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Regions of the two-nucleon force
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Using an approximate Bethe-Salpeter equation approximate values were obtained for the partial wave

contributions of the two and three pion exchange ladder diagrams. With these results the region

hypothesis of the two-nucleon force was tested for this model. No definite region structure was

observed for the S and part of the P and D waves ('Pp, 'P, , 'P„'D, , 'D,). A definite region
structure was observed for other waves, but it was impossible to locate common (to all partial waves)

radii for the outer and intermediate regions of this model of the two-nucleon interaction.

I. INTRODUCTION

Present day ideas of the nucleon-nucleon inter-
action are based on the relationship between range
and the number and kind of mesons exchanged.
The more and the heavier mesons are exchanged
between the two nucleons, the shorter range the
resulting force is. According to Taketani et al. '

the two-nucleon interaction can be divided into
three regions. The outer region (s &2 fm) is dom-
inated by the one-pion exchange (OPE). In the in-
termediate region (I fm & r & 2 fm), in addition to
one-pion exchange effects, the two-pion exchange
(TPE) is also important. In the inner region (r & I
fm} many-pion and heavy meson exchanges are
important. This region classification was the basis
of many theoretical calculations. ' At present, the
exploration of the two-pion exchange potentials
seems to be a realistic and achievable goal. ' Since
the work of Taketani et al. ' accurate phase shift
analyses were performed' which lead to stricter
requirements on the multipion regions. According
to Breit and Haracz' the outer region of OPE dom-
inance is for y & 2.9 fm. In a recent work' an esti-
mate on the multipion regions is given according
to which the outer region of OPE is for r &3.2 fm

and the intermediate region of TPE is for 1.6 fm
&r & 3.2 fm, with the exception of the attractive
&-state phase shifts.

The aim of this work is to test the above ideas
on a model where the relative strength of the mul-
tipion exchanges can be evaluated. We have chosen
the relativistic approximate Bethe-Salpeter equa-
tion for the two-nucleon system as presented by
Thompson, Gersten, and Green. ' The successive
approximations of this equation are obtained from
which the approximate values of the ladder dia-
grams of the TPE and the three-pion exchange
(3PE) are obtained. On the basis of this work es-
timates can be obtained on the contributions of the
ladder diagram of the 3PE which (with the excep-
tion of the 'Sp and 'Pp states calculated by Garnmel,
Menzel, and Wortman) were not calculated till now.

II. APPROXIMATE BETHE-SALPETER EQUATION

We start our considerations from the approxi-
mate Bethe-Salpeter equation presented in Ref. V.

The partial wave equations in the momentum rep-
resentation for the K matrix are given in the

following form:

&Py Iyl ff"IP«;) = &filial )V"lu;I(& + Q it &fyII t &"Ikf) g(k, P;)&kf

Iffy"

IP(I;) k'd k,
Jp

where P, is the c.m. s. momentum of the incoming
nucleon, P& the c.rn. s. momentum of the outgoing
nucleon, and k an intermediate momentum (Pz and
4 are off the energy shell, while P; is on the ener-
gy shell), l; lz, and l are their respective angular
momenta, W is the pseudopotential, g the Green's
function, J the total angular momentum, and S the

total spin. The Green's function is equal to

4 M'a'
g(k, q) =

E'(k) [E(k) —E(q) —i e ]

4M'm'[E(k) + E(q) ]
E'(k) [k' —q' —ie] ' (2)
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where M is the nucleon mass and E(q) = (M'+q')'k.
In an operatorial notation Eq. (1) has the form

K = W'+ WgK. (3)

K =g,
K„=ggK„„
K=K +K + ~

0 1

(4)

The successive approximations are built according
to

where for W' the one-pion exchange potential' is
taken.

The integrands of the integrals of Eq. (1) or Eq.
(4) have poles at k =P&. In order to perform the
numerical integration, the integral

dk
k2 P. 2

is subtracted from the integrals of Eq. (1) or Eq.
(4}. The number o. is chosen in such a way that
the singularity is removed. The second of Eqs.

(4} is now

8M'n'
—&Pyfy lg Ip;f&E( )(k2 p 2) &&gill~. , IP&4&Pg' dk (5)

and the singularity at k =P& is removed. Now the
numerical integration of the integrals of Eq. (5) is
straightforward. The infinite range of integration
is transformed to a finite one by changing the vari-
able of integration to

k —ko
k+kp ' (6)

where kp is a suitably chosen momentum.
For the new variable x the range of integration

is from -1 to 1 and the Gaussian integration meth-
od can be employed.

