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Inelastic electron scattering is shown to be a very powerful tool to study the structure of
shell-model nuclei, since the form factors are very sensitive to small admixtures of differ-
ent orbitals. For instance in our Ca case admixtures of only 1% 1p&g2 orbital in the pure
f&g2 orbital produce strong changes in the form factors. Thus, inelastic electron scattering
mill shed light on the question of "deformed states" in 4oCa. Also it is pointed out that
"effective" multipole matrix elements can be extracted. In turn, those matrix elements can
be used for structure analysis of shell-model nuclei by giving information on which admix-
tures should be included to reproduce them.

NUCLEAR STRUCTURE 4oCa; calculated form factors for inelastic electron
scatter ing.

I. INTRODUCTiON

The advantages of electron scattering as a tool
to study nuclear structure have been recognized
and pointed out in the past. '' These advantages
stem from the fact that the incident electron inter-
acts with the nucleus via the well known and rela-
tively weak electromagnetic interaction.

However, until now the use of this tool was ham-
pered by the poor energy resolutions attained mith
available electron accelerators. Thus, data cor-
responding to groups of levels rather than single
levels were usually obtained.

This situation is now about to be changed with
the completion of new electron scattering facilities.
Their resolution will allow the study of single lev-
els, thus making possible a detailed comparison
with the predictions of different nuclear structure
models.

In this work we are concerned with what one can
learn from electron scattering about the structure of
nuclei mell described by the shell model. %'e shall
see that the form factors can be very sensitive to
different active shell-model orbitals, to the point
that one can sometimes detect 1% admixtures in
them. As an example we use the low-lying 4"=0'
and 2' levels of "Ca. This case is of particular
interest since there are several different descrip-
tions of the structure of "Ca.' '

The electron scattering form factors are matrix
elements of one-body operators. They can there-
fore be reduced to functions of single-particle ma-
trix elements using standard shell-model tech-

niques. The number of different single-particle
matrix elements and their quantum numbers de-
pend on the orbitals included in the shell-model
calculation.

There are two main approaches to describe the
structure of nuclei within the framework of the
shell model. One of them relies on a certain form
for the nuclear residual interaction, the philosophy
being that one should include as many configura-
tions as necessary for this "phenomenological" po-
tential to describe the nuclear states appropriately.
The second approach (a ia. Talmi) is the effective
interactions method. ' In this approach one reduces
as much as possible the number of configurations
considered, the effect of the others being included
in the "effective" two-body matrix elements. The
"effective" matrix elements are empirically deter-
mined by fitting known energy levels. One could do
something similar for electron scattering, and in
this way obtain "effective" single-nucleon multi-
pole matrix elements. But since the electromag-
netic interaction is well known, the single-particle
matrix elements can be calculated quite accurately
and used to obtain the form factors for individual
levels.

A detailed comparison with experimental data
will then furnish a strong test of the validity of the
wave functions used. In this way information on
the structure of the wave functions can be obtained
by seeing which configurations have to be included
in order to fit the experimental form factors.

The calculation carried out here for Ca is in
this respect of particular interest, since there
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are several different: descriptions' ' for the struc-
ture of "Ca. Some are based on the inclusion of
deformed rotational bands built on up to 8p-Bh
(8 particle-8 hole) intrinsic states. The interest-
ing point here is that if the single-particle orbitals
are deformed in this region the "Ti spectrum
should show a rotational band built on its g.s.
(ground state), in analogy to "Ne in the (2s, 1d) shell.
Since this is not the case, ' there would seem to ex-
ist an inconsistency with the existence of deformed
states in 4'Ca.

Inelastic electron scattering on "Ca. ma.y shed
some light on this question, since as discussed
below the calculated form factors turn out to be
very sensitive to the amount of 2P„, admixtures.

II. DESCRIPTION OF THE CALCULATIONS
40

A. Ca wave functions

Ne have ealeulated the form factors for all the
low-lying T =0, 0', and 2' states in "Ca. The
wave functions were taken from a shell-model de-
scription in which configurations up to 4p-4h were
included. The particles are in the lf„, orbit and
the holes in the ld», orbit. All possible inter-
mediate quantum numbers of the configurations
[do&& "(v,Z, T,)f»,"(vz AT, )) (n = 0, 2, 4) are con-
sidered. The wave functions obtained reproduce
quite well the energies of all the known 0' and 2'
levels in "Ca, as well a.s the E2 electromagnetic
transition rates among them. '

In this simple shell-model description of 'Ca, the wave function of the ith 0' level is given by:

& (d' =o', T =0) = o;tl d»o'0, 0l+ g &i(JiTi)&I doi'(diTi)f7i'(d|Ti)0 ol

+ Q ~i(vovodoTo)&l. don'(vodoTo)f7n'(vodoTo)0 ol
VOUOJO To

while for the 2' states there is no Op-Oh contribution:

0;(d' =2', T =0) = Q &;(did. Ti)4Idoi. '(diT|)f7~o'(d2Ti)2 01
J' J T

+ Q c;(v,v, J,Z, T,)g[d, i, (v, J,T,)f,i, (v, Z, T,)2, 0].
vent 2J&J2T

The t,"s distinguish among states with the same
angular momentum and isospin.

