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These forms indicate a relative strong MS inhuence
on C„„„and C„zq~„and a weak inQuence on the
remaining two coefficients.

IV. SUMMARY AND CONCLUSIONS

To summarize, a formalism was developed to in-
clude the MS interaction in the neutron-proton scat-
tering problem. This procedure is of general interest

ecause the MS force causes channel-spin nonconser-
vation. The scattering amplitude matrix was derived,
including this singlet-triplet mixing, and its elements
were related to the Wolfenstein coefficients. The nine
most common scattering observables were also related
to these coefFicients. The effect of the MS interaction
on phase shifts was evaluated through the use of a
perturbation calculation for low l waves, and a Born-
approximation calculation for high / waves. Calcula-
tions for energies from 25—210 MeV were performed
to find the influence of the MS force on the scattering
observables where it was assumed that the phase
shifts determined by the lowest x' fits to the scat-

tering data for the nucleon-nucleon problem were due
to the nuclear interaction only.

From this study it can be concluded that all nine
scattering observables are markedly influenced by the
MS interaction, but for all but the lowest energies
this inhuence is confined to small scattering angles
((5'). At low energy, the influence on polarization
and the correlation coefficient Cz&, and possibly the
correlation coefficients C„„„and C»&q~„, extends to
beyond 10'. Thus, phase shifts as determined from
scattering data and reported in the literature will not
be altered by inclusion of the MS force in the for-
malism unless small angle measurements are included
in the data.
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Calculations of the binding energies of p-shell hypernuclei have been carried out treating all the nucleons
and the A. self-consistently. The Tabakin potential is used for the X37 interaction and a simple central force
which fits AX scattering is used for the A.-E system. The binding energies obtained exceed those observed.
The dynamical aspects of the hypernuclear system are also discussed, as well as various correction terms.
Finally, a comparison is made with other hypernuclear calculations.

I. INTRODUCTION

INDING energies of A hvpernuclei in the p shell
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may provide valuable information about certain
properties of the A-X interaction, which have not been
or ca,nnot be measured in free A.-T scattering. Indeed
A.-W scattering data is quite sparse and is subject to a
wide variety of interpretations. If it is assumed that the
A-g potential is central then the binding energies of
s-shell hypernuclei exceed the experimental values,
independent of the particular model employed. ' This
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has led to the suggestion that the A-X interaction is
severely suppressed in a hypernucleus relative to the
free A-~V force. Alternatively, this difhculty might be
overcome by including a tensor component or an ex-
change part in a phenomenological A-X interaction.
Such attempts have so far been unsuccessful. The
binding energy of the A in &He', for example, was
found' to be insensitive to an additional short-range
tensor force and an exchange interaction would have
little, if any, effect on a calculation for this system. It
is likely that such additional components of the inter-
action will have a more pronounced effect in p-shell
hypernuclear calculations but so far the problem of
overbinding remains for qHe' and also, probably, for
the A =4 hypernuclei.

' J. Law, M. R. Gunye, and R. K. Bhaduri, in Proceedings of
the International Conference on IIypernuclear Physics, Argonne
Xationa/ I.aboratory, 1069 (to be published) .
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FIG. 1. Observed Bii for p-shell hypernuclei LD. Davis and J.
Sacton, invited talk at the International Conference on Hyper-
nuclear Physics, Ar gonne Eationa/ Laboratory, 1969 (to be
published) g. There are two hypernuclei whose core nuclei have
A =6 and two with A =8. The more tightly bound are &Li7 and
pLi~. The other hypernuclei shown forA =6 andA =Sare &Bev
and pBeg. The statistical error associated with all shown points
never exceeds 0.2 MeV.

~ A. Gal, Phys. Rev. 152, 975 (1966).
4R. K. Bhaduri, B. Loiseau, and Y. Nogami, Ann.

