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Calculations on Nuclear-Transfer Reactions between Heavy Ions*
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Finite-range stripping calculations are made for heavy-ion reactions which involve nucleon transfer.
Three reactions have been studied, ~OB('4N "N) "B ~7Al("0 "N)'8Si, and "B("0,"N)'2C, which span
energy regions below, near, and above the Coulomb barrier, respectively. At the low energies, there is
quantitative agreement with experimental angular distributions and total cross sections. At higher energies,
the agreement with experiment deteriorates as the results become more sensitive to the optical-model
parameters used in the calculations. The effects of a repulsive core are noted, and attempts are made to
fit some ' 0—"B elastic scattering data.

I. INTRODUCTION

EACTION cross sections in heavy ions have been
studied by several means. These include a semi-

classical neutron-tunneling theory, ' a diffraction
theory, ' and approximate DWBA' theories. Based on a
method' which treats finite-range effects to any desired
accuracy, this paper presents DWBA calculations for a
number of nucleon-transfer reactions.

Three reactions are examined, "B("N,"N) "B,
"Al("0 "N)s'Si and "B("0"N) "C. Data for these
reactions are given in Refs. 5, 6, and 2, respectively.
These three cases include incident energies below
the Coulomb barrier, comparable to it, and above
it. At the low energies, the first reaction proceeds by
neutron tunneling, and the results are compared with
the tunneling theories. At the higher energies, both the
angular distributions and total cross sections become
sensitive to the optical-model parameters. Thus a
determination of the optical parameters from "B-"0
elastic scattering' was attempted. In particular, since
there is evidence for a repulsive core in heavy-ion
optical potentials, ' the effect of a core upon both the
elastic and reaction angular distributions was examined.
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I

Except for the neglect of certain recoil eGects, the
calculations are exact within the framework of a.
DWBA theory. The diffraction theory is based on the
DWBA theory and agrees with the tunneling theory at
energies below the Coulomb barrier. The results of this
paper thus allow an appraisal of the approximations
used in the other theories.

II. THEORETICAL EXPRESSIONS

The reactions in this paper are of the form

D+I= (P+1V)+I +P—+ (N+I) —=P+F. —
D and I represent the initial colliding projectiles, while
I' and F denote corresponding final nuclei. E is the
transferred nucleon. The appropriate DWBA amplitude
ls

x~, ~, XI represent internal wave functions, including
appropriate spin coordinates, for I', X, and I, respec-
tively. Lx&, xzjD~n~n represents E bound to P with
total angular momentum JD and s component MD.
4~1~+~ is the initial distorted wave with outgoing
boundary conditions. The final-state wave functions
follow similar conventions. V~~ is the interaction
between I' and S.

0,,E,
" and 0;,&,

" are defined by'

(L ] Jrsrr
I x Jrsrr)

= 2 0~ ~ "'(jrJrttrsMr I JsMs) (4r ~ s I (2a)

and

IL
= Q 0;,nul(j tJpmtMr

I JDMD) I $(„, ,). (2b)
2'll 1

The pg, 's are single-particle nucleon wave functions in a
j-j coupled representation which represent the trans-
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TAm. z I. Reaction quantum numbers and spectroscopic factors.

Reaction (transition)

Spectroscopic
factors

S1 52 5
Single-particle

transition

Orbital-angular-
momentum
transfer L

16B(14N 13N) llB

2YAl (16Q 15N) 28S1 (g.s.)
"Ai("0,nN) 26Si (1.78 MeV)

"Al("0, N) "Si (1.78 MeV)
ill (16Q 15N) 12C (g s }
"B("0,s6N*)nC (6.33 MeV)b

"B("0"C)"N* (6.33 MeV)'

1.Xi.1 =1.1
2X6=12

2X1=2
2X1=2
2X4=8
4X4=16

1P1/2~1P3/2

1Pl /2~1~5/2

1P1l2~2~1/2

1P1!2~ids/2

1P1/2~1 P3I2

1P3/2~1P3/2

1s~1$

2

3

1

1

2

0, 2

0

~ Not calculated.
Proton transfer.

u-particle transfer.

ferred nucleon bound to the initial and final nuclei,
D and Ii.