B. Inelastic electron scattering form factors

The inelastic electron scattering form factor
from the g.s. to an excited state i, 2 (T =0 always
here) is given by'.

F'(q) = Fl'(q)(-,'+ tan'28) '+ Fr(q),
where the longitudinal term IL is a function of

form factors depends on the shell-model configura-
tions included in the structure calculation. In our
case only two such matrix elements appear for
each J. Because the particles are restricted to
the 1f», and ld», orbits, only

&d„,IIM "'(q)lid„,),
&f„,II

~'"'(q)
II f„,)

TABLE I. Calculated values of D;(J) and E&{J)as
given by expressions (5} to (8) in the text.

& i, &II &~ "'(q)
II g s.)

only, and Mz'"'(q) is the Coulomb multipole oper-
ator.

For the states considered here there is no con-
tribution from the transverse form factor I' T.
This follows since there can be no contribution
from diagonal single-particle matrix elements be-
cause of parity and time reversal invariance. '

Using our shell-model wave functions (1, 2) and
standard techniques, the form factors can be re-
duced to functions of only the single-particle ma-
trix elements. The number of single-particle ma-
trix elements appearing in the expressions for the

Level

01

02

03

Og

05

21

22

23

24

25

26

27

D; (J)

3.603
0.427

—0 451
0.093
0.123
0.176
0.101

-0.331
0.126
0.075

-0.036
—0.021

0.281
-0.290

0.240
—0.054
-0.096

0.097
0.182
0.206
0.205

—0.115
0.070

-0.142
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occur in (3). The nondiagonal matrix element vanishes because 1d„, and lf», have opposite parity. Thus,
we can write

(f, JIIMz'"'(e&ll g s & =D;(J)(&„,llM,'"'[( d „,&+Z, ( J)(j„,([Mc-&[(f„,&.

For J = 2 we obtain:

D&(2) = t} Q 5&(JJoT.)Pg, (J.T.)(2J, + 1)'"
7p, T~ J'

x[d„,'( J' T'}d„,J,T, [}d„,' J, Tj( 1}~'""
/ / /

OpeoVl~p ~p ~1

c, (v,v,' J,J,T,) y„, (v,v,' J,T,)(2J, + 1)'"

(-1) ' g [d„,', J,T, (~d„,'(J'T')d„, J,T,]

(5)

and

E,(2) = 2 Q 5, (J,J,T,)P„(J,T,)(-1}'"(2 J, + 1)'"
0 2JpTpJ'2

v p 0 p 0 2rJp Tp J'p

c, (v,v, J,J,T,) y,„(v,v,' J,T,)( 1)~o(2J, +-1)'"

J, J'
(

where (v, J,T,) and (v,' J,T,) are intermediate quan-
tum numbers of the ground state wave function as
given by (1) and (v, J,T, ), (v, J,T,) the ones of the
excited 2' states as given by (2).

For the J =0 case, the formulas are simpler:

D, (0) = 4a, n + 3 g P, (J T„)P,(J T )

Jp Tp

+2 Q y, (v,v,'J,T,)y, (v,v,'J,T,),
vpy'pea Tp

F((0) = —Q Pg, (JoT.)P&(JOT')
v'2

Jp Tp

+ W2 Q y„(v,v,' J,T,) y; (v,v,' J,T,) .
"p"o~p ~p

Once the wave functions are given, the functions
D, (J) and F,(J) can be calculated from expressions
(5) to (8), and with them the form factors (3) for
each level.

III. RESULTS AND DISCUSSION

As mentioned above, in the present case all form
factors can be reduced to functions of only two sin-
gle-nucleon matrix elements, and the electromag-
netic part of those matrix elements can be calcu-
lated quite accurately. Formula (4) immediately
suggests that one could extract "effective" single-
particle matrix elements, the inverted commas
meaning that those matrix elements would contain
the "unknowns" arising from the nuclear wave func-
tion.

Of course this is assuming that the structure
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model furnishing the D, (Z) and E,(Z) is the appro-
priate one. The usefulness of such a method would

diminish with increasing number of active single-
particle orbits, but much less drastically than in

energy levels calculations where two-particle ma-
trix elements are involved.

It would be quite extraordinary if only tw'o param-
eters could reproduce the inelastic electron scat-
tering form factors for all the levels with the same
J, and over the whole range of the momentum
transfer q.

