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S. L. Belier~ and J. N. Friedman~
Department of Physics, Polytechnic Institute of Brooklyn, Brooklyn, ¹wYork 11201

(Received 19 March 1974)

A Coriolis-coupling model extended to include a residual pairing type interaction is applied to
investigate the energy levels of low lying states of the odd nuclei of the 1g», shell (73gA &87). This
deformed rotational treatment includes spectra of both parities originating from overlapping states of the
N = 4 and N = 3 positive and negative parity shells. Single particle energy levels and wave functions

throughout a shell are computed using spin-orbit and well-Aattening parameters C = —0.26Scoo and

D„43 0.0401eo, —0.053%co~ respectively„ the latter values being consistent with d», parentage
states of "Se (positive parity) and f„, states of "Kr (negative parity). Inclusion of an extracore pairing
interaction primarily introduces a multiplicative effective overlap which serves as a quenching factor to
the strength of off-diagonal Coriolis coupling terms. A11 parameters in the analysis are taken from
available experimental considerations. The rotational constant A and deformation P, in particular, are
derived from the location of the first excited 2+ state of the neighboring even-even nucleus and its
observed E2 transition rate to the ground state. For each set of parameters both a single particle and
a Coriolis coupling diagonalixation are performed over an entire shell of 10 or 15 Nilsson states to
obtain final negative or positive parity spectra and wave functions. The results of this essentially fixed

parameter model are presented and compared with experimental determinations with which they are in

substantial agreement. In general, the model favors a prolate description for the nuclei in this region.

Energy excitation spectra are all in general agreement, and in particular: (a) ground state spins and
lowest lying opposite parity spins are always correctly predicted; (b) many otherwise anomalous low

lying and often ground state 7/2+, 5/2+ spins are well predicted. The systematic reproduction of
experimental spectra provided by the model points to the validity of a statically deformed interpretation
of the odd neutron nuclei of the 1g„, shell, in contrast to the purely spherical and vibrational

approaches to which the region has been restricted in the past.

NUCJ EAg STQUC&UBE 3Ge, '77'7 ' Se 8~' 5Kr, ~Sr; calculated levels, I,
Deformed Coriolis coupling treatment with pairing. Both parities.

I. INTRODUCTION

The Coriolis coupling model'~ has been applied
by Malik and Scholz (MS) with considerable suc-
cess to nuclei in the 1f,&, shell and later in the

2pa~~, 1f5~» and 2p, ~a shells. Until recently,
little use of this model was made in the 1g,&, shell
since the nuclei in this mass region were generally
considered to display spherical-vibrational char-
acteristics. Investigations involving suitable re-
sidual interactions between nucleons in (1g,&,)"
configurations" as well as the coupling of quasi-
particles to quadrupole surface phonons (@PC)"
have failed to describe the spectra of nuclei in the
(A= V3-121) region. Extensions of the QPC model
to include quasihole-phonon coupling' and quadru-
pole moment effects" still did not remove many of
the energy spectral difficulties.

In particular, the anomalous presence of many
l.ow lying ~", &' states, which often lie below the
&', are unaccounted for in the above models.
Moreover, equivalent pairs, i.e., nuclei having
the same number of particles and holes, are pre-
dicted by the spherical shell model' to possess
essentially similar excitation spectra, whereas

there is apparent disagreement, for example, be-
tween the low lying spectra of ("Se-"Se)and
("Se-"Kr or "Se). "Se lacks a very low lying
—,
"state while the second set possesses ground
states different from one another.

Finally, only one of these treatments' has at-
tempted to describe the negative parity spectrum
always present in nuclei of this region which in
some cases represents much of the known spec-
trum and is often the parity of the ground state.

With more complete experimental data and with
more extensive theoretical investigations" ", in-
terest has recently been revived in the applicabil-
ity of the rotational model and has broadened con-
siderably the realm of nuclei which lend them-
selves to a deformed model interpretation. The
work of MS reflected the importance of the often
ignored Coriolis or rotational-particle coupling
terms in destroying band structure and thereby
disguising the rotational appearance of nuclei in
the middle mass region. Other current work-
ers" "reported positive results using deformation
treatments for 43 & A & 110 nuclei. Specifically,
Sanderson" used a Coriolis model to interpret his
(d, f) reaction studies on "Se.
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Further, a reinvestigation of the even-even nu-

clei in the 1g,&, neutron shell equivocates their
presumed characteristics. For example: (a) in
"Ge the first excited 0' state is below the first 2'
level; (b) in "Se, "Se, "Kr, ~Zr, and ~Zr the

two phonon triplet is not well separated from other
higher or lower lying states; and (c) the important

