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The analysis of muonic x-ray spectra in deformed nuclei was carried out in the past by diagonalizing
the electric quadrupole interaction between the spin doublets (2ps, 2p1/2), (3ds2, 3ds2) and the lowest
rotational band of the nucleus. With the present experimental accuracy, this procedure is no longer adequate.
To take into account the muonic and nuclear states not included in the diagonalization, we renormalize
the electric quadrupole interaction by virtual excitations into those states. We find that the renormaliza-
tion correction amounts to a few percent of the quadrupole matrix elements. This explains the systematic
tendency for the intrinsic quadrupole moments obtained from the traditional analysis to be a few percent
larger than the values deduced from Coulomb excitation experiments. We also find that the inclusion of
the renormalization corrections has a very significant effect on the parameters of the charge distribution

and the intensity ratios of the hyperfine multiplets.

1. INTRODUCTION

HE electric quadrupole hyperfine spectra of muonic
atoms of deformed nuclei have been measured
accurately in the last few years. While the experi-
mental accuracy has improved to a fraction of keV at
a few MeV, the analysis of the spectra still remains the
same as that of the pioneering works of Wilets! and
Jacobsohn,> who diagonalized the electric quadrupole
interaction between the lowest rotational band of the
nuclei and the spin multiplets: 1sis, (2p12, 2p3/s),
(3dsje, 3ds) (called the model space in this paper).
It is desirable to make a more careful theoretical
analysis in which the configurations of the muon and
the nucleus are no longer restricted to the model space.
Up to now all the experimental data have been
analyzed by starting from a certain charge distribution,
for example, the modified Fermi distribution

o(7, ) =N[1+exp(4 e BY() )>]—{

t(14-6"Y20(0') )

The parameters c, ¢, 3, 3’ are then varied to get a best
fit to the experimental spectra. In more detail® the
charge density is expressed in the form

p(7,0") =po(r") +p2(r") Yo (6'),

where 1’ is the position vector for the nuclear charge
density. The Dirac equation is solved in the spherical
part po(7’) to give the muonic states in the model
space. The quadrupole part of the electrostatic inter-
action Hg is then diagonalized within the model space,
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where
Ho=%eQo f(r) Py(cosd),

4 1/2 00
Qo= 2(—? ) / po(#) 741,
0

2 (4m\V2 0 ar 1 [
f(r)= —<“7‘r) (1’2/ pa(7") —r, + */ p2(7’)1"4d7'>.
Qo \5 r 7 J,
The nuclear states are taken to be rotational states
| IK). The model space consists of states of the form
| IK, nlj, FM ),

where F, M are the total and the 2 component of the
angular momentum of the muon-nucleus system.
(We will suppress the index # when the state | nj)
is one of the states 1si/2, 2ps2, 3ds2, 3d3/2.) The matrix
element of Hg has the following form:

Ky, b1, FM | H, ! I,Ks, ls 7o, FM')
= ajy A2 (LK fiF, Dols js), (1.1)

where K= K, since the quantum number K is the same
within a rotational band. Also,

ajyin=—(€Q0/10) (L ji | f(7) | 2 fa)s
/125A2(I1K1l1j1F, Izlzjz)
= (— 1) TR (2,4-1) (2o 1) (2141)

(1.2)

F i L/ L 2 I
X (2L,4-1) ]2
2 I, pJ\-Ki 0 K;
A2 g
X L+ (=D sl (1.3)
-1 0 1
2 2

The quantity a;,;, remains essentially constant in the
model space. (The slight differences of the radial wave
functions of 2ps, 2pys will cause a;y;, to vary by less
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1 NUCLEAR POLARIZABILITIES IN MUONIC ATOMS

than 109, within the model space.) We have used the
notations of Edmonds.*

When the matrix (Hg) is diagonalized, a complicated
spectrum results. The wave functions |», FM) are
linear combinations of the unperturbed states in the
model space

|v, FM)= 3 C(1,j,v, F) | IK, lj, FM),
I,j

where the quantities C(I, 7, », F) are obtained by
diagonalization. The index » is used to specify one
particular state. The observed K and L x-ray in-
tensities then depend upon the E1 reduced matrix
element between the initial state | »;, FiM,;) and the
final state | vy, F;M;):

i, By || M(E) || viy Fiy= X C*(I;jsusFy)