The differential cross section is proportional to

X=I (2Jz+1) (2JD+1)$ ' g I
A I'. (3)

3/I13f~,3' Mp

After some Racah algebra one obtains

is given by

~»= (+PP' '(rPP) 01.4-.(rm) I VP~(rP~)

X I ~i»141 1(rPN) +Dz (rDz) ) (5)

t'MDi3, t'Mz
d3r»zz d3&Dz+P»' '*

I

I MP& kM»

(2Jz+1) I.»z (2&1+&)

X Q (l2+6622M
I

412zzt) (+PP' 'A»2332 I VP»z
m1m 2

3')
X$6313m2*(r»zz) VPN (rDz rNz)—

3fI

SIC)
X p l (rDz rllTz) +Dz (rDz) (6)

4„„,.= g (lsmv I Jrzzz) tt'z& xzz'" (4b)

y~:" is the spin part of the nucleon wave function. The
distorted-wave matrix element for nucleon transfer

This last expression is valid for single (ltjl) and (lsj2)
configurations. The P;1 's are the spatial part of the
single-particle wave functions:

where the "no-recoil" approximation

Mz Mp+Mpl Mz
rDz+M»z

I
rp»z= rDz (7)

M» MPMD j M»

has been made in C~J &
—~. r~~ is the relative position

vector between particles I and F. Sy means of the
finite-range formalism of Sawaguri and Tobocman, 4

TAB+K II. Optical parameters. The same optical parameters were used in both the initial and anal channel for each reaction.

10+ (24N 13N) 11@ 2&Al (16Q 15+)23Si No core

11B(160 16N)13C (g s )
Repulsive

core Weak core

llB(160 16N3(6 33) )13C

Repulsive
core

~0s

50.0
10.0
1.15

0.0
0.0

50.0
10.0
1.25

0.55

0.0
0.0

20.0
8.0
1.25

0.50

0.0
0.0

20.0
5.0
1.25

0.50
—100.0

10.0
0.0
1.0

20.0
5.0
1.25

0.50
—50.0

10.0
0.0
0.5

20.0
5.0
1.25

0.50
—100.0

10.0
0.0
1.0
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the matrix element can be expressed as follows: F„(1,pr) is the radial harmonic-oscillator function, and

S' '(2, Pr) =e—'*e'"'S„'(1,Pr). (Sl)

where
(Sa)

J- is the orbital-angular-momentum transfer.
These expressions easily give the following expression

for the cross section:

X~t m ~ s, 22; 12 P, 1 ~, (Sc)

l'2 m2

s2 ——n —s,——,
' (l2+ l2 —1),

0+sy+ Qy, 0+$2+ S2,

p= [p'p'l2(p'+p') 7'~'.

(Sd)

(Se)

(Sf)

(21+1)(212+1) 'i2
ns ~ = i&'~'—'»)&8

42r (2l2+ 1)

and

X (ttgmm2
I

l2m2) (/t, 00
I l20), (Sg)

s2 N2 l2 pr 1

s, n, t, P, 1 =4P2(~/3)'"

(2 28 l—
( 1)81+882 81 82

P 281+21P 282+12

[22!r (0+1+2) 222!r (222+1,+2) n2!r (02+l2+ 2) ]'~'

s !(n s) !r (s.2—+l2+ 2) sg!(2ig —s2) !r (sg+ lg+-2')

(Sh)

/Mn
G2... (1,p2) =

0 M

F. ()= Z~:(2, P)~'- "(1,P.;1,P.) (»)
n

81L2rn(1 P
. 1 P )

Hfdf)~'
I Z G2-'"(1 P~) 622 2

'*(1 P2)
g7 82%2

'l2 m, 's, 222 l2 P&

do m;mr kg) (2Jr+1)
dQ (22rA2)2 k2 (2Jr+1)

I
(+~F' '

I
V~~~i~

I
+art+') I'

2L+ 1
(9a)

where

&=02 2ir (~„i,"' 0, ,2"' 4[ [(24+1)(24+1))'"/~l

XW(t2j2l, j,; -', L) (l21200 I LO) )'. (9b)

nD and e~ are the number of identical particles in the
initial projectile and final target, respectively, that may
be transferred. They arise from antisymmetrization
of the wave function which produces several contribut-
ing direct amplitudes. '

Spectroscopic factors may be dined by Sy =
0~[0;,~,&'7' and 52 mr[0——,222 "]' In o.rder to compare
the magnitudes of the cross sections with experiment,
the spectroscopic factors used in this paper are primarily
simple shell-model values. However, the values for the
"3("N "N)"8 reaction were taken from Goldfarb
and Steed. '0 0, 2,.