E~/E, ratio in this region averages 2.5, a value
which is intermediate between the vibrational and

strong coupling ideals. In comparison to the If,&,
shell, an even stronger case can be made for a
rotational analysis for the 1g», shell since: (a, )
the even-even nuclei possess greater E,/E, ratios
throughout; (b) the general pattern of rotational
constants as illustrated in Fig. 1 and Ref. 2 is
more suggestive of deformation; and (c) there is a
greater availability of extracore particles (both
neutrons and protons} which is generally consid-
ered as the cause of permanent deformation.

In view of the emerging pattern of recent re-
search as well as of the shell model discrepancies
discussed above, there is reason to expect that
odd-neutron nuclei of the 1g,/, neutron region
could be understood in terms of an alternate rota-
tional approach, and sufficient evidence exists for
attempting a detailed investigation along these
lines.

To this end a model" is developed using a de-
formed core, an effective pairing-type residual
interaction, and rotational-particle coupling, and

applied to describe both the positive and negative

parity levels of the nuclei in this region. This
treatment is able to: (a) predict the ground state
spins and lowest lying opposite parity spins for
all the odd-neutron nuclei throughout this shell;
and (b) substantially reproduce the low lying spec-
tra for both positive and negativeparity states.
In a subsequent paper, the computed wave func-
tions will be used to calculate the electromagnetic
properties of these nuclei (without the imposition
of an effective charge} to add further support to
these conclusions.

II. THE MODEL

Based upon the strongly coupled collective treat-
ment first introduced by Bohr and Mottelson, "the
relevant terms of the Hamiltonian of the present
model are

H=H~+IIp, +H~

for a single unpaired nucleon coupled to a deformed
many body core. The three terms represent, re-
spectively: the rotational motion of the core; the
intrinsic Hamiltonian, i.e., the residual pair-
correlation interaction of the core nucleons beyond
the closed shell; and the single particle motion of
the last nucleon with respect to the core.

The assumption of a permanently deforii~ed sys-
tem symmetric with respect to the body-fixed
axis„ together with the strong coupling relationship
H = I —j leads to g„=g, = 8 and K = Q, where g„and
g, are Cartesian components of the core moment
of inertia and K and 0 are the z components of I
and j, respectively.

In the following sections, the individual terms of
the Hamiltonian and their interactions will be de-
veloped in detail.

A. Single particle aspect

The single particle contribution to the Hamil-
tonian is

z
Q

O QIO

Se

for an anisotropic harmonic oscillator potential
with rotational symmetry about the z axis, a spin-
orbit coupling and a Nilsson" E' term. p, is the
reduced mass of the last odd nucleon.

The particle Hamiltonian is then diagonalized in
terms of isotropic harmonic oscillator wave func-
tions

~ jQ), leading to eigenfunctions

NUMBER QF NEUTRONS {N)

FIG. 1. Rotational constant versus neutron number
for odd-neutron nucl. ei in 1g@2 she1.1.
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with eigenvalues h„, and expansion coefficients

c~ „,as functions of the deformation parameter
P. The index v is included to distinguish single
particle levels of common Q and anticipates a
Coriolis interaction applied to an entire shell.

Recognizing the two-particle nature of the nu-
clear potential, the corrected single particle en-
ergies are given by

6o p= gltc p —4(CI 's+Dl ) ~ (4

where (C I s+Dl') indicates the expectation val-
ue of the enclosed operator in terms of the de-
formed wave function X„,. The band head or total
system energies for a given nucleus are formed
by E =g,so „summing over all occupied states be-
yond the closed shell.

In order to formulate an allowable basis, ex-
cited particle states are designated by the position
of the last elevated unpaired particle; core ex-
cited or "hole" states are uniquely constructed by
lifting a core particle and pairing it with the last
odd nucleon. Both types of states, particle and

hole, complement one another and generate a com-
plete basis of states equal to the number of Nilsson
states within a shell and are both derivable from
the same Hamiltonian given in Eq. (2). Accord-
ingly, other core excited states formed by locating
a core particle at any other state, other than that
occupied by the odd nucleon, or by relocating
more than one core particle, are not considered.

