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A 100-p,g/cm' thick ' 'Pb target was bombarded with 72.2-MeV "B ions accelerated in the Oak
Ridge isochronous cyclotron. Reaction products were detected at the focal plane of an Elbek
spectrograph using a 60-cm long position-sensitive proportional counter. In addition to determining the
position of the detected particle along the focal plane, the energy loss in the counter helped to identify
the particle type. Angular distributions were measured for all four possible single-nucleon transfer
reaction products, i.e, , ' Be, '08, "C, and "B. These reactions were found to excite single-particle or
single-hole states in the heavy residual nuclei, though some groups corresponding to the light ions being
left in excited states were also identified. A finite-range distorted-wave Born-approximation analysis
including exactly the effects due to recoil was made of these differential cross sections with particular
attention being paid to various uncertainties. The major uncertainties arise from the choice of potentials
(especially in the exit channels) and of form factors for the bound nucleon before and after transfer.
Except for the ("B, ' B) reactions, which suffer from an unfavorable matching between incoming and
outgoing orbits, the predicted angular distributions were in good agreement with the data, with
extracted spectroscopic factors close to expected values and to those obtained in other light- and
heavy-ion experiments. The indication then is that these reactions are predominantly one-step processes,
though there is some evidence of-the need for other effects to be considered.

NUCLEAB REACTIONS 208Pb(iiB i0@ 208Pb(iiB i2B) 208pb(iiB iOBe) 208Pb(iiB i2C)

EI =72.2 MeV; measured o(e); optical model and DWBA analyses; deduced spectro-
scopic factors. Enriched target.

I. INTRODUCTION

A more complete understanding of heavy-ion
single-nucleon transfer reactions is not only nec-
essary in order to extract reliable spectroscopic
information from such reactions, but also to form
the basis for understanding more complicated
heavy-ion reactions. A favorable case for study-
ing the reaction mechanism is one involving a
closed shell target nucleus in which single-particle
and single-hole states are strongly excited. ' ' A
good target for this is "'Pb.

In addition, single-nucleon transfer with heavy
ions is a useful spectroscopic tool in itself just
because it picks out the single particle and hole
components in the states it excites. The strong Q
dependence of these reactions often permits the

reaction and incident energy to be chosen so as to
preferentially select the states of greatest interest,
including cases where single-nucleon transfer re-
actions with light ions have small cross sections
due to Q value depeadence. In addition, two-step
and other indirect processes may be important in
single-nucleon transfer with heavy ions permitting
the excitation of states not easily accessible with
light-ion reactions. " Consequently, it is of consid-
erable interest to have a detailed comparison be-
tween measurements and the predictions of the
distorted-wave Born approximation (DWBA).

Single-nucleon heavy-ion transfer reactions are
dominated by kinematic effects below the Coulomb
barrier {see, e.g., Ref. 11). At energies well
above the barrier kinematic effects may still be
important, but one still expects the reaction mech-
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anism to be direct and perhaps interpretable in
terms of a D%8A analysis. Measurements involv-
ing single-nucleon transfer with "C ions, ' "8
ions,"and "O ions on 'O'Pb at energies above the
Coulomb barrier gave angular distributions which
were structureless and single-peaked at the angle
corresponding to the classical Rutherford, orbit
for grazing collisions. Despite this classical na-
ture of single-nucleon transfer reactions systema-
tic differences have been observed between neutron
pickup and proton stripping with heavy ions. For
the case of ' C ions incident on 08Pb, the peak
angles for neutron pickup shifted to higher values
with increasing excitation energy in the residual
nucleus in contrast to single proton stripping where
the peak angle remained constant. ' This effect,
as well as the possible j and I. dependence of
heavy-ion reactions which has been observed in
("C, '8), ("N, "C), and ('to, "N) reactions, ' '
have now been reproduced by exact finite-range
distorted-wave calculations which include recoil
effects, although sometimes it has required the
arbitrary adjustment of optical potentials in the
exit channel. ""

%'e report here an investigation of single neutron
and proton stripping and pickup by means of "8
+"'Pb reactions at an incident energy of 72.2 MeV.
All four single-nucleon transfer reactions ("8, 'OB),

("8,"8), ("8,"Be), and ("8,"C) were observed,
and angular distributions for final states in '"Pb,
"'Pb '"Bi and '"Tl were measured as well as
for some particle groups corresponding to excita-
tion of the outgoing light reaction product. An ex-
act finite-range DWBA analysis (thus including ef-
fects due to recoil" ) has been made, and is dis-

cussed along with the extracted spectroscopic fac-
tors in Secs. VI and VII.

II. EXPERIMENTAL PROCEDURE

The large number of reaction products possible
in heavy-ion reactions requires that the detection
system have both good energy and mass resolution
for spectroscopic studies. Magnetic spectrometers
provide good momentum resolution as well as kine-
matic compensation for the large energy variation
with angle for particles emitted in heavy-ion inter-
actions. Thus, when used with active focal plane
detectors magnetic spectrometers are well suited
to study heavy-ion-induced reactions. In addition
to determining the position along the focal plane,
position-sensitive detectors provide supplementary
information, such as the energy lost in the detec-
tor, to help distinguish the particle type. ""

In the present experiment the reaction products
were detected at the focal plane of an Elbek spec-
trograph by using a 60-cm long position-sensitive
proportional counter of the Borkowski-Kopp de-
sign. ""The detector, shown schematically in
Fig. 1, has three 0.0076-cm diam high-resistivity
pyrolytic-coated quartz wires spaced over a verti-
cal height of 5.03 cm in order to match the image
spot at the focal plane, and thus utilize the full
solid angle of the magnet. The 0.0013-cm Mylar
foil shown in the figure maintained the pressure
difference between the counter gas volume and the
high vacuum of the spectrometer camera box while
the inner 0.0038-cm aluminized Mylar foil defined
the field region above the detector. The depth of
the field region, 0.5 cm, and the counter pressure
of about one-third of an atmosphere (90%%u& argon-
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FIG. 1. Assembly drawing of the three-wire, 60-cm long proportional detector.
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10%%up methane) resulted in an energy loss of -0.5
MeV for 72-MeV "8 ions, and a ~ resolution
varying from about 10 to 14/0 for the different ions
detected.

The electronic system used with the detector is
shown in Fig. 2. A total of four preamplifiers was
used with the network of three wires in the manner
described by Borkowski and Kopp. " The signals
obtained by summing the two preamplifiers at the
left end of the detector and the two preamplifiers
at the right end of the detector provided timing
signals which determined the position of the detect-
ed particle x along the focal plane. However, the
response of the three wires is sufficiently differ-
ent so that the resolution of the system is spoiled
if the position signals of the wires are simply add-
ed. To avoid this the response of the two pream-
plifiers at the top and bottom of the network shown
in Fig. 2 are also added, and the time difference
between these two signals served to identify which
of the three wires Y was involved. The separate
response of each wire was calibrated by using a
'44Cm a particle source and by shifting the elastic
"Bpeak along the detector. The signal from each
wire was then adjusted during the experiment by
using a computer program before it was added to
the total spectrum of the three wires.

The sum of all four preamplifiers was also am-
plified, using a long-time constant to fully inte-
grate the collected charge, to furnish a signal pro-
portional to the energy lost in the counter by the
detected particle. This ~ signal served to iden-
tify the particle type. The Q value, or position
along the focal plane, also helped to separate the
various particle groups.

The three pieces of information provided by the
detector, i.e., ~, position x, and wire-identifi-
cation signal y, were digitized with an an analog-
to-digital-converter (ADC) system which has ap-
proximately a 9000-channel resolution capability
and is interfaced to an in-house computer. The
experimental data were stored in this computer in
a two-dimensional (M by x) mode. Pulse height
spectra of the particle types of interest could then
be generated as needed from this two-dimensional
array.

The 72.2-MeV "Bbeam from the Oak Ridge iso-
chronous cyclotron was used to bombard a 100-
p.g/cm2 thick 208Pb target evaporated onto a 40-
gg/cm' thick carbon foil. Because the beam cur-
rent was limited to 200 nA to avoid breaking the
target foil, data were accumulated at each angle
for about four hours to obtain reasonable counting
statistics.
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I"IG. 2. Schematic of detector and associated electronic system. The middle high-resistivity wire is separated at
each of its ends from the two outside wires by 100-kQ resistors. The three signals from the system are identified as:
x, the position along the focal plane; y, the signal specifying from which of the three wires the ~ signal originates; and
& E, the energy lost in the counter by the detected particle.
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FIG. 3. A su~~ary of the shell-model orbits in the
msPb mass region taken from Ref. 19.

