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A calculation of the angular distribution of recoil products resulting from compound nuclear (ce, e) reac-
tions has been programmed on the basis of the spin-dependent statistical theory of nuclear reactions. The
program, which is based on the Monte Carlo technique, considers the emission of neutrons, protons, n
particles, and p rays, and uses either the Fermi-gas or the superconductor model of the nucleus. The com-
puted angular distributions have been compared with the experimental results for various (zz, n) reactions
and, in agreement with experiment, exhibit a smooth dropoff from a peak close to O'. This contrasts with the
marked disagreement between the experimental results and previous spin-independent calculations, which
predicted a peak at large angles to the beam. The difference is ascribed to the effect of competitive p-ray
emission, which is not adequately considered in spin-independent calculations. The present calculation
predicts a faster decrease with angle in the magnitude of the differential cross section than is observed ex-
perimentally. This result is independent of the specific parametrization of the calculation and may reQect
a small contribution from direct interactions.

I. INTRODUCTION

~~ETAII.ED information concerning the nature of
intermediate-energy nuclear reactions can be ob-

tained from a study of the recoil properties of the
products of these reactions. It is frequently possible
to distinguish between compound-nuclear and direct-
interaction processes from measurements of the aver-
age or diQerential ranges of recoil nuclei. Angular-
distribution data provide information about the details
of the evaporation process if the reaction is compound
nuclear.

In earlier publications from this laboratory, the
results of average and differential-range measure-
ments, ' ' as well as angular-distribution studies, ' ' for
various (cr, xrt), (He', xzz), (n, zrzz), and (He', a)
reactions of Cu" and Cu" have been reported. Porile
and Saha analyzed the angular distributions on the
basis of the spin-independent statistical theory of
nuclear reactions, and found that theory and experi-
ment were in satisfactory agreement, except in the
case of the Cuss(n, I) reaction. ' The spin-independent
calculation appeared to be in contradiction with the
results for this reaction because it predicted a sharp
peak in the differential cross section at an angle of
approximately 10', whereas the experimental curve
displayed a broad peak near O'. Since recoil-range
measurements were consistent with a compound-nuclear
mechanism, the discrepancy was probably caused by
approximations made in the calculation.
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A similar discrepancy has been previously observed
by Morton and Harvey. v These workers measured the
angular distribution of Po" recoil nuclei from the
Pb"'(zr, n) reaction and compared the results with a
spin-independent statistical-model calculation based on
the constant-temperature approximation. Their exper-
imental angular distributions displayed broad maxima
at angles below 5, while their calculated curves showed
peaks above 10'. They suggested that the discrepancy
was evidence that the reaction proceeded by a direct-
interaction Inechanism. An alternative explanation,
oGered by Grover and Nagle, suggested that this
discrepancy was ascribable to the effect of competitive
y-ray emission above the Pblr(zr, 2rt) reaction thresh-
old, an effect neglected by the calculation.

A qualitative understanding of the shortcomings of
previous angular-distribution calculations may be ob-
tained from a consideration of the competition between
the (n, zz) and (a, 2rt) reactions. This is illustrated
in I'ig. 1, which is a plot of the calculated energy
spectrum of the first neutron evaporated from a Ga'7

compound nucleus under two different circumstances.
On the left-hand side of the 6gure, the maximum
excitation energy of the residual nucleus following
neutron evaporation, Eg, , is smaller than 5„„ the
neutron separation energy of Ga". Consequently, only .

one particle can be emitted and the cross section of
the (zr, zz) reaction is proportional to the entire inte-
grated neutron energy spectrum. The right-hand side
of the figure illustrates the situation when Eg, is
larger than S„,. In a calculation in which competitive
p-ray emission is neglected, a second neutron is emit-
ted whenever energetically possible, and so only the
shaded portion of the spectrum contributes to the
(n, rt) reaction. If a neutron is emitted with an energy