&'& (i=1, 2) is 1 when an overlap is
taken between a closed shell and a closed shell plus or
minus a particle. In this case, S; equals the number of
identical particles ND or 222 (Table I) .

Table I gives the single-particle transition assumed
for each reaction along with the orbital-singular-
momentum transfer L for each reaction. J is severely
limited by the two triangle relationships, h(l&QL) and
A(g&j2L), and by parity, (—1)"+'~~=+1.

The bound-state wave functions were computed in a
Woods-Saxon potential with a diGuseness a=0.55 F
for all reactions. A radius ro 1.25 F ——(R= roXA'~2) was
used in all cases except for the "8("N "N)"3 reaction
for which r0=1.15 F was used. The latter value was
used to facilitate a comparison with Ref. 10.

The optical potentials used have the form

V,~2= —(V+iW) [1+e] ' 4(V8+iW—8) d/dr[1+e, ]

XZ,„,I
r S„„'(1,P, r), (Si)

t'Mg) with
(10a)

G2, P(1, P2) = r2dr R;„,(r) P„,"(1,P,r) . (Sj)

e= exp[(r —R)/a] and e, = exp[(r —R,)/a, ], (10b)

R= FOXA ~ . In order to reduce the number of free
parameters, the optical parameters were arbitrarily
chosen to have the same values in the initial and 6aal
channels. The values are displayed in Table II.

A;2; 8= I'2"'&Z'~8 (i=1,2). (Sk)

R, g,, is the radial part of the single-particle wave

function, ML. J. B. Goldfarb and J. W. Steed, Nucl. Phys. A116, 321
(1968).
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TAsr.z III. Reaction variables: F., is the center-of-mass energy for incident channel; E, is the Coulomb barrier energy in center of
mass; D; =2g/k, where g and k are the average Coulomb cor) stant and wave number for incident and final channels; g =go(All" +32'~3) .

Reaction I-'1 b Dmin fO

10/ (14N 13N) lip
lOQ (14N 13N) iig
»Al(130, '3N) "Si
"Al("0 13N) 33Si

lip (16Q 15N) 12C

lip (16Q 15N+) 12C

9.0
16.0
30.0
36.0
30.0
30.0

0.913
0.913

—0.545
—0.545

3.845
—2.49

3.75
6.67

18.84
22.6
12.2
12.2

7.7

7.7
18.8
18.8
8.5
8.5

10.4
7.9
7.9
7.2
4.2
5

5.3
5.3
6.9
6.9
5.9
5 ~ 9

1.15
1.15
1.25
1.25
1.25
1.25

III. RESULTS

Table III compares in two ways the scattering regions
being studied by the three reactions: First, by the
value of the incident energy in the center-of-mass frame
and second by the classical distance of closest approach,
D;„,for two particles following a Coulomb trajectory
for 180' scattering D „„=2(n/k). n is the average
Coulomb constant for initial and final channels. k is the
average wave number. For the "B("N, "N) "3reaction
the incident energy is well below the Coulomb barrier,
and D;„is much greater than the radius 8 for which
the two ions just touch. For the ' Al("0 "N) "Si
reaction, the incident energy is comparable to the
Coulomb barrier, and D „-„ is slightly larger than E.
For this reaction, distorting eGects of the optical
potential begin to be important. Finally, for the
"8("0,"N) "C reaction, the energy is above the
Coulomb barrier, and the ions would experience
classical overlap if they simply followed classical
Coulomb trajectories. D;„,which is an average value
for incident and exit channels, is smaller for the ground-
state transition than it is for the excited-state transition
since the final kinetic energy is larger for the ground-
state transition. The ground-state transition, therefore,
is more sensitive to optical-model parameters.