{N. Y.) 44, 55 (1967).
5A. Gal, Phys. Rev. Letters 18, 568 (1967).
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It has been suggested'4 that this difficulty might be
overcome if three-body forces are included in the
analysis. Specifically, there are irregularities in the A

binding energies of p-shell hypernuclei, notably the
relatively low binding of ~Be' and to some extent qc"
(see Fig. 1). These might be related to a repulsive
part in the ASS interaction rather than implying a
huge spin dependence of the A.-X force.' Scattering
experiments, of course, give no information about the
existence or nature of ASS forces and one must invoke
a model, like two-pion exchange (TPE), in order to
estimate three-body effects. The result of such esti-
mates4 in &He' is a reduction in the binding energy so
that reasonable agreement with experiment is obtained.
Such a treatment has, however, other difhculties. First
of all, the dominance of the TPE diagram (even at
small interparticle distances) is surely unjustifiable,
and other exchanges would have to be considered.
Second, use of the three-body interaction presupposes a
knowledge of the nuclear correlations which are, in fact,
unknown. For p-shell hypernuclei the uncertainties of
such calculations are even larger, since noncentral
aspects of the A.ÃE force wouM have to be considered.

It is by no means obvious that the irregularities in
the Bz values for p-shell hypernuclei do not originate
from something other than three-body forces. It is, in
fact, known that p-shell nuclei are deformed, but the
effect of the A particle on the deformation and of the
deformation on the binding of the A has not been
carefully considered. Since these are much simpler than
considering three-body forces it is natural to determine
to what extent the irregularities can be explained by
taking the dynamical aspects of deformation into
account.

In this paper, the Hartree-Fock (HF) method is

used to calculate the binding energies of hypernuclei
assuming a simple, central AX force that fits the scatter-
ing data. Unlike other methods, HF allows one to
consider, in a consistent way, the mutual polarization
effects of the A.-nucleus system. Thus, one maintains a
dynamical description of the A and the nucleons present
in a hypernucleus. In particular, the compression and
deformation affected by adding a A to a nucleus can be
calculated and whether or not these eGects lead to the
observed irregularities can be determined.

II. METHOD OF CALCULATION

The Hartree-Fock method has been applied to many
nuclei with various degrees of generality. ' The method
is fully described elsewhere' and essentially entails the
diagonalization of the matrix

&s I
~ li) —= &s I

l li )+ 2 &+ I
I'~

1 j&), (l)
k=1

where i and j indicate an arbitrary basis, t is the kinetic
energy operator, V& indicates that the matrix element is
antisymmetrized, and the summation is restricted to
occupied orbitals. An iteration proce, ss is necessary since
the occupied orbitals k are just the lowest eigenfunctions
of the h matrix. In practice, the i, j representation is
usually taken to be the harmonic-oscillator functions
comprising the first few shells of the shell model, and
k is expanded in these same functions. The coefficients
of the expansion are then determined self-consistently

by iteration. The Hartree-Fock energy is then given by

E F= ', p (e+(I: i
t

l
k)-), (2)

k=1

where the e's are the eigenvalues of h.
The method can be generalized in a straight-forward

manner to include A particles. The Hamiltonian for a
system of nucleons and A's is

&= 2 &s I
t li )a'"a+ Z & I

l
I
&)b-'bs

'e2 0;P
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l ~b)b„tb, tb&b,
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W
l
Pis)bpta tbpa„, (3)

where u, a~ create and destroy nucleons, b, bt create and
destroy A particles. V is the X-iV interaction, U the
A-A interaction, S' the A-E interaction, and t and t are
the Ã and A kinetic energy operators. If we consider

6 I. Kelson and C. A. Levinson, Phys. Rev. 134, B269 (1964);
S. J. Krieger, M. Baranger, and K. T. R. Davies, Nucl. Phys. 84,
545 (1966).

