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Hartree-Fock calculations have been performed for the even-even N =Z nuclei from 4 =4 to 4 =40. The
calculations use a velocity-dependent interaction which contains two-body spin-orbit and tensor terms, and
which was especially derived for use in HF calculations. Effects of truncation are made minimal by using a
basis of Cartesian harmonic-oscillator wave functions. Nuclear sizes and single-particle energies are in rea-
sonable agreement with experiment; however, total binding energies are much too small. Comparison is

made with other recent calculations.

I. INTRODUCTION

\HE Hartree-Fock (HF) method has gained in-

creasing popularity as a means of obtaining an
understanding of a wide variety of nuclear properties.
Since deformed nuclei produce the richest supply of
experimental data, it is natural that a large portion of
the recent HF literature has concentrated on such
calculations.! The calculations thus far carried out may
be broadly classified according to (1) the type of
interaction employed and (2) the size of the model
space. The interaction may, in turn, be described as
being either (a) a G matrix? derived from one of the
realistic two-body potentials® which account for the free
two-nucleon scattering data or (b) an eflective potential
derived especially for structure calculations. Potentials
of the latter type may be further subdivided according
to the degree to which they relate to the free two-body
data. Thus the potentials of Refs. 4 and 5 may be
regarded as being perhaps more fundamental than
those of Ref. 6. The model space is normally taken to
be a truncated oscillator space in which either the
orbitals of (a) all of the particles or (b) only those
particles outside closed major shells are varied. Further
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distinction may. be made depending upon the additional
restrictions placed upon the variational wave function.

In an effort to understand the validity of some of the
approximations made in such computations, I have
used a general two-body potential which, although
developed especially for use in HF calculations, may
yet be described in some sense as having been derived
from the free nucleon-nucleon data. Thus the calculation
is more fundamental than one which uses a purely
phenomenological potential, and as such may be
viewed as a standard with which to check, for example,
the validity of using an effective one-body spin-orbit
interaction. Moreover, the present calculation, in
addition to varying the orbitals of all particles, utilizes a
basis for which the effects of truncation are minimal so
that the deformations found are not limited by restric-
tions on the space of the HF wave function. This latter
point is more fully discussed in Sec. IT under symmetries
of the HF wave function, while the former point is
amplified in Sec. IIT where a brief description is given
of the two-body interaction.

The structure of the remainder of the paper is as
follows. The method of calculating two-body matrix
elements is illustrated in Sec. IV, and the manner of
solving the HF equations is discussed in Sec. V. The
main results of the calculation are presented in Sec. VI,
where energy levels, binding energies, rms radii, and
quadrupole moments are given for the even-even N=2
nuclei from 4=4 to 4=40. Some concluding remarks
are made in Sec. VII.

II. SYMMETRIES OF HF WAVE FUNCTION

Because it is necessary in practice to truncate the
basis in which the HF wave function is expanded, the
choice of basis is not arbitrary. In particular, as we wish
to study nuclei which may not be axially symmetric,
it will clearly be advantageous to expand the orbitals
in a Cartesian oscillator basis

[N= 2 Comgnid® [ 122) | 1) | 02)x:1,

NENYynzo

(1)
where
(& | ney=[aV22ren b, ] V2H,,, (x/bs) exp(—a?/2b.%) (2)

and H,, is the Hermite polynomial given below in
76
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terms of the generating function
0 sn
exp(—st+2s8) = 3 = H,(9). 3)
n=0 12

The advantage of this choice of basis is that the nuclear
deformation can be incorporated directly into the basis.
That is, by proper choice of the harmonic-oscillator
parameters b, by, b, we can accelerate the convergence
of the calculation with dimensionality. Stated differ-
ently, we can produce deformations with a set of basis
functions for which #,+#n,~4#7,<2 (i.e., the s-d shell in
the case b,= b,=b,) that a calculation utilizing a basis of
spherical oscillator functions could not produce, even
if it were to include perhaps the p-f and g shells. The
Cartesian basis offers a similar advantage} over a
cylindrical basis in the study of triaxial nuclei.

|
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F1c. 1. HF Hamiltonian in the oscillator representation.