7 J. R. Morton and B. G. Harvey, Phys. Rev. 126, 1798 (1962).' J. R. Grover and R. J. Nagle, Phys; Rev. 134, 81248 (1964).
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lying in the unshaded portion of the spectrum, the
excitation energy of the residual nucleus is su%ciently
large to permit further neutron evaporation. If the
bombarding energy is such that the dividing line falls
at or above the peak in the neutron energy spec-
trum, then it is apparent that the neutrons leading
to the (cr, n) reaction are nearly monoenergetic. The
reaction then involves the formation of two particles
(neutron and Ga") of unique energies and the ap-
plication of two-body kinematics predicts a peak in
the angular distribution at the maximum laboratory
recoil angle. Since the emitted neutron is not exactly
monoenergetic, the expected peak is, in fact, obtained
at a somewhat smaller angle. This analysis of the
situation is supported by the fact that the large-angle
peak in the calculated angular distribution of the
Cuss(rr, n) reaction product disappears when the inci-
dent energy is assumed to be smaller than the (a, 2e)
reaction threshold. 4

The situation can be diGerent if y-ray emission is
allowed to compete with neutron evaporation. Low-
energy neutrons can now, presumably, also lead to
the (n, rs) reaction, even though the emission. of a
second neutron is energetically possible. If the prob-
ability of competitive p-ray emission is sufficiently
large, the energy spectrum of neutrons emitted in the
(n, I) reaction will be much broader than before, and
the large-angle peak will no longer be obtained.

This qualitative analysis also indicates why a dis-
crepancy between experiment and the spin-independ-
ent calculation is not observed for the (n, xn) reac-
tions when z& 1, even though competitive p-ray
emission is, presumably, of equal importance. The
emission of more than one neutron necessarily leads
to a spectrum of recoil energies and this violates the
conditions required for the occurrence of a peak at
large angles.

The present work is an attempt to obtain quanti-
tative confirmation of the above notions by means of
a spin-dependent calculation of the angular distribu-
tion of the recoil products of (n, n) reactions. In
recent years, a number of attempts have been made
to include angular momentum effects in statistical-
model calculations. ' Spin-dependent calculations of ex-
citation functions and evaporation spectra have
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been reported in the literature. Our calculation fol-
lows along the lines of several of these reports and is
based on the use of the Monte Carlo technique. The
theoretical formalism is discussed in Sec. II, and the
method of calculation is described in Sec. III. In
Sec. IV the results are presented and discussed, and
conclusions are given in Sec. V.

II. THEORY

The cross section for a nuclear reaction can be
expressed in the formalism of the statistical model as
the product of the cross section for the formation of
a compound nucleus and the branching ratio for its
decay by a particular deexcitation mode:

where o;(e, J,) denotes the cross section for the for-
mation of a compound nucleus with angular momen-

tum J„when the target interacts with a projectile n,
the entrance-channel energy being e . The second term
is the branching ratio for decay of the compound nu-

cleus by a particular reaction channel, and is expressed
in terms of the emission width F.

In the channel-spin coupling scheme, the capture
cross section is given by"

0—9 R 4 6 8 0 2 4 6 8 lo
a„(Mev) a„(Mev)

FIG. 1. Calculated neutron energy spectrum illustrating the
competition between (n, n) and (n, 2N) reactions on Cu+. On the
left, the maximum excitation energy of the residual nucleus
8@ „is less than the energy required to separate a neutron
from the residual nucleus S„~. On the right, E~, is greater
than S„2.The calculation is that described in the text.
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In this equation, X is the Broglie wavelength of the
projectile, I denotes the target spin, s represents the
projectile spin, 8 is the channel spin, and T&(e) is
the transmission coeS.cient for a projectile with en-

ergy e and orbital angular momentum /.
The transmission coefficients were calculated from

the optical model using real and imaginary well radii,

"J.M. Blatt and V. F. Weisskopf, Theoretica/ 1VNclear I'hysics
(John Wiley 8t Sons, Inc. , Neer York, 1952), Chap. VIII.
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surface-diQuseness parameters, well depths, and spin-
orbit well depths given by Hodgson. " The transmis-
sion coeScients of the 1th partial wave with projectile
spin J are given by TE,z, and the average transmission
coefficient is dined for neutrons and protons by

(~) = ([+1)/(23+1)T(&,J =a&/&) (~)

+t/(21+1) T((,J'=$—g/2l (~) . (3)

For a particles, it follows that T~(e) =T~,J(~).
A compound nucleus that has been formed in a

state with excitation energy E, and angular momen-
tum J, will deexcite by emitting one or more particles
or photons until all the excitation energy is dissipated.
At each stage in the evaporation cascade, the rate of
emission of particles that gives a product nucleus with
excitation energy Eg and spin J~ is given by