A. "3('4N "N)"B
Goldfarb and Steed'0 have studied this reaction by

means of an approximate DWBA theory for incident
energies from 9.0 to 16.0MeV. At the low energies,
they extracted spectroscopic factors in agreement with
earlier results, reproduced the experimental energy
dependence of the total cross section, and obtained
reasonable fits to the angular distributions. At the
higher energies, where the eQects of optical distortion
appear, the theoretical cross sections were too large
and the fits to the angular distributions were poorer.
Our calculations agree with their results at the lower
energies. At the higher energies, an absorptive potential
( V= 50.0, W= 10.0 MeV) removed the discrepancy
in the total cross section and also improved the fit to
the angular distributions (see Figs. 1 and 2). The
results were not sensitive to the exact values of the
optical-potential strengths, even at the highest energy
(8=16.0MeV). For instance, an increase in lF from

8 '~AN' 0 "N)"Si

The transitions in this reaction to both the ground
and first excited state at 1.78 MeV in "Si have been

lo'

lOO—

I
O

~ W

O
4)

lol'—

ll
46
O
3

C3

a
Oi-

lO

Finite Range OWBA

Only Coulorn. b Distortion
( trom Goldf arb and

Steed )

lo~
9 IO I l l 2 I3 l4

Lab Energy (Me Y)

FIG. 1. Energy dependence of total cross section for
10ii (14N 13N) lip

10.0 to 19.0 MeV produced only an 8% decrease in the
total cross section. As noted by Goldfarb and Steed, the
total cross section is very sensitive to the parameters
of the bound neutron since the cross section depends
primarily on the asymptotic behavior of the bound-state
wave function. Also, as noted by them, the magnitude
of the experimental angular distributions is inconsistent
with the total cross section which was measured in a
different experiment. While we obtain agreement with
the total cross section with a spectroscopic factor of
5= 1.1, the theoretical angular distributions have been
multiplied by an additional factor of 2.3.



NUCLEON-TRANSFER REACTIONS BETWEEN HEA VY IONS

Ioo-
I 0 I 4 13 I I

B ( N, N) B

I blab

L

E

FIG. 2. Anguar distributions for
10+ (14N 13Nl llg

b

IO-'-

lo 2-

E * l2.5 MeV
lab

El b
l08MeV

lab

Io-3—

40.00 50.00 60.00 70.00 80.00 90.00 Ioo.oo I IO.OO I 20.00 I30.00 I40.00

Center of Moss Angle ( Deg )

TABLE IV. Total cross sections for ~Al( '0, ~N) @Si (g.s.) .

Energy (MeVl

Total cross section (mb)
V=50.0 V=10.0
S'=10.0 S'= 2.0 Expt

successfully studied by Dar's diGraction theory. ' With
a smooth cutoff he is able to fit angular distributions
for both transitions at incident energies of 28.5, 30.0,
and 36.0 MeV. Our DWBA calculations also give
reasonable fits to the experimental angular distribu-
tions. One interesting difference between the two cal-
culations is the introduction of an apsidal distance E
for the diffraction theory which determines the location
of the diffraction peak. For the "Al-"0 reaction
re~2.0 F, where R= re)& (Ai'13+2,'"). However, in
the DKBA picture the radius of the optical potential
should be directly related to the physical size of the
nuclei. In that case, a more usual ra~1.2 F gives a
diffraction peak at the correct angle.

The diffraction peaks could be reproduced with
widely varying sets of optical-potential strengths. In
particular, both sets (V=50.0, W= 10.0 MeV) and
(V= 10.0, W=2.0 MeV) gave fair results. The former
gave the better fit (Fig. 3) . The energy dependence of
the total cross section differed radically, however, for
the two sets (see Table IV) . For the first set the energy
excitation function was relatively constant. For the

second set, the excitation function was a rapidly
increasing function, and the total cross section was too
large in magnitude unless a large reduction of the
single-particle spectroscopic fa,ctors is assumed. Since
the experimental excitation function for the ground-
state transition increases at first and then levels out,
optical parameters intermediate between the two above
sets are suggested.

