2 I.j"(0T){lj"'(JT), i'(»)]', {AV)

where the bracket is a two-particle coefficient of
f ractional parentage.

Case II. The particles are transferred from or-
bits j, and j,.

2J+1
X

g(2j3 + 1)(2j, + 1)

T. T. T'
T3 T2 2

(2T3 + 1)(2T, + 1)
2

(A8)

If there is only one unfilled orbit in the target nu-
cleus, i.e. , T, =0, or if the particles are removed
from orbits j, and j„ then this expression reduces
to a form identical with that for case III.

Case III. The particles are transferred from
orbits j, and j, ~

p =n, n3I. j," (00) I I j,"' '( j,—'), j,]

x I j,"3(0T,){I
j3&-'(j3T3'), &3]

1 (2J +1)
4 (2j, +1)(2j, +1)

The two-particle cfp in Eq. (A7} is given for
lowest seniority states by"

(A9)

I. j"(0T){lj" '(»), j'(»)1'
(n - 2T)(n +2T + 2)(2J + 1)

4n(n —1)(2j + 1)(j + 1)

where the square bracket designates vector cou-
pling of the residual state with the two transferred
nucleons to form the target ground state. The co-
efficient in front of the overlap integral is an anti-
symmetrization factor. ""

There are three particular cases of interest.
Since we are not concerned here with configuration
mixing, the relative phases of the amplitudes P
are unimportant and only the intensities shall be
given.

Case I. Both particles are removed from the
same orbit (j„j„orj,).
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The one-particle cfps in Eqs. (A8) and (A9) are
given for lowest seniority states by""

(n —2T)(T +1)
n(2T +1)

(A11)

It is clear that in every case P'~2J+1. Values
of the (d, a) transition strengths [P'/(2J +1)J are
given in Table II for the multiplets of interest.
Since the distorted-wave programs require a spec-
ification of the two-particle transfer in terms of
neutrons and protons, these are also identified for
each configuration. Some multiplets have two
(antianalog) configurations and only the total
strengths are given for these.
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