E.(J„E„J~,s„,Eg) dEg

dE Q(E~ J~) ~a+an

Z Z T~(~) (4)
tt1l(Ear Jc) s=lzz Nal E=l Je-sl—

where s„ is the spin of the emitted particle. The level
densities 0 are obtained from the Fermi-gas model
according to the relation of Gilbert and Cameron'4

Ver expL2(aE) '"j
12 a"4E'"

(2J+1) exp/ —(J+—')'/2o')
2(2.) ~ "

where the spin cutoff parameter o' can be related to
the moment of inertia and the temperature t by

o'=et/5'

The temperature is, in turn, obtained from the equa-
tion of state

t= (E/a)",
and the level-density parameter a is given by

@=~sr g,

where g represents the density of single-particle levels
at the Fermi level.

The Fermi-gas model predicts that the moment of
inertia is that of a rigid body, which for an infinite
square well is

of 8 is appropriate at lower energies because of pairing
correlations. "We have performed the present calcula-
tion with several energy independent values of 0, as
well as with an energy-dependent value, as predicted
by the superconductor model of the nucleus. The
procedure outlined by Vonach et al." was employed
to determine the value 8 at different excitation
energies.

The excitation energy appearing in the level-density
formula is determined with reference to a character-
istic level that is displaced upward from the actual
ground state. This characteristic level is the ground
state in the absence of the enhanced stability due to
pairing. Consequently, the effective excitation energy
employed in Eq. (5) is related to the ground-state
excitation energy by"

=&—~( -u)
=E—0 —6

for odd-odd nuclei

for odd-A nuclei

for even-even nuclei,

(10)

where 6 denotes the energy associated with the pairing
of a single nucleon. Values of 6 from the papers of
Gilbert and Cameron were used'4'~ in this calculation.

In the derivation of the dependence of the level
density on angular momentum LEq. (5)j, the distri-
bution of the projections of the total angular momen-
tum on a space-fixed axis was assumed to be Gaussian.
If the number of nucleons is large, or if the excitation
energy is high, this is a valid approximation. However,
for a small number of nucleons, or for a small excita-
tion energy, the Gaussian approximation breaks down. '
This breakdown can be expressed'"' in terms of a
cutoff energy Ez de6ned by Eq. (11), below which
no levels exist with spin larger than or equal to J:

Eg (P/24) J(J+1). ——

The use of a spin cutoff energy in the formalism
also provides a useful way to introduce competitive
y-ray emission. It has been shown" that I'7 becomes
larger than I"„ in an evaporation sequence when the
excitation energy of a particular nucleus is sufFiciently
low that the emission of a neutron of low angular
momentum leads to a product with excitation energy
below Ez. The condition for the emission of just one
neutron from a compound nucleus can therefore be
written as

E,—S„,—eg
—S„,—F2&0, (12)

where M is the mass of the nucleus and E, is the
nuclear radius. While this equation is expected to be
valid above approximately 10 MeV, a smaller value

23 P. E. Hodgson, Direct Inteructions und Nucleur Reuction
Mechunisms (Gordon and Breach, Science Publishers, Inc., New
York, 1963},p. 103.

'4 A. Gilbert and A. G. W. Cameron, Can. J. Phys. 43, 1446
(1965}.

where E, is the excitation energy of the compound

"H. K. Vonach, R. Vandenbosch, and J. R. Huizenga, Nucl.
Phys. 60, 70 (1964}.

H. Hurwitz and H. A. Bethe, Phys. Rev. 81, 898 (1951}.
2~ A. G. W. Cameron, Can. J. Phys. 36, 1040 (1958}.

8 D. W. Lang, in Proceedings of the Third Conference on Reuc-
tions Between Complex Nuclei, edited by A. Ghiorso et ul. (Uni-
versity of California Press, Berkeley, 1963},p. 248.
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nucleus, S„and S„,are the separation energies of the
first and second neutrons, respectively, ~~ is the kinetic
energy of the first emitted neutron, and the spin
cutoff energy E» refers to the nucleus formed after
the emission of two neutrons. In order to account
for the much less likely, but still possible, effect of
competitive p-ray emission from the compound nu-
cleus, the following condition has to be satisfied in
addition:

&c Sny EJ1)0& (13)

where Egj refers to the nucleus formed af ter the
emission of one neutron.