M. Baranger, in Cargese Lectures in Theoretical Physics
(W. A. Benjamin, Inc. , New York, 1963); A. K. Kerman, in
Lectures Given at the Summer School of Carg'ese, Corse, 1968'
(to be published) .
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hypernuclei with only one A particle the trial wave
function is

N

~=f.' ll "'
I » (4)

and the U term will not contribute. Variations with
respect to the k and p orbitals lead to the set of simul-
taneous equations

&j IhIr&= &j I
&I—r&+ Z &j&I V~Ir&&

+ &~i I
W

I ~r& =0, (5)

(~ I g I
p&= && I

I—
I »+ 2 &&u I

w
I

&u&=o, (6)
k 1

where p is the occupied A. orbital, g an unoccupied A

orbital, tt and r are occupied orbitals, and j is an un-

occupied nucleon orbital. As in the usual HF method,
the above condition that h and g not connect occupied to
unoccupied orbitals is imposed by requiring h and g to
be diagonal. Thus, the generalized HP equations are

&i I
h

I
j&—= &i I

t lj &+ Z &+ I
v

I j&)

+ (pi I
w

I pj ) =e;8;,,

& I g I
~&=—& I

&
I ~)+ Z & &

I
W

I ~&& =~A., (8)
k=1

and the corresponding energy is given by

~=-: 2 ("+&& I
i

I &))+2(~~+& I
&

I ~)) (9)

The iterative procedure for solving these equations
consists of choosing initial nuclear orbits k, diagonaliz-

ing g to obtain the A orbital p, and substituting this p
and the k's into h. The procedure is then repeated with
the resulting eigenfunctions of h until consistency is
obtained.

In practice, both the A and nucleon orbitals are
expanded in harmonic-oscillator bases

(10)

where the set i contains 1s, 1P, 2s-1d, and 2p 1f shells-
and n contains the 1s and the 2s-1d shells. This trunca-
tion introduces a dependence on the oscillator constants
which must both be determined so as to minimize E
and, in general, will have diA'erent optimum values.
It should be noted, however, that this space is suK-
ciently large that many deformation modes can be
simulated for Be, C" and somewhat heavier nuclei.
This view is supported by the small change in all
relevant nuclear quantities, including the quadrupole
moment, when a larger spa, ce is employed. '

8 W. H. Bassichis, B.A. Pohl, and A. K. Kerman, Nucl. Phys.
A112, 360 (1968).

The evaluation of the matrix elements of U in Eq. (7)
is implemented by a transformation from the coordi-
nates of the two nucleons to their relative and c.m.
coordinates. If the potentials generating the wave
functions are different, as is the case for the 8' matrix
elements, the usual transformation must be generalized.
The existence of such generalized transformation
brackets' enables one to evaluate the 8' matrix elements
in the standard way.

u'= I 063 fm' 9= 0 349 fm'. (13)

The soft repulsive part of W(r) wa, s supposed to
simulate the effects of a strong short-range repulsion.
It was found a posteriori that, unless such a repulsion is

included, the A. particle wave function tended to be
concentrated farther inside the nuclear interior than is
reasonable. The values of the strengths Vo and V~, were

fixed by solving the S-wave scattering problem and
comparing the results with the low-energy scattering
data of Alexander et al."Examples of such comparisons
are given in Table I.The fits shown are quite reasonable
except for the first potential. The effect of a small

repulsive part is seen by comparing the first two rows.
If the strength of the first potential were reduced by
about O'P~, reasonable agreement would be obtained
also in that case.

IV. DETERMINATION OF OSCILLATOR
PARAMETERS

In principle, the oscillator parameters for the nucleon
wave functions y~ and the oscillator parameter for the
A wave functions yp should both be treated as variables
to be determined by the minimization of the energy.
LThe correspondence between this notation and that of
Ref. 9 is given by up= 1, where the Gaussian factor in

9 A. Gal, Ann. Phys. (N.Y.) 49, 341 (1968).
'0 F. Tabakin, Ann. Phys. (N. Y.) 30, 51 (1964)."G. Alexander et ul. , Phys. Rev. 173, 1452 (1968).