In order to minimize the number of two-body matrix
elements which must be computed, it is desirable to
introduce the expected symmetries of the HF wave
function directly into the basis. Although this procedure
is extremely attractive from the point of view of making
the computation tractable, it is not without its draw-
backs. For if we construct the basis in such a manner as
to make the occupied orbitals {A} invariant under any
symmetry operation which commutes with the many-
body Hamiltonian H, then the one-body HF Hamil-
tonian £(\) will also be invariant under the symmetry
operation. Thus the symmetry will be propogated from
iteration to iteration of the HF equations, with the
result that an energetically more favorable solution of
lower symmetry may, perhaps, be missed.

We have allowed general ellipsoidal deformation
subject to the following additional symmetries. (1)
The orbitals are assumed to have good parity. (2) The
HF wave function is assumed to be invariant under time
reversal. (3) It is invariant under rotations in isospin
space. Note that assumptions (2) and (3) together
require that each spatial state be fourfold occupied.
The validity of assumptions (1) and (2) has been tested
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Fi16. 2. Binding energy per nucleon. The open circles indicate
the approximate energies which would be obtained upon projec-
tion, i.e., Eyoo>Exgp— (J2)2I /oxp. The straight line has been
drawn as a fit to the spherical nuclei and nuclear matter.

for a number of spherical and deformed nuclei by the
MIT group’ and in all cases, for reasonable interaction
strengths, the symmetries have been found valid. For
the light nuclei under consideration, neglect of the
Coulomb force is a reasonable approximation.

We now demonstrate the computational simplifica-
tion afforded by the introduction of the above sym-
metries. Under a rotation of 180° about the z axis, the
state | #) | 1,) | n.)x,Y/2 transforms according to

R, (7) [ ) I ny) I 72 )XsM?

=—i(=) =2 ) | ) | ma)xet?,  (4)
where II;=0 if #; is even and II,=1 if #; is odd
(=, y, 2). The parity of the state will be denoted by

O, (—)"=(—)%W+n+I: We construct eigenstates of
R.(7) as follows:

I)\H.Rz+>= Z, annyn,v)\

NEnyn 20

X[+ (=)A= [ y) | my) | m)xM2, (Sa)
] )\HRZ—>= Z/ annyn,a)\
nENYn 20
XG[A—= (=)A= | ) [ 1) | m)x0M2,  (Sb)
TasLE I. Two-body matrix elements classified by
symmetry groups.
Class 1 R~ jur R#
1 Even R.* Even R.*
2 Even R.* Even R,
3 Even R.* Odd R~
4 Even R.* 0Odd R.*
5 0dd R, 0Odd R,
6 Odd R, 0Odd -
7 0dd R, Even R.*
8 0Odd R, Even R~

7W. H. Bassichis and J. P. Svenne, Phys. Rev. Letters 18, 80

(1967) ; M. K. Pal and A. P. Stamp, Phys. Rev. 158, 924 (1967).
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= -40 [— -t 3= _ :\: _ L ponent of angular momentum £k
W - - = and parity = as (2k)7; the levels
— - p of the triaxial nuclei are labeled
-50 |- Sya ¥ by the parity alone. Occupied orbi-
o tals are indicated by a dot. The
! results are to be compared with
60 |- - . the calculations of Ripka (Ref. 1)
.."._\_ + (left{column) and Stamp (Ref. 9)
- (right column).
70 | - -1t
=80 = 12, 165, 20y, 24 28, 32g 36y, 405,
so that so that
. R.(7) | NIR;*)= —i | NIIR*) © Ru(m) | NIR#)=—4(—)T | \IIR,F). 9)
an
R.(x) | NOIR,;~)=1 | \IIR, ™). (6) Since either both of the above states are occupied or

[| NIIR,*) transforms under R.(w) as a particle of spin
+%, while | \IIR,”) transforms as a particle of spin
—1.] The prime indicates that the sum is restricted to
those values of #,, n,, 7, for which (—)7stmtne= (—)1I,
Since the sums will always be restricted in this manner,
the prime will be omitted in future equations.