III. EXPERIMENTAL RESULTS

The single-particle and single-hole states which
could be excited in these reactions are summa-
rized" in Fig. 3. The high energy portion of the energy
spectra for the neutron pickup and stripping re-
actions "'Pb("8 "8)"'Pb and "'Pb("8 "8)'"Pb

are shown in Fig. 4 for a laboratory angle
of 55'. The proton pickup and stripping reactions
"'Pb("8 "C}'"Tland '"Pb("8 "Be)'"Biare
shown in Figs. 5 and 6 for laboratory angles of
52.5 and 47.5', respectively. The energy resolu-
tion typically ranged from about 185 to 250 keV,
and was limited by the target thickness and inci-
dent beam resolution rather than by the magnet or
detector. Magnetic field settings could be selected
so that "8,"8,"B, and "C particles mere detect-
ed simultaneously by the counter. Different sett-
ings, however, had to be used to observe "Bepar-
ticles due to their much larger momentum. At
these settings only the high energy portions of the

B particles mere recorded whjle the ioB

spectrum extended over almost the whole length
of the detector.

All four reactions predominately populated known
(see Fig. 3) single particle or hole states. The
("8,"8}reaction shown in Fig. 4 populated the

3p, (, ', 3f,g, ', 3p, g, ', and 2f,g,
' hole states in

aovpb

The li„~, ' state at 1.64 MeV lies under the in-
tense peak due to elastic scattered "Bparticles.
The 2g, ~„ li„~„ ij „~„3d,„and 2g, ~, states in
"'Pb were observed in the ("8,"8) reaction. We
mere unable to observe the 3d, ~, state known to be
at 2.54 MeV (see Fig. 3) and estimate its contribu-
tion to the 2g, &, state to be less than 1(F/p. Also,
as we shall see below, the small peak near 2.1
MeV is more likely due to emission of ' B in an ex-
cited state rather than being due to its feeding the
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nucleus in its first 2' level at 3.37 MeV along with
transitions to states in '09Bi. The '

de remainder of
the ' Be spectrum extended up to -20 MeV in ex-
citation and was free of contamination from other
particle groups except at an energy region corre-
sponding to where the intense "Bclast' eak was
located. There was no evidence for the breakup
of the incident iiB jons into ' Be and t be a a proton by
the Coulomb field of the target.

Angular distributions for the strong states ob-
served are shown in Figs. 7 through 12. Experi-
mental uncertainties indicated in th f'e igures rep-
resent only statistical errors. The curves ' Furves in igs.
7-12 are the calculated D%'BA results discussed
in Sec. VII.

IV. KINEMATIC EFFECTS
FIG. 5. An enAn energy spectrum measured at 52.5' {lab)

and an incident energy of 72.2 MeV for the (~~B, ~2C) re-
action on Pb leading to states + 0 Tl.

4s», state at 2.03 MeV in '"Pb.
The ("B,"C}reaction shown in Fig. 5 strongly

ppult"th 3„,-, 2d - 1a - nd3d-/ /
states in Tl. There are also peaks that corre-
spond to these same groups accompanied b th

12 ' ' +
i y e

emission of C in its 2' excited state at 4.43
MeV. The single particle states observed in the
("B,"Be}spectrum are as follows: 1h 2f1i, 2f 3

~ 9/2y J 7/2y

y3 /2 j f5 /2y ps / 2p and 3p, / ~. %'e might add that
these 3p statep s were not seen in the measurements
of Anyas-gneiss et al.' at 113.5-MeV "Bbombard-
ing energy. Intense peaks are seen in Fig. 6 at
energies consistent with the emission of the "Be

Reactions for which the value of the Sommerfield
parameter n =Z, Z, e'/hv, is large can be expected
to be reasonably well described by semiclassical

ofn v
models. "'" In the present experiment the valva ues
o n varied from 20 to 30 depending on the reaction
involved and the final state populated. The single-
peaked and smooth angular distributions observed
can also be interpreted in terms of well-known
semiclassical concepts. The peaks of these angu-
lar distributions occur at angles close to the clas-
sical grazing angle.

Heavy-ion reactions often exhibit a strong depen-
dence on the Q value due to the need to match the
incoming and outgoing orbits at the nuclear sur-
ace. For energies above the Coulomb barrier the

most appropriate expression for the optimum g
value for a reaction A (a, b}B is probably that given
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by Brink, '

Q.PE
= (Z, Z~ -Z, Z„)e'/R --,' mv',

where g, e is the charge on nucleus i, v is the rela-
tive velocity of the two nuclei in the region of in-
teraction where they are separated by 8, and m
is the mass of the transferred particle. The opti-
mum angular momentum transfer is given by the
difference in angular momenta of the incoming and
outgoing orbits, i.e., those whose distance of

/0 5

20 30 40 50 60 70 80 90 100
8 (deg)

I IG. 8. Differential cross sections for groups from the
( ~B, 2B) reactions. The curves are D%'BA calculations
normalized with the spectroscopic factors in Table VI.
Either potential 1 or 2 (see Table I) was used in both
entrance and exit channels,

closest approach is 8,
s..„=is., s,, i

. -
%'e may take the strong absorption radius for R
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(about 12 fm in the present ease); then L, and L,
are those values for which the elastic scattering
amplitude has Iqt I

= Iq~, I
= (2) '~'. These may be

found using the optical potentials which fit the elas-
tic data.

The actual Q and L values for the transitions ob-
served here are close to the optimum values except
for the ("8,"8) case where Q,~I is about -2 MeV

FIG. 10. Differential cross sections for groups from
the ( B, Be*) reactions leaving Be in its excited 2

state at 3.37 MeV. The curves are DVKBA calculations
normalized with the spectroscopic factors in Table VII
and using potential 1 or 2 (see Table I) in both entrance
and exit channels.

instead of the actual Q= —7.5 to -10 MeV and
where I.,~, = 10. The optimum Q corresponds to a
state about 5 MeV below the ground state and the
peaks in the spectrum (Fig. 4) show a general de-
crease with increasing excitation energy in agree-
ment with this fact. The maximum I, transfer allowed
even for the Ij»~, capture is 8, two units less than
the optimum. Nonetheless, the peak intensities for
the ("8,"8) reactions (Figs. 4, 11}are still com-
parable to those for the other, better matched re-
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actions, although we shall see below that we en-
counter difficulties with the DWBA fits. This may
indicate that higher order processes are contrib-
uting.

FIG. 11. Differential cross sections for groups from
the ( B OB) reactions. The curves are DWBA calcula-
tions normalized with the spectroscopic factors in Table
VIII and using potential 1 (see Table g in both entrance
and exit chapels.

Brink" has proposed more detailed kinematical
conditions to be met if the transfer probability is
to be large. We have studied these also, but they
do not seem to throw any further light on our pres-
ent results. The quantity he calls ~k, arising from
detailed momentum matching at the nuclear sur-
face, is small for all the transitions, while his ~I.,
due to angular momentum matching, gives essen-
tially the same information as I.,~, discussed
above.

V. OPTICAL MODEL ANALYSIS OF ELASTIC DATA

The data for elastic scattering of 72.2-MeV "B
(part of present investigation) and of 77.4- and
216.4-MeV "C (results of experiments reported in
Ref. 1) from 'eepb were fitted using the search
code OENQA' in order to provide optical potentials
for the DWBA analysis of the transfer reactions.
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TABLE I. Optical potentials for "8+2~8Pb at 72.2
MeV. Underlined values were kept fixed during the
search.

V W
Pot. (MeV) (MeV)

&o

(fm) (mb)

40
40
40
40

200
21.78

15
16.44
15

75
2.01

1.2177
1.3029'
1.31
1.2974
1.0688
1.3340

0.612 1366
0.424 1321
0.45 1468
0.439 1335
0.655 1371
0.416 1281

' Radius of imaginary part fixed at r&
—-to -0.15 fm.

The usual Woods-Saxon form was chosen,

U(r) = —(V+iW)(e'+I) ',
where

x=(r R)/-a, R =r (A '~'+4 '~')

together with the Coulomb potential from a uniform
charge of radius R, =1.3(A, '~'+A, '~') fm. The po-
tential found at Berkeley 4 to fit "0+"'Pb was
used as a starting point; these parameters are
listed in Table I as potential 3 ~ Figure 13 shows
that this does not fit the "Bdata, although (Fig.
14) it already gives a good fit to the "C data.
Varying only r, and a led to potential 1 and the fit
shown in Fig. 13; this potential, however, does not
give a good fit to the "C data (Fig. 14). There ap-
pears to be a significant difference between the
data for the scattering of the two projectiles.