III. CHOICE OF INTERACTIONS

The nucleon-nucleon interaction V was chosen to be
that of Tabakin. "The force has the advantage of fitting
nucleon-nucleon scattering reasonably well, while being
smooth enough so that its matrix elements are finite.
This force has been used extensively in nuclear HF
calculations and is known to have certain shortcomings,
which will be discussed later. The Coulomb force has
been neglected in all of the calculations.

The A-E force used was the sum of an attractive and
a repulsive Gaussian,

W(r) = —Vo exp( —r'/a')+ V~ exp( —r'/b'), (12)

where Vo and V~ are positive. The range parameters,
a and b, were chosen so that they give the intrinsic
range parameters corresponding to two-pion exchange
and E-meson exchange, respectively, i.e.,
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TABLE I. (a) Calculated s-wave A N-total cross sections (in mb) for different 4-N central potentials. The strengths Vs and V& are
defined by Eq. (12). (b) Experimental'-P total cross section (Ref. 11).

Potential
strength (MeV)

VP V1 120 140 160

(a)

Calculated ag for Swaves (mb)
Incident A. momentum (MeV/c)
180 200 220 240 260 280 300 320

(a)
(b)
(c)
(d)
{e)

55.2 0
55.2 9.2
59.8 27. 6
69.0 64.4
73.6 82.8

219
188
190
196
202

195 172
168 150
170 150
174 154
178 156

151 133 116
133 117 103
132 116 102
134 118 102
136 119 104

102 90 78 68 60
91 80 70 62 54
90 78 68 60 53
90 78 68 59 51
90 78 67 58 56

Incident
h. momentum

(MeV/c)
Experimental

0~ (mb)

120-170
170-200
200-220
220-240
240-260
260-320

180m 22
130+17
118m 16
101&12
83w9
57w9

the wave functions is of the form exp( —r'/2y). g Since,
however, the optimum p~ for light nuclei was found
to be 2.6fm', this value was used throughout the
calculations. "The A. oscillator parameter was, however,
varied. Calculations were performed for qHe' and
~O' for a number of forces that fit the scattering data
and for different values of yq in order to determine the
sensitivity of the results to these parameters. The
results are summarized in Table II. For qHe' the mini-
mum occurs, for each of the forces used, at yg= 2.0 fm',
though a curve of B~ as a function of y~ is rather Rat
between yA=1.7fm' and yA ——3.0tfms. The binding

yg (fm')

(a)

Bg for gHe~ (MeV)
Force b Force d Force e

1.0
1.7
2.0
3.0
4 0

4. 15
5.81
5.95
5.85
5.46

4.39
6.14
6.29
6.23
5.86

4.47
6.25
6.41
6.35
5.99

(b)

Bg for g017 (MeV)

TABLE II. (a) The Bg for gHe' as a function of the oscillator
parameter yg and the potential strengths Vp and V1 (see Table
I). (b) The Bg for gQ'~ as a function of yg and the strengths
Vp and V1.

energy of the A, Bz is defined by

—&A= t:l Z ("+(I I
&

I &))+l(~.+(~I &
I ~))

es+ ks f ks )]. (14)

TABLE III. Sensitivity of QA and RA to variations in the
oscillator parameter.

Z(o (

Here the subscript zero indicates that the eigenvatues
and eigenfunctions are those obtained without a A.

present. For ~O'~ the minimum occurs at y~ ——1.7 fm',
though again the B~ curve is quite Oat. It should be
noted that, though the Bz curves may be relatively Oat,
other quantities, like (QA) and (rA'), may not. be so
insensitive to changes in 7~. Thus, it is important when
working in any finite space to determine the optimum
p+. The sensitivity of various quantities to variations
in yq is shown in Table III.

The binding energy of &He', as shown in Table II,
exceeds the observed binding energy by an amount
similar to that obtained in other calculations. No
remedy for this is attempted in the present calculations.
The incremental binding energy of roughly 3 MeV per
nucleon between ~He' and qO" is also too large. This
is directly a result of the diagonal matrix element of the
h-X interaction between a is A and a 1p nucleon being
approximately 2.5 MeV for yq ——2.0 frn'. An attempt to
reduce this will be discussed in a later section.