IyisIids
XC(Lijwils) LKy, Uy g, Fy || M(EY) || LiKy, 1§, Fi),

where the reduced matrix elements between the un-
perturbed states can be written as

(LK, Uy jg, By || M(EY) || IiKy, Ligi, Fi)

=MB:(I;Kil; jiFy, LilijiFs), (1.4)
and
M= (s js| ra| Liji),
Bi(IgKily jiFy, TdigiF i) = (— 1) Tttt Pt A g
F; I

Jr
XL(25+1) 25:41) (2F 4-1) ]2
F; 7. 1

i1 g ‘

X s[4 (=1)urn] (1.5)
—1 0 1
2

2

When the experimental spectra are analyzed by the
method sketched above, the intrinsic quadrupole
moments obtained are somewhat larger than the values
deduced from Coulomb excitation experiments, the
values of the skin thickness come out to be smaller than
would be expected and the relative intensities are not
so well reproduced by the assumption of the statistical
filling of the 4f levels.587 Therefore, more nuclear and
muonic states other than those in the model space are
taken into account in the following analysis.

2. THEORY

In heavy deformed nuclei, the energy differences of
the unperturbed states in the model space, and the
electric quadrupole matrix element (Hy), are all of the
order of 50 keV, while configurations not included in
the model space are at least several MeV away. There-

4+ A. R. Edmonds, Angular Momentum in Quantum Mechanics
(Princeton University Press, Princeton, N.J., 1960).

5S. Devons and I. Duerdoth, Advan. Nucl. Phys. 2, 295 (1969).

¢ D. Hitlin, thesis, Columbia University, 1968 (unpublished).

7C. S. Wu and L. Wilets, Ann. Rev. Nucl. Sci. 19, 527 (1969).
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Fic. 1. Effective quadrupole matrix element.

fore, to take into account the effects of configurations
outside of the model space, it is sufficient to use per-
turbation theory. We shall basically follow the approach
of Eden and Francis.®? Suppose the eigenvalue problem
to be solved is (Hy+V)¥=E¥. The unperturbed
wave functions ¢; are defined by Hyp;=e;ip;. The
model space is spanned by ¢;, ¢=1, m. The eigen-
function in the model space is denoted by

W= 2 aits,

=1

while the complete wave function is an infinite sum

0
¥= Z (li(ﬁi.
=1
The wave functions ¥ and ¥, are formally related by
Y=Yy,
with

Qu=1—[Qu/ (Ho—E) 1VQu,
where

Ou= 2 |o)(g:l.
T=m+1
The infinite-dimensional problem (H+V)¥=E¥ is
formally reduced to a finite-dimensional problem

in the model space. We should diagonalize the model
interaction VQy instead of ¥V in the finite-dimensional
model space. In calculating the transition matrix
elements between the final state ¥; and the initial
state ¥;, we use the following relation:

@ | M(EY) | W)= Uy | M(E1) | QY inr),

where Wy, Wi are the eigenfunctions in the model
space. Since all the states which are not included in the
model space are very far away, it is sufficient to keep
only the first term in the iteration expansion of Qu:

Qu~1—[0n/(Ho—E) V.
Now it is clear that in order to improve the analysis

outlined in Sec. 1, we have to replace the matrix ele-

8R. J. Eden and N. C. Francis, Phys. Rev. 97, 1367 (1955).
97T. T. S. Kuo and G. E. Brown, Nucl. Phys. 85, 1 (1966).
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F1c. 2. Effective E1 transition matrix element.

ments of Hg and M (E1), Egs. (1.1) and (1.4), by ef-
fective matrix elements Hegr and Mes(E1) defined by
the graphs in Figs. 1 and 2, respectively.

A. Effective Quadrupole Interaction

It is convenient to separate the second-order graph
in Fig. 1 into two parts: (i) The nuclear intermediate

H)= 2

states I remain in the model space and the muonic
intermediate states | NLJ) are outside the model space,
and (ii) the nuclear intermediate states | I) are outside
the model space.