The angular distribution of the neutrons emitted
in the (a, e) reaction was determined on the basis
of the semiclassical theory of Ericson and Strutinski. ""
The angular distribution is related to J„o', and the
orbital angular momentum of the emitted neutron, l,
by the relation

W(9) =1+((J,') (P) cos'(l)/Sa',

which is applicable when the angular momentum is
not too large, i.e., J,//o'«1 In ev.aluating Eq. (14)
for a particular cascade, the average quantities (J',')
and (P) may be replaced by the corresponding values
obtained for the iteration in question.

III. METHOD OF CALCULATION

"T.Ericson and V. Strutinsky, Nucl. Phys. 8, 284 (1958).
so T. Ericson and V. Strutinsky, Nucl. Phys. 9, 689 (1958)."J.H. E. Mattauch, W. Thiele, and A. H. Wapstra, Nucl.

Phys. 67, 1 (1965),"E.H. Auerbach, Brookhaven National Laboratory Report
No. BNL 6562, 1962 (unpublished).

The calculation was programmed for the Purdue
CD C 6500 computer and was divided into eight
overlay links using disk storage for arrays. Typically,
the program required about 12 min for 12 000 itera-
tions. The calculation was limited to the emission of
neutrons, protons, 0. particles, and p rays, the dominant
deexcitation modes at intermediate energies. The
atomic masses used in the calculation were obtained
from Mattauch et cl." The nuclear radius parameter
was taken as 1.2 F.

In the first stage of the calculation, transmission
coefFicients were generated for the incoming projectile
and for the three kinds of emitted particles at each
possible exit-channel energy from 0.5 MeU to the maxi-
mum in 1-MeV intervals, and for all possible values
of the orbital angular momentum. The transmission
coefIicients were calculated by an adaptation of the
zsAcUs-2 code."This information was stored in arrays
on the disk.

In the second stage, the spin distribution of the
compound nucleus was computed on the basis of
Eq. (2), normalized to unity and stored in arrays for

future use. The particle emission rates were computed
by means of Eq. (4) for all possible values of l at
1-MeV intervals in the exit-channel energy. The rates
were normalized so that the sum of the rates of all
allowed decay processes was equal to unity. The total
rates of neutron, proton, and n emission were obtained
by summation of the partial rates.

In the next stage of the calculation, reaction events
were selected by the Monte Carlo technique. Random
numbers were used to select the spin of the compound
nucleus and the type of particle emitted. If the chosen
particle was of the desired kind, i.e., a neutron, the
exit-channel energy and orbital angular momentum
were selected by means of additional random numbers.
These quantities were used to determine the range of
possible values of Jg according to

(I,+s„+1„);„&J~&J,+s„+l„. (15)

The value of Jz was determined by a random number
on the basis of the calculated probabilities.

The possible occurrence of competitive p-ray emis-
sion was determined next by means of the test em-
bodied in Eqs. (12) and (13). Since the calculation
was restricted to the emission of a single particle,
the angular momentum of the residual nucleus fol-
lowing the emission of a second neutron Jg~ was
determined by an approximate procedure. At the
bombarding energies for which the calculation was
performed, the kinetic energy of a second emitted
neutron is sufhciently low that its orbital angular
momentum is effectively restricted to 1&3. This fact
was ascertained by a calculation of the appropriate
transmission coefficients. A value of Jg2 was chosen
by random number selection out of the allowed range
of J~2 values on the assumption that the orbital
angular momentum of the second neutron was equal
to 2. The calculation is not at all sensitive to this
assumption.

Since the tables of normalized emission rates were
compiled for values of the exit-channel energy in
1-MeV steps, the resulting neutron energy spectrum
had the undesirable feature of being discrete. In order
to avoid the resulting perturbation of the angular
distribution of the residual nucleus, the discrete spec-
trum was converted to a continuous one. Since each
value of the exit-channel energy corresponds to a
1-MeV interval, values were chosen at random out
of these intervals using a weighting function based
on linear interpolation between the emission rates for
adjacent neutron energies.