The states | \ILR,*), | \IIR,~) span our model space
and form a natural basis for our wave function.
Under a rotation of 180° about the y axis the state
| 12,) | 1) | #2)x,1'% transforms as

Ry(m) | n2) | ) | n )t
= (=)t | ) | ) | nxs (1)

Thus, according to our assumption of ellipsoidal
symmetry, if the state

I>\HR2+>= Z ann,,nz%)\

ngnynz

X[+ (—) ] I nz) | my) | 2)x12?
+Coinyne—12 5[ 1= (=) | m0) [ 10} | 72 )x102
is occupied, then the state
R(r) | NIR:*)= MIRS)= ()1 & (=)
X {annynz—lﬂ)%[l_ (_ )H_HI{] I ”x> l ”y> | nz>X1/2u2
FCoinyn s[4 (=) L ny) | 1) | 12 )x 1242}
must also be occupied. The states | A\ILR,*), | NIIR;™)

are thus pairwise occupied. Further we may set
Crongni—1t=(—)1Cy _n».5*. Under a rotation of 180°

about the x axis we find
R.(7) | ns) | my) l )X M2

=—i(—=)% | ) | my) | m2)x—o2,

(8)

both of the states are unoccupied, the HF wave function
will be invariant under this rotation. We have thus
guaranteed the ellipsoidal symmetry of the HF wave
function.

Finally, under time reversal, we have

Ta I #z) I y) l )X 2= (=)Mo l z) [ ny) l N )X—oM?
(10)
and

T|MIR )= | NIR )= > Cronnd™*

XA (=)L (=) 1T | 1) [ 10y) | 7)o
5014 (=) T | my) | 12y) | 72 )x—22M%)
2 (=) WCopn g™

ngnynz

XGBOA= (=)™ | ne) [ ) | nayxare
+ (=) 1314 (=) "] [ ) | ) | ma)xap?). (1)

The amplitudes Cy,n,»,3" are thus real if n, is even and
imaginary if #, is odd. We thus set C,n,uit=
(4) @y 0,0, The basis thus takes the final form

|AHRz+>= > (i)nyanznyn,)‘

ngnynz

X{3[1+4 (=) 1] ] nz) | ny) | 722 )x12

+ (=) =3 [1— (=) ] | ma) |10} | )X}, (122)
lAHR2—>=T|)\HRz+>= Z (i)nuan,ngn,)‘

X{B[— (=)™ | m0) | 1) | 1)y
+ (=) =314 (=) ] | ma) | 1) | 2 )xae?) . (12b)
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Taste II. Nuclear properties. This Table lists the binding energies, rms radii, electric quadrupole moments, and
angular momenta for the ground state of the nuclei studied. Experimental radii are taken from Ref. 11.

B.E. 7rms (fm) Q20 Q22

(MeV) Theor Expt (fm?) (fm?) J2)
‘He 3.30 1.84 1.67 0 0 0
8Be 12.0 2.32 39.0 0 10.5
2C 37.4 2.45 2.42 —17.3 0 8.77
%0 76.3 2.53 2.71 0 0 0
“Ne 95.3 2.77 4.1 0 20.0
%Mg 117 2.82 2.98 39.3 —-7.9 23.6
285i 157. 3.00 3.04 —63.1 0 29.7
23 190. 3.12 3.12 —56.1 17.4 27.0
BAr 233. 3.16 —49.8 0 16.3
0Ca, 283. 3.20 3.50 0 0 0

The coefficients @, are real as will be all matrix
elements of the HF Hamiltonian between the basis
states. The fact that 7| \IIR, %)== | A\IIR,F) facilitates
the evaluation of expectation values of operators, e.g.,

Due to the above symmetries of the HF wave
function, the HF Hamiltonian must necessarily take
the form depicted in Fig. 1. Because the orbitals have
been assumed to have good parity, the matrix divides
into two blocks which operate on the even-parity states
and the odd-parity states, respectively. Because of the
assumed invariance under time reversal, each of the
two blocks further divides into two identical blocks.
That the blocks are identical is apparent, for the
eigenstates of the blocks, the states R,*, R,~, are
connected by an operator T which commutes with the
HF Hamiltonian, and are thus degenerate. Up to this
point in our discussion we have suppressed mention of
the isospin quantum number. To be specific, the above
array may be thought of as operating upon the neutron
states. Then, because of the neglect of the Coulomb
force, there is an identical array which operates upon
the proton states, and each spatial state is fourfold
occupied, as stated earlier.