When the nuclear states remain in the lowest rota-
tional band, it is straightforward to calculate the
second-order correction. Representing the correction to
the matrix elements by (Hg?), we get

(IiKy, lji, FM | Ho | IKy, NLT, FM)(IKy, NLT, FM | Hy | I,K1, lo j2, FM)

I,N,L,J

Erog+Eigjy— Erx,— Enry

The angular part can be integrated first with the help of Eq. (1.1):

(Ri| f(r) | Ryr)(Rwz | f(7.) | Re)

(Hg*)=[(e"Q0)*/20] % Az 22

N

where Ry, Rs, and Ry are radial wave functions, and

A 1L,L= A Z,L(IlKlll j1F; Izlzjz)

L4-(1/2)
=2 X
I  J=L—(1/2)
FjIIIFj2]2<Il ! 1)(
X
1 1 J)lt 1 J)\\-Ki K.—K K

The sum > _r extends over the rotational band. The sum
over the complete set of munoic states, both discrete
and continuous, can be carried out exactly by the
reference spectrum method.”!' Since the second-order
corrections are small, the nonrelativistic theory should
be sufficient. That is, we calculate the correction to the
wave function

| Ryr){(Rwr| f(7.) | Re)
X)=
1) % Ergy+Eryjyp— Erg— Fyrg

10 M. Y. Chen, preceding paper Phys. Rev. C 1, 1167 (1970).
11 M. Y. Chen, thesis, Princeton University, 1968 (unpublished).

ErxtErgjo— Erx,— Envry ’

(=) IH2(2041) (2 +1) QIH+1)[(2141) (272+1) (21141) (214-1) 2

I 1IN/ l])(jz 1 J
K Ki—K KJ\-} 0 3/\-% 0 3

X3+ (=D M4 (— 1) ] (2.0)

by solving the inhomogeneous equation
(Ersg+ Ergiy— Erx—Hz,) | X)=g(r),
where
& B L(L+1)
2my, dr2  2m, 1l
g(r) =f(r) | Ry).
The correction to the matrix element is then obtained
by integration. If L=/, we have to replace the ex-
pression for g(7.) by
g("u) =f(7'n) l R2>_[ R2><R2 If(") I R2>-

It is necessary to do the projection, since in summing

HL[L:' +V<rll)7
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over N, L, J we have to exclude the states already in
the model space. Thus the contribution to the effective
matrix element can be written in the form

<HQ2>= ; Br4or,
Br=[(¢Q0)/20](g(r) | X). (2.2)

The second-order terms in which the nucleus is
scattered into levels beyond the lowest rotational band
are much more difficult to evaluate. We represent the
corrections to the matrix elements by > ;(H2), where
(H¢) is the contribution from virtual excitations of
monopole vibrations, (H;?) is the contribution from
excitations of giant dipole states, etc., where

Hy=—[4ne/(24-1) 1 20 (r/r>H) YD) - Vo) -
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The sum >_,; extends over the protons in the nucleus.
(The quantity > ; H; is the electrostatic interaction
between the muon and the protons.) We note here that
if the nuclear intermediate states | /K) are also de-
formed, and if we can write the reduced matrix elements
(iK1 || Yi(rp) || IK) in the form

(I || Ya || IK) = (= DI (21 4-1) (21+1) T2

I; ! I
X <X1 ] YI.KI-’K l X);
—K, Ki;—K K

where | x1), | x) are the intrinsic states of | I1K),
| IK), respectively, then the angular part of (H2) can
be integrated out first. In effect,

(I1iKy, hji, FM | Hy | IK, NLJ, FM)(IK, NLJ, FM | Hy | I,K1, b jo, FM)

H)=

I,K;N,L,J

Z Auyic.
L

The matrix 4, is given by (2.1) and

4mret

Ol | X (rh /) Vg x | XRun) XRyL | 2Zop: (r/rsP) Vg x | xaR2)

ErgtEiyjeo— Ergx—Envy

YiL

P

XV

RRCRY

where Ry, Ry, are radial munoic wave functions.
To summarize, the effective matrix element can be
written as