Allowing the well depths V and 8" to vary also
produced no improvements in the fit to the "B

data. Similar results were found for deeper po-
tentials; e.g., potential 5 (Table I) gave scattering
indistinguishable from potential 1. The main dis-
crepancy with the "Bdata occurs at the rise above
Rutherford scattering near 50'. Further improve-
ments were sought by allowing the real and imag-
inary parts of the potential to have diQ'erent radius
and/or diffuseness parameters. A slightly better
fit to the 50' region was obtained by making the
imaginary radius smaller, as with potential 2
(Table I and Fig. 13).

The smallest deviation between experiment and
optical model predictions was obtained by starting
with the shallow potential used earlier" to describe
the inelastic scattering of "B. This resulted in
potential 6 (Table I), whose most obvious feature
is the small imaginary part, W/V= 0.1. Besides
producing the closest fit to the data (including near
50'), this potential also predicts oscillations in the
elastic angular distribution, even for angles below
40', with a period of a few degrees, which are
similar to those recently suggested as due to in-
terference between the negative branch of the clas-
sical deflection function and the two positive
branches. The present elastic data cannot rule out
these oscillations; on the other hand, the inelastic
and transfer cross, sections predicted with this po-
tential are completely at variance with the mea-
sured ones.

Good fits to the "Bdata were also obtained for
potentials with W/V fixed at values ranging from
0.4 to 0.1, starting from potential 1. An example

I

8+2osPb
72.2 MeV
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FIG. 13. Differential cross sections for elastic scat-
tering of ~~8 on ~08Pb with optical model curves corre-
sponding to the potentials in Table I.

FIG. 14. Differential cross sections for elastic scat-
tering of C on Pb with optical model curves corre-
spon~&~~ to the potentials in Table I.
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is potential 4 (Table I) and the fits are similar to
those shown in Fig. 13. In each case, allowing V
to vary also produced no improvement.

All the potentials found to fit the "8data have
real parts which coincide near r =12.15 fm with
the value -(1.02 +0.05) MeV; this appears to be
the most characteristic feature of the data (.Note
that the Berkeley potential, potential 3 of Table
I, has the value -1.45 MeV at this radius. ) The
imaginary parts do not share this feature, ranging
in value at this strong absorption radius from -25
keV (potential 2) to -400 keV (potential 1). (It
should be remarked, however, that these various
potentials do not give identical scattering, but only
equivalent fits to the available data. The corre-
sponding partial wave scattering amplitudes q~ do
differ. While all show the same general rise from
Iq, 1=0.1 at L=20 to lqil=0. 9 at L=40, the gz
for the more weakly absorbing potentials like po-
tential 4 do show more structure as a function of
L).

As Fig. 14 shows, potential 3 already gives a
good fit to the "C data. Starting from this poten-
tial abest fit is obtained, keeping V=40 MeV, with
W'=23. 5 MeV, r, =1.226 fm, and a=0.607 fm,
parameters not very different from potential 1 ex-
cept for the increase in 8'. Varying V led to no
further improvement. These data were also sub-
jected to analyses similar to those described above
for "B, but the results will not be discussed here
except to say that the higher energy 116.4-MeV
data do show a marked preference for a deeper
imaginary strength with W/ V= 0.5 when V = 40
MeV. These data indicate that the real 2C + Pb
potential is about -0.7 MeV at about 12.5 fm.

VI. DISTORTED-WAVE METHOD

The application of the distorted-wave Born ap-
proximation to transfer reactions induced by light
ions has been discussed previously in some de-
tail.""Here we will only stress those features
of particular interest for heavy ions.

Consider the reaction A. (a, b)B [or its inverse,
B(b, a)A] where a =b +x and B =2+x so that x is the
transferred particle. (We use the notation of
Satchler. "") The DWBA transition amplitude is
then proportional to

drys Xyg (ky rye)

(0s(r.~N bl Nc,c.(r.,)) X'. %., r.,),
(3)

where (see Appendix) r,
&

is the vector joining the
centers of mass of particles i and j and we only
show explicitly the coordinates of most interest. ' '

Integration over the other coordinates is implied
by the angular brackets. The y,. are the usual dis-
torted waves generated by optical potentials U, ,
and g,. is the internal wave function for nucleus i.
The interaction V in the post form is

V(post) Vbs Ubs Vbx VbA UbB I

and in the prior form is

V(prior) = V,„—U, „=V„~+ Vi,„—U,„.
It is customary to take the leading terms only,
namely the binding potentials,

V(post)= V„, V(prior)= V,„.
In the calculations reported here we use V(post)
and take only the nuclear part of V„„. We return
to this point later.

The new features introduced by heavy ions (i.e.,
mass& 4) include:
(i) The particle x need not be in an S state relative
to b when bound to form the state g, of nucleus a.
This complicates the angular momentum algebra.
(ii) It is not satisfactory to make the zero-range
approximation, namely to use

V,„g,(r„,) = D,b(r„,) .

Rather we must do the full finite-range calculation.
(The impact of this requirement often has been re-
duced in the past by introducing the so-called no-
reeoil approximation. "' This approximation is
not made here. )

(iii) As a consequence of (ii), we need the form
factor (or wave function) P, of the b, x relative mo-
tion and the associated spectroscopic factor, as
well as those for the B=4+x system. This may
introduce additional uncertainties. [In principle
this is true of light-ion reactions also, but then
the normalization constant required, D, in Eq. (7),
can often be obtained with little error. ]
(iv) The outgoing nucleus b [or a in the inverse
B(b, a)A reaction] may be in an excited state.
(v) The calculation may be changed in trivial but

important ways, namely much larger numbers of par-
tial waves may have to be included, and numerical ac-
curacy may demand much smaller (and hence many
more) steps in the radial integrations. It then be-
comes important to devise techniques to reduce the
additional computational time that is implied. "'
(See Appendix. )

A. Selection rules

If the transferred particle is in an orbit in nu-
cleus a with orbital angular momentum l, and total
angular momentum j„and in an orbit in nucleus
B with /~ and j~, then the angular momentum
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transfer L is limited by

I.+I, .

(Sa)

+-,') is strongly favored over the other alternatives
which require a spin-flip. " The net result is that
the nonnormal L contributes about 21% of the total
Sp, &, cross section and about 11% of the total 2f,~,
cross section.

B. Bound-state wave functions

The cross sections for different L transfers add
incoherently. In the present case, their angular
distributions are almost identical.

In general L need not be tied to the parity change
Xw. Terms with L for which b,v = (-)~ are referred
to as having "normal" parity, those for which
av = (-)~" as nonnormal parity. (The latter vanish
if the zero-range or no-recoil approximations are
made. )

In our case, x is a nucleon and j, = /, a -,'. Then
/~ and j~ refer to the orbit in which x is added to
(or picked up from) '"Pb. Since '"Pb has zero
spin in its ground state, there is a unique j~ for
each transition. The quantum numbers /, and j, re-
fer tothe orbitinwhich x ispickedupfrom(or add-
ed to) "B. If the resulting nucleus has spin 0, then

j, also has a unique value. Otherwise, more than
one value is allowed (although, in the absence of
spin-orbit coupling in the distorted waves, the
cross sections for different j, add incoherently).
For example, in the ("8,"8) reaction, the "8
ground state has spin 1' and p»„p»„and f,~,
capture is allowed. Structure considerations sug-
gest that occupation of the If,~, orbit in the "8
ground state is negligible so that we need only con-
sider l, =1, j,=~ or ~. Similarly, in ("8, ' 8)
transfers, although the "Bground state is 3' and
/, =3 is allowed, we are justified in neglecting it
and considering only /, =1, j, = &. Reactions lead-
ing to excited states of the light nucleus with non-
zero spin may also allow more than one j, value.

Since for the reactions considered here we have
l, =l, rule (Sb) allows I.=/s, la+1. When allowed,
the largest L =/~+1 predominates and typically the
L =/~ -1 and the nonnormal L =/~ have cross sec-
tions which are an order of magnitude smaller.
However, if L =la+I is forbidden by rule (8a), the
nonnormal L =/~ can contribute a large fraction of
the cross section. This occurs if (l„j,) =p, &, and

j~=/, -2. A neutron captured on "8 to form the
ground state of "8 enters the 1p, ~, orbit with about
85% probability. %'ith this component, the non-
normal L contributes about 20% of the cross sec-
tion for pickup of Sp, &2 from 'O'Pb and about 4lg
of the cross section for pickup of 2f,&,. (These
contributions would be absent from a no-recoil
calculation. ) However, the remaining 15' of Ip, p,
capture into ' B contributes disproportionately to
these transitions because transfer between j, = /,
+-, and ja =la --,' (or between j,=l, -& and js = la

%e assume that the wave function of the nucleon
x before and after transfer is the appropriate
eigenfunction for a %'oods-Saxon well, plus a spin-
orbit coupling term, with a binding energy equal
to the corresponding experimental separation
energy.