III. THE RESULTS

The results presented in this work were obtained
using the following values: g'/4 |1t5.0, k, = 1000
MeV, average pion mass p. =138.7 MeV, average
nucleon mass M =938.5 MeV, 12 point Gaussian
integration, total angular momentum J'~ 4, and
laboratory kinetic energy up to 500 MeV. In Table
I we compare our results with the numerical re-
sults of Ref. 8, where the Bethe-Salpeter equation
of the ladder diagrams is treated without approxi-
mate reductions. As one can see, the results ob-
tained by using the approximate Bethe-Salpeter
equation' are similar to these obtained in Ref. 8;
the differences are smaller than 25%. Therefore
this work gives a good first estimate for the ladder
diagram contributions of the TPE and the 3PE.
The results are presented in Fig. 1, where the
successive approximations of Eqs. (4) and (5)
K„K„K,for g'/4 1s5 are depicted by the three
lines. From the results one may have not only
estimates of the contributions of the ladder dia-

T ( (83 MeV fm')n'1(L + I)/ft',

where R is the radius of the OPE region in fm.
Thus one can compare the results presented in
Fig. 1 with Eq. (7). Below we summarize our find-
ings:

S waves: No region structure is observed, in
accordance with Eq. (7}.

& waves:

-Pp &y No region structure observed.

No OPE region observed, but for T below
about 50 MeV (R =3.6 fm) there is a predomi-
nant contribution of OPE+ TPE.

TABLE I. The expansion coefficients k„of the K-ma-
trix elements at 100 Mev, t gc =Q k„(gt/4s)".

'Sp coefficients
Ref. 8 This work

P p coefficients
Ref. 8 Thzs work

-0.0426
0.0113

-0.002 23

-0.0425
0.0088

-0.001 94

0.0426 0.0425
0.00242 0.002 79
0.000 32 Q.000 38

grams of the two- and three-pion exchanges but
also a test of the regions of the two-nucleon inter-
action.

Our evaluations will be based on the impact pa-
rameter considerations as in Refs. 5 and 6 and
other works. ' Following Ref. 5 we will write the
condition for a predominant contribution of up to
n-pion exchanges for a partial wave of angular mo-
mentum L and for a laboratory kinetic energy
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FIG. 1. The contributions to the K-matrix elemerLts. The solid line corresponds to the second order contributions

(OPE), the dashed line to the fourth order, and the dashed-dotted line to the sixth order contributions.
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FEG. 1 (Continued)

OPE region observed for T below 5 MeV
(R =5.8 fm); below about 12 MeV (R= I.4 fm),
there is a predominant contribution of OPE
+ TPE.

coupled to the 'S, state.
'.D,: OPE region observed for T &30 MeV
(R =4.1 fm), OPE+TPE region for about T &50
MeV (R =6.3 fm).

'D, : No OPE region observed; there are pre-
dominant OPE+ TPE contributions for about
T & 100 MeV (R =4.5 fm).

D &eaves:

'D;. In the range of our calculations (T &500
MeV) only the OPE region is observed (R & 1
fm). E &eaves:

E3 E3 E4 Onl y the OPE region is observed'D, : No regions are observed, this state is

0 l00 200 M 46 500 0 IOO 200 500 4CO 500
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(R «1.4 fm).

This state is coupled to the 'P, state; the
OPE region is observed for about T & 150 MeV

(R =2.6 fm); above that energy there is a pre-
dominance of OPE + TPE (R & 2.8 fm).

G &eaves:

Predominantly OPE (R &1.8 fm).

'G, : Predominantly OPE for about T (350 MeV

(R =2.2 fm).

'G, : Predominantly OPE for about T (100 MeV

(R =4.1 fm); above that energy OPE+ TPE pre-
vails (R &3.7 fm). This state is coupled to the
'D, state.

H waves:

'H4.. Predominantly OPE for about T &300 MeV
(R =2.9 fm); this state is coupled to the 'f",
state.

IV. SUMMARY AND DISCUSSION

With the help of an approximate Bethe-Salpeter
equation approximate values were obtained for the
partial wave contributions of the two- and three-
pion exchange ladder diagrams to the K-matrix
elements. For the 'S, and '&, states the accuracy
is within 25%, where the comparison was made
with the work of Gammel et f23.'

With the approximate two- and three-pion ex-

change contributions the region hypothesis of the
two-nucleon interaction is tested. Some region
structure is observed but not in the simple fashion
as the estimates described in Sec. I. There is no
region structure for the S waves, as expected.
Also the I' waves show no definite region struc-
ture, with the exception of the 'I', wave, but for
this wave the radius of the outer region is very
large (R =5.8 fm). The region structure depends
strongly on the total angular momentum J. The
L = J+1 waves are affected strongly by their L
= J—1 counterparts. No definite region structure
was found for the 'D, and 'D, waves. A definite
region structure was observed for the 'D, and 'D,
waves and for waves with L) 2, but it is impossi-
ble to give definite values for the radii of the OPE
and TPE regions.

Our results must be interpreted with some cau-
tion. The contributions of the ladder diagrams are
quite large, often much larger than the experimen-
tally observed &-matrix elements. Also, experi-
mentally there is only a weak coupling between
states of the same j (rather small mixing angles);
therefore, it is possible that the large contribu-
tions of the ladder diagrams should be suppressed.
Thus in reality the radius of the outer region might
be smaller than the one evaluated in Sec. III. On

the other hand, some nonladder diagrams might
have relatively large contributions for some par-
tial waves. For instance the contribution of the
crossed box diagram exceeds the contributions of
the box diagram for the 'D, and 'G, states. '
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