(Heir)=ajrjp A+ 2 Brlar+ IZ yuwdiw. (2.4)
Z L

The quantities «, Bz, viz remain almost constant in the
model space while A, 4y, are different matrices. It is
of interest to note that the matrices 4;z can be written
as the sum of two parts:

Ai=Cide+dul,

where 1 is the unit matrix, and C;z, d;1, are constants
within the model space. From (2.4), we obtain the
following expression:

(Hets)= (ajyjet 2 BrCor+ ; YuCiu) A2
L L
+( ; Brdar+ ZZ viedi) 1. (2.5)
L

Therefore, the effects of the inclusion of the second-
order matrix elements are very simple: first, a re-

EX1+E12_EX_ENL ’

(2.3)

normalization of the coefficients ;,;,, or equivalently,
a renormalization of the intrinsic quadrupole moment
Qo, by a factor 5, where

n=1+( 2 BrCor+ El; v1.Ciz) /e,
L

and second, an increase of binding of all hyperfine
components by a constant amount AE, where

AE= 3 Brdor+ 2 virdur.
L L

The intrinsic quadrupole moment determined in the
past without taking into account the above corrections
is really an effective moment Qess=1Qo. The calculated
values of 7 are of the order of 1.03—1.05, which ex-
plains the systematic deviation®? of Q, obtained from
the earlier analysis from that calculated from Coulomb
excitation measurements. The constant term, AEX10
keV for 1s level and ~2 keV for 2p level, is the usual
nuclear polarization correction, which has a very
significant effect on the parameters of the charge dis-
tribution, especially the skin thickness.”12

2D, Hitlin et al., following paper, Phys. Rev. C 1, 1184 (1970).
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B. Effective E1 Transition Matrix Elements

The corrections in the above section are second-order
corrections to the energy. In calculating the intensity
ratios of the hyperfine multiplets, we should also include
the first-order correction to the wave function. We
calculate the five diagrams in Fig. 2, labeled 1 to 5
from left to right, to get the effective transition matrix
element M::(E1). Following the procedure of the
previous section, we can first integrate out the angular
factors and then sum over the complete set of munoic
intermediate states by the reference spectrum method.

MIN-YI CHEN

The results are given in the following equation:
(I1Ksy by jr, Fr || Most(EV) || 1Ky, b fi, Fr)
=M1B\(I;Kily jiFy, Lili §iF i)
+ 20 MorBor+ 2 MspBsp+MsBatMsBs,
L L
where My, B are given by (1.5), Ms.Ber, Ms1Bsg,
MBs, M3sBs are the contributions that come from
diagrams 2 to 5 in Fig. 2. The quantities B, Bay,

Bsy, Bs, Bs are matrices, while M1, Mor, Mss, Ms, Ms
are constants in the model space. Also,

L-(1/2)
Byp= 3 (=TTt Inle R Q]+ 1) [(21,41) (21i41) (25,+1) (27:+1) (2F,+1) T2
J=L—(1/2)
Fi J If I_f 2 I; ] 2 ]t 17 Ff If jf 1 ]
X S+ (=1 7] S+ (=1 U],
2 L jJ\~Ki 0 Ki/J\—% 0 % Fi J 1J\—-% 0 %
L+-(1/2)
By= 3 (=)t Q7+ D) [(2141) (214-1) (25,+1) (2:+1) (2F,+1) 2
J=L—(1/2)
Fr gy L/ I; 2 L\[jr 2 J J F; L)/T 1
X S+ (=] J[14 (—1) 2],
2 I, J)\-K; 0 K,J\—% 0 % F; ji 1J\-% 0 %
By= 20 (=)t 0 21+ 1) [(21,41) (21:4-1) (25,+1) (2j41) (2F,+1) ]2
I
I; Fr §)[F: 4, NN/ I, 1 I I 1 I\/j 1 j:
X s[4 (1wt
F, I 1y|1 I, jiJ]\—-K:1 0 Ki/J\—-K, 0 K;/J\—-% 0 %