The values of the D, (J) and F;(Z} for the wave

functions used here are listed in Table I.
The matrix elements (4) were calculated using

harmonic oscillator single-particle wave functions,
with oscillator parameter b = 2.03 fm. '

In order to estimate the influence of 1P„,admix-
tures, we replaced the lf», matrix element in (4)
by a linear combination of the 1f,(z and 1ppg2 diago-
nal matrix elements. The results are quite strik-
ing. Writing

and varying o. we obtain the form factors shown in
Fig. 1 for the elastic form fa.ctor (+ =0) and in
Figs. 2 to 9 for the first two excited J= 0' and

J = 2' levels of "Ca.
As can be seen in those figures, in some cases

one obtains significant changes with just 1/p admix-
ture of 2P„,(n= +0.1). For high momentum trans-
fers (q &300 MeV) such a small admixture produces
in some cases a change of one order of magnitude
for the form factor (see e.g. Fig. 3 for q-500 MeV}.
An admixture of 16% (a =+0.4) produces important
modifications in practically all cases considered
here. Also, the positions of maxima change. This
strong effect on the form factors for o. 40 can be
understood when one realizes that the lf„, and

2P3/2 single-particle form factors are out of phase.
Thus, interference occurs and coherence effects
are important.

A few words of caution. Since for transverse
form factors'

instead of
there is no contribution to the transverse form
factors even if a+0, when we use the present
method of estimating the influence of the 2P„, or-
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bital. A more realistic consideration of 2P3(2 ad-
mixtures would give some contribution which could

tend to smear out the differences in the form fac-
tors. But such a contribution could be easily de-
tected at large angles, when the factor 1+ tan'-,'6I

makes the contribution of the transverse form fac-
tor dominant [see Eq. (3)].

For reasons of space, we do not give here either
the form factors for the rest of the excited 0' and
2' states or the tables of the form factors as a
function of q and e, but they are available upon

request.
The form factor for elastic scattering is given in

Fig. 1 for o. =0. It practically does not change with

a, and the maxima and minima agree well with ex-
periment. "

In the figures the scale is marked F'(q)/1. 92,
since —e'+ tan' —,'8 in (3) with 6= 100' equals 1.92.

Finally, to check the sensitivity of these results
to the radial form of the single-particle wave func-
tions, the calculations were repeated using Woods-
Saxon wave functions. A potential with radius 4.5
fm, diffuseness 0.65 fm, central we11 depth 44.2
MeV, and spin-orbit well depth 4.8 MeV was used.
This yielded single-particle wave functions with

the appropriate separation energies' for the states
considered here. The form factors which resulted
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when these radial wave functions replaced the har-
monic oscillator wave functions (but with the con-
figuration admixtures exactly the same) mere es-
sentially the same as those presented in the fig-
ures, Within the scope of the simple model used
in the present work it is not necessary to use
Woods-Saxon wave functions, but it is sufficient
to calculate form factors with harmonic oscillators
whose simple analytic form can be exploited to
greatly simplify the computational problems in-
volved. (A similar conclusion was reached in a
different but related context. ") Of course if very
accurate experimental data become available and
if a full-scale attack is launched on the problem of
configuration mixing, then it may be necessary to
refine the single-particle wave functions and worry
about the 10-20/p differences found at medium to
high momentum transfers in the present work.

fV. CONCLUSIONS

Experiment will furnish information that ean and
should be used in two different ways for nuclear
structure analysis.

We have seen that inelastic electron scattering
is a very powerful tool for studying the structure
of shell-model nuclei since the form factors are
ue~y sensitive to small configuration admixtures,
at least when the single-particle form factors are
out of phase. Thus experiment can furnish a
strong test for their wave functions and the model
that produced them.

In the particular case treated in this work, name-
ly 'Ca, our treatment of 2p, i, admixtures is equiv-
alent to replacing the spherical shell-model orbital
1f„,by a deformed Nilssen-like orbital. Thus, the
form factors for inelastic electron scattering mill
provide a strong test of the assumption of the exis-

tence of deformed states in "Ca. Since in the ease
of a deformed state e must be quite large, the
form factors will be very different, and their mea-
surement should help decide on the question about
the existence of deformed states in the Ca region.

On the other hand, the wave functions used here
were obtained by the "effective interactions" meth-
od. That means that using the pure 1f», and ld„,
harmonic oscillator orbitals to calculate the ma-
trix elements (4) could be an oversimplification.
It may well be that the "effective" lf„, and Id„,
orbitals are quite different from their harmonic
oscillator versions. One could then see if for
electron scattering there are "effective" multipole
matrix elements (4) that reproduce the experimen-
tal form factors with the "effective" wave functions.
Notice that in our "Ca case only four such "effec-
tive" single-particle matrix elements would have
to reproduce al/ 0' and 2' form factors for al/ q.
Namely, it is quite a stringent test, and if four
such matrix elements exist they must be meaning-
ful. Having found these "effective" matrix ele-
ments, me can then see which admixtures of ne-
glected orbitals are needed to reproduce them.
Since the electromagnetic interaction is well known
this mould provide information on configuration ad-
mixtures. The equivalent could not be done with
nuclear interaction "effective" matrix elements
because the nuclear interaction is not well known.
Again, the nature of the interaction is the advan-
tage of electron scattering.
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