This is a reasonable approximation for the "sin-
gle-particle" or "single-hole" states excited in
'"Pb because of its closed shell nature. Nonethe-
less, there remain uncertainties in the values to
be used for the parameters of this well. For the

Pb +proton system we have chosen to use the
parameters (Table H) which reproduce the single
particle and hole energies and also give a charge
distribution in good agreement with electron scat-
tering measurements. " These parameters also
give reasonable results for ('He, d) and (d, 'He)
measurements~' (see below). We used neutron
parameters (Table II) derived from sub-Coulomb
stripping measurements"; these also give good
agreement with (d, t) measurements"'" on '~Pb.

The correct choice of these parameters is im-
portant in determining the absolute magnitudes of
the cross section, although the angular distribu-
tions are insensitive to them. For example, using
the neutron potential (Table II) for the protons al-
most halves the predicted cross sections (and
consequently greatly increases the extracted
spectroscopic factors). Varying the spin-orbit
term in the binding potential produces j-dependent
effects, especially changing the relative cross
sections for spin-orbit partners with j=/ + ~. Of

TABLE II. Parameters for bound-state potential wells.

V rob a V r b a
System (MeV) (fm) (fm) (MeV) (fm) (fm) (fm)

Pb +P ~60 1.28 Q, 76 6.0 1.Q9 0.60 1.20
0 Pb +n M5 1.25 0.63 7.0 1.10 0.50

B + 1 V ~ 1.35 0.50 A, = 20 d 1.35 0.50 1.35

Adjusted to give a binding B equal to the experimen-
tal separation energies; B =11.456 MeV for ' B+n,
B =11.228 MeV for 'OBe+ P, B =3.369 MeV for "B+n,
B =15.957 MeV for '~B+P.

Radii defined as R = roA'~ where A is the mass
number of the core to which the nucleon is bound.

'Coulomb potential from a uniform charge distribution
of radius r,A'

Spin-orbit coupling of A, times the Thomas term.
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course, it is also an approximation to assume
that the same potential well is suitable for all the
orbits. Hartree- Fock studies~ show that the
equivalent local potential may vary significantly
from orbit to orbit; for example, it has been sug-
gested that the diffuseness should be larger for
the low l neutron orbits than for those with high
l. Our value of a =0.63 fm is appropriate for the
latter. If, as suggested, ~ we change a to 0.84 fm
for the 3p neutrons in '~pb, the ("B, ~B) pickup
cross section is increased by a factor of 1.56 for

th 3Px/ and 3Ps/
This sensitivity is very similar to that found

for light-ion reactions"' "'"and occurs because
the reaction (because of the Coulomb barrier or
because of strong absorption} is peripheral and
is only sensitive to the tail of the bound state wave
function. The shape of the tail is determined by
the binding energy, consequently the reaction cross
section is simply proportional to the square of
the normalization of the tail. (This is especially
evident in the theory of sub-Coulomb trans-
fers "'"}.Hence, instead of separating the nu-
clear overlap into the product of a spectroscopic
amplitude times a single-particle wave function
(which is a theoretical artifact), we may extract
directly from experiment the normalization of the
form factor tail. This number, which is related
to the reduced width for the transition, will then
be independent of the binding weO parameters
used, provided the post form (6) of ihe interaction
is used. This has been done previously"'~ for
pickup from ~ 'Pb, and we also use this approach
below.

%'e also have to a,dopt a binding potential V~ to
give the wave function for the nucleon in the light
system, "8a I. The cross section magnitudes
are sensitive to this choice also, although the
relative cross sections for different ~o Pb t1 states
tend to be unaffected provided the same "8~I
wave function is involved in each of them. If we
use the post-interaction form (6) we cannot avoid
explicitly defining V~ and the reaction amplitude
does not simply depend only on the asymptotic
part of the wave function. The appearance of the
product V~g, (r,~) in the amplitude (3) ensures that
important contributions come from within the sur-
face region of the "8+1system. [In the ("B, "Be)
reaction, feeding the 3p3/, state in 2~Bi, the inte-
grand for transfer along the line of centers, when

they are separated by the strong absorption radius
of about 12 fm, peaks at r,~

= 2.2 fm with a width
of about 2 fm, while the radius of the potential well

V~ is 2.91 fm. ]
The potential chosen for the light System (Table

11) was based upon a study" of the sizes of Ip-
shell nuclei. It generates a charge distribution

for '~C which has (after correction for center of
mass recoil) a root mean square radius of 2.51
fm. This is to be compared to the latest experi-
mental value' of 2.462 +0.022 fm. Consequently
a somewhat smaller well might be better; the
popular choice of ro I 25 fm a 0 65 fm gives
an rms radius of 2.46 fm for ~C. Fortunately,
Table III indicates that this would only change the
transfer cross sections by about 6%. A third
choice, r, =1.15 fm, a=0.55 fm, based upon an
optical potential for proton scattering from 1p-
shell nuclei ~' gives a smaller rms radius of
2.33 fm for ~C and appreciably smaller transfer
cross sections (Table III). [Similar results were
found for the ("B,~B) reaction. ]

It is assumed the neutron wave functions for the
light system can be generated in the same well
as the protons. It is also assumed that the well
radius is proportional to A' ', where A is the
mass number of the core to which the nucleon is
bound. There is some evidence" that the w'ell is
almost independent of A for 1p-shell nuclei, and
this introduces a further small uncertainty.

TABLE IG. Variation of Pb("8, ' Be)2 SBi (3ps/&)
cross section wrath variation of ' B+~ Be+p binding po-
tential parameters.

V' ~o a V (~2) 5/2 C

QCeV) ffm) (fm) (MeV) 0 ~~ S Sa " (fm)

50.84 1.35 0.50
50,27 1.35 0.50
63.95 1„15 0.55
58.08 1.25 0.65

5.6
5.9 d

5.3
5.5

1.0 1.0 2.51
0.95 1.05 2.49
0,72 1.395 2.33
1.065 0.94 2,46

' Depth to bind 1p3/2 proton by 11.228 MeV.
Normalized to unity for first case.' Predicted root mean square radius for charge dis-

tribution of '2C.
~ Smaller radius for spin-orbit term, r~ =1.15 fm.

C. Spectroscopic factors

The cross section is proportional to the product
of the spectroscopic factors S,S~ for the a =b+x
and B=A+s partitions, respectively. (We use
here the abbreviated notation S = C~S, where C is
the usual isospin Clebsch-Gordan coefficient. )
For stripping on to ' Pb we expect S~ = I for pure
single-particle states, while pickup from a j orbit
gives S~ = 2j + I for pure single-hole states. In
practice some of these states will mix with nearby
core-excited states, depleting their strength.
Some of the weak fragments from this mixing have
been identified in light-ion measurements, and
theoretical calculations ' can account for the
mixing qualitatively.

Values of S for the states observed here have
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been obtained by analyses of light-ion measure-
ments. """" These, of course, are subject
to the same kinds of uncertainties as are being
discussed here. It is important, for example, that
these analyses should be made using the same
bound state wave functions; for this reason some
of the measurements were reanalyzed. Uncertain-
ties in the S~ due to reasonable optical potential,
normalization (values of Dp), finite-range and non-
locality uncertainties are of the order of 20%.

The factors I, for the "8+1system are some-
what uncertain. The 1p-shell model analysis of
Cohen and Kurath" (CK) provides a guide (see
Table IV). We may also appeal to light ion strip-
ping and pickup experiments involving "B. Un-

fortunately, the understanding of these reactions
on very light nuclei is beset with uncertainties
and a considerable range of empirical I, values
may be available. Often they are deduced using
bound state wells different from that used here;
sometimes the bound state well is not even speci-
fied. Rather than attempt a consistent reanalysis
of these data, me simply give in Table IV the range
of 8, values quoted. "'""

The S, quoted for neutron pickup from "B is al-
most twice the theoretical value, but only one
experiment is available and the neutron bound
state parameters are not quoted. The analyses of
proton pickup use bound state parameters similar
to those used here and the results for 8, are con-
sistently larger than the theoretical value. Strip-
ping a neutron on to "Bgives a result consistent
with the theory. Stripping a proton gives a wide
range of values; however, a careful examination
of the analyses suggests that the experimental 8,
is either equal to or somewhat less than the theo-
retical value of 2.85; say between 2.5 and 3.0.