5= B,.
Let Ly x, be the operator in
Ly po=a/dr2— L(L+1) (1/72) — (2m,/T2) V (r,) — ko,
and let %,(7,) be the solution of

LL-kaha (1’,‘) = L (ﬂt)) a=2,3.
Then
M, .= (m,e2Qo/1?) sz(f’u) ha(7) dry,
where
L=1l;41,
k= —2m,Ey,;,/?,

g2(7) =7, Ri(r.)f(7,) it Ll

zruRi("u) _rnRi(ru)f£2ki2(E)f($) dt, if L=l
Go (7)) =7.2Rs (1) if L#;

=72R(ry) —ruR:(r) [ER:((§) Ry (§)dE, if L&l

and Rs(7,), Ri(r,) are the muonic radial wave functions,

f(r.) is given in Sec. 1. For M3;, we have

M; .= (m“e2Q0/ﬁ2) fG3(7';4> hs (7';4) ar,,

where
L=I;=+1,
k= —2m, By, /T2,
g(7) = 7R (70) f (1) if L=l
=Ry (1) f (1) — 1Ry (r) JER (§) f(§) d§
if L=l
Gs(r) =72Ri(r) if Ll
=1,2Ri(r,) —ruR; (1) [ER; (§) Ri(£) d§
if L=l

For M4 and M5, we have
M= (R;| Fa(r) | Ra),

M= <R/ I g-‘i(”u) I R‘b):
where

<X1 ' Zzu (r</7'>2) YIO(QZH) l X><X l ZP: Vs YIO(QZR) | X1>
EXl_Ex+Eliii_Eljjf ’

<X1 I Zm (T</1’>2) YIO(QZH) I X)(X [ Zm Vpi YIO(QP.‘) l X1> .

4mre?
c:»Ffi(rlu) = "3_ Z
P

4qre?
55(7;1) = _3_ Z

X

Exx— Ex— Elw’; + Elfj,r
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TaBLE I. The quantities 8z, in keV.

1s 2p 3d
Isotope B L=2 L=1 L=3 L=0 L=2 L=4
1%Nd 0.289 —-3.12 —1.69 —0.43 +0.05 —0.06 —0.02
152Sm 0.310 —4.07 —2.32 —0.61 +0.06 —0.09 —0.02
182Dy 0.331 —5.50 —3.48 —0.98 +0.11 —0.16 —0.04
%Dy 0.342 —5.94 —3.80 —1.07 +0.12 —0.18 —0.04
8Er 0.338 —6.33 —4.18 —1.23 +0.14 —0.22 —0.06
Ry 0.324 —35.76 -3.81 —1.13 +0.13 —0.20 —0.04
W 0.258 —4.13 —2.93 —0.97 +0.12 —0.20 —0.05
Wy 0.239 —-3.71 —2.62 —0.87 +0.11 —0.17 —0.05
186W 0.236 —3.65 —2.57 —0.86 +0.11 —0.17 —0.05

The notation of the intrinsic wave functions x is the
same as in Sec. 1. The inclusion of M4Bs and M;Bs in
the M (E1) matrix element takes into account that the
nucleus spends a fraction of the time in the excited
dipole states, which are connected to the ground state
by E1 transitions.

3. NUMERICAL RESULTS
A. Calculation of By,

Once a definite charge distribution is chosen, it is
straight forward to evaluate B.. We choose a uniformly
deformed ellipsoid,® with deformation parameter 8
chosen to fit the experimental B(E2) values. The
results are listed in Table I. We note here that if
the particular subset of the corrections’in which the
nucleus remains is the ground-state band is summed to
all orders, the result should be the same as the exact
numerical solution of the coupled Dirac equations in a
deformed electrostatic field. The numerical solution
was carried out by McKinley.” Therefore, the values

T T T T T I

Fic. 3. The quantity | Z1oo'ys,1| in keV for 1s level. All values
of 1,1 are negative.