10 1
<‘/2)volunco
W
0.9
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A

Fic. 4. Contribution of valence particles to the expectation
value of the angular momentum and quadrupole moment. The
nuclei 2°Ne, 2¢Mg, 28Si are considered as having 4, 8, and 12
valence particles, while 32S and %Ar are considered as having 4
holes and 8 holes, respectively.

The benefit of the above reduction lies not in the fact
that we need only diagonalize two small arrays, e.g.,
II even Rt and IT odd R,~, but rather that in order to
calculate these arrays we need only the two-body
matrix elements

(naII,,,R;", n,gIIBR;"SM ‘ Ve l n, IR %, naH,ngSM’)

listed in Table I. Further, the matrix elements of class 7
in Table I are clearly identical to those of class 3, while
the matrix elements of class 8 are, through time reversal
symmetry, equal to those of class 4. Thus, only the
matrix elements of classes 1-6 need be computed. This
simplification is what makes the computation tractable.
For even with the introduction of the symmetries, we
must calculate 72 010 (independent) matrix elements.
for the case n,+n,+7.<3. '

III. TWO-BODY INTERACTION

In this work, we use a recently developed velocity-
dependent potential which was especially derived for
use in HF calculations. The explicit form of the inter-
action is

m/BPU =V (r)+ (p*/17) w;(r)
+ai(r) (p%/72)+ V7 (r) StV (r)L-S,

where m is the nuclear mass and 7 and p represent the
relative coordinate and momentum of the interacting
nucleons. L and S are the orbital angular-momentum
and spin angular-momentum operators and .Sy, is the
tensor operator. The index j labels the four spin-parity
states of the two-nucleon system, SE, SO, TE, TO.
(No spin-orbit interaction has been included in the TE
state.) The radial dependence of all terms is Gaussian;
however, the tensor term is additionally multiplied by
72: VI (r)=—A;(r*/2a?) exp[— (r*/2a?)]. With this
choice of radial dependence, the interaction is separable
in Cartesian coordinates and the computation of two-
body matrix elements is thus greatly facilitated.

(13)
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285 — OBLATE
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(b)

The potential saturates nuclear matter in the HF
approximation at kp=1.38 fm™ with an energy E,=
—15 MeV. The second-order Goldstone correction to
the energy, calculated in the effective-mass approxi-
mation, is —3.2 MeV. The low-energy scattering
produced by the potential can be summarized as

¥16. 5. Cross sections of equidensity
surfaces cut by a plane containing
the symmetry axis for the oblate and
prolate solutions of 28Si. The numerical
values refer to the fraction of maxi-
mum density: 0.26 and 0.20 fm™3,
respectively, for the two solutions.

follows. The accepted values for the scattering lengths
and effective ranges are fitted to within 5%, and the
deuteron binding energy and quadrupole moment are
fitted to within 109,. However, the percentage d state
in the deuteron is calculated to be 29, which is much
lower than the accepted value of approximately 6%.
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Tasig III. Single-particle binding energies in MeV. With the exception of the ds/; level which, in the deformed nuclei is almost pure
ds1252, the energies of the deformed nuclei are labeled by (2k7); e.g., 3~ indicates a state of negative parity with z component of angular
momentum §. The experimental results are taken from Ref. 15. For “Ca the italicized energies represent neutron levels; all other
experimental energies are for protons. For the deformed nuclei we have suggested a comparison with the state(s) which contain a
significant amount of the single-particle strength; no attempt has been made to compute the center of gravity of the levels.