The angular distribution of the evaporated neutron
in the center-of-mass system was determined by ran-
dom choice of the cosine of the angle with respect
to the beam, weighted by the distribution in Eq. (14).
The velocity of the residual nucleus was then de-
termined by conservation of momentum. The velocity
of the product in the laboratory system and the recoil
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Fzo. 2. Comparison of experimental and calculated angular dis-
tributions for the Cu" (a, n) reaction at 20.8 MeV. The dashed
line represents the spin-independent calculation {Ref. 4) and
the solid line the present calculation. Experimental points (Ref.
4) are given by the open circles. All curves are normalized to each
other in area.

value reQects the approximations inherent in the treat-
ment of competitive 7-ray emission. As discussed
below, the value 8=0.5 8„gave the best fit to the data.

The comparison with the experimental data is shown
in Figs. 2—4. Included for comparison are the results
of the previous spin-independent calculations. ' The
three figures show that the present calculation cor-
rectly predicts the occurrence of a peak close to 0',
and, unlike the spin-independent analysis, shows no evi-
dence of a spurious peak at large angles. However, the
calculation does significantly underestimate the width
of the angular distributions, and gives poorer agree-
ment in this respect than the spin-independent cal-
culation. In order to understand the source of this
discrepancy, we performed the calculation for 8=
104 8,. In this case, the effects of angular momentum
vanish, both because the spin-dependent exponential
in the level density becomes unity, and because Eg
becomes zero. The results for the Cu" (u, n) reaction
are shown in Fig. 5. As expected, the calculated an-
gular distribution is very similar to that obtained by
Porile and Saha4 by the spin-independent formulation.
The difference between the two formulations in the
differential cross sections at large angles is thus en-
tirely ascribable to angular-momentum effects.

In order to investigate this discrepancy in greater
detail, the energy spectrum of the emitted neutron
was examined. A comparison for 8=0.58„and 8=
104 8, reveals that the relative number of high-energy

angle were determined by vectorial addition of this
velocity to that of the compound nucleus.

Twelve thousand iterations were usually performed
for a given set of initial conditions. At the end of
the calculation, the differential cross section and its
standard deviation were computed in 1-deg intervals.
Additional information that could be obtained when
desired included the energy spectrum of the emitted
neutron, and the relative number of neutrons, pro-
tons, 0. particles, competitive p-rays, and two-particle
reactions.

IV. RESULTS

der/dQ
(arbitrary .

units)

10

The angular distribution of the (a, n) reaction
product was computed for comparison with the ex-
perimental data of Porile and Saha for the Cu '
target, and with that of Morton and Harvey~ for
Pb'N. The calculation was performed using a value
of the level-density parameter appropriate to each
target, a=8.25 for Cu 3 and a=6.88 for Pb' 7 as given
by Gilbert and Cameron. " The moment of inertia
was regarded as an adjustable parameter, and its

10 20

81 b (degrees)

FIG. 3. Comparison of experimental and calculated angular dis-
tributions for the Cu83(a, el reaction at 24.5 MeV. See Fig. 2
for details.
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neutrons is much larger in the latter case. It is pre-
cisely these high-energy neutrons that give rise to
large-angle recoils. Further analysis of the problem
disclosed that when 8=0.5 8„, high-energy neutrons
are preferentially emitted from compound nuclei with
low angular momentum, whose formation probability
tends to be small. This can be understood in terms
of the effect of the spin-cutoff energy Eg in reducing
the probability that compound nuclei with large J,
will emit high-energy neutrons. The calculation was
repeated for various values of the moment of inertia,
including the energy-dependent value predicted by the
superconductor model. The value of the level-density
parameter was also varied. In addition, the effect of
competitive y-ray emission from the compound nucleus
was determined by setting Ez, in Eq. (13), equal
to zero. None of these factors had a signihcant effect
on the discrepancy observed at the largest angles.

der/dQ i02
(arbitrary

units)

IO-

io 20

ei,b (degrees)
io"-

Fro. 5. Angular distribution of the Cu" (o., I) product at 20.8
MeV in the limit of large g. The solid line represents the present
calculation with 8 =10 8„;the dashed line is the spin-independent
calculation (Ref. 4). The experimental points are also shown.