8 J. M. McKinley, Phys. Rev. (to be published).

in Table I can be checked with his results to justify
our earlier argument that the third- and higher-order
terms can be neglected. He used the deformed charge
distribution of Sec. 1 with parameters ¢=6.94 fm,
t=2.34 fm, 8=0.179, Qy=11.0886 for 2*¥U. The shift
in the 1s level energy is then —7.46 keV, which should
be compared with 8z for the 1s level. Although this
work did not consider the element 2¥U, the same
method was used by the author previously! to calculate
Br for the 1s level of #¥U. With a uniformly deformed
ellipsoid, Ry=7.43 fm, $=0.25, Qy=10.554 b, the
result was —6.47 keV. When the calculation is re-
peated, with the parameters changed so as to force
(Qo=11.088 b, the shift is then —7.08 keV. This is in
good agreement with McKinley’s result of —7.46 keV.

B. Calculation of vyiz,

In the Paper I, it is found that the closure ap-
proximation, with an exact handling of the muonic
energy denominator, gives reliable results for the

L

T

2=1 L=t

=2 =3
=3 L=2
2=3 L=4

S —
90

F16. 4. The quantities | y;1,| in keV for 2p states. All values of
iz are negative.
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TaBLE II. Parameters used in calculating v,,.2

MIN-YI CHEN 1

TaBLE IV. The quantities M for d-p transitions.

Average nuclear

Oscillator excitation energy
zZ N strength =0 =1 1>2
50 70 7.8 30.0 16.2 15.0
56 82 7.5 30.0 15.5 15.0
64 92 7.1 30.0 14.9 15.0
66 100 6.9 30.0 14.6 15.0
70 106 6.7 30.0 14.3 15.0
82 126 6.4 30.0 14.0 15.0

# The average nuclear excitation energies used in the closure approxi-
mation. All the energies are in MeV. The harmonic-oscillator levels filled
in succession are 0go/z, 1ds/2, 0g7/2, 25172, 1d3/2, Ohuy/e.

spherical nuclei. As described in the paper, the giant
dipole states are the most important intermediate
states. The nuclear polarization depends only on the
energy and the dipole strength of the states. So long
as the energy and the dipole strength are correct, the
detailed structure of those states is not very important.
Since the energy of giant dipole states is known experi-
mentally, and the summed dipole strength is determined
by NZ/A (with a correction which comes from the
exchange potential), the methods developed in Refs.
10 and 11 for spherical nuclei can also be applied here to
calculate v;z. The results are plotted in Figs. 3 and 4.
For the 1s level, all the matrices 4, are unit matrices,
and all yy; for I=0, 1, 2, 3, 4 are added together and
plotted on Fig. 3 against Z. For the 2p states, the
various vy, are plotted separately on Fig 4. The six
points with which the curves are plotted are calculated
with harmonic-oscillator states. The parameters are
listed in Table II. The calculation does take into
account the more important factors; however, the
detailed structure of the excited states of each indi-
vidual nucleus has not been taken into consideration.
The uncertainty in the calculation of <, should be
~30%.

TaBrE III. The quantities M for p-s transition.

My M3, My+-M;

(fm) (fm) (fm)
BONd —0.28 —0.26 0.33
152Sm —0.31 —0.29 0.36
12Dy —0.34 —0.34 0.47
164Dy —0.35 —0.36 0.47
168K —-0.34 —0.37 0.48
gy —0.33 —0.35 0.48
182W —0.25 —0.29 0.60
18y —0.23 —0.28 0.60
186\Y —0.23 —0.28 0.60

My, Mo Mg My M+Ms

(fm) (fm) (fm) (fm) (fm)
BONd —0.25 0.23 —0.19 1.63 0.08
152Sm —0.25 0.26 —0.22 1.81 0.08
182Dy —0.32 0.32 —0.26 2.01 0.11
14Dy —0.34 0.33 —0.27 2.10 0.11
168Ey —0.30 0.35 —0.28 2.10 0.12
0Er —0.33 0.33 —0.27 2.02 0.12
18w —0.24 0.29 —0.24 1.56 0.14
184y —0.23 0.27 —0.22 1.47 0.14
186\ —0.25 0.27 —0.22 1.47 0.14

C. Calculation of My, M3z, M+ M;

The calculation of the quantities Maz, M3y, is similar
to the calculation of 8z (Sec. 3A) and the calculation
of M4+ M5 similar to that of vz, (Sec. 3B). The results
are given in Tables III and IV for the K and L x-rays,
respectively. Their influence on the relative intensities
is appreciable. As an example, the relative intensities
of K and L x-rays of W with and without the cor-
rection are listed in Table V.