A calculation has also been made for the 1.78-MeV
first-excited-state transition at 30.0-MeV incident
energy. The fit to the experimental angular d'. stribution
was reasonable. The same optical parameters were used
as for the grourld-state transition, and it was assumed
that the proton was stripped into the 2s~~2 state. The
resulting theoretical cross section was ~35% high.
Since the 1.78-MeV state is a rotational state and not of
single-particle character, one should expect the theor-
etical value to be high. However, since the optical
parameters are uncertain the calculated magnitude
has little significance.

In this rea, ction, the results begin to exhibit some
sensitivity to optical-model parameters, and a cal-
culation was made to check for effects of a repulsive
core. This was done by setting E,=O in the surface
term of the optical potential. This procedure gives a
term of the form

V,...= —( V,+iW, ) (1/cosh'(r/2a, ) ].

28. 5
30.0
36.0

1.63
1.63
1.57

7.9
14.8
48.0

0.80
1 ' 35
1.37

Kith V,= —100.0 MeV, 8', = 5.0 MeV, and e,= 1.0 F,
the effect of the core for the ground-state transition
was to increase the cross section by 20% and to shift
the diffraction peak to the right 10'. These effects
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Al ( 0, N ) Sl ( g. s. )

E ~ 28 5 Me V
lab

could be absorbed, however, by changing other param-
eters in the optical potential.

Q 11B(iso is+)12@

Vl

o
E

Cg

b
2

50,00 56.00 62,00

A I ( 0 N ) S'

E = 30. MeV. .
lab

((I.s. )

.3
Xl
E

I I I I I I I

68.00 74.00 80.00 86.00 92.00 98.00 I04.00 I IO.OO

Center of Mass Angle ( Deg )

(a)

This reaction has been investigated at 30.0-M eV
incident energy for both the ground-state transition
and for the transition which leaves "S in its third
excited state at 6.33 MeV. Since this energy region is
definitely above the Coulomb barrier, the angular
distributions become very sensitive to the optical-model
parameters. These transitions have also been analyzed
by Dar and Kozlowsky" with the diffraction model .
They interpret the angular distribution for the excited-
state transition as consisting of two di ffraction peaks:
a forward peak due to proton transfer and a backward
peak due to a-particle transfer in the reaction
"B("0 "C)"N. Although the angular distribution for
the ground-state transition is more complicated, a
similar interpretation is given for it.

For these transitions the DWBA results were less

TAnr, E V. Magnitude of cross sections for uB ("0 isN)'sC.
Maximum value of angular distributions for ~~B ( 60 IsN) ~C

ground- and excited-state transitions.

(do./dQ), (nib/sr)
Cg
D

b
o2

DWBA
Weak or
no core

Repulsive
core Exp t

Ground state
Excited state

2.78
2.41

9.18
2.05

1.5
0.48

0-
I I

50.00 56.00 62.00 68.00 74.00 80.00 86.00 92.00 98.00

Center of Mass Angle ( Deg )

(b)

I

l04 00 I I 0 00

I I

27 I6 I5 28
( g. s. )

.3
E

Cg

b
"a .2

0-
20.00 28.00

I I I I I I I

36.00 44.00 52.00 60.00 68.00 76.00 84.00 92.00 I00.00

Center of Mass Angle ( Deg )

(c)

FIG. 3. Angular distributions for s Al( 0, ~N) sSi (g.s.).

conclusive. First, the over-all 6ts were poorer and,
second, there was generally not a clear basis to select
optimum parameters. Nevertheless, a number of points
can be made (the best fits are shown in Figs. 4 and 5):

(1) The fits were better for the excited-state transi-
tions.

(2) A repulsive core enhanced both transitions for
angles greater than 100'. Only for the excited-state
transition was the enhancement sufficient to agree with

experiment. For smaller angles in the ground-state
transition, the core strongly affected the cross section
but not in a predictable fashion.

(3) The DWBA could reproduce oscillations near
70' in the ground-state transition, which the diffraction
model could not, but no over-all improvement was
attained.