B. Residual interaction aspect (pairing)

In Eq. (1) H~ „the intrinsic Hamiltonian of the

paired core nucleons beyond the closed shell, may

be represented essentially by the simple intranu-
clear residual interaction, i.e. the pairing force.
Employing the well known BCS approaehv' ' 4 leads
to a core overlap integral of the form

(yO'& y&"' )=l(u&"'u&„") v'„"'v'„-"))

x Q (u&"'ul"&+ s',"'&uP') (5)
i veP, jI'

which becomes significant in regulating the
strength of the Coriolis coupling terms to be dis-
cussed in the following section. The e„and u„are
normalized variational parameters whose approxi-
mate solutions are well known" and which repre-
sent the probability of occupancy and nonoccupancy
of a pair in state p. . The second factor of Eq. (5),
since it is always summed over all interactions,
approaches unity, and can be ignored, whereas
the first factor defined („„,= (u ~„" ' u ~„")—e ~„" l v ~„"))

may vary from 0 to +1.28
$ „„,(p w p' ) then plays

the role of an "effective overlap parameter" which

in this analysis is treated as constant over each of
the following three classes of interactions in which,
for purposes of explanation, a sharp Fermi sur-
face is assumed:

(1) p-p u„=u„,=l v„=e„,=0 $ =1

(2) h-h lc~=Q~, =O vp =Spy =1 $ = —1

(3) p, -h u„=O, u„, =1 v„=O, v„, =1 $ =0.

p-p, h-h, p, -h represent interactions between two-
particle, two-hole (core excited) and excited par-
ticle-hole states. The ground state may be re-
garded as either a particle or a hole state. A

strictly enforced selection rule is imposed by the
third case, p, -h, which corresponds physically to
forbidding interactions which cannot be obtained
by the simultaneous destruction of one particle in
state p, and creation of one particle in state p, '.
The first two interactions are used to determine
the sign of („„,whose magnitude is allowed to
vary from 1 as the condition of a sharp Fermi
level is relaxed. Calculations are always per-
formed in accordance with the properly applied
selection rules discussed above. However, only
the positive value of $[$~ ~, (p, op, ')] will be the
one referred to in the discussion. For all diagonal
interactions, i.e. p =p. ', the overlap factor is
~lways taken as unity.

Since the renormalized expectation values (H&g&)

remain relatively constant throughout rniddle mass
nuclear shells, 8 (H~c" l) may be taken in the limiting
case for which it reduces to Eq. (4); hence the en-
ergy of the residual interaction adds a constant
contribution, and no additional adjustment is made
to the rotational band head energies.

C. Core rotation and particle coupling aspect

The rotational aspect of the Hamiltonian is gen-
erally regarded in terms of the diagonal and non-
diagonal contributions of

Hs = A[I '+ j ' —2(I j )], (6)

where A =5'j28 is the rotational constant for an
axially symmetric system. In particular the I j,
or Coriolis term, contains terms of the form
I'j +Ij'. This interaction was not considered
by Nilsson with the exception of the K=A =a —,

' case
which contributes directly towards decoupling the
energies.

In the absence of these nondiagonal contributions,
an adequate wave function for the entire system
may be stated as a properly symmetrized product
of the D functions,

~
IKMv); the deformed single

particle functions g„„; and the intrinsic core func-
tions p~~ ~:
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2I+1 '"
~
IMKu), =

16m~

x [&~r(si)xn. .

where I, =K is taken equal to j,= Q in order to sat-
isfy the symmetry requirements, and 8,. repre-
sents the three Eulerian angles. This case leads
to a rotational band sequence I = E, K+1, K+2, ...,
structured on each particle state e„ in accordance
with A(E, ) =A[I(I+1) -K(K+1)] with respect to the
ground state I =Kw-,'. For K=-,' bands, decoupling
considerations must be included.

In order to properly incorporate the entire Cor-
iolis interaction, K must be sacrificed as a con-
stant of the motion and the following expansion
adopted as the total wave function of the entire
coupled system:

~
IcÃ) = Q Cr „(IMKv), . (&)

g, P. &0

Thus I and M are retained as the only good quan-
tum numbers of the system while

~
IM) is recog-

nized in terms of bvo sets of coefficients, e& z „
and C~ „, both of which depend upon the nuclear
deformation P and both of which are determined by
successive exact diagonalization procedures for
each set of parameters.