D. Interaction and post-prior discrepancy

The nuclear part of the first term, V~, of the
post-interaction form (4) was used for the calcu-
lations presented here. The V~, is the potential
well used to generate the bound state mave func-
tion for the "8+1system. The expectation value
of the spin-orbit term of this potential was in-
cluded; some authors (for example, Refs. 13 and

14) neglect this term. In the ("B, 'PBe) reaction,
including this term (attractive for the Ip, ~ pro-
ton) increased the cross section by 15'. The
other reactions will be increased also, except for
("B, ~B) where the predominantly Ip„, capture
should lead to a small decrease.

If all the terms of Epts. (4) and (5) were included,
the post and prior forms mould give the same
result. This equivalence no longer holds when

only the leading terms are taken. For example,

TABLE IV. Spectroscopic factors 8, for 'B+1
system.

System Orbit CK ~ Expt. Refs.

iiB ioB + ~
"B=ioBe+p
i2B iiB+ ~

i2( iiB +p

1psg2
1p3g2

(
1psn
1pi
1p3n

1.09 1.9 49
0.43 0 ~ 65-0.90 49, 50, 51

0.7' 520.71
2.85 1.6-3.3 37, 53, 54, 55, 56

'Cohen and Kurath, Ref. 48.
Assumed to be 1pi&2 only.

for the 3p~~2 and 2 f7&2 transfers in the ("B, 'pBe)

reaction we find that the nuclear part of V,„in
the prior form gives cross sections 1.6 times
larger than the nuclear part of V~ in the post
form. Neutron transfer is less affected; 3p3/2
pickup in the ("B, "B) reaction using the prior
form is 20% smaller than using the post form.
This already suggests that the post-prior discrep-
ancy is due more to neglect of the Coulomb terms
than to neglect of the nuclear parts of the optical
potentials U» or U,„. Indeed, repeating the cal-
culations with all the Coulomb interactions
switched off leads to agreement between post and
prior to within 1$ at the peak.

Including just the Coulomb part of V~ for proton
transfers reduces the cross sections by about 20%I,
but including the Coulomb part of V,„has a dra-
matic effect, reducing the cross section by more
than an order of magnitude. Examination of the
form of the remaining terms shows that they will
largely cancel this latter effect and somewhat re-
duce the former. This expectation has now been
confirmed and is reported on elsewhere. "

Including the optical potential terms again re-
duces the cross sections" by about 10%. The
remaining term of the interaction, namely V»,
appears in both post and prior forms and is not
very well specified. Calculations have been made"
assuming that it can be replaced by the optical
potential appropriate for the 5+A system. Almost
no change in angular distribution was found, but
some change in magnitude. Calculations have not
been made for reactions like those of interest
here. However, since these reactions are con-
fined to the vicinity of the strong absorption radii,
the argument of V» has values x» = 12 fm and

V,„has a much smaller value (--1 MeV) than the
values of V~(--30 MeV) which contribute strongly.
Further, there is considerable cancellation be-
tween V» and the optical potential terms U» or
U,„in Eqs. (4) and (5), and since the latter only
have about 10%%uq effect here, "the net result should
be small.

These problems are being investigated further.
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Suffice it to say here that we believe that using
only the nuclear part of V,„gives results accurate
to about 20% for proton transfers and is much
more accurate for neutron. transfers.

&. Optical potential ambiguities

Optical potentials for the entrance channel were
determined by fitting elastic data (Sec. V above).
Unfortunately, there are no data for the exit chan-
nels; the closest we have is for "C+'~Pb. We

do not feel justified in arbitrarily varying param-
eters for the exit channel, so we choose to as-
sume the same potential as in the entrance chan-
nel, except for the ("8, "C) reaction where cal-
culations were also made using in the exit channel
the potential 3 of Table I which does fit ' C+ Pb
scattering (Fig. 14).

Even so, we saw above that the elastic data do
not determine the "Bpotential unambiguously and

this leads to uncertainties in the transfer analysis.
Figure 15 shows some calculations for the ("8,"Be)
reaction with various optical potentials from Ta-
ble I used in both channels. Potential 6 can be
ruled out immediately as incompatible with the
data (Fig. 9). Potential 6 also gives inelastic scat-
tering cross sections which oscillate rapidly with

angle and which are at variance with the measure-
ments. " Potential 4 agrees with the transfer data
except at 37 and yields spectroscopic factors
about 30%%uq larger than does the use of potentials
1 and 5. Potential 4 also predicts rapid oscil-
lations in the inelastic angular distributions but
they are of smaH amplitude and are not conclu-
sively in disagreement with the measurements.
(Results similar to Fig. 15 are predicted for the
other reactions when the "weakly" absorbing po-
tentials are used. ) It was decided, somewhat
arbitrarily, not to use potential 4 for the main
analyses.

Potentials 1 and 5, although having very dif-
ferent parameter values, give almost identical
transfer cross sections. Calculations for the re-
maining potential of Table I, potential 2, are
compared with those for potential 1 in Figs. 8 and
9. Potential 2 gives cross sections which peak a
degree or two more forward than potential 1, and

yields somewhat larger spectroscopic factors
[by 30% or so for ("8, 'OBe) and by about 10%for
("8, "8)]. The angular distributions from po-
tential 2 are in better agreement with the data.

Use of potential 3 for the "C channel in the
("8, "C) reactions (Fig. 7) also gives smaller
cross sections which peak at a slightly smaller
angle than obtained with potential 1 in both chan-
nels. The spectroscopic factors are thus in-
creased by about 60%, and the angular distribu-

F. Multistep processes

Use of the DWBA implies a belief that only a
one-step direct process is important. In general,
multistep processes may contribute, for example„
inelastic scattering before and after the transfer. "
One suspects that excitation of '~Pb has minimal
effects for the strong single-particle (or -hole)
states being studied here, but excitation of the
light ion may be more likely. When the direct
process is inhibited, for example, in the way that
the ("8, "8) reaction to the low-spin states in
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FIG. 15. DWBA calculations for the ( B, t Be) reaction
populating the 3P3y2 state at 3.12 MeV in Bi. Various
optical potentials from Table I were used in these calcu-
lations; however, in each instance the same potential
was utilized in both entrance and exit channels.

tions again are in better agreement with the data.
Other optical potentials which optimize the fit to
the ' C+' 'Pb elastic data at 116.4 MeV give
transfer results which are intermediate between
those shown for potentials 1 and 3.

In light-ion reactions it is common to apply
correction factors to the distorted waves generated
by local optical potentials in the belief that the
"true" potentials are nonlocal. " In general this
remains true for heavy ions also, but the non-
loca1.ity is probably sufficiently small" that its
effects can be neglected.
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"'Pb is inhibited by momentum mismatching, the
opportunity for multistep processes to be impor-
tant is enhanced. Currently we do not have the
facility for calculating these effects. However,
the spectra observed [especially for the ("8,"Be)
reaction where the spectrum spanned 20 MeV in
excitation], show predominantly the single-parti-
cle or -hole states without other strong groups
except for some excited states of the lighter ion.
This suggests that excitation of the heavy system,
at least, is not very important. If the angular
distributions of the multi- and one-step processes
differ sufficiently (as they do, apparently, in
some cases") it might be possible to get an indi-
cation of their importance from deviations be-
tween the angular distributions measured and
those predicted by the one-step process. Possibly
one place to look would be at the angle of the deep
minimum near 45' in the ("8, ' 8) reactions (see
Fig. 8).

VII. DWBA ANAI. YSIS OF T~NSFER DATA

The DWBA calculations were made using the
code LOLA" adapted for the IBM-360 computers
at Oak Ridge. In most cases it was found to be
adequate to include only partial waves with ~8($
and to integrate out to 20 fm; further, contribu-
tions from radii r,„and r&~ less than 8 fm, and

partial waves with less than 2% usually could be
neglected. (It should be stressed that this is done
to save computing time because these contribu-
tions are negligible-see Appendix. It is not anal-
ogous to the radial cutoff sometimes used in cal-
culations of light-ion reactions. ") Exceptions
occurred for the ("8, "8) reaction, where there
is a bad mismatch between entrance and exit chan-
nels and also when the more weakly absorbing po-
tentials, potentials 4 and 6,were used. In these
cases no cutoffs were used and up to 120 partial

waves were included. Further details of the cal-
culation are given in the Appendix.