1.0
1.7
2.0
3.0
4.0

39.1
39.3
39.1
37.5
35.8

41.1
41.3
41.1
39.3
37.5

41.8
42.0
41.7
40.0
38.1

12 A. K. Kerman, J. P. Svenne, and F. M. H. Villars, Phys.
Rev. 147, 710 (1966).

Core
nucleus

Li'
Li'
Bes
+10
C12

3.75
6.99

10.70
6.24—4.85

4.41
8.24

12.00
6.40—4.44

Qg (mb)
v~= 1 7 &~=2.0

1.75
1.75
1.75
1.63
1.57

1.80
1.80
1.80
1.66
1.58

gg (fm)
v~=1 7 v~=2 o
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TA&LK IV. Results of HF calculations using the optimum pp. From pHe5 to pHe' the optimum yp is 2.0 fm' and for the heavier hyper-
nuclei shown it is 1.7 fm'. The Q„„,l,„, and E „,I,„values in parentheses are those obtained by HF for the core nucleus alone. The

indicates that a c.m. correction has been applied. The relevant definitions for the quantities listed are found in Eqs. (14) and (15).

Core
nucleus

~A
(Mev)

Qnucleus
(b)

Q~
(mb)

~nucleon
(fm)

Rg
(fm)

He4

He'
Li'
Li'
He'
Be'
LI8

He'
B9
B10

Bll
C12

C13

N14

N15

016

Ne~
Ca4'

Zr"

6.41
9.72

10.00
11.88
11.94
14.32
14.53
14.12
17.28
21.24
24.39
28.32
31.53
36.23
39.27
42.00
48.77
76.54

120.8

0
0. 149
0. 144
0.241
0.097
0.332
0. 197
0.045
0.285
0.230

—0.222
—0.244
—0.162

0.019
0.00
0
0.497
0
0

(o)
(0.190)
(0.186)
(0.320)
(0.131)
(0.479}
(0.267)
(0.083)
(0.412)
(0.331)

(—0.296)
(—0.325)
(—0.232)

(0.035)
(0.00)
(0)
(0.508)
(0)
(0)

0
4.44
4.41
8.24
2. 73

12.00
6.34
1.14
8.61
6.24

—4.51
—4.85
—3.06

0.38
0.00
0
2.96
0
0

1.58*
2. 16
2. 14
2.22
2.24
2.24
2.24
2.28
2.24
2. 21
2, 21
2.20
2. 19
2. 17
2. 18
2. 19
2.40
2. 76
3.12

(1 70)g
(2.36)
(2.35)
(2.45)
(2.44)
(2.52}
(2.46)
(2.48)
(2.51)
(2.45)
(2.43)
(2.41)
(2.39)
(2.33)
(2.34)
(2.35)
(2.48)
(2.79)
(3.12)

1.62*

1.81
1.80
1,80
1.77
1.80
1.75
1.74
1.70
1.63
1.60
1.57
1.53
1.49
1 ' 47
1.50
1.47
1.48
1 ' 46

In Sec. V, the results will be given for the hypernuclei
between ~He' and ~0' for two values of y~, namely,
1.7 and 2.0 fm . Since the results are rather insensitive
to Ue and Ur, the force designated by (e) in Table I
will be used throughout.

V. RESULTS

The results of the hypernuclear HF calculations for
the 4 1V force (e) of Ta-ble I are given in Table IV.
The results are given for two values of y~ which are in
the neighborhood of the optimum y~. In He' the rms
radii have been corrected by subtracting the spurious
contribution of the c.m. coordinate. This correction
has not been made for other nuclei, but the effect
should begin to be rather small for A &8.