Since the summation in Eq. (8), unlike other con-
ventions, ""is taken only over the positive values
of K in integral steps, the interaction connects
states as follows:

( dK
~

=1 and d, K=0 for K= —,
' bands

provided $ w$~ ~=0 for nondiagonal matrix ele-
ments.

According to this representation the diagonal and
nondiagonal matrix elements of the total model
Hamiltonian inclusive of pairing, decoupling, and

nondiagonal Coriolis elements may be written

(IMK v
~
II

~
IMK v) = Er o,+ A I (I + 1) —2K + g c& „„'j(j + 1)+ 5 (0, )( —)

"I'(I + ~ )a„„
f

(10a)

(IMKv ~II ~IMK'v') =-Xt f(K, K'+1)[(I+K}(I+K+1)]'~'gc, „„c&„„„,[(j+A)(j+0+1)]'~'

—5(o 0') g y,e~, jV+1)+I!(z,—,')( —Y"~'(I+-,')a, , (10b)

where

n. ...= —g ( —)'" '(j+k)c, .,I, ,.c, ,,q, ,. (10c)

may be designated the generalized decoupling pa-
rameter as compared to the a parameter often
used in discussing partial or sub-shells.

Thus energy spectra and wave functions depen-
dent upon P, $, C, D, and S~o are generated in
accordance with the above prescription. Ground
state spins are uniquely assigned from the value
of I corresponding to the lowest eigenvalue of
Eq. (1).

III. DETAILS AND SCOPE OF ANALYSIS

Nuclear spectra and wave functions are calcu-
lated according to the model using the following
sequence: Single particle energies h„, and cor-
responding wave function coefficients e~ & „are
generated as a. function of deformation P by exact
diagonalizations over all,' (N+ 1)(%+2) states -in an
entire appropriate shell. The two-body corrected
energies e» „of Eq. (4) are then calculated. From
e~ „and the individual structure of given nuclei in
the 1g,~, shell, the unmixed band head energies

E are calculated and added diagonally to the Cori-
olis coupling matrix. No renormalization adjust-
ments are made to these band head energies.

A second diagonalization of the matrix described
by Eqs. (10a), and (10b) for each value of total
spin I produces the final spectra and coefficients,
C~, as functions of the rotational constant A,
overlap parameter (, and deformation p.

Standard values of oscillator quanta 5~, =41/A'I'
MeV, nuclear radius A=1.2A'~' fm, as well as a
spin-orbit strength C = -0.26 8 u, appropriate to
%=3 and %=4 shells are used.

P, A, $, and the well-flattening parameter D„
are taken from the following experimental obser-
vations:

(a) P is always taken to within +0.05 from the
value of the neighboring nucleus' E2 transition
probability from the first excited 2' to the ground
state. The strong coupling approximation is given
by

a(E2; I-f) = q, '(I,2KO
~ I,K},5

where Q„ the intrinsic quadrupole moment, is
proportional to (P+0.16P'). The exact value of P
in this small range is chosen in each instance by
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optimization of the model's predictions.
(b) A is taken from the neighboring even-even 2'

energy state assuming a rotational character for
this state (refer to Fig. 1): AEz~=A[I(I+1)]=SA.

(c) D„~,= -0.040)I ruo, -0.0535 a&o is fixed for all
nuclei throughout a shell, each shell being deter-
mined by comparison of the location of higher lying

d, &, parentage states of "Se (positive parity M=4)
and f,~, parentage states of "Kr {negative parity
iv=3).

(d) t' is estimated according to the BCS varia-
tional solutions for the parameters u„, v„applied
to interaction of levels near the ground state and is
found always to be bebveen 0.6 ~ $ ~ 0.8 for nuclei
in this region.

All these values fall within ranges disclosed by
other workers. """ The adoption of these mu-
tually consistent assumptions of rotational char-
acter serves to restrict the freedom of the calcu-
lation by removing most latitude from the above-
mentioned parameters.

The presence of the overlap parameter t does
not directly influence calculations other than as a
suppressant to the Coriolis coupling between
states nearest the Fermi level. Its role appears
essentially to lessen the value of p necessary for
reproduction of experimental results; in this way

P remains within the range expected for moder-
ately deformed nuclei.