180 “Ne 8Sj BAr “Ca
Theor  Expt Theor Expt Theor Expt Theor Expt Theor Expt
1s12 47 4 73 =75
1p3s2 21 19 (37)23 19,18 (37)38 36 46
~32
112 15 12 (1)30,18 12 (17)36, 23 28 41
1ds2 17 17 22 20 23 22 16
25172 (1hH16,2 13 18 18 8
1ds2 16 16 8

Complete details concerning this potential are given in
Nestor et al.® For calculations of the closed-shell nuclei
with this potential, see Tarbutton and Davies.?

IV. CALCULATION OF TWO-BODY
MATRIX ELEMENTS

We must calculate the antisymmetrized matrix
elements

(IllngM I UST | nl’nz’M 4 >A= (nlngM I U ST I n1’n2'M />
- (— )S+T(n1n2M ‘ UST l nz’nl’M’ >, (14-)

where n denotes the principal quantum numbers, n=
(#zy 1y, 1), and (oM | Ugr | n'/ny’M’) is the matrix
element for distinguishable particles, and describes the
scattering event in which particles 1’ and 2’ in the
harmonic-oscillator orbitals ni'ny’, respectively, with
total spin S, z component of spin M’, and isospin T,
are scattered into the orbitals n;, n, with 2 component
of spin M. (The two-body potential conserves total
spin and isospin.)

We introduce the Talmi transformation to relative
and c.m. coordinates

|n1n2>= % (IIN ]n1n2) lnN). (15)

TasLE IV. Comparison of nuclear deformations. The second
column contains the results of the present work, while the third
column contains the (major-shell mixing) results of Ripka
(Ref. 1).

Nucleus 22— x2—y2)/ (a2 +2?)
2C —0.48 —0.47
2%Ne 0.57 0.59
28Sj oblate —0.50 —0.49
25 prolate 0.58 0.75
38 prolate 0.33 0.35
36A —0.28 —0.24

8 R. M. Tarbutton and K. T. R. Davies, Nucl. Phys. A120,
1 (1968).

For Cartesian oscillator functions, the transformation is
particularly simple for the transformation bracket
immediately factors into three one-dimensional brackets
with

<7’liNi | n1¢%2¢>= (—)ni/2[(115+Ni)/2] (

X % =) (:Z) (njiim

'i— x, y, or z a,nd

is the standard binomial coefficient.] Computation of
the matrix element has thus been reduced to evaluation
of the sum

n1is !>l/ 2

1’L,‘U vi!.

) 6n1i+ﬂ25,ﬂi+Ni' (16)

<n1n2M I UST I n]_’nle/>
= Z (n1n2 I nN)(n’N l n1’n2’)

X[ (=)ot 0 (N) M | Use | 0 () 7).
(17)

Note that the above sum is, in fact, over only three
variables. For if, e.g., we fix N, then n and n’ are deter-
mined by the requirement that the transformation
bracket be nonvanishing. The matrix element in
relative coordinates may be calculated very easily as
we illustrate in the case of the central forces.

For velocity-independent central forces,

OIN)M | Usr | n'(N)M")
=—Asr(n, || exp(—a?/2as1?) || n')
X {ny || exp(—9?/20s1%) || ny')
X (n: || exp(—2*/2as1%) || n')  (18)
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TaBLE V. Wave functions for the oblate and prolate solutions of #Si.