A. Pb( B, C) Tl reaction

There is a good matching between entrance and
exit channels in this reaction so the conditions
are favorable for the D%BA; Q„, = 6.8 MeV and

L,p,
= 1 to 3. Figure '7 includes curves calculated

in the D%BA. The solid curves use optical model
potential 1 in both channels, while the dashed
curves substitute potential 3 for the "C exit chan-
nel. This latter results in a slight shift forward
of the peak, the shift increasing slightly with in-
creasing excitation energy, i.e., decreasing Q
value, and brings the calculations into somewhat
better agreement with the data. A similar effect
was seen by Low and Tamura" for the '"Pb-
(' C, "8) reaction, but in their case it was ob-
tained by making the "Bpotential have a lmger
radius than the '~C potential, the opposite to what
we have here.

The spectroscopic factor products S,S cor-
responding to the curves in Fig. 7 are listed in
Table V. The changes in S,S~ due to other choices
of normalizing to the data are obtained simply by
scaling since the predicted cross section is pro-
portional to S,S&. Also given are the values of
S if we assume the CK value~' of 8, =2.85.

Ss has also been obtained from (d, 'He) measure-
ments. In the analysis of the 50-MeV data" a
bound-state potential was used equal to the neutron
potential of Table II and it was concluded that the
proton potential should have a larger radius. This
was confirmed by the analysis of the 80-MeV re-
sults. 4' The 50-MeV data have been reanalyzed
using the same proton potential as adopted here
(Table II). The values of Ss given in Table V were
obtained by including the effects of nonlocality of
the distorting potentials and of finite range, cal-

TABLE V. Spectroscopic factors for Pb("B f2C)207 Tl reactions.

Orbit (MeV)

Present experiment
2C: Pot. 1 C: Pot. 3 Other
S S~ S~a S S~ S~a S~(d sHe)b

Theory
S~ c (2j+1)

u) ~
2(r=10 fm) d

(10 protons fm 3}

3s], 00
2 ds]2 0.35
2 dp2 1.674
1 h(g]2 1.34
R = dgg2/dsp

1,2, 3.
1 2. 3
4, 5, 6

3.7 1.3
5.4 1.9
8.1 2.8

20.0 7.0
1.50

6.1 2.1
9.1 3.2

12.5 4.4
32.0 11.2

1.37

2.1
3.8
5.1

11.3
1.35

1.9 2

3.8 4
4.5 6

10.1 12
1.18 1.50

0.3764
0.2539
0.2140
0.0905

~Assuming Se =2.85 (Ref. 48).
Reanalysis of data of Ref. 28, including nonlocality corrections to distorted waves and finite range, using the same

proton wave functions as in present analysis.
~ From Ref. 40.

Proton wave function using potential from Table II.
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culated in the local energy approximation. " [Non-
locality, with P, =0.54 fm and P, =0.3 fm, has a
1% effect, while finite-range (range 1.6 fm) re-
duces the Ss uniformly by 17)0.]

Using potential 3 in the "C channel makes the
present Ss closer to (2j +1) and also in remarkably
good agreement with the (d, 'He) values. In view
of all the uncertainties discussed earlier, this
agreement has to be somewhat fortuitous. The
deviations from (2j + 1}can be understood quali-
tatively in terms of the mixing of the hole states
with adjacent core-excited states of the same
spin and parity. Some theoretical estimates of
Ring and %'erner ' are included in Table V and
similar results have been obtained by Hamamoto. "
Experimentally the ratio 8, of d@, to d,» is
closer to the unperturbed value than is predicted.

The "C spectrum (Fig. 5} also shows groups
which would correspond to transfers in which the
"C was emitted in its 4.43-MeV 2+ excited state.
It is estimated that the two groups marked have
peak cross sections of about 0.5 mb/sr. The cor-
responding groups associated with the "C ground
state have peak cross sections (Fig. I) of about
1.1 and O. V mb/sr; i.e., the excited state groups
are almost as intense as the ground state groups.
The light-ion spectroscopic factor 8, favors the
ground state of ' C. The Cohen-Kurath theo-
retical predictions give S.("C„)/S,("C*)= 5.2.
Experimental light-ion stripping"' ""on "8
gives values for this ratio ranging from 2.2 to 7.
However, this factor is compensated for by the
statistical weight factor of 2s, +1 =5 from the spin
of the "C*compared to 2s, +1 =1 for the ground
state. The Q values are less favorable for "C*
and this would lead to some reduction in cross sec-
tion. Consequently the observed cross sections
for "C*appear to be compatible with those expect-
ed for a one-step transition. More detailed exper-
imental and theoretical results would be required
to determine whether inelastic excitation of the
"C plays a role.

B. Pb( B, 8) Pb reaction

Again there is good matching between entrance
and exit channels; Q pf -2.2 and L„pf = 1 to 3. In
this case, the neutron in "Bmay be in the 1py/2
or Ip» orbits. In the absence of direct informa-
tion we assumed the CK values" of S,(IP,~) =0.71,
S,(lp, ~,) =0.12. The ratio of these is very im-
portant in determining the ratios ofj ~ = l~+-, to
j~ = l~- ~ pickup from '~Pb because of the in-
hibition of transfers which require a spin-flip. '

Figure 8 shows 0%HA curves obtained by using
either optical potential 1 or potential 2 in both
channels and Table VI lists the corresponding 5~
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values. The data are fitted quite well, with a pref-
erence for potential 2 which gives peaks about 2'
more forward than potential 1 and which fits better
the datapoints at 37'. The spectroscopic factors ob-
tained with the two potentials differ by only about
10+. A striking feature of the predicted angular
distributions is the deep minimum which occurs
near 45'. The data points at 3V and 42' are in
agreement with a minimum here. [The other
neutron transfer, ("8, ' 8), also shows a mini-
mum in this region, although it is not as well
developed as here. In the proton transfers, this
feature appears simply as a shoulder on the side
of the main peak. ]

Other measures of Ss obtained from (d, t) and

(p, d) experimentsa'"'~~a are included in Table
VI; these were obtained using the same or similar
neutron wave functions as are used here. While
(he two light-ion measurements agree fairly well,
the heavy-ion results give consistently larger
spectroscopic factors. This might be due to an
incorrect choice of ~B optical potential. The
S(ja= le+a)/S(ja =la- —,') ~R, e ratios vary aPPre-
ciably in the different reactions. The light-ion
measurements agree for R, but not 8,. Our
present results for "8 give too large a value for
R„while R~ is acceptable. This discrepancy can-
not be resolved by changing the relative amounts
of &p» and 1p,& capture into B. The CK mix-
ture" gives (Table VI}R, = S.V, R, =1.0. If we
had chosen pure 1p,I, capture we would have got
R, =2.1, R, =0.53, while pure Ip, ~ yields Ry 6 75,
R, =8.3. Hence any change which improves the
light- and heavy-ion agreement for R, worsens it
for R„and vice versa.

Theoretical estimates~'" of S~ are also included

in Table VI; the predicted R, agrees with the Iight-
ion work, the predicted R, agrees with the heavy-
ion data.

There is a fairly close coincidence in energy
between the 3p» group and the 3py/2 pickup with
nB excited to its 0.953 MeV, 3' state. (This al-
ternative is not to be confused with a two-step
process in which the ~8 is excited afreet the trans-
fer has taken place. It is a direct one-step pro-
cess in which the capture takes place into the
excited state of "B.} An estimate of this possible
contaminant was made using the CK values" for
the 8, for this excited ~B state. Wi& these as-
sumptions, it would be possible for I I% of the
"3p,~" group to come from this contaminant. If
this amount of contaminant were present, R, would
be reduced to 2.25, in better agreement with the
light-ion results.

The states seen here w'ere also excited in the
('*C, "C) reaction' and the results analyzed in a
similar way by Low and Tamura. '4 Their values
of S~ are also listed in Tabw VI. Unfortunately
they use a binding potential for the neutrons in
a~pb similar to our proton potential (except that
r =ro, a =a) and the larger radius of this poten-
tial means their Ss should be multiplied by roughly
a factor of 2 before being compared to ours.
Adopting our spin-orbit geometry would also in-
crease their R, and R, ratios somewhat. " These
changes would then bring their numbers for 8~
into quite good agreement with ours.

C. Pb( B, Be) Bi reaction

Here also the matching of entrance and exit
channels is quite good ((t)„,= —11.4, I,,r, = 1 to

TABLE VII. Spectroscopic factors for ~ Pb( '9, 'OBe)2098i reactions.