From the standpoint of an extreme single parti-
cle Coriolis coupling model all the nuclei of the
1g,&, shell may be synthesized into five classes
based upon the number of odd nucleons occupying
the five available levels beyond the 40-neutron
closed shell. For example, "Qe and "Se, each
possessing 41 neutrons, fall in class I. "Se with
48 neutrons is in class II, etc. All nuclei of a.

given class are expected to display similar be-
havior with respect to deformation and core over-
lap. It should be emphasized that even though the
spectra of different nuclei in the same class might
ostensibly appear different (e.g. the different
ground state spins of "Ge and "Se, both of class
I), small variations in deformation easily account
for otherwise inexplicable low lying doublets,
triplets, and crossovers.

A detailed calculation of at least one character-
istic nucleus from each class is presented, with
somewhat greater emphasis given to the middle-
shell nuclei where deformation and Coriolis cou-
pling effects are significant and where most vibra-
tional model anomalies occur.

An explanation of the prevalent negative parity
spectra, and in particular, the ubiquitous —,

' pres-
ent either as a low lying isomer or in some cases
as a ground state, is a requirement of any com-
prehensive theoretical treatment of this region.

-0.3
I

-0.2 OO 0.2
I

0.3

FIG. 2. Nilsson diagram for N =4 shell; energy in
units of e/&~ p(B) for -0.3&P & 0.3. Dotted curve repre-
sents N=3, 2P&g2 negative parity state.

In this analysis the intrusion of the 2p, &, single
particle state (on which the last odd nucleon might
reside) from the underlying M= 3 negative parity
shell into the 1g9~~ sub-shell is assumed for both
prolate and oblate deformations. (See Fig. 2.)

Although Coriolis coupling does not mix states
of opposite parity, i.e. states of adjacent shells,
separate diagonalizations involving the 15 states of
the X=4 or the 10 states of the %=3 shell are per-
formed. Then a suitable adjustment of the bvo
sets of spectra is made to conform with experi-
mental determinations.

Hence, at predicted deformations the negative
parity spectra of aB odd nuclei may be treated by
a single Coriolis coupling calculation applied to
Re entire %=3 shell. The results of this calcula-
tion are presented summarily, with the exception
of a specific treatment of Se. The validity of
such a general approach as representative of all
negative parity nuclei is suggested by the simi-
larity of the *'opposite" parity spectra of nearly
all nuclei in the region considered.

In the following presentation of results, nuclear
spins are to be taken as of positive parity unless
otherwise designated. In the accompanying dia-
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FIG. 3. Energy level diagram for ~Be+ depicting ex-
perimental {Bef,19), Coriolis coupled (C. C.) spectra,
and the unperturbed rotational structure of the lowest
five bands for P=0.20.

FIG. 5. Theoretical energy level diagram for 77Se43

depicting the Coriolis coupled spectra for positive and
negative deformatlon.

grams all spins are noted as 2I, and all excitation
spectra are plotted with respect to the known low-
est positive parity state at 0 MeV.

IV. PRESENTATION AND DISCUSSION OF RESULTS

A. General summary of energy spectra

and @rave functions

The two most important consequences of this
model with respect to excitation spectra are the
correct predictions of (a} the ground and lowest
lying opposite parity spins for all nuclei in the

ig, &, shell, and (b) the anomalous low lying and

often ground state &', &' spin states as a natural
outcome of the Coriolis mixing of the K=I- j,$
bands originating in the ~ga/2 sub-shell.

In general, predicted deformations throughout
the region favor a prolate description. The pro-
late determined spectrum of every nucleus treated
is presented in Figs. 3-10, the most representa-
tive being "Se. In all nuclei a low lying ~2' level
of less than 2 MeV is predicted although, due to
the difficulty of measuring higher spin states, as
yet none has been detected. These conclusions are
not possible using only the deformed Nilsson mod-
el, but require the Coriolis interaction to destroy
the simple band structure. This effect on some of
the lower lying unperturbed bands of '98e is illus-

{MeVI

2.0-

{MeV)

4

1.5"

I.O-

II
5

II9—
I3

3

3
5.

5

5

3

0.5

5—
QO- 9—

0.2
73 684I

{5,7Q 9—
9 5~9

0.19 Er p. EQlac
C.C.

0- 9 O7—

CC.