The precise definitions of the quantities appearing
in Tables III and IV are given below:

Q~= (»~' —r~'),

R,t2= (rg'),

only slightly reduced if the force employed were such
tha, t the optirnurn yq occurred at a larger value. . The
matrix element of the A-S force that plays the dominant
role in the calculation of the incremental binding energy
of p-shell hypernuclei is, obviously, that between a
1s A and a 1p nucleon. In Table V, this matrix element
is given for various values of y~, and one sees that a
verv large y~ would have to be used for this matrix.
element, and with it the incremental binding energy
in the p-shell, to be less than 2 MeV.

Another attempt to reduce the overbinding con-
sisted in suppressing the A-X force by a factor of 2
in the odd relative angular momentum states. The
rather small effect of this suppression is shown in
Table VI.

As seen from Table IV, the orbit of the A particle is
deformed (a nonzero Qq) in a, way that follows the
nuclear deformation, i.e., Qq and Q~ have the same
sign. I'urthermore, the sign of Q~ was always the same
in the hypernucleus as it was in the nucleus alone. The-
main effects of the A particle on the nuclear properties
was a radial compression of about 10% and a reduction

Q~= g (3s'—rs).

The binding energies in the region qHe' to ~C",
where experimental binding energies are known,
exceed the observed values by an appreciable amount.
It is likely that such overbinding will occur even with
more elaborate central A-X interactions if they fit the
low-energy scattering data. The overbinding would be

pg (fm')

I &» tp I
li'I »11) I

(MeV)

1.0 1.7 2.0 2.6 3.0 4.0

2.80 2.58 2.50 2.31 2.20 1.95

TAsx,z V. The variation of an important AE matrix element
with pp. The incremental binding energy in the p shell is domi--
nated by the (ls1p

I
W

I 1slp) matrix element. The optimum
pp for hypernuclei considered here is either 1.7 or 2.0 fm'.
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TABLE VI. The increase in Rg and the decrease in Bg when
the AE interaction is suppressed by factor of 2 in odd partial
waves. The decrease in the magnitude of the (ls 1p

~
W

~

1s lp)
matrix element due to this suppresion is about 10/&.

Core
nucleus

ARg (fm)
v~=2

—ABER (Me&)
v~=2

Li6
Li7
Bes
B10
016

0.01
0.03
0.05
0.07
0.08

0.02
0.04
0.06
0.06
0.05

0.47
0.68
0.93
1.85
4.98

0.36
0.54
0.75
1.40
4.03

'~ J. P. Svenne, Ph. D. thesis, MIT, 1966 {unpublished).
~4R. Lawson and M. Rotenberg, Nuovo Cimento 17', 449

(1960); R. H. Dalitz, in Proceedings of the Internotionol School
af Physics" Enrico Fermi, " Course 3h', edited by T. E. O. Ericson
(Academic Press Inc. , New York, 1967).

in angula, r deformation (Q&/R&') by about the same
amount.

The large values of Qtv a,s compared to Qs are a result
of the fact that nuclear deformation in the p shell is a
result of mixing states from the same major shell

(p,&, and p, ts), while the A deformation can only result
from major shell mixing (e.g. , 1s with 1d) .

One sees from Table IV that for a fixed yq the rms
radius of the h. decreases as the atomic number in-
creases. This is due to two effects. First, as A increases
the number of A.-X bonds increases. Second, the X-T
force employed is known to yield radii which do not
rise as fast as A'~'. Even if the force were such that
the calculated nuclear radii went as A'~', this might not
compensate for the 6rst effect. This deficiency of the
Tabakin force is also evident from the results of the
calculations of the heavier hypernuclei which have not
been observed, as seen in Table IV. The binding energy
of the A seems to increase without limit as A increases.
This lack. of saturation can also be traced to high
nuclear densities characteristic of the Tabakin force."
Thus, the nuclear potential well felt by the bound A
ha, s a depth of about Ap(0), where p(0) is the density
at the origin. For actual nuclei Ap(0) is r'oughly
independent of A for heavy nuclei but with the Tabakin
interaction Ap(0) continues to increase. (This has
been checked quantitatively by using a square well
to represent the effect of the nucleus on the A particle. )