Orbit

Present experiment
Pot. 1 Pot. 2 Other experiments

(Mev) Allowed I S,Sa Sea S,Sa Sea Ss( He, d}b Ss(' C, "B}cSe('aO, 'tN) d
Theory Q,

& (w = 102

8& ~ (10~protons fm 3)

~P312

2fsn
2f7g
1hsg

3.12 0, 1,2

2.82 2, 3, 4
0.90 2, 3, 4
O.Q 4, 5, 6
1.61 5, 6, 7

~3 =f~12 ~fsn

0.25 0.58
0.15 0.35
0.22 0.51
0.20 0.47
0.26 0.60

1.47

0.32 0.74
0.20 0.47
0.29 0.67
0.30 0.70
Q.35 0.81

1.45

0.58
0.61
0.65
0.54
0.52
1.1Q

0.84 a 0.11
0.60+ Q.04
0.64+ 0.05
0.74 ~ 0.13
0.51 + Q.05
1.07+ 0.11

0.60 ~ 0.05
0.66+ 0.09
0.76+ 0.06
1.03+0.03

0.50
1.15+0.18

0.74
0.66
0.85
0.95
0.70
1.29

1,4735
0.8544
0.6279
0.2583
0.2030

' Assuming {Ref.48) 8 =0.43.
b Reanalysis of data of Ref. 40, including nonlocality effects on distorted waves and finite range, using same proton

wave function as in present analysis.
From Ref. 14, using proton potential similar to ours except that w~ = ro, a =a. Our potqntial 1 used for B exit

c~~el.
d From Ref. 13, using proton potential similar to ours except that ~~ = ~0, u =c. Average over two energies. As-

sumes 5, =2.0 for 60= SN+p.
e From Ref. 40.
~ Proton @rave function using potential from Table II.
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2). DWBA curves are included in Fig. 9, using
either potential 1 (solid curves) or potential 2

(dashed curves) in both channels. The data are
fitted quite well (except for the lf»y, group, where
the cross sections are small}. Again there is some
preference for potential 2 which again gives peaks
about 2' more formard than potential 1. In this
case, however, the spectroscopic factors obtained
with the two potentials differ by amounts between
30 and 50'$. Over all, the values of 8& obtained
(assuming ' S, =0.4$} are in fair agreement with,
although generally larger than, those obtained
from a consistent reanalysis of ('He, d) data, "as
shomn in Table VIE. However, it should be re-
membered that the values of S, obtained from
light-ion experiments (Table IV) are consistently
larger than 0.43. This would lead to a reduction
in the S& from the present work and improve the
agreement with the ('He, d) analysis except for
the 2f,g, capture (and, to a lesser extent, the
2f,y,). Once again the ratio of spin-orbit partners,
here A„ is in disagreement with the light-ion
results, at least for the choice of normalization
of theory to experiment shown in Fig. 9.

Values of S& obtained by Low and Tamura"' "
from ("C, "B) and ("0,"N) data are also given
in Table VII. They used proton bound states in
'"Bi similar to ours except for the spin-orbit
term (they used r = r„a =a, which will lead
to some j-dependent differences"'~). The agree-
ment is good. The biggest deviations are for
2f,g, and lf»y, At le.ast part of the difference
for li„/, mill be due to the different choice of
bound-state spin-orbit term. "'" [It is also
interesting to note that ("C, "B)strips from a
1p3/p orbit, which favors transfer into j~ =l~-a,
while ("0,"N) strips from a Ip, &, orbit, which
favors the js = ls + ~ transfer. ]

The deviations of the deduced S~ from unity are
of the order expected theoretically. The predicted
values from Ring and Werner' are included in

Table VII; the results of Hamamoto" are in

general agreement.
The spectrum in Fig. 6 shows groups corre-

sponding to the "Be being emitted in its 3.37-MeV
2' state. The differential cross sections are
shown in Fig. 10, together mith 0%'BA calculations.
The latter were made using the S~ values from
Table VD and assuming4' S, (IP,y, ) =1.09, S,(1P,g, )
=0.05 for "8=' Be*+p. These calculations under-
estimate the cross sections for the 2f,g, and

(2f,y, +SP,g,) groups and overestimate them for
the li»/, group. Uncertainties in the S, values do
not seem able to account for this. Simply scaling
the S, values scales all the predicted cross sec-
tions in the same way. Increasing the proportion
of 1P,/, component would enhance all the cross
sections except that for 2f,g, . Consequently it
seems there must be other reasons for the dis-
crepancies such as contributions from multistep
processes which would affect the transitions to
the ground and excited states of "Be in different
ways.

D. Pb( 8, B) Pb reaction

In this case there is a serious mismatch between
entrance and exit channels, Q„, = —2.2, and the
optimum transfer occurs with L, = 10. Consequently
the one-step transfers for small l~ are expected
to be considerably inhibited and multistep or
other processes may be important. Transfer to
the 4s, /, state in '"Pb, which requires I- =1, would
be particularly retarded and although there is a
group close to the energy for this state (Fig. 4) we
shall argue below that it is due to transfers to the

2g, /, and 1j„/, states associated with excited
states of "B. Transitions to the 3d, /, state at
2.54 MeV, if weak, could be hidden by the 2g7/Q

group at 2.49 MeV. It is estimated that up to 10%
of this peak might be due to 3d, /, capture and this
is approximately what is expected theoretically.

Figure 11 includes DWBA curves obtained using
potential 1 in both channels. The spectroscopic
factors used are given in Table VIII. The pre-

TABLE VIII. Spectzpscppic factprs for ~0 Pb( 8, BJ O~Pb reaction.

Orbit 4'�/ 3ds/~ 2A/z 1gts/s

Z„(MeV)
Allowed I-

g S a

I b

u ~(x=10 fm) d
l 3J'~

2.03
1

1.07
D.98
9.260

1.57
1,2, 3
1.07
D.98
6.333

0.0
3, 4, 5
1.5
1.38
2.294

2.49
3, 4, 5
1.7
1.56
2.883

0.78
5, 6, 7
1.7
1.56
0.3866

1.42
6, 7, 8
0.64
0.58
0.6478

' Correspond to curves shown in Figs. 12 and 13.
Assuming (Bef. 48) S,=1.09.

'Fxom (d,p) measurements of Ref. 47.
d Neutron wave functions using potential from Table II, in 10 4 neutrons fm
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dieted angular distributions are shifted in angle
appreciably compared to the experimental ones.
The values of S~ required for the 2g and llyy/2
states are excessive (unless the assumed" value
of S, =1.09 is incorrect}. We did not make an
extensive study of the effects of using other optical
potentials, but use of potentia, l 2 in both channels
has rather little effect; in particular, it does not
move the cross section peaks into agreement with
the data as happened with the other reactions.

The 1j„/, and 3d, /, groups could not be properly
resolved; their summed strength is shown in Fig.
11. The theoretical curve uses 8& values from a
recent (d, P) measurement. " The predicted magni-
tude is close to the observed one, but again the
data peak further forward. Experimentally we
estimate the j»/, contribution to be between 2 and
4 times the d, /, contribution, and theoretically the
ratio predicted (using the S~ of Table VIII) varies
from 2 at 6t= 55 and 75' to 4.4 at 60'.

The group corresponding to an apparent excita-
tion in '"Pb of about 2.1 MeV could be due to
2g», transfer with "8* in its excited 2.15-MeV
1' state and 1j»g, transfer with "B~ in its 0.717-
MeV 1' state, as well as the 4s, /, transfer with
"8unexcited. Figure 12 shows the data and the
corresponding DWBA calculations. The predicted
48, /, cross section, assuming" 8, =1.09 and taking
Ss =0.98 from the (d, P) measurement, "is about
30 times too sm@ll and peaks at the wrong angle.
(If the Q value were —5 MeV instead of —9.55
MeV, the peak would be at about 60' with a, value
of about 1 mb/sr, larger than the data. If Q=O,
the peak cross section increases by another factor
of 80 and moves in to 55'.)

For the excited "8we took the CK predictions"
of S,(IP,~,} and S,(IP,~,) (both are allowed for both
excited states), with the Ss from the (d, P) mea-
surement. 4' The sum is calculated to be apprecia-
bly larger than the observed cross sections and
peaks at too large angles just like the distributions
for the other states. Of course the magnitude is
uncertain because the 4, are uncertain, but it is
reasonable to suppose that this explanation of the
2.1-MeV group is basically correct.