P ~0.28
)&0,78

I/2 I/2

d 5/2
I

79se45

3/2 5/2 7/2

&9/2

UNhllXEO SANO STRUCTURE

9/2 K

FIG. 4. Energy level diagram for ~ Ge+ depicting ex-
perimental Qef. 29), EQPC Nef. 34), and Coriolis
coupl. ed spectra for positive and optimum g= 0.19) de-
formation.

FIG. 6. Energy level diagram for ~OSe45 depicting ex-
perimental (Refs. 32, 33), Coriolis coupled spectra, and
the unperturbed rotational structure of the lowest six
bands for P=0.28.
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7~
3

93
1.5-

I.O-

0.5-

I—
7

9—
II
5

9—
II (3— 5+

I+

(5-)—&3

( )
(5-

0.0- 5
7

II—
9—
9—

9+—I-
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l I
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I

O.I 0.2
I

0.3
I

O.I9
CC.

I I I

Egpc Exp, Exp.
8IS8 83 Kr

F&G. 7. Energy level diagram for 8
Se4z depicting mq)erimental (Ref. 35), EQPC (Bef. 34), and Coriolis coupled spec-

tra for positive, negative, and optimum deformation.

trated in Fig. 6.
In order to evaluate the total band head structure

for a given nucleus upon which the Coriolis inter-
action is built, it is necessary to perform the sin-
gle particle anisotropy perturbation and then cor-
rect each perturbed state in accordance with Eq.
(4). Figure 2 is a Nilsson diagram corrected for
a two-bogy potential. For all 15 states in the %=4
shell, the energy e(P)/If &o,(P) variation is plotted
with respect to positive and negative deformation.
Also included is the dotted 2p, &, state ~hose be-
havior is calculated from a similar treatment of
the %=3 shell.

The general pattern of energy spectra for all
classes of nuclei due to the Coriolis mixing can

be summarized as follows: For prolate deforma-
tion class I nuclei, whose lowest band is based on
the E= ~ Nilsson level, experience considerable
decoupling effects. For example, in Fig. 3, the
K= —,

' unmixed band has a decoupling coefficient
a„„,=4.9 which leads to a reordering of its spin
structure, I = +~', +2', +2, +2', ~ ~ ~ . In this way the
Nilsson model alone could account for a low lying
+ spin state, but the entire Coriolis matrix is nec-
essary to depress the & spin states. The nuclei in
this class, then, are expected to possess a low ly-
ing &', a2' doublet (for p& 0). Also predicted at
small deformation is the presence of a ~&' state at
approximately & MeV.

(MeV)

2.0-
(MeV)

COMPARISON OF EXC ITATION SPECTRA
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71.5-
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II—

7
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5
5 5
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5 —e
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9 9~0

9— 7 7 — 9—7
9
7—I=

9+

I—
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5—
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@58 8IS447

I

P~ OI
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I I

0,3 O.I3 Erp ExP

es„, e75,

FIG. 8. Optimum excitation spectra for ~'Se43 (Ref. 36),
~~Se45, +Se4& compared with experiment and the predic-
tions of Ikegami and Sano (Ref. 8).

FIG. 9. Energy level diagram for Kr49 depicting
positive and optimum {P=0.13) deformation and the ex-
perimental spectra for Kr49 and Sr49 (Ref. 35).
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GENFRAL NEGATIVE &ARITY SPECTRA

2.0-

I.S-
9

7— 739~ 93—7~ 7~
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Qp I — I — I— I— I — I—
I I I

P ~ -0.3 -0.2 -O.l

$ s 0.80

I

0.0 O. l 0.2

FIG. 10. General negative parity spectra presented
for both positive and negative deformation.

Class II and III nuclei possessing lowest unmixed
band head energies on K=& and & bands, respec-
tively, are expected to exhibit a number of low

lying states of I ~ & due to the proximity of the
higher spin states in the unmixed band head spec-
trum. An example of this is shown in Fig. 6 for
"Se (class III) for which the unperturbed low ener-
gy structure contains available —,', & states, which
when subject to the rotational particle coupling re-
sult in the tightly grouped +» &»,-' triplet followed

by an ~2 state. Again the unperturbed or Nilsson
interpretation yields an excitation spectrum of
—,', & &, etc. , which does not account for the de-
pressed & level.