It is interesting to note the difference in Bq between
qBe7 and gLi~ in Table IV. Such differences are often
attributed to a term AS~ Sq in a parameterization of
the BA curve. " Thus, since the nuclear spin S~ is
zero for Be' and is one for Li', the experimentally
observed difference in BA leads to the conclusion that

0.5 MeV. In these HF calculations, with a purely
central spin-independent force, there should be no
-difference in the BA s for ~Be~ and qLi~, if it is indeed
only a spin effect. Thus, the calculated 0.3-MeV
difference, which must be dynamical in origin (reflecting
a slight va, riation in densities and compressibilities)

and of the order of the observed difference, casts some
doubt on the procedure of determining such parameters
as 6 from the data. "

Also to be noted in Table IU is that the relatively
low binding energies of the h. observed in qBe' and
~C" are not reproduced in this calculation. Instead the
calculated Bz for the A=9 systems show the same
dynamical differences as were found in the A = 7

hypernuclei.

VI. CORRECTIONS

There are a number of corrections which should be
made in these calculations, just as in the ordinary
nuclear HF calculations. For example, an error was
introduced by not subtracting the kinetic energy
operator for c.m. from the Hamiltonian. "The binding
energy of the h. , as given by Eq. (14), should therefore
be corrected by the difference between the c.m. energy
in the nucleus and the hypernucleus. In nuclear calcula-
tions, it has been found that subtraction of the c.m.
kinetic energy results in an increase of the calculated
binding energy by about 12 MeV, independent of A.'
For hypernuclear calculations the expectation value of
the c.m. energy is easily found to be

(E™)= rrt/M(E „;~ )+m/M(t),

where m, tn, and M are the masses of the nucleon, A,
and the hypernucleus, respectively. Because the A

compresses the nucleus (Ta,ble IV) it is expected that
(E „,™) will be about 20oro larger in a, hyPernucleus
than for the bare nucleus. Since (t) rises from about
12 MeV in qHe' to about 17 MeV in qX" and since
rn+m=M, (E' )should also be a. pproximately 20%
larger in a hypernucleus than in the corresponding
nucleus. Thus, the binding energy of the A as given in
Table IV should be corrected by about an additional
2.5-MeV binding.

Another correction which should be made is con-
nected with the fact that the determinantal wave func-
tions obtained via HF are not eigenstates of total
angular momentum. Thus, a true binding energy should
be given by

where I'~ projects out the angular momentum of the
ground state and. Prr and /sr are the HF determinants
for the hypernucleus and the corresponding nucleus. "
The fact that the presence of the A in general reduces
the deformation of the nucleus might indicate that this
rotational correction is smaller in the hy'pernucleus
than in the nucleus and this would tend to decrease the
overbinding. However, this correction is not present for
the spherical nuclei. A similar projection procedure is
necessary for isospin.

~' A. R. Bodmer and J.W. Murphy, Nucl. Phys. 64, 593 (1965).
s' B.F. Gibson, A. Goldberg, and M. S. Weiss (to be published)."%. H. Bassichis, B. Giraud, and G. Ripka, Phys. Rev.

Letters 15, 980 (1965).
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TABLE VII. The comparison of the resuIts of diferent methods
for calculating J3p. The column labelled J3g is the result of the
self-consistent calculation Le.g., (14)g. co is the eigenvalue of the
HF matrix for the A Le.g., (g) g and the difference between —~
and Bg represents the energy lost by nucleus due to rearrange-
ment. —~' is the binding energy of the h. obtained by a static
calculation. Rg and Eg are radii as obtained self-consistently
and with a static calculation, respectively.