Other excited "8*groups might be contributing
to the states displayed in Fig. 11. The 0.717-MeV
state of ' 8 associated with 2g, /, capture could
contribute to the Ii»y, (E, =O. I8 MeV) group,
while when associated with 1i„/, capture it has
a Q value similar to the 3d, /2+ 1j»/2 transfers.
Again, the 1.74-MeV state of "8 accompanying
li„/, capture would appear close to the 2g, /,
+ 3d3 / 2 groups . The se coinc idence s could be partly
responsible for the 1.arge S~ values deduced for
these states; however, such an explanation is not
available for the 2g, /, ground state transfer.

E. Bound-state form factor values

As remarked earlier, the separation into bound-
state wave function and spectroscopic factor is a
theoretical artifact. What enters the transition am-
plitude (8) are overlaps of wave functions for n-
and (n+ 1)-nucleon systems, integrated over the
coordinates of all but the extra nucleon. The
result is a "form factor, ""whose radial part is
A»(r), and the transfer reaction measures the
magnitude of this at some large value of r near
the strong absorption radius. In the DWBA calcu-
lations we use the single-particle model for the
form factor

(9)

where u„»(r) is an eigenfunction for the (nl j) orbit
in a Woods-Saxon potential, normalized so that

u„»'(r)r'dr = 1.

The corresponding spectroscopic factor is 8 = f&z'.
However, we may avoid all the ambiguities of
choice of potential well for u„»(r) (Sec. VII 8
above) by quoting values of A„(r) directly. The
shape of the tail of A»(r) is determined by the
separation energy and this is reproduced correctly
by the model (9). Further, the cross sections for
the present experiment are simply proportional to
the square of the tails of the Jt»(r) for the '"Pb
+1 system if the post interaction is used. Hence
we may extract from the data values for the A»(r)
at some large radius which are independent of the
model (9) which is used. This technique has been
used previously for light-ion measurements. "'"
(Of course uncertainties, such as those due to
optical potentials and interaction terms, still
remain. )

Bather than introduce another large table, we
include in Tables V-VIII values of u„»' (r = 10 fm)
for the wave functions used in the analyses. The
interested reader then may use Eq. (9) and the
quoted S~ values to deduce R»' (r =10 fm). We
chose r = 10 fm because the largest contributions
to the transfers in the present experiment occur
for r,& = 10 fm. The wave functions have essen-
tially reached their asymptotic form at 10 fm.

VIII. SUMMARY

Differential cross sections were obtained for all
four possible single-nucleon transfers induced by
72.2-MeV "8 ions on ' 'Pb, exciting single-particle
or single-hole states in the residual nucleus.
Some groups corresponding to the light ion being
left in an excited state were also identified. The
angular distributions all display the single broad
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peak expected from the classical Rutherford orbit
for grazing collisions.

The application of the D%BA of these reactions
was discussed in some detail, particular attention
being paid to various uncertainties. The major
uncertainties arise from the choice of optical
potentials (especially in the exit channels) and of
the form factors for the bound nucleon before and
after transfer.

Except for the ("B,"B}reactions which suffer
an unfavorable matching between incoming and
outgoing orbits, the predicted angular distributions
are in good agreement with the data, and the
spectroscopic factors extracted are generally
close to the values expected and to the values
obtained in other light- and heavy-ion experiments.
The over-all success argues strongly in favor of
the interpretation of these reactions as predomi-
nantly one-step processes which can be described
by the DWBA to a good approximation when there
is good matching between entrance and exit chan-
nels. %'hen the matching is poor, as in the case
for ("B,"B), clearly other effects have to be
taken into account. There is also some evidence
of the need for other effects from the data for
emission of the light ion in an excited state.

APPENDIX

An important step in the calculation of the
amplitude (2) is to evaluate numerically the multi-
pole integrals which, in the post form, are given
by

gt(+s Ay +bs)

where p, = cos8 and 6} is the angle betw'een r, & and

r» (see Fig. 16). Also us, u, are the radial form
factors for the particle x bound in B and a, re-
spectively, while V„ is the 0-x binding potential.
The number of E values required is a few more
than the number of partial waves to be used, and
the integral (Al) is to be done for every pair of
values r,„and r». The evaluation of the g~
was by far the most time-consuming part of the
calculation with the original finite-range code
FANNY. The code LOLA used here makes use of
the Gauss-Legendre integration method, already
an improvement. %hen the full range 0 ~ 8 ~ 180'
was used, a high order of Gauss-Legendre integra-
tion was required, of the order of 4 times E
before an accurate result was obtained. (We aim
for an accuracy of & 1% in the cross section. )
However, in many cases the integrand in (Al) is
strongly concentrated near p, =1 or 8 =0. For
example, in ("B,"Be), when the nuclei are

separated by the strong absorption radius of about
12.2 fm, the integrand of (Al} peaks strongly for
r„=2.3 fm, r,& = 9.9 fm, with a width of about
2 fm, when 'x is on the line joining the centers of
the two core nuclei (i.e., p =1 or 8=0). When x
moves off this line, the integrand decreases
rapidly mainly because r„, increases and the
product u, V&„ has a short range; for 6}=1', x
has moved off about 2 fm and the integrand has
decreased by a factor of 5; for e =2' these become
4 fm and a factor of 10', respectively. (However,
it is these off-line 8 & 0 contributions which allow
the nonnormal parity transfers. )

For "8+' 'Pb we found that 8&2 or 3' was
adequate„although the calculations reported here
used 8 =5'. This allows a very low order of
integration to be used (we used an order of 20)
even for large E and such an increase in speed
that now the g~ evaluation takes only a small
fraction of the total time.

The remainder of the calculation involves radial
integrals of the form

Jtdr, ~ J "rasx~, (&bB) F/1, f, (~„,~»)X,.0.„),
(A2)

where the X~. are partial distorted waves for the
entrance and exit channels and the I'»~, are sums
of the g~ weighted by angular momentum coeffi-
cients. Examination of the form factors E shows
them in many cases to be concentrated along the
diagonal r,„=r». For "8+"'Pb at 72 MeV we
find this band to be only &1 fm wide; very good ac-
curacy was obtained by restricting the integration
to a band of width 2 fm.

The wave numbers involved in the X are general-
ly large = 6 fm ' for "B+"'Pb at 72 MeV) and
this would seem to require very small (and hence
very many} steps in r,„and r». Fortunately this
is not the case for we)l-matched grazing colli-
sions. In the cases here, a step length of 0.1 fm

FIG. 16. Vector diagram relating the position vectors
which are involved in the DNBA amplitude.
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I

5p~, 2=0
3g

nucleus radius} and from partial waves with L,
less than the corresponding angular momentum are
negligible. The distribution of reaction amplitudes
with respect to I., = I., for I.=0 transfer in a
("8,'OBe) reaction is shown in Fig. 1'l. Other re-
actions and other I. transfers show the same be-
havior. The peak corresponds to the grazing col-
lision orbit. For the calculations reported here
we used R =8 fm, L =20, except for ("8,"8)
where R . =I. . =0. Figure 17 also shows that an
L,„=80 is adequate; we used R =20, which is
the distance of closest approach of the correspond-
ing classical Rutherford orbit.

Very roughly, the computing time on the IBM-
260/91 for the ORNL version of LOLA is

~ = (NBA) (NBB)[(NG) (NKg.,„
+NL(L+1)(2l, +1}(2ls+1)f~],

10 20 50 40 50 60
L, PARTIAI NAVE

70 80

FIG. 17. Distribution of the partial wave amplitudes
against angular momentum for a typical single-nucleon
transfer.

across the ridge in F,~ ~ gave good accuracy with
Simpson's rule; the remaining integration could
then use steps 2 or 3 times larger without loss of
accuracy. [More care was necessary with the
poorly matched ("8,"8) reactions; smaller step
lengths and a larger range of radii and partial
waves was required for these. j

The strong absorption associated with heavy ions
allows a further economy. Contributions from
radii less than some minimum value (- the target

where NRA, NRB are the number of radial steps
in the x,„,r» directions; NG is the order of the
Gauss-Legendre integration for Eq. (Al), NK is
the number of K values required, NL is the number
of partial waves to be used and I. is the I trans-
fer. Then v~„= sx10 ' sec, ~~= 2X10 ' sec.

The code was tested in a number of ways. For
example, replacing the distorted waves in the am-
plitude (2) by plane waves allows one to obtain
semianalytic expressions, proportional to the
Fourier transforms of u~ and V,„u,. The code re-
produced these to a high degree of accuracy. A
comparison was also made with some calculations
by the independent code SATUBN-MARS "' and sat-
isfactory agreement obtained. (We are indebted to
T. Tamura for sending us these. )
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