(4) In a qualitative sense, the DWBA agreed with
the di ffraction model only if either a cu to ff radius was
introduced or the absorptive part of the potential was

large (~10MeV) .
"A. Dar and B. Kozlowsky, Phys. Rev. Letters 15, 1036

(1965) ~
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IO'-
I I 16 15 12

1

E & 30. Me V
lab

( g. s. ) Repulsive core

No core

IOo
L
40

J3
E

Pro. 4. Angular distributions for
llB (16O 15N) 12C (g.s.) .

b

IO '

y

IO

0.0 18.00 36.00 54.00 72.00 90.00 108.00 126.00 144.00

Center of Mass Angle ( Deg )

I

162.00 180.00

(5) The total cross sections are of the right order of
magnitude but are not well determined enough to
extract spectroscopic factors (Table V) .

(6) In order to test the possibility of n transfer in
the DKBA picture, a calculation was made for the
excited-state transition. It was assumed that an s-state

partici. e was stripped from &60 into an z state of iig
to produce the excited state in "N with an over-all
spectroscopic factor of 1. The total cross section ob-
tained was between one and two orders of magnitude
too small, and the angular distributions oscillated
rapidly in complete disagreement with experiment.

100
B ( 0, N (633 MeV ) C

l2

(LR2)

IO-I—
L-
lh

I'rG. 5. Angular distributions for
'4B("0 "N~(6.33 MeV) )"C.

b

10-2—

lo 3-
0,0

I l I I I I

I I 0
18.00 36,00 54.00 72,00 90.00 108,00 126.00 144.00 162.00 180, 0

Center of Mass Angle ( Deg)
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100'-

16 I I

'o
O

0)

Ce 10'

CJ

Vl
O
0)

FIG. 6. Elastic scattering for '60-"B.

10

10
I I I I I I I

I

40.00 54.00 68.00 82.00 96.00 110.00 124, 00 138.00 152.00 166.00 180,00

Center of Mass Angle ( Deg)

These conclusions are weakened by the fact that the
relatively heavy mass of the transferred 0. particle may
make neglected recoil effects important.

Elastic data for ug i60 scattering at 30.0 MeV has
been reported along with an analysis by Bock et al.s

We have also analyzed these data in an effort to obtain
optical-model parameters independently of the reaction
calculations. Potentials with and without a repulsive
core were tried. Neither set gave a good 6t, and
there was little basis for choosing between them (I'ig.
6). The potentials obtained were not unique but were
consistent with the potentials used for the reaction
studies. Bock et al. used potentials with a real depth of
70.0 MeV. Guided by other efforts'" in which shallower
potentials have been suggested, we have found that the
shallower wells produce fits comparable to those ob-
tained from the deeper potentials. Also, the reaction
angular distributions favor the shallower wells.

IV. CONCLUSIONS

At energies near and below the Coulomb barrier, the
theory provides a reliable means to calcula'. e angular

"R. H. Siemssen, J. V. Maher, A. Weidinger, and D. A.
Bromely, Phys. Rev. Letters 19, 369 (1967).

distributions and extract spectroscopic factors. There
are no restrictions placed on the calculations due to
nonzero Q values or because the transferred particle
is charged. At these same energies, the results agree
with the tunneling and diffraction theories.

For energies above the Coulomb barrier, increased
sensitivity of the results to the optical potential pro-
vides a test of these parameters. However, the single
example presented here was inconclusive. A more
comprehensive study is needed in which one determines
optical parameters from the elastic data and then does
the reaction calculation with the predetermined param-
eters.

The central role of the optical potential at the higher
energies gives additional incentive for its study by other
means. A nonlocality, for example, would give rise
to a Percy effect" known to be importarIt for nucleon-
nucleus reactions. The results are sensitive to a repulsive
core and could shed light on its importance in a broader
survey of data.

Polarization of the colliding ions and recoil effects
may also have eventual importance.

"F. G. Percy, in Direct Interactions and Nuclear Reaction
Mechanisms, edited by E. Clementel and C. Villi (Gordon and
Breach Science Publishers, Inc. , New York, 1963), p. 125.