For class 1V nuclei based on a lowered K=&
band, a —,', & doublet is anticipated with the + level
descending with increasing positive deformation
due to divergence of the Nilsson

~

+, f) and
~

+ &)

states. (See Fig. 2.)
Since the unperturbed class V prolate structure

already contains an
~
IK v ) =

~
a2, a2, a2) ground state,

the Coriolis interaction pushes this state further
down, isolating it from other go&, parentage levels.
However, the crossover of the l II, v) = l&, —,') single
particle 2d, &, bands which occur at about P=0.25
(Fig. 2), causes the rapid descent of the I =& ~&, j
states of this parentage. This is evident in Fig. 9.

For oblate deformation the over-all situation is
somewhat related, with the exception that the band

head pattern is reversed, there being a general
first order similarity between nuclei of classes I
and V, II and 1V for opposite deformation.

In the results most levels are classified accord-
ing to their shell model parentage in both theoreti-
cal and experimental energy spectra [whenever
(d, p) reactions permit such identification]. The
general location of 2d, &, (indicated with an aster-
isk) with respect to Ig», parentage states depends
primarily on the well-flattening constant D4. The
relative locations of these levels is always in good

agreement with experiment, especially considering
that no attempt to adjust D4 throughout the 1g,&,
shell has been made.

No inclusion of higher lying excitation spectra. is
attempted, since these states are usually a conse-
quence of multiparticle excitations and their ex-
planation falls outside the structure of a single
particle model.

Negative parity spectra are also generally well
explained including the occasional crossover of the
first and j states as, for example, in "Kr.
Figure 10 illustrates a representative negative
parity Coriolis calculation for positive and nega-
tive p. Explicit calculations for a specific nucleus
are included only for "Se since this model regards
the negative parity states of all nuclei treated as
being within the same class.

In some cases levels are predicted which have
not been reported in the analysis of experimental
data; however, inspection of the primary experi-
mental evidence indicates that they may be there.

The positive parity wave function expansion co-
efficients of all the 1g,&, nuclei reveal contribu-
tions almost exclusively of Ig, &, parentage (v =2+)

for ground and first excited states. It is only for
higher lying states that admixtures from 2d, ~,
(v =f) and Ig, ~, (v =~+) parentage enter into the
wave functions and justify using the entire shell as
a basis for the theoretical interaction.

The admixtures of the important ground and first
excited states fed by v=+ derive mostly from
bands adjacent to the lowest band for each class of
nuclei, subject, of course, to the restriction I~K.
For example, the I =~+' level of "Se, a class III
nucleus based on the lowest K =-,' band (see Fig. 6)
receives contributions of

~ Cz ~'=0. 128, 0.609,
0.243 for K=-,', +» + but absolutely no contributions
from the forbidden K=& band.

The negative parity wave functions, typically for
"Se, are also calculated for positive and negative
deformation and for spins I = —,', —,', —,

' . Since they
are based on the 2p, &, shell model, K=+ band,
dominant contributions are from this parentage
(K, v =—'. ..—') in ail cases with only slight mixing oc-
curring for the larger spins. This is due to the
relatively large value of D= —0.0535 ~, and rela-
tively small $ =0.6 which effectively isolates the

2p, &, band. For these conditions, the Coriolis in-
teraction is exerted primarily through decoupling
with a decoupling coefficient g„„, of about 1, which
is responsible for the creation of the first &, &

characteristic doublet. Since the decoupled terms
are primarily diagonal, their role is only indi-
rectly manifested in the wave function coefficients.
The situation remains essentially the same for a
large range of P of either positive or negative de-
formation.
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B. Detailed discussion of nuclear spectra

Class I: ~~Se, ~~Ge, ~~ gg

For class I nuclei the odd nucleon falls on the
K = +2+ or K =&' single particle state for positive or
negative deformation, respectively. For the first
two nuclei a &', &2' doublet is predicted for positive
P with an interchange of ground state spins due to
a slight difference in P. Actually a triplet has been
observed"'9 for both "Ge and "Se which confirms
the theoretical &', &' states. The third member of
the triplet (a favored j' state} appears to indicate
a smaller deformation than values obtained from
neighboring even-even transition rates. This is
commensurate with anticipated behavior of class
I nuclei which are adjacent to shell closure. The
285 KeV state in "Se is generally considered to be
a negative parity -.'.. doublet" "as predicted by
the model for all negative parity nuclei. (See Fig.
10.)