5Si (Oblate)
by=b,=1.877 b,=1514

2Sj (Prolate)
by=0by=1.684 b,=2.017

Even-parity states

(2k)™ 1* 5+ 1+ 3+ 1+ 1+ 3* 1*
Ny o0 € —63.0 —17.4 —15.2 —14.6 —59.7 —19.9 —~15.0 —10.4
0007 0.999 0.000 0.036 0.000 0.999 0.004 0.000 0.011
#1107 0.000 0.707 0.000 —0.685 0.000 0.000 0.074 0.000
2007 —0.027 0.500 0.695 0.485 —0.035 —0.014  —0.052 —0.080
0201 —0.027 —0.500 0.695 —0.485 —0.035 —0.014 0.052 —0.080
00217 —0.028 0.000 -0.092 0.000 0.000 0.955 0.000 —0.030
—101] 0.005 0.000 -0.110 —0.174 —0.012 0.209 0.703 0.671
7011 ] —0.005 0.000 0.110 —0.174 0.012 —0.209 0.703 —0.671
Odd-parity states
(2R) ™ 3 1- 1~ 1- 3 1~
Ny o0 € -38.3 —36.4 —23.3 -39.8 -30.3 —26.0
00117 0.000 0.157 0.988 0.994 0.000 —0.109
—100} 0.707 0.698 —0.111 0.077 0.707 0.703
010 | 0.707 —0.698 0.111 =0.077 0.707 —0.703

with
el exp(—=%/2050) | /)= [ o (2)

Xexp(—a%/ asr?) thn, (%)
=314 (—)metn"]

(_ ) (ng—na!) ]2

N lng \1/2
netna | (1 qugp?/by?) Vanartnal+D

X3 (2a572/b,2)*
7 03 (ne—0) ][5 (n'—0)JUL"
The index / runs from the minimum of #,, #,” down in
units of two to zero or one. The velocity-dependent
term requires, in addition, the evaluation of the
reduced matrix element

{1z || pa* exp(—a?/2asr?) +exp (— 2%/ 2asr?) pa? || na)
= (1/0,2) [na4-n,'4+1— (057%/2b:2) (8/dcxsr) ]
X (ns || exp(—a%/2asr?) || n'), (20)

where in deriving the above we have made use of the
fact that | #,) is a solution of the harmonic-oscillator
equation in one dimension.

Since we have parametrized the radial form of the
interaction so that it separates in Cartesian coordinates,
the noncentral portions of the potential may be eval-
uated as readily. Details are given in the Appendix.
Thus the computation of any given matrix element
proceeds very rapidly. This obviously is an essential
condition for the present calculation since it is necessary
to compute such a vast number of matrix elements.

(19)

V. SOLUTION OF HF EQUATIONS

Because we are dealing with nonspherical nuclei, we
expect to find a multiplicity of solutions to the HF
equations, corresponding to various deformations.
There are two main methods which one may use to
explore the various solutions. The first method utilizes
the fact that the HF equations are to be solved by an
iterative technique. We pick an initial density matrix,
evaluate the HF potential T', diagonalize the HF
Hamiltonian #= 7T, recompute I' with a new density
matrix determined by filling the orbitals of lowest
energy obtained in the diagonalization of 4, and iterate
until the sequence converges. Thus, all possible solutions
should be found by simply exhausting all of the ways in
which one can choose the initial density matrix. An
alternative method is to force the nucleus to change
deformation by placing it in an external (quadrupole)
field. If the external field is large compared to the self-
consistent nuclear field, then the nuclear shape will be
determined by the external field and the nucleus can be
driven (discontinuously, due to shell structure) from
one solution to another. This latter method is particu-
larly useful in gaining insight into the nature of excited
states of collective nature, since it enables one to map
the energy surface in the vicinity of a true solution.
For the present, we restrict ourselves to a discussion of
the solution at the true minima and adopt the first
method outlined above. The Cartesian basis, as it
turns out, is once again a rather natural one in that it is
fairly easy to intuitively pick initial density matrices,
which then converge to the desired results.
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We then proceed by choosing a density matrix

Prsosmn= 2 @n) o, (21)
lx occupied
compute the HF potential
Tasiner= 2 % (2T+ 1) CW]M HSC",”M 438

nioingo2TS

X @M | Ugr | D' M" Y 4pngoriniers  (22)

add to it the kinetic energy matrix
taginer= (00 | p*/2m | n'e’)

to form the HF Hamiltonian, and iterate as described
above.

VI. RESULTS

The results presented here use a basis of oscillator
functions with #,4n,47,<2. No significant improve-
ment is obtained by including the set of functions with
ngt+n,+mn,=3. Thus, for example, if we minimize the
ground-state energy of 2Si using the lower dimen-
sionality and then, without further change of the
oscillator parameters, increase the basis, we find less
than a 19, change in the total binding energy, single-
particle energies, and nuclear size and shape.