FIG. 4. Comparison of experi- d~/d~

ment (Ref. 7) and calculation for'"„„'1",)'"

the Pb' (n, n) reaction at 21.7
MeV. See Fig. 2 for details.
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sizeable discrepancy at large angles, since the com-
pound nuclear yield decreases very rapidly beyond 10'.

In spite of the discrepancy at large angles, it is
clear that the spin-dependent calculation reproduces
the qualitative features of the angular distribution.

Another explanation of the difference between ex-
periment and calculation lies in the possible contri-
bution of a direct interaction process to the (cr, I)
reaction. Although the average range of the reaction
product was found to be consistent with the value
expected for compound nucleus formation, ' this agree-
ment does not preclude a significant contribution from
a direct process. This follows from the fact that the
expected difference in range for the two mechanisms
is only 25%. The angular distribution of the recoil
product of a (He', rs) reaction, proceeding via a
stripping process, has been calculated by the distorted. -
wave theory. It was found that the angular distri-
bution was nearly independent of angle up to the
kinematic limit. A qualitatively similar result may be
expected for a direct (cr, rs) reaction. A small con-
tribution from this mechanism would thus result in a

04-

I

Sn~
a = A/8. 0
J=i04J,

0.5-

0.2-

O,I-

0' 6 8
~(MeV)

~map

Fro. 6. EGect of the moment of inertia on the neutron energy
spectrum for the Cu" (n, n) reaction at 20.8 MeV. The top panel
gives the energy spectrum of the 6rst emitted neutron (dashed
line) and that of the (n, n) reaction neutron {solid Hne) for
g =0.5 5„.At the bottom, the energy spectrum of the (n, e) neu-
trons is shown for 8=1048,.
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ANGULAR DISTRIBUTIONS OF (n, n) REACTION PRODUCTS

of u gives rise to a lower exit-channel energy, which
reduces the probability of protons and n's being
emitted due to the Coulomb barrier and, consequently,
makes neutron emission more probable. On the other
hand, a lower exit-channel energy also increases the
cross sections of the (n, 2n) reaction, thereby reduc-
ing that of the (n, e) reaction. The top pa, rt of the
figure shows that the cross section for the (o., rs)
reactions increases as 0 approaches 8,. The horizontal
lines in each figure represent the experimental values. "
As can be seen, good agreement is obtained for a=
8.25 when 8=0.58„. The cross section calculated on
the basis of the superconductor model is seen to be
slightly larger than that obtained from the Fermi-gas
model for 8=8„.On the other hand, the-average recoil
angle predicted by this model is somewhat smaller
than that obtained for 8=0.58„. In neither instance
is the agreement with experiment improved by use
of the superconductor model.

The energy dependence of the calculated cross sec-
tion and average angle has been obtained between
20.8 and 24.5 MeV. Using the parameters that give
the best 6t at 20.8 MeV, a=8.25 and 6=0.5 8„, a is
found to decrease from 0.42 to 0.28 b, whereas the
experimental value decreases from 0.42 to 0.21 b. The
calculated average angle increases by 8% between
these two energies, as does the experimental value.
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FIG. 9, Dependence of the cross section of the Cu '(0!, n) re-
action at 20.8 MeV on 8 (top panel) and a (bottom panel) . The
superconductor model gives a value denoted by g. The horizontal
line gives the experimental value (Ref. 33).

V. CONCLUSIONS

The angular distribution of the recoil nuclei from
(n, rs) reactions has been calculated on the basis of
the spin-dependent statistical theory. The calculation
correctly predicts a peak at 0' in the differential'
cross section in the laboratory system, in marked
contrast to spin-independent calculations which pre-
dict a sharp spike at approximately 10'. The dif-

"N. T. Porile and D. L. Morrison, Phys. Rev. 110, 1193 (1959).

ference is shown to result from the effect of com-
petitive y-ray emission in broadening the energy

spectrum of (rr, rs) reaction neutrons, thereby washing
out the large-angle peak expected from the kinematics
for two-body reactions with unique final states. The
discrepancy between experiment and calculation in
the magnitude of the differential cross section at large
angles cannot be removed by reasonable variation in
the values of the various parameters in the theory,
and may reflect a small contribution from a direct-
interaction process.