4. CONCLUSION

The method developed above is quite suitable for
practical analysis of experimental spectra, as it only
consumes a negligible amount of computer time.
The corrections calculated in the previous section
have been applied to the analysis of the muonic dynamic
E2 hyperfine spectra measured by the Columbia
group. The details of the analysis are in Paper III.??
Weé note here that without the renormalization cor-
rections, the quadrupole moments obtained are always
a few percent larger than the Coulomb excitation
measurements. To reduce the quadrupole moment in
muonic determination, one attempt was made to
introduce a fourth parameter 8’ in the charge distribu-

TaBLE V. Relative intensities of K and L x rays of 82W.

Calculated
Experimental Intensity
Energy Energy With Without
(MeV) Intensity (MeV)  correction correction
5.19613 0.169 5.19633 0.176 0.186
5.22796 0.310 5.22763 0.314 0.322
5.29586 0.076 5.29640 0.082 0.084
5.31970 0.160 5.31951 0.144 0.143
5.41934 0.285 5.41958 0.283 0.265
2.05036 0.419 2.05031 0.404 0.388
2.17357 0.240 2.17350 0.233 0.248
2.21369 0.341 2.21368 0.362 0.363
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TasrE VI. Influence of nuclear polarization on the parameters of the charge distribution.

Without nuclear polarization

With nuclear polarization®

Isotope Qo C.E.2 c ¢ B8 B Qo c t B Qo

(b) (fm) (fm) (b) (fm) (fm) (b)
BONd 5.17£0.12p 6.08 1.68 0.274 —0.0 5.27 5.87 2.34 0.278 5.15
152Sm 5.85+0.15 6.09 1.77 0.302 —0.22 5.85 5.90 2.36 0.296 5.78
162Dy 7.12+0.15 6.26 1.59 0.337 —0.28 7.38 6.01 2.40 0.338 7.36
WDy 7.50+0.20 6.34 1.30 0.329 —0.12 7.53 6.11 2.19 0.334 7.42
168Ky 7.66+0.15 6.34 1.51 0.354 —0.92 7.77 6.17 2.18 0.333 7.77
MEr 7.45+0.13 6.41 1.27 0.341 —0.87 7.80 6.27 1.94  0.326 7.75
W 6.58-0.06 6.47 1.85 0.272 —0.51 6.57 6.41 2.12 0.248 6.57
1By 6.21+0.06 6.49 1.84 0.269 —0.78 6.19 6.42 2.17 0.237 6.27
18W 5.93+0.05 6.55 1.75 0.243 —0.54 6.01 6.46 2.10 0.222 5.90

2 Measured by Coulomb excitation experiments.

tion. However, with the renormalization corrections
the agreement with Coulomb excitation measurements
is greatly improved and no introduction of the param-
eter 8 is needed. The corrections also have a profound
influence on the parameters of the charge distribu-
tion.%? The results are listed in Table VI. Without
the corrections the values of the skin thickness ¢ are
unreasonably small; =1.6 fm; with the corrections the
values of ¢ increase to =~2.2 fm. Finally, the relative
intensities of the hyperfine multiplets are calculated
from the assumption that the 4f levels are statistically
populated. This assumption is not expected to be ex-
actly true; therefore, it is no great surprise that the
x° of the relative intensities are not nearly as good as
the x? of the energies. However, when the intensity
correction of Sec. 2B is applied, in at least half of the
elements, especially the heavier ones, the intensity x?
does improve significantly. The element W in Table
V is a good example.

b 3’ set equal to 0.

To summarize, with the ever improving experi-
mental accuracy, the theoretical analysis of data
should also improve. As shown above, reliable values
of the quadrupole moment and skin thickness can be
obtained only if the higher-order nuclear polarization
effect has been taken into account.
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