Our results are in general agreement with the results
of Ripka! and of Stamp.? Thus, we find that the nuclei
2Ne, #Si, and ¥Ar are axially symmetric with 2Ne
prolate, and %Si and ¥Ar oblate, while #Mg and %S are
triaxial. Although the shapes agree with the general
arguments put forth by Banerjee ef al., two of the
nuclei #Si and 32S possess solutions of different sym-
metry which in each case lie less than 4 MeV above the
lower-energy solution.

Table IT* lists some of the results of the study. In
addition to total binding energies and rms radii, we
give the (intrinsic) electric quadrupole moments (O,
ng as defined by

Q2m =

and also the expectation value of the angular momen-
tum (J2). As may be seen, the nuclear sizes are in
reasonable agreement with experiment. Using the
adiabatic approximation,® we have compared the
intrinsic quadrupole moment of ?Ne with that obtained
in a shell-model calculation®® and find our result of 44
fm? in reasonable agreement with the extracted value of

> (16x/5) V(7Y om),

protons

(23)

9 A. P. Stamp, Nucl. Phys. A105, 627 (1967).

10 M. K. Banerjee, C. A. Levinson, and G. J. Stephenson, Jr.,
Phys. Rev. 178, 1709 (1969).

11 R, Hofstadter and H. R. Collard, Landolt-Bérnstein (Springer-
Verlag, Berlin, 1967).

12 A. Bohr and B. Mottelson, Kgl. Danske Videnskab. Selskab,
Mat.-Fys. Medd. 27, 16 (1953).

13T am indebted to J. B. McGrory for a discussion of this recent
result of the Oak Ridge shell-model group.

49 fm?2. The shell-model calculation used an effective
charge 1e.

The binding energy per particle is plotted versus
A3 in Fig. 2. Note that the deformed nuclei lie above
the straight line which is drawn as a fit to the spherical
nuclei O and “Ca and nuclear matter. Thus, higher-
order correlations omitted in HF appear to be of more
importance for the open-shell nuclei.*

In Fig. 3, we compare the single-particle energies of
the ground-state HF solutions with those of Ripka! and
Stamp.® Where comparison is possible, there is qualita-
tive and, in most cases, semiquantitative agreement.
The levels of the axially symmetric nuclei are compared
with experiment in Table III," where the agreement is
again reasonable.

Further comparison with the results of Ripka! is made
in Table IV where it may be seen that, with the excep-
tion of the excited (prolate) state solution of 2Si, there
is rather remarkable agreement on nuclear shapes. The
contribution of the valence particles to the electric
quadrupole moment and to (J2) is plotted in Fig. 4,
where it is seen that the core contribution to Qy is
somewhat less than the ~309% found in calculations
using a basis of spherical oscillator functions.! In order
to obtain a more graphic representation of the varied
equilibrium shapes, we have plotted in Figs. 5(a) and
5(b) equidensity surfaces in the plane containing the
symmetry axis for the oblate and prolate solutions of
%§i. The corresponding wave functions are given in
Table V. The results for the prolate solution, B.E.=153
MeV, 7ms=3.06 fm, Qx=76.1 fm? and (J2)=28.1,
may be compared with the corresponding numbers for
the oblate solution which are given in Table II. The
near identity of the rms radii for the two solutions does
not in itself provide a very valid test of the volume
conservation hypothesis, for the value of this parameter
is very heavily influenced by the nuclear surface. In an
effort to obtain a more meaningful comparison, we
have calculated the volumes of the oblate, prolate, and
spherical states of %Si as defined by

V= d"0[p(r) — 0.2pmax];

i.e., the volume in which the density is no less than 209,
of the maximum density. We find that the volumes
defined in this manner differ by less than 109%,. A more
accurate determination of this volume might reduce the
variance to 59%.