Class II: ~'5e

The model, for class II nuclei, places the odd

particle on either the K=&' or &' single particle
state depending on deformation. (See Fig. 2.}

Referring to Figs. 5 and 8, the l,ow-lying ~&', —,'',
and &' states are reasonably well predicted for
p positive or negative. A prolate interpretation
for "Se is at least as satisfactory as the refined
@PC model of Ikegami and Sano' which incorpor-
ates nine major sheBs in the pairing calculations
and represents the best spherical model effort to
date. Furthermore, the +-' ground state could be
achieved with positive deformation if the band head
energies were renormalized in specific accordance
with the pairing interaction, in which case the en-
tire sheB could be described in terms of prolate
deformation.

However, with P&0, the excellent agreement ob-
tained for the three lowest lying levels favors a
negative deformation. This is consistent with the
oblate description for middle shell nuclei in the
MS ' analysis of the 1f,~, shell.

3. Class M: ' Se

Spectral agreement for this nucleus is particu-
larly good with eight well correlated positive par-
ity levels at excitation energies less than 2 MeV.
The model calls for an additional &' spin between
the +', &' pair. Experimental studies "again
indicate a possible doublet associated with the &'

level with values of 1„=1 and 4. Since there exist
no very low lying -',

' or —,
' ' levels throughout the

shell, and considering the similarity between l„=1
and l„=2 (d, p) displays, the presence of the miss-

ing —,
'' could be speculated from a possible l„=2

transition to this level.
The locations of the 2d, ~, states denoted with

asterisks are in excellent agreement. The states
of this parentage appear to descend as the odd nu-
cleon count increases, which is in keeping with the
model prediction. The inversion of the +* and —,'*
is a direct consequence of the decoupling of the
K=-,', 2d, &, band as shown in Fig. 6.

Figure 6 also offers a partial picture of the un-
perturbed band structure of "Se and emphasizes
the importance of the Coriolis coupling in achieving
the -',

' ground state. The expansion coefficients of
this state indicate a strong mixture of K= —,', —,', and
& bands. The Nilsson model alone cannot account
for such a spin or so dense a low lying level
structure.

4. Class IV: Se, "
A. r

The nuclei in this class are observed to possess
a low lying positive parity ~+, + doublet without any
evidence of a close —,

'' spin. The model accurately
predicts this and accounts for the spin interchange
for "Se,"Kr by means of a slight variation in de-
formation. (p= 0.19 to 0.18) Other levels of "Se
are in good agreement with known measurements.
As a representative nucleus, Fig. 7 depicts the
Coriolis coupling excitation spectrum of "Se for
both positive and negative deformation.

Little information is known beyond the ground
state doublet for "Kr. However, fitting these two
levels in conjunction with what is observed in "Se
is sufficient to generate the static and dynamic
properties of the doublet states; these mill be dis-
cussed in a subsequent paper. Also included for
comparison is a recent calculation by Goswami
et al." in which they used the EQPC model with
the addition of a static dipole-dipole interaction
term.

Class V: Kx, Sr

Since only the —,
"ground state has been detected

for 8'Kr, the exact P assignment is tentatively
chosen at p=0. 13. Figure 9 compares the theoret-
ical spectrum to both "Kr and "Sr, which accord-
ing to the present model should possess essentially
similar characteristics. For this class, the odd
nucleon resides on the K=+' single particle level
for p&0. Except for the ground state, low level
positive parity levels are not predicted for this
class, although the 2d, &, parentage states descend
rapidly with increasing deformation, and their
relative location awaits further experimental in-
vestigation of these nuclei.



S. L. HELLER AND J. N. FRIEDMAN

C. Summary and condusions

Nuclear distortions appear uniformly prolate
with the exception of "Se which permits an accept-
able explanation for either deformation, the oblate
being preferred because of a correctly predicted
ground state spin. The magnitude of p, smallest
near both shell closures, increases for classes of
nuclei more centrally located within the 1g,~, sub-
shell.

In view of the systematic reproduction of existing
data provided by the present model, the general
conclusion of this investigation is that the odd neu-
tron nuclei in the 1g,~, shell may be interpreted
in terms of a rotational statically deformed ap-

proach. This conclusion is reinforced by the fact
that all parameters are established by physical
observations which permit a unified set of consist-
ent assumptions to produce a model with essential-
ly fixed parameters. Moreover, low energy exci-
tations, including most spectral anomalies, and
all ground state spins can be mell accounted for.
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