Core
nucleus

CO —Co' Rp0
(Me V) (MeV) (MeV) (fm)

Li6
Ll
Bes
Blo
016

11.38
13.78
16 ' 74
23.83
44. 88

10.00
11.88
14.32
21.17
41.70

8.43 1.93
10.04 1.96
11.63 2.03
18.32 1.83
38.04 1.57

1.80
1.80
1.80
1.66
1.50

VII. COMPARISON WITH OTHER METHODS

A basic assumption of all p-shell hypernuclear shell-
model ca,lculations' is that the variation with A of the
A wave function is negligible. The HF method provides
a means of determining the validity of this a,ssurnption.
The results in Table IV indicate that the wave function
becomes more concentrated at small distances as the
atomic number increases. This variation is also rejected
in the increase of the expectation value of the kinetic
energy of the A, from 12 to 16 MeV, between qHe' and
gC". It should be pointed out, however, that part of this
variation of the A wave function is due to the poor
saturation properties of the Tabakin potential. " It is
possible that a HF calculation with an E-E force that
reproduces the 2'f' dependence of the nuclear radius
will validate the assumption.

Another assumption which may be checked is that
of the rigid-core model, where the hypernucleus is
treated as a two-body system composed of the core

By far, the largest correction to these calculations
stems from the fact that the result of an HF calculation
should only be considered as the first term in a perturba-
tion expansion. This perturbation expansion has been
carried out, up to second order, for various nuclei and,
though the series appears to converge, the second-order
terms are large. " In 0", for example, the potential
energy in first order is about 850 MeV and the second-
order contribution is about 70 MeV. Thus, the second-
order correction to Bq, given by

AB+ = AE'@ (—hypernucleus) —b,E"l (nucleus), (18)

is the difference between two large numbers and can be
quite large itself. Since the expression for AE&'~ contains
an infinite sum over an infinite number of unoccupied
sta.tes, the calculation can only be done approximately
and the results are difficult to estimate. Such approxi-
ma. te calculations are presently being undertaken.

nucleus and a A. In the rigid-core model, the relevant
coordinate is the distance between the A. and the nuclear
c.m. Because of the use of single-particle coordinates in
the HF calculation, the comparison with rigid-core
model calculations" is meaningful only for heavy
hypernuclei where c.m. effects are negligible. In the
HF framework, however, the basic idea of the rigid-core
model can be assessed by using the results of the nuclear
HF calculation for the occupied nuclear states in Kq.
(8) and simply solving that equation for co without
iterating. This co will be designated by co . The difference
in the results of such calculations and complete HF
calculations is shown in Table VII. It is seen that the
polarization of the nucleus by the A leads to an increase
in Bg of about 2 MeV. The effect of the A on purely
nuclear properties has been discussed in Table IV.
In Table VII, the eigenvalue co, obtained by solving
both Eqs. (7) and (8) self-consistently, is also listed
for each nucleus. The difference between these eigen-
values and the Ba as calculated from Eq. (14) repre-
sents the energy lost by rearrangement of the nucleus
in moving from its optimum size and shape. This loss
is seen to be about 2 MeV in all the hypernuclei con-
sidered.

VIII. CONCLUSIONS

The results of the HF calculations presented here are
not meant to be compared directly with experiment. As
has been pointed out, there are corrections concerned
with second-order effects, spurious c.m. energy, and
angular momentum and isospin projection. Further-
more, a E-E force must be found which leads to correct
nuclear densities and more information must be ob-
tained about the A.-E interaction before realistic cal-
culations can be carried out.

The aim of the calculations presented here was,
therefore, to determine the type of effects, and their
order of magnitude, that result from a dynamicaI
treatment of hypernuclei. The main differences between
these HF results and those of a static calculation were
found to be an additional 2—3 MeV in the binding
energy, and a 10% compression and a reduction in the
deformation of the core nucleus. No exceptional dynarn-
ical effects were found for ~Be' or ~C" that would
explain their relatively low binding energies.

The calculated binding energies in all cases exceed
those observed and this is presumed to result from using
a central AX interaction that fits low-energy scattering
data. The use of a long-range tensor force or a three-
body A.SE intera, ction seems to be necessary in order
to reduce the calculated B~. In this respect, the con-
clusion of this calculation is similar to those of recent
investigations of s-shell hypernuclei and of the
binding energy in nuclear matter. '
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