(24)

VII. CONCLUSIONS

In looking over various efforts, nearly all nuclear
calculations yield rather similar results for the energy
levels and equilibrium shapes of the light nuclei. Thus,

1S, J. Krieger, Phys. Rev. Letters 22, 97 (1969).
15 G. J. Wagner, Bull. Am. Phys. Soc. 14, 85 (1969); L. R. B.
Elton and A. Swift, Nucl..Phys. A94, 52 (1967).
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although we still place a high priority on the develop-
ment of an interaction which can be used throughout
the Periodic Table, it is clear that the more phenome-
nological potentials developed for a specific region of
the table, here specifically the s-d shell nuclei, will yield
completely consistent results in that region. In particu-
lar, the effective one-body spin-orbit interaction
appears to be an adequate approximation for the
calculation of light nuclei.

We have further shown that a basis of Cartesian
oscillator functions is extremely efficient in minimizing
the effects of truncation. Although this advantage will
only become more pronounced when one attempts to
calculate the large deformations in the heavy fissionable
nuclei, it must unfortunately be weighed against the
huge number of two-body matrix elements which is
required in this representation.
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APPENDIX: MATRIX ELEMENTS OF
NONCENTRAL PORTION OF
INTERACTION

For the spin-orbit interaction, we must compute
un,SM | VL-S | n/ny/’SM’)
=22 (um, | aN)@'N | n/'ny’)[1— (=)~ +5+7]
X @ || rXp[—4; exp(—7/2a)][| ")
XASM | L (o1+03) | SM').  (25)
The spin matrix element is given by
(SM | 5(o1+05) | SM")=58s1[ (1/V2) (8217, 010317 3r41) &
~ (¢/V2) (s ara— 83 pe2) Y+ MbararZ],  (26)

and the x component of the reduced matrix element in

KRIEGER I

coordinate space by
& (@ || rXp exp(—7%/2e?) || 1)
= (nz || exp(—a%/2a) || ) ([ (8y/b.) — (8./8,) ]

Xy || (9/by) exp(—y*/2a?) || m/)
X (s || (3/b:) exp(—2*/2a) || n.')

HiL (myA-1)"2(8./8,) (12 || (2/b2) exp(—24/2a?) || n.")

X (my+-1 | exp(—y%/2a2) || n,)
— (mat-1)12(b,/b2) (my || (9/0,) exp(—9*/2a2) || m)")
Xnat1 |lexp(—2/2a) || n./)]}.  (27)
The reduced matrix element
(my |1y exp(—9%/2a?) [l m)")

(Lt oLl %
2wrtn'=1) (14 (2/b,2) Jiowtn/+2

(202/b,2)¢ [ n,—1 fa\?

X { 1— (J> ]
% Bon—1-DILow—070 | 11 \p,
- (MR- 018} @)

The matrix element as given above is for #,’<n, and

ny’, my of opposite parity. The sum over / runs from #,”

down in units of 2 to 0 or 1. For the tensor interaction,
we must compute

<n1n2$M I VjSu | n'ny SM’ >A
SRS TR £ |
>, (am, |aN)@n'N | n/n,’)

X[1= (= )n+5+T](24m/5) 12
X@ |l YVao(r)[—A4;(7*/2a?) exp(—72/2a2) ] || n’)

(SM | Ts(o1,0) | SM’).  (29)
The spin-matrix element is given by
(SM | Toq(01,02) | SM')=0651(20/3)V2Carrgs®.  (30)

The reduced matrix element in coordinate space re-
quires, in addition to the elements which we have dis-
played previously,

(ny || y* exp(—3%/20.2) || /)
=a?(0/9ay) (my || exp(—3%/2e?) || m,/). (31)
Note that the matrix elements are given between
HOWF’s which do #ot include the additional phase
factors included in the definition of our basis states.
16 D. M. Brink and G. R. Satchler, Angular Momentum (Claren-
don Press, Oxford, 1968). It is amusing to note that, with the ex-
ception of the spin-} Clebsch-Gordan coefficients which appeared

in the expression for the HF potential, this is the only vector
coupling coefficient to appear in the